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Differential Geometry II: Analysis and Geometry on

Manifolds

Exercise Sheet 13
(Ricci curvature, Lie groups)

due 8.2.2012

Exercise 1 5 points

Let ω be the canonical volume form on Sn−1. Prove that the scalar curvature
S
(
p
)

at p ∈Mn is given by

S
(
p
)

=
1

vol
(
Sn−1

) ∫
Sn−1

Ricp
(
x, x
)
ω.

Exercise 2 5 points

Let SO
(
n
)

:= {A ∈ Gl
(
n
)
| AAT = I, detA = 1}. Show that

i) SO
(
n
)

is a Lie group,

ii) so
(
n
)

:= TISO
(
n
)

= {X ∈ gl
(
n
)
| XT = −X} and TASO

(
n
)

=
A · so

(
n
)

= so
(
n
)
· A,

iii) g
(
X, Y

)
:= tr

(
XY T

)
defines a Riemannian metric on SO

(
n
)
,

iv) the left multiplication LA and the right multiplication RA are isometries
of SO

(
n
)
.

What is the dimension of SO
(
n
)
?

Exercise 3 5 points

Show that, for any Lie group G, the left multiplications La satisfy

DbLa = DeLab ◦ (DeLb)
−1 ,

where DbLa : TbG→ TabG. State and prove a similar formula for right mul-
tiplications Ra.


