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Overview

Introduction, discrete conformal maps
Second constraint from monodromy problem
Discrete z7, 0 < v < 2

Discrete zN. N e N
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Discrete conformal map

Definition
f : 72 — C discrete conformal
f~ffa—f

fi—fo h—f (1)
for all elementary quadrilaterals (f, fi, fi2, 2)

< q(f,f, f2,h) =
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Discrete conformal map

Definition

f : 72 — C discrete conformal

f—fifo—f
fhi—tfo h—f (1)
for all elementary quadrilaterals (f, fi, fi2, 2)

< q(f,f, f2,h) =

m Mobius invariant
2

m smooth limit: —1=qg — %
y
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First try to obtain discrete z7

Initial data on coordinate axes from continuous case:

f(m,0) =m", f(0,n) = (in)? for m,n>=0
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Figure: v = 0.8
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First try to obtain discrete z7

Initial data on coordinate axes from continuous case:

f(m,0) =m", f(0,n) = (in)? for m,n>=0

35r

301

25}

201

1op

0.5}

0.0 " ’ . . . pu—
00 05 10 15 20 25 30 35

Figure: v = 0.8
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Discrete immersion

Definition J

f : 7?2 — C immersed :< adjacent quadrilaterals are disjoint
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Discrete immersion

Definition
f : 7?2 — C immersed :< adjacent quadrilaterals are disjoint J

How to obtain immersed discrete conformal z77?
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Isomonodromic solutions
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Isomonodromic solutions

Let f : Z°> — C,
1 f—f 1 f—f
o= (2 ) v ("),
it 1
B C
AN)=—v+ ——+—: 7> > gl(2,C).
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Isomonodromic solutions

Let f: 7% —> C,
f—f 1 f—f
U<A>:( 11), vm—(A 12),
A—f —h
B C D >
Y1 = UMY
Then < ¢, = V(M) has a solution if and only if
® =AY
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Isomonodromic solutions

Let f: 7% —> C,
1 f—f 1 f—f
o= (2 ) v ("),
f—f f—f
B C D _,
Y1 = UMY
Then < ¢, = V(M) has a solution if and only if
& =AY

B, C, D are of a certain form (with free parameters ¢, 6, 3,7, 9),
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Isomonodromic solutions

Let f: Z%2 — C,
1 f—f 1 f—f
o= (2 ) v ("),
h—f f—f
B C D
AN) = —— + —— + = : Z? - gl(2,C).
W=t t3 gl(2,C)
Y1 = U
Then < ¢, = V(M) has a solution if and only if
& =AY
B, C, D are of a certain form (with free parameters ¢, 6, 3,7, 9),
(1) and

Jan Techter Discrete zV



Isomonodromic solutions

Let f: Z%2 — C,
1 f—f 1 f—f
o= (2 ) v ("),
h—f f—f
B c D _,
Y1 = U
Then < ¢, = V(M) has a solution if and only if
& =AY
B, C, D are of a certain form (with free parameters ¢, 6, 3,7, 9),
(1) and
A—f)(f-Ff fr—f)(f—f_
(A =) 1)+2(n_9)(2 )( 2)

BF2+~f+6 = 2(m—¢)

(h—f1) (h—f_2)
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Discrete z7, 0 < v < 2

f—f fio—~hHh

Afah—f )
R e U

vf =2 G- +2 B2 (2)
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Discrete z7, 0 < v < 2

f—h ho—1fHh
h—fio h—f ! (1)
(h—f)(f —f4) (= f)(f —f2)
f=2m +2n 2
! (h—F1) (o~ f2) @)
Definition

For 0 <y < 2 define Z7 : Z2 — C as the solution of (1) and (2)
with initial conditions:

77(0,0) =0, Z7(1,0)=1, Z7(0,1)=e'27
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Discrete z7, 0 < v < 2
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Figure: v =0.8
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Discrete z7, 0 < v < 2

%86 o5 10 15 20 25 30 35

Figure: v = 0.8
Theorem (Agafonov, Bobenko)
Discrete Z7, 0 < v < 2 is immersed. J
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Discrete zN, N e N

Definition

For N € N define ZV : Z2 — C as the solution of (1) and (2) with
initial conditions:

ZN(m,n) =0 forn+m< N,

ZV(N,0) =1,
- L (N=2)!!
VN 11) = i2’V 'T(3) _ fitv=gn  for N odd
’ 7l (N) /%Exjg:: for N even
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Discrete z"V on the real line

Xm = ZN(N =1+ m,0) for m <O0.
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Discrete z"V on the real line

Xm = ZN(N =1+ m,0) for m <O0.

