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Confocal conics

Given a; > a» > 0.
The one-parameter family of confocal conics is given by:
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Confocal quadrics

Given a; > a» > ... > ay > 0.
The one-parameter family of confocal quadrics is given by:

Q()\)={(x1,..., eRN|Za+>\ } AeR.




Projective point of view

The confocal quadric equation may also be written as

1
apt+A X1
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Projective point of view

The confocal quadric equation may also be written as

1
apt+A X1
(xl...le) =0
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The dual quadrics of this family are given by
ar+A Ell 1
Q' = = +A

an+A an 1
—1 -1 0

Confocal quadrics as dual pencils

A family of confocal quadrics is a dual pencil of quadrics containing the
X =0

absolute quadric g’“ )
xi+...+xy=0

5/1



Intersecting confocal quadrics

,xn) € RN with x; - - xy # 0 the equation

N 2
I
kzlak-l—)\

has N roots, —a; < 1 < —ar < Up < -++ < —ay < uy.

Given (xq, ...
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Intersecting confocal quadrics

,xn) € RN with x; - - xy # 0 the equation

N 2
I
kzlak-l—)\

has N roots, —a; < 1 < —ar < Up < -++ < —ay < uy.
m The N roots correspond to N confocal quadrics Q(u;) that intersect

Given (xq, ...

at the point (xi,...,xn).
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Intersecting confocal quadrics

Given (xi,...,xn) € RN with x; - - - xy # 0 the equation

N 2
DESES
kzlak-l—)\

has N roots, —a; < 1 < —ar < Up < -++ < —ay < uy.
m The N roots correspond to N confocal quadrics Q(u;) that intersect
at the point (x1,...,xn)-
m The N quadrics Q(y;) all have different (affine) signature and
intersect orthogonally.
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Towards a parametrization

To obtain the coordinates if the intersection points solve the linear system

XN
ar+up oot an+u 1
2 2
Xi + XN _ 1
ar+un : an+uy
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Towards a parametrization

To obtain the coordinates if the intersection points solve the linear system

2 2
X1 N
ar+u Tt an+u 1
2 2
s N
ar+un Tt ay+uy 1
2 2
for xj,...,Xy-
By evaluating the residues at A = —ay of

vk g 50w
Skt A H,{V:1(3i+/\)
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Towards a parametrization

To obtain the coordinates if the intersection points solve the linear system

X2 X2
ahiul Tt amﬁul =1
X2 X2
a1+1u1v oot 3N+NUN =1
for x2,..., x3.
By evaluating the residues at A = —ay of
N N
) X; 1= i —w)
= = .
o1 3T A [[iZi(ai +A)
we obtain N
2 Hi:l(ui + ak) k=1 N
X = =1, ..., V.
Hi;ék(ak —aj)
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Parametrization from confocal quadrics (confocal

coordinates)

Thus, for any (uy, ..., uy) € U with
U={(u,....,un) eRV | —ay <un<—ap < <...< —ay < un}

there are exactly 2V intersection points (xy,...,xy) € RV, one in every
hyperoctant of RV.
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Parametrization from confocal quadrics (confocal

coordinates)

Thus, for any (uy, ..., uy) € U with
U={(u,....,un) eRV | —ay <un<—ap < <...< —ay < un}

there are exactly 2V intersection points (xy,...,xy) € RV, one in every
hyperoctant of RV.

We obtain a parametrization of, e.g., the first hyperoctant &/ — ]Rﬂ by

«/ u,+akH —k u,+ak k=1
H \/ _akHI k+1\/ —ai

N.

xe(Ug, ..., uy) =

P
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Parametrization from confocal quadrics (confocal

coordinates)

Thus, for any (uy, ..., uy) € U with
U={(u,....,un) eRV | —ay <un<—ap < <...< —ay < un}

there are exactly 2V intersection points (xy,...,xy) € RV, one in every

hyperoctant of RV.

