
TECHNISCHE UNIVERSITÄT BERLIN
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Exercise Sheet 4

Exercise 1: Distortion of an infinite polygon. (6 pts)

Given ε > 0 find an “infinite polygon” p = (p1, p2, ...) in R2 with pn → (0, 0) such that
TC(p) = ∞ and δ(p) < 1 + ε.
(Hint: Let the vertices alternate between two nearby rays out of (0, 0)).

Exercise 2: Schur’s Theorem. (6 pts)

Let γ ⊂ Rd be an arc with length 2a, a < π. Suppose γ has curvature κ ≤ 1. Use
Schur’s Theorem to show that the distortion of γ is at most a/ sin a.
(Note: The condition κ ≤ 1 should be interpreted as saying that the total curvature of
any subarc is at most its length. For a C2 curve, this is equivalent to saying that the
ordinary curvature κ := |T ′| is bounded by 1.)

Exercise 3: Distortion of a comet shaped curve. (4 pts)

Let γ : S1 → R2 be the closed curve in the figure, consisting of a semicircle A and a
polygonal section, consisting of two line segments P1 and P2 with the same length. Let
φ be the exterior angle. Compute the distortion δ(γ).
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Fig. 4. This example illustrates a discontinuity of the distortion quotient. The discontinuity of the tangent curve at the point corresponding to the
corner point causes a jump in the distortion quotient.

Fig. 5. The distortion of this curve is realized as a limit of distortion quotients of pairs of symmetric points converging to the corner point. The
parameter space [a, b] × [a, b] has no point (s, t) that realizes the distortion.

We can readily see that the discontinuity along the diagonal of [a, b] × [a, b] is not removable. In fact, since the
distortion is defined as a supremum, it may be the case that for a general curve γ ∈ FTC, there exists a sequence of
points (si , ti ) converging to a point (s, s) so that dqγ (si , ti ) → δ(γ ), dqγ (s, t) < δ(γ ) everywhere dqγ is defined, and
dqγ has a non-removable discontinuity at (s, s). Curves of this type have no distortion realizing chord. An example
of such a curve is the Dragon’s tooth curve in Fig. 5.

This curve, D : [a, b] → R2, is formed by three circle arcs: one of small radius r and two of larger radius R. The
large circle arcs are connected to the smaller circle arc so that their tangents agree at the points of intersection. The
large circles meet at a corner with exterior angle φ < π . The distortion of a circle is π/2, so if D(s) and D(t) are
points on the same circle arc then dqD(s, t) ! π/2. If D(s) lies on one of the large circle arcs and if D(t) lies on the
small circle arc, then dqD(s, t) → 1 as d(D(s),D(t);R2) → 0. Therefore, the distortion quotient cannot grow large
because the denominator becomes small. On the other hand, the numerator is no larger than the length of the two arcs.
So dqD(s, t) is uniformly bounded above for all points (s, t) for which D(s) and D(t) lie on circle arcs of different
radius.

Let D(c) denote the corner point. Let {(si , ti)} be a sequence so that D(si) is on one large circle arc, D(ti) is on
the other large circle arc and d(D(si),D(c);D) = d(D(ti),D(c);D) for all i. If (si , ti) → (c, c) then

lim
i→∞

dqD(si , ti) = sec
φ

2
.

Forcing φ to be close to π in the construction of D forces dqD(s, t) < secφ/2 for all (s, t) in the domain of dqD .
So, the distortion of D is evaluated as a limit of dqD(s, t) as (s, t) converges to a point on the diagonal that is a
non-removable discontinuity.

To deal with examples like this, the definition of a distortion realizing chord will need to be extended. Just con-
sidering pairs of points (s, t) so that dqγ (s, t) = δ(γ ) is not sufficient. After all, there may be no such pairs. We start
with a definition.

Definition 1. For any γ : [a, b] → R3 in FTC, we define the function Dγ : [a, b] → R by

Dγ (s) := sup
t

dqγ (s, t).

Lemma 2. If γ : [a, b] → R3 is a curve with finite total curvature parametrized by arclength, then

Dγ (s) = sup
t

d(γ (s),γ (t);γ )

d(γ (s),γ (t);R3)
= max

t

d(γ (s),γ (t);γ )

d(γ (s),γ (t);R3)
.
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