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§7. Application of pigeonhole principle in card games

We like to introduce the application of pigeonhole principle in an exciting card trick:

Combinatorial Card Trick:
A magician asks an unsuspecting observer to randomly choose five cards from a standard deck of playing cards.  The participant does not show these cards to the magician, but does show them to the magician’s accomplice. The accomplice looks at the five cards, chooses four of them, and shows these four to the magician in a certain ordered manner. The magician immediately identifies the fifth hidden card. 

How does the trick work?  

The following is an explanation of our working strategy:

(1) First of all, notice that in any hand of five cards there must be two cards of the same suit (an application of Pigeonhole Principle). The first card that the accomplice shows to the magician is one of these two cards.  The other card of the same suit is never shown – it is the mystery card, the card which the magician must discover.  Thus, the accomplice can easily communicate the suit of the hidden card: the hidden card has same suit as the first card shown to the magician.  Specifying the rank of the mystery card (ie its value)  is a little trickier but can be accomplished with a little “circular counting”  manner which we will explained below.
Number the cards in a suit circularly from 1(ace) to 11 (jack), 12 (queen) and 13 (king) so that 1 follows 13 i.e. the list is ordered in a clockwise direction.
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Now, given any two cards A and B, define distance (A,B) as the clockwise distance from A to B. It is easy to see that for any two cards A and B either distance(A,B) or distance(B,A) must always be less than or equal to 6.  Again as an application of the Pigeonhole Principle, we note that if they are both 7 or more, then there will be at least 2 x 7 = 14 cards in a standard suit of cards!!

Example 

 Cards: 3 and Jack (11)

distance(Jack,  3) = 5; distance (3, Jack) = 8

Cards: Ace(1)  and 7

                      distance (Ace, 7) = 6; distance (7,Ace) = 7 

(2) Our working strategy thus proceeds as follows.:

From those two cards of the same suit, A and B, the accomplice shows the magician card A such that distance(A, B) is 6 or less.  

For example, given the choice between the three of clubs and the Jack of clubs, the accomplice reveals the Jack (since distance (Jack ,3) = 5 and distance(3, Jack)= 8).  The three of clubs remains hidden. 

 If the two same-suit cards are the five of hearts and the six of hearts, the accomplice chooses the five (since distance (5,6) = 1 but distance (6,5) = 12)  leaving the six of hearts as the mystery card.

(3) Finally, the accomplice arranges the last three cards to encode a number from 1 to 6 – the distance from the value of first card to that of the hidden card.  A quick calculation allows the magician to discover the value of the mystery card.  Notice that although the magician must decode only one of 6 possibilities, it should not present a problem, even to the slowest of magicians.

To facilitate the explanation for the last step involved, we may assign each card a number from 1 to 52  for ranking purpose. For example, 

                              the ace of spade can be numbered 1 (the highest ranking card), 

                              ace of heart numbered 2, 

                              ace of club numbered 3,

                              ace of diamond numbered 4,

                              king of spade numbered 5,  

                             ……………………………..,

                              queen of spade numbered 9,

                             ……………………………….,

                              jack of spade numbered 13,

                             ……………………………….,

                             10 of spade numbered 17,

                              ……………………………. ,

                              ……………………………. ,

                             2 of diamond numbered 52 (the lowest ranking card).

We will now proceed to explain the last step using the following example:

Example:
Suppose the five cards chosen are the following:

(i) 3 of Hearts (numbered 
46)

(ii) 5 of Spades (numbered 37)

(iii) 6 of Clubs (numbered 35)

(iv) 7 of Hearts (numbered 30)

(v) 2 of Diamonds (numbered 52)


The accomplice notices that the 3 and the 7 have the same suit-- hearts.  Since the distance( 3 ,7) = 4  and  distance(7, 3) =  9, the accomplice chooses the 3 as the first card to show the magician, leaving the 7 of hearts as the hidden card. The magician now knows that the suit of the mystery card is hearts. The accomplice's next task is thus to let the magician know that he must add the value 4 to the number 3 to obtain the final value of 7 for the hidden card! 

How can he achieve this? Basically, he can arrange the other three cards in 3! = 6 ways. Based on the numbering method explained earlier, the 3 remaining cards can be ranked 1st, 2nd  and 3rd .  In our example,  the 6 of Clubs will be ranked 1,  the 5 of Spades will be ranked 2 and the 2 of Diamonds will be ranked 3.  The accomplice may agree with the magician earlier that the arrangement of these 3 cards represent specific numbers as shown below:

	Order in which 3 remaining cards are shown
	Number represented by the arrangement

	1, 2, 3
	1

	1, 3, 2
	2

	2, 1, 3
	3

	2, 3, 1
	4

	3, 1, 2
	5

	3, 2, 1
	6


Thus in our example, the accomplice should display the cards in the following manner: firstly,  the 5 of Spades, then the 2 of Diamonds and lastly, the 6 of Clubs !
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