We obtain a parametrization of, e.g., the first hyperoctant &/ — ]R')r’ by

\/ u,+akH —k u,+ak k=1 N
H \/ — dk HI k+1 Vak — ai
This parametrization is uniquely determined by the family of confocal

quadrics up to replacing u; = u;(s;) (reparametrization along the
coordinate lines).

xe(Ug, ..., uy) =
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N

XZ(U17 Uz) =

Vi F an/u ¥ ar
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X1(U1, U2) =

U
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Example 2D: reparametrization

X (u u ) A/ up + ain/ux + ax X (u U ) —(U1+32)\/UQ+82
1\, U2) = ) 2\U1,U2) = )
A/d1 — az A/d1 — az

Introduce a reparametrization according to

u(s1) + a1 = f1(51)2, w(s) + a1 = 7(2(52)2

—(n(s1) + @) = g1(1)%, () + a2 = &)’
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Example 2D: reparametrization

X (u u ) A/ Ui + ai/ux + a1 X (u u ) —(U1+32)\/UQ+82
1\u1, u2) = ) 2\U1,U2) = )
A/d1 — az A/d1 — az

Introduce a reparametrization according to
ui(s1) + a1 = f1(51)2, (s) + a1 = 7(2(52)2
—(n(s1) + @) = g1(1)%, () + a2 = &)’
This is a consistent reparametrization, if and only if

fi(s1)? +gi(s1)’ =a1 —a, and fi(%)?>—g()? =a — a,
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Example 2D: reparametrization

X (u u ) A/ Ui + ai/ux + a1 X (u u ) —(U1+32)\/UQ+82
1\u1, u2) = ) 2\U1,U2) = )
A/d1 — az A/d1 — az

Introduce a reparametrization according to
ui(s1) + a1 = i(s1)?,  w(s) + a1 = h(s)?
—(u(s1) + &) = gi(51)?, w() + a2 = g()?
This is a consistent reparametrization, if and only if
fis)’ +a(s)’ =a—a, and h(s) —g(s)’ =a —a,
which may be solved by
fi(s1) = Va1 —axcoss;, () =va — asins
gi(s1) = Va1 — axcoshsi, ga(s2) = v/a1 — axsinhs,.
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Example 2D: reparametrization

o, ) VL F ai/us + ap xolun, 1) —(u1 4+ a)y/th + a
1\, U2) = y 2\U1, U2) = 3
A/d1 — az A/d1 — az

Introduce a reparametrization according to

ui(s1) + a1 = i(s1)?,  w(s) + a1 = h(s)?
—(u(s1) + &) = gi(51)?, w() + a2 = g()?
This is a consistent reparametrization, if and only if
fis)’ +a(s)’ =a—a, and h(s) —g(s)’ =a —a,

which may be solved by

fi(s1) = vai —axcoss;,  fo(s2) = vay — axsins,

gi(s1) = Var — apcoshs;, g(s2) = v/a1 — axsinh 5.
uniformizing the square roots and leading to the parametrization

x1(s1,82) = v/a1 — axcoss; cosh sy,  xa(s1,%) = v/a1 — apsinsysinh s,.
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Example 2D: parametrization by trigonometric functions

Thus,
x1(s1,%) = +/a1 — axcossy cosh sy,  x2(s1,5) = +/ay — axsin sy sinh s,.

parametrizes all quadrants by confocal conics at once (periodically in s1).

This parametrization is conformal (complex cosine function).
11/1



Example 3D

Parametrization of the first octant by square roots:
Vur + ai/up + ain/us + a;
Xl(“lv us, U3) =
A/ d1 — adxa/d1 — as
o1, s, 1) = W —(u1 + &)\t + an/us + a2
2 17 2) 3 \/ﬁ\/ﬂ )
N —=(u1 + a3)n/—(u2 + a3)\/us + a3
A/d1 — ad3zy/a2 — as

X3(U1, uz, US) =
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Example 3D: parametrization by elliptic functions

Reparametrization by elliptic functions allows to parametrize all octants
simultaneously:

X1 (51, S2, 53) = 4/d1 — a3 sn(sl, kl) dn(sz, kz) ns(53, k3)
x2(S1, 52, 53) 1— azen(

=4/a 3cn(sy, k1) en(sy, kp) ds(ss, k3)
x3(51,%,53) = /a1 — azdn(sy, k1) sn(sz, kp) cs(s3, k3)

with k2 = 2122 42 _ 1 _ j2 k2 — k2.

di—as )

13/1



Properties of confocal coordinates

Confocal coordinates is a parametrization with the following properties:
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Properties of confocal coordinates

Confocal coordinates is a parametrization with the following properties:

m The coordinate functions xk(sy, ..., sy) factorize, i.e.

