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Abstract. An L-length-bounded cut in a graph G with source s, and
sink ¢ is a cut that destroys all s-t-paths of length at most L. An L-
length-bounded flow is a flow in which only flow paths of length at most
L are used. We show that the minimum length-bounded cut problem
in graphs with unit edge lengths is A'P-hard to approximate within a
factor of at least 1.1377 for L > 5 in the case of node-cuts and for L > 4
in the case of edge-cuts. We also give approximation algorithms of ratio
min{L,n/L} in the node case and min{L,n*/L?, /m} in the edge case,
where n denotes the number of nodes and m denotes the number of edges.
We discuss the integrality gaps of the LP relaxations of length-bounded
flow and cut problems, analyze the structure of optimal solutions, and
present further complexity results for special cases.

1 Introduction

In a classical article Menger [1], shows a strong relation between cuts and systems
of disjoint paths: let G be a graph and s, two nodes of G, then the maximum
number of edge-/node-disjoint s-t-paths equals the minimum size of an s-t-edge-
/node-cut (Menger’s Theorem); see also Dantzig and Fulkerson [2] and Kotzig [3].
Ford and Fulkerson [4] and Elias, Feinstein, and Shannon [5] generalized the
theorem of Menger to flows in graphs with capacities on the arcs and provided
algorithms to find an s-t-flow and an s-t-cut of the same value.

Lovész, Neumann Lara, and Plummer [6] consider the maximum length-
bounded node-disjoint s-t-paths problem. For length-bounds 2, 3, and 4 a re-
lation holds that is analogous to Menger’s theorem, but with a new suitable cut
definition. For length-bounds greater than 4, they give upper and lower bounds
for the gap between the maximum number of length-bounded node-disjoint paths
and the minimum cardinality of a cut. Furthermore, they provide examples show-
ing that some of the bounds are tight. The results were extended independently
to edge-disjoint paths by Exoo [7] and Niepel and Safarikova [8].
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According to Bondy and Murty [9], Lovdsz conjectured that there is a con-
stant C' such that the size of a minimum L-length-bounded s-t-node-cut, i.e., a
minimum node-set disjoint to {s,t} which hits each L-length-bounded s-t-path,
is at most a factor of C'- /L larger than the cardinality of a maximum system
of node-disjoint s-t-paths of length at most L. Exoo and Boyles [10] disprove
this conjecture. They construct for each length-bound L > 0 a graph and a node
pair s, t, such that the minimum L-length-bounded s-t-node-cut has size greater
than C - L times the maximum number of node-disjoint s-t-paths of length at
most L; the constant C' is roughly 1/4.

Itai, Perl, and Shiloach [11] give efficient algorithms to find the maximum
number of node-/edge-disjoint s-t-paths with at most 2 or 3 edges; the node-
disjoint case is also solved for length-bound 4. On the complexity side they
show that the node- and edge-disjoint length-bounded s-t-paths problem is NP-
complete for length-bounds greater than 4. Instead of fixing the path length, one
can fix the number of paths and look for the minimal value bounding all path
lengths. Again both the node- and edge-disjoint version is N'P-complete for two
paths already.

Guruswami et al. [12] show that the edge-disjoint length-bounded s-t-paths
problem is MAX SNP-hard even in undirected networks, and they give an
O(y/m)-approximation algorithm for it. For directed networks, they can show
that the problem is hard to approximate within a factor n%*, for any € > 0.

For fractional length-bounded multi-commodity flows in graphs with edge-
capacities and edge lengths Baier [13] gives a fully polynomial time approxima-
tion scheme (FPTAS). This FPTAS also yields a polynomial time algorithm for
fractional length-bounded multi-commodity flows and fractional length-bounded
edge-(multi-)cuts in unit-length graphs.

Mahjoub and McCormick [14] present a polynomial algorithm for the 3-length-
bounded edge-cut in undirected graphs. Furthermore, they show that the frac-
tional versions of the length-bounded flow- and cut problem are polynomial even
if L is part of the input, but that the integral versions are strongly NP-hard
even if L is fixed.

Length-bounded path problems arise naturally in a variety of real world op-
timization problems and therefore many heuristics for finding large systems of
length-bounded paths have been developed, see e.g. [15,16,17,18].

Our Contribution. We present various results concerning the complexity and
approximability of length-bounded cut and flow problems. After the preliminar-
ies, in Section 3, we show that the minimum length-bounded cut problem in
graphs with unit edge-lengths is NP-hard to approximate within a factor of at
least 1.1377 for L > 5 in the case of node-cuts and for L > 4 in the case of
edge-cuts; see Table 1 for an overview of known and new complexity results. We
also give approximation algorithms of ratio min{L,n/L} in the node case and
min{L,n?/L? \/m} in the edge case. For classes of graphs such as constant de-
gree expanders, hypercubes, and butterflies, we state an O(log n)-approximation
algorithm pointed out by [19]. Furthermore, we give instances for which the in-
tegrality gap of the LP relaxation is 2(y/n). Section 4 discusses the maximum
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Table 1. Known and new (bold type) complexity results; ¢ € RT and ¢ € N are
constants, € can be arbitrarily small

L node-cut edge-cut

1 — poly.

2 poly. poly.