(] X,(nN) eR
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Discrete z"V on the real line

Xm = ZN(N =1+ m,0) for m <O0.

(] X,(nN) eR

m equidistant property: xz(LVJ)r2 — X2(5<Vll = Xz(QIJ)rl - xz(f(v) >0
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Discrete z"V on the real line

Xm = ZN(N =1+ m,0) for m <O0.

(] X,(nN) eR

m equidistant property: xz(LVJ)r2 — X2(5<Vll = Xz(QIJ)rl — xz(f(v) >0

m explicit formula: X2(LV) = 2(N+/C_1)
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Discrete z"V on the real line

Xm = ZN(N =1+ m,0) for m <O0.

(] X,(nN) eR

m equidistant property: xz(LVJ)r2 — X2(5<Vll = Xz(QIJ)rl — xz(f(v) >0

m explicit formula: X2(LV) = 2(N+/C_1)

“integral property”: X2(LV+1) = Z xz(;v)
/=0
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(2) at the origin of discrete z"

Proposition (equidistant property at the origin)
Letm+n=N,f1=Ff,=0|fl=|A—fl=r.

Then
(2) =|h—fl=r
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(2) at the origin of discrete z"

Proposition (equidistant property at the origin)
Letm+n=N,f1=Ff,=0|fl=|A—fl=r.

Then
(2) =|h—fl=r

m equidistant property on real/imaginary line
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(2) at the origin of discrete z"

Proposition (equidistant property at the origin)
fl=|A—"fl=r.

Letm+n=N, f.1=f>,=0,

Then
(2) =|h—fl=r

m equidistant property on real/imaginary line

m equidistant property at the origin
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(2) at the origin of discrete z"

Proposition (equidistant property at the origin)
fl=|A—"fl=r.

Letm+n=N, f.1=f>,=0,

Then
(2) =|h—fl=r

m equidistant property on real/imaginary line
m equidistant property at the origin
L, (1) = orthogonal circle pattern
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Radii at the origin

How do radii propagate around the origin?
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Radii at the origin

How do radii propagate around the origin?

k+1

= fork=0,...,N—1
k42 N—(k+1)rk or ) 3
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Radii at the origin

How do radii propagate around the origin?

k+1

= fork=0,...,N—1
k42 N—(k+1)rk or ) 3

Figure: N =4
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Radii at the origin

How do radii propagate around the origin?

k+1

= - fork=0,...,N—1
Fk+2 N—(k-‘r‘l)rk or 07 )

Figure: N =5
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Initial conditions for odd N from symmetry

k+1

= - fork=0,...,N—1
Tie+-2 N—(k—l—l)rk or 0, )
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Initial conditions for odd N from symmetry

k+1

= - fork=0,...,N—1
Tie+-2 N—(k—l—l)rk or 0, )
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Initial conditions for odd N from symmetry

3 = rn

PENGP T N—an 2"
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Initial conditions for odd N from symmetry

k+1

= - fork=0,...,N—1
Tie+-2 N—(k—l—l)rk or 0, )

PENGP T N—an 2"

Jan Techter Discrete zV



Initial conditions for odd N from symmetry

k+1

= - fork=0,...,N—1
Tie+-2 N—(k—l—l)rk or 0, )

PENGP T N—an 2"

(N-1)(N=3)...4-2  (N—1)
NTIN—2(N=4).. 3.1 (N—2u"?
w=1 = ZN(N—l,l)zirlziEx:iii:
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Initial conditions for all N from asymptotics

Figure: N =2

Jan Techter Discrete zV



Initial conditions for all N from asymptotics

Figure: N =2

= 51 = ZN(N—-1,1)forall NeN
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