Xi(s, -, sn) = (s (s2) - i (sw)

14/1



Properties of confocal coordinates
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Properties of confocal coordinates

Confocal coordinates is a parametrization with the following properties:

m The coordinate functions xk(sy, ..., sy) factorize, i.e.

Xi(s, -, sn) = (s (s2) - i (sw)

m All parameter lines intersect orthogonally.

m All two-dimensional coordinate surfaces are parametrized by
conjugate lines (N = 3).
(For N = 3 this follows from Dupin’s theorem.)

14/1



Properties of confocal coordinates

Confocal coordinates is a parametrization with the following properties:

m The coordinate functions xk(sy, ..., sy) factorize, i.e.

Xk(Sl, ey SN) = flk(sl)fék(52) e f,\I;(SN)

m All parameter lines intersect orthogonally.
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Properties of confocal coordinates

Confocal coordinates is a parametrization with the following properties:

m The coordinate functions xk(sy, ..., sy) factorize, i.e.

Xk(Sl, ey SN) = flk(sl)fék(52) e f,\I;(SN)

m All parameter lines intersect orthogonally.

m All two-dimensional coordinate surfaces are parametrized by
conjugate lines (N = 3).
(For N = 3 this follows from Dupin’s theorem.)

m All two-dimensional coordinate surfaces are isothermic.

(Though in general not conformally parametrized.)

m Satisfies the Euler-Poisson-Darboux equation for v = 1

2
(up to reparametrization)

Oy Oy X =

(0ujx76u,.x), 1716{1,3N}

U,'—Uj
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Characterization of confocal coordinates

If a coordinate system x : RN o U — RN satisfies two conditions:

i) x(s1,...,sn) factorizes, in the sense that

xi(st, ..., sn) = f(s1)f3 (s2) - - Fy(sw),

Xo(s1,. .5 5n) = 2 (s1)f5(s2) - - - fg(sw),

(s, -5 sv) = V(s (52) -+ i (sw),

with all f¥(s;) # 0 and (f¥)'(s;) # 0;
ii) x is orthogonal, that is,

<8,-x,6jx> =0 for i+#],
then all coordinate hypersurfaces are confocal quadrics.
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Discrete orthogonal nets

Definition

A discrete net (on a stepsize 1/2 square lattice)
x: ()N o - RV,

is called orthogonal if any pair of dual stepsize 1 edges is orthogonal:

(x(n),x(n+e;)) L (x(n+ 30),x(n+ 3o +¢))),

where o = (01, ...,0n) € {1}V with 0, =1,0; = —1.
x(n + ey)
x(n—3e;+1e;+ ley) A x(n+lei+1lei+ley)
A
x(n—}e;—3e;+ ley) x(n+3e — e+ 3ey)
x(n)
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Remark

Each stepsize 1/2 discrete orthogonal net x : (1Z)N — R", contains
2N=1 pairs of combinatorially dual stepsize 1 nets, e.g.

x:ZN > RY  and x*:ZN+%UHRN.

with orthogonal dual edges.
We call any such pair, a pair of discrete orthogonal nets.
x(n + ey)

x(n—}ei+1e+ ley) A x(n+3e;+3e; + Zex)
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Theorem ((classical) Dupin’s theorem)

The coordinate surfaces of a triply orthogonal coordinate system intersect
each other in curvature lines.

18/1



Theorem ((classical) Dupin’s theorem)

The coordinate surfaces of a triply orthogonal coordinate system intersect
each other in curvature lines.