3 poly. poly. [14] (undirected)

4 poly. [6] (undirected) inapprox. within 1.1377

(directed & undirected)

5...|n'"¢| inapprox. within 1.1377 inapprox. within 1.1377
(directed & undirected) (directed & undirected)

n—c poly. (directed & undirected)

length-bounded flow problem. For series-parallel graphs with unit edge lengths
and unit edge-capacities, we proof a lower bound of 2(1/n) on the integrality
gap of the LP formulation. Furthermore, we show that edge- and path-flows are
not polynomially equivalent for length-bounded flows: there is no polynomial
algorithm to transform an edge-flow which is known to correspond to a length-
bounded path-flow into a length-bounded path-flow. We analyze the structure
of optimal solutions and give instances where each maximum flow ships a large
percentage of the flow along paths with an arbitrarily small flow value.

2 Preliminaries

We consider (directed or undirected) graphs G = (V, E) with node set V = V(QG)
and edge set E = F(G). The number of nodes are denoted by n and the number
of edges are denoted by m. A graph may contain multi-edges, i.e. parallel edges,
in which case the graph will be called a multi-graph. Sometimes, we call an
edge simple to distinguish it clearly from multi-edges. The graph G possesses
two independent weights, an edge-capacity function v : £ — Qs and an edge-
length function d : E — Qx>¢. If not stated otherwise, we assume unit-lengths
and capacities.

Length-Bounded Cuts. Let s,t € V be two distinct nodes. We call a subset of
edges C. of G an s-t-edge-cut, if no path remains from s to ¢ in G \ C.. The
value (or capacity) of C, is the number of edges in C. (or the total capacity of
edges in C., if edge-capacities are not unit). Similarly, a node set C,, of G which
separates s and t (and contains neither s nor t) is defined as an s-t-node-cut; its
value is the number of nodes in C,,.

Let P +(L) denote the set of all s-t-paths with length at most L. We call a
subset of edges CF of G an L-length-bounded s-t-edge-cut, if the nodes s and ¢
have a distance greater than L in G\ CL. This means that CL must hit every
path in P, ;(L). Similarly, a subset CZ of the node set of G is called L-length-
bounded s-t-node-cut if it destroys all paths in Ps ¢(L). All of our cuts are s-t-cuts
and therefore we will often omit the s-t-prefix. If the type of a cut is clear from
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the context, we will also omit the superscript L of C' as well as the indices e
and n of C. The walue (or capacity) of a length-bounded cut is defined as in the
standard cut case. In the Minimum Length-Bounded Cut problem we are looking
for a length-bounded cut of minimum value.

In the linear programming relaxation of the minimum length-bounded edge-
cut problem one has to assign to each edge e € E a dual length ¢, such that the
dual length of a shortest s-t-path from Ps (L) is at least 1 (the LP relaxation
for node-cuts is analogous):

min > wele st Y le>1 (PEP(L), Le>0 (ecE). (1)

ecE ecP

An integral solution to this linear program corresponds to a length-bounded s-
t-cut, and vice versa. In particular, the minimum length-bounded s-t-cut value
and the value of a minimum integral solution are equal. We will refer to feasible
solutions of (1) as fractional cuts since only a fraction of an edge may contribute
to the cut.

Length-Bounded Flows. Length-bounded flows are flows along paths such that
the length of every path is bounded. More precisely, an L-length-bounded s-t-flow
is a function f : P, (L) — Rx>( assigning a flow value fp to each s-t-path P in G
of length at most L. The sum ZPEPS,,,(L) fp is called the s-t-flow value of f.
The flow f is feasible, if edge-capacities are obeyed, i.e., for each edge e € F
the sum of the flow values of paths containing this edge must be bounded by its
capacity ue. Since all our flows are s-t-flows, we will often omit the s-t-prefix.

A natural optimization objective is to find a feasible length-bounded s-t-flow
of maximum value. We can formulate this problem as a linear program:

max Y fp st. > fp<uc (e€E), fp>0 (PeP(L). (2)

PePs (L) P:ecP

We will refer to feasible solutions of this linear program as path-flows. Note that
the dual of (2) is the linear program (1) for the minimum length-bounded cut
problem. One way to prove the maximum-flow minimum-cut equality for stan-
dard flows is to apply duality theory of linear programming. In the case of multi-
ple commodities, a source- and sink-node pair (s;,¢;) and a length-bound L; > 0
is given for each commodity ¢ = 1,..., k. An (L1, ..., Lx)-length-bounded multi-
commodity flow f is a set of L;-length-bounded s;-t;-flows f;, fori=1,... k.

3 Length-Bounded Cuts

It follows from linear programming duality that the maximum fractional length-
bounded flow value equals the minimum fractional length-bounded cut value.
In the case of standard flows, this equality holds for (integral) cuts as well. In
the presence of a length-bound, the maximum flow value and the minimum cut
value may be different. This is an immediate consequence of the integrality gap
that we state in the following theorem.



Length-Bounded Cuts and Flows 683

k+1

2k+1

Fig. 1. Example of a large integrality gap of the linear program (1) of the minimum
length-bounded cut. The straight s-t-path (in gray) contains 2k+1 edges. Each of these
edges is accompanied by k + 1 parallel paths of length 2.

Theorem 1. For (un-)directed series-parallel graphs the ratio of the minimum
integral length-bounded edge- /node-cut value to the minimum fractional one can
be of order 2(\/n). In particular, the ratio of the minimum length-bounded edge-
/node-cut size to the mazimum number of length-bounded edge-disjoint paths can

be of order 2(y/n).

Proof (sketch). The class of graphs depicted in Fig. 1 for L = 3k + 1 have
a fractional length-bounded edge-cut value less than 2 but an integral length-
bounded edge-cut value k + 1 € 6(y/n). The result for node-cuts follows by
considering the corresponding line graph. ