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Exercise 1 (5 pts):
Consider the categories Top and Top�.
Show that if U1 and U2 are open in U1 [ U2 then the following diagram of inclusion maps is a
pushout.
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Exercise 2 (5 pts):
Prove that the following groups are isomorphic:

hx; y j xyx = yxyi ' ha; b j a2 = b3i

Exercise 3 (5 pts):
Let G be the subgroup of isometries of the plane generated by the translation: (x; y) 7! (x+1; y)

and the glide reflection (x; y) 7! (�x; y + 1).
Show that the action is even. The quotient space R2=G is called the Klein bottle, K.

Abbildung 1: Klein bottle

Exercise 4 (5 pts):
Let a group G act evenly on a space Y and let H be a subgroup of G. Show that H also acts
evenly on Y and that the natural map Y=H ! Y=G is a covering map. (This is actually a
n-sheeted covering, where n is the index of H in G.)

Consider now the group G that we used to define the Klein bottle, and let H be the subgroup the
one generated by the following translations of the plane: (x; y) 7! (x+1; y), (x; y) 7! (x; y+2).
What is the space R2=H? Describe the covering R2=H ! K.