Theorem (discrete Dupin’s theorem)
All elementary quadrilaterals
(x(n),x(n+ e;), x(n+ e; + ex), x(n+ ex)) (1)

of a generic orthogonal net are planar.
x(n + ex)

x(n—}ei+3e;+ ley) A x(n+ e+ 1ei+Ler)

x(n—Je;—ej+ 3ex) x(n+Ltei—Le;+ Ley)
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Mobius invariant formulation

Given a pair of two combinatorially dual stepsize 1 nets x, x*, introduce
circles / spheres with centers x, x* and radii r, r* respectively.
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Mobius invariant formulation

Given a pair of two combinatorially dual stepsize 1 nets x, x*, introduce
circles / spheres with centers x, x* and radii r, r* respectively.
Then two adjacent circles (x, r), (x*, r*) are orthogonal if

2 2

lx = x*|" = r? + (")
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Mobius invariant formulation
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Mobius invariant formulation

Given a pair of two combinatorially dual stepsize 1 nets x, x*, introduce
circles / spheres with centers x, x* and radii r, r* respectively.
Then two adjacent circles (x, r), (x*, r*) are orthogonal if

[ = x*[* = P2+ (r*)?
o x|+ x*F = 20, x*F) = 12+ (rF)?
1 2 1 2
< Oox) = S(Ix? = )+ 5 (1P = (7))

" "

p p*
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Mobius invariant formulation

Given a pair of two combinatorially dual stepsize 1 nets x, x*, introduce
circles / spheres with centers x, x* and radii r, r* respectively.
Then two adjacent circles (x, r), (x*, r*) are orthogonal if
[ = x*[* = P2+ (r*)?
2 2
< x|+ xFT =206, x%) = 12 4 (r%)?
1 2 1 2
= G6x® = S (I = )+ (1P = ()

" "

P p¥*
< (X, x*) =p+p* (*)

19/1



Mobius invariant formulation

Given a pair of two combinatorially dual stepsize 1 nets x, x*, introduce
circles / spheres with centers x, x* and radii r, r* respectively.
Then two adjacent circles (x, r), (x*, r*) are orthogonal if

[ = x*[* = P2+ (r*)?
2 2
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Mobius invariant formulation

Given a pair of two combinatorially dual stepsize 1 nets x, x*, introduce
circles / spheres with centers x, x* and radii r, r* respectively.
Then two adjacent circles (x, r), (x*, r*) are orthogonal if

Ix = x*|? = r2 4 (r*)?
2 2
< x| ) 206 %) = 2+ (r)?

o Gox®y = o (Ix? = 2+ (1~ ()

» pe
< (X, x*) =p+p* (*)

Given x, x*, interpret (x) as a map p — p*.

Proposition

(x) is compatible <  x, x* is a pair of discrete orthogonal nets

In this sense, discrete orthogonal nets (plus a choice of orthogonal

spheres / 1 global parameter) are Mdbius invariant,
19/1



Discrete confocal quadrics: definition

. . N . .
A discrete coordinate system x : (3Z)" > U — RV is called a discrete

confocal coordinate system if it satisfies two conditions:

i) x(n) factorizes, in the sense that for any n € U

xn(n) = £ (m) £ (n2) - £ (nw),

with £4(n;) # 0 and AFfX(n;) = fX(n;) — f<(n; — 1) # 0;

I

ii) x is orthogonal.
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Discrete confocal quadrics: main theorem

For a discrete confocal coordinate system, there exist N real numbers a,
1< k<N, and N sequences u; : %Z + }‘ — R such that the following
equations are satisfied for any n € U and for any o € {£1}N:

N 1
n)xy n+—0') .
Z 2 =1, U,'=LI,'(I‘1,'-|—%U',')7 i=1,...,N.

Equivalently,

xk(n)x(n + 30) = T oo oy 4= ui(nj+ toy), k=1,...,N.
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Geometric interpretation

The discrete confocal quadric equation

n)xk(n+ 3o)

M

=1, U,'=U,'(I’7,'-i-%0','>7 i=1,...,N.

ak + uj

allows for the following
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Geometric interpretation

The discrete confocal quadric equation

n)xk(n+ 3o)

=1, U,'=LI,'(I’7,'+%0','>7 i=1,...,N.

M

ak + uj

allows for the following

geomemtric interpretation

The point x(n + %0') lies in the intersection of the polar hyperplanes of
x(n) with respect to the confocal quadrics Q(u;), i=1,..., N.

I, /n
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Geometric construction

Given a sequence of quadrics from a confocal family with the parameters

u:(3Z+%)nTi - R
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Geometric construction

Given a sequence of quadrics from a confocal family with the parameters
u:(3Z+3) T >R

Suppose x(n) = x is already known. Construct a neighboring point
x(n*) = x* as the intersection point of the N polar hyperplanes

N
x* = ﬂ PQ(Uf)(x)v up = u,-(n,- + %O—i)-
i=1

23/1



Closeness and orthogonality

This construction closes and yields discrete confocal coordinates.
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Closeness and orthogonality

This construction closes and yields discrete confocal coordinates.

The construction is purely projective and closes for any dual pencil.
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Closeness and orthogonality

Proposition

This construction closes and yields discrete confocal coordinates.
The construction is purely projective and closes for any dual pencil.

Proposition

Let T1 be a hyperplane. Then the poles of Il with respect to all quadrics
of a dual pencil of quadrics lie on a line .

IT

Py
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Closeness and orthogonality

This construction closes and yields discrete confocal coordinates.

The construction is purely projective and closes for any dual pencil.

Proposition

Let T1 be a hyperplane. Then the poles of Il with respect to all quadrics
of a dual pencil of quadrics lie on a line .

For a family of confocal quadrics this line £ is orthogonal to I1.
24 /1



Finding explicit solutions

Looking at

N
[T;2: (i + a)
[jsi(an — )
we might want to rewrite the coordinate functions as

I—L 1fk(”1)
H \/ ' H, k+1Vak — di

X (M) x(n + %0) = . U= u(ny+ %Uj% k=1,...,N,

Xk(n) s k=1,...,N,

where

U,‘(nf‘i‘%)‘i‘ak, k<l7
—(u,-(n,- + %) + ak), k> 1.
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Finding explicit solutions

Constructionl

Prescribe a; < ... < ay and functions u;(n; + %)
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Finding explicit solutions

Constructionl

Prescribe a; < ... < ay and functions u;(n; + %)

4
Solve

ui(ni + 1) + ay, k <,

fk(ni)fK(ni + 1) =
2 —(u;(n;—l—%)—i—ak), k> .

1 1

to find £X's.
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Finding explicit solutions

Constructionl

Prescribe a; < ... < ay and functions u;(n; + %)

4
Solve

ui(ni + 1) + ay, k<i,

fk(n)Fk(ni+ %) =
2 —(u;(n;—l—%)—i—ak), k> i.

1 1

to find £X's.
Substitute into
N
_ [T;= Gk(”j)
= k-1 N
[[i=: vVai—ac [ [izhs1 Vak — ai

xk(n)
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Example: Parametrization in terms of ['-functions

Choosing

u;(n;—f—%):n,-—i—e,-, i=1,...,N,
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Choosing

we obtain

n; + ak + €, k <i,

—(n,-+ak+e,-), k> i.
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Example: Parametrization in terms of ['-functions

Choosing
u;(n;—f—%):n,-—i—e,-, i=1,...,N,

we obtain

n; + ax + €;, k <,
() (ni + %) = ’ '

1

—(n,-+ak+e,-), k> i.

which may be solved by

R/ ni + ak + € for >k,
fk(nl) _ 1 1

Q/—n,-—ak—e,-—i-% for i< k.

1 .
with the “discrete square root” function ﬁ/; = r(r"(tf), which satisfies

?/;?/u—k% = u.
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Example: Parametrization in terms of ['-functions

Choosing

u;(n;—f—%):n,-—i—e,-, i=1,...,N,

we obtain

n; + ax + €;, k <,
() (ni + %) = ’ '

1

—(n,-+ak+e,-), k> i.

which may be solved by

R/ ni + ak + € for >k,
f_k(nl) _ 1 1

Q/—n,-—ak—e,-—i-% for i< k.

1 .
with the “discrete square root” function ﬁ/; = r(r"(tf), which satisfies

?/;?/u—k% = u.

The parameters ¢; can be used to achieve certain boundary conditions.
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Example 2D

€n1+alf%€n2+al—1 &—n1732+1€n2+a271

X(n17n2) = \/ﬁ ) y(n17n2) = \/ﬁ 5

with a3 = a1 + % a = ap + 1 and a3 > ay integers.
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Example 2D

€n1+alf%€n2+al—1 &—n1732+1€n2+a271
X(n17n2) = \/ﬁ ) y(n17n2) = \/ﬁ 5

with a3 = a1 + % a = ap + 1 and a3 > ay integers.

y

M
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Example 2D

xi(ny, n) = M, xo(ny, M) = M7
Va-a NETE
where
A(n)f(m +3) =wm(m+ 1)+ a,
gi(m)gi(m +3) = —(ui(m + 1) + ),

fr(m)fa(ny + %) = tp(n + %) + ai,
g (m)ga(ny + %) = p(m + %) + a.
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Example 2D

(e _ alma)
x1(ny, m) = NCETE xa(ny, m) = Neers

where
fl(nl)fl(nl + %) = ul(nl + %) + a1,
gl(nl)gl(nl + %) = —(ul(nl + %) + 32),

H(m)h(m + 1) = w(m + 1) + ar,
g (m)ga(ny + %) = p(m + %) + a.
Eliminating 1y and up we obtain

A(m)fi(m +3) +gi(m)gi(m + 3) = a1 — a,
f(n2)f(n2 + %) — &2(n2)g2(n2 + %) =ay — a.

30/1



Example 2D
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Example 2D

fi(n)fi(n + %) +g1(m)gi(m + %) = a; — ay,

H(m)h(m + 3) — g(m)ga(m + 3) = a1 — a.
This can be solved via
a—»>b a—b .
f(m) =\ [ ——5 cos(dim + c1),  gi(m) =4/ —5 sin(d1m + c1),
cos 3 cos 3

and

—b —b
f(np) = 375 cosh(dom+c), g(m) = 375 sinh(d2m+ ).
cosh 2 cosh 2
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Example 2D

fi(n)fi(n + %) +g1(m)gi(m + %) = a; — ay,

H(m)h(m + 3) — g(m)ga(m + 3) = a1 — a.

N=

This can be solved via

a—»>b a—b .
fi(m) = — cos(d1m +c1), gu(m)= — sin(d1n + c1),
\ cos & \ cos 3

and
a—b a—b

f(np) = 5 cosh(am+c2),  g(m) = | ———5 sinh(d2m+c2).
cosh 2 cosh 2

leading to

x1(n1, ) _ a— a cos(d1m + ¢1) cosh(danp + )
xa(n1, n2) cos % cosh %2 sin(d1n + c1) sinh(d2m + c2) /-
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Example 2D

<X1(n1, m)\ _ a—a <
xo(ny, m) cos % cosh %2

cos(d1m + ¢1) cosh(dany + )
sin(§1n1 + Cl) sinh(52n2 + Cz)

X
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Example 2D

<X1(n1, n2)> _ a — a <cos(51n1 + ¢1) cosh(damp + C2)>

xo(ny, m) cos % cosh %2 sin(d1n1 + 1) sinh(d2n2 + c2)
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Example 2D

<X1(n1, n2)> _ a — a <cos(51n1 + ¢1) cosh(damp + C2)>

xo(ny, m) cos % cosh %2 sin(d1n1 + 1) sinh(d2n2 + c2)
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Example 2D

<X1(n1, n) _ a — a <cos(51 m + c1) cosh(d2n + )
X2(n]_, ng) cos % cosh 572 sin((51n1 + Cl) sinh(52n2 + C2) ’
y
)
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Example 3D

Discrete parametrization by elliptic functions.
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Example 3D

Discrete parametrization by elliptic functions.
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Further properties of discrete confocal quadrics

m Discrete version of metric coefficients (Lame coefficients / first
fundamental form)
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Further properties of discrete confocal quadrics

m Discrete version of metric coefficients (Lame coefficients / first
fundamental form)

m All two-dimensional coordinate surfaces are isothermic (using above
metric coefficients)

Satisfy a discrete Euler-Poisson-Darboux equation.

Discrete focal conics and corresponding discrete Dupin cyclides.

Connection to incircular nets and elliptic billiards.
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Discrete focal conics







|C-nets as discrete confocal conics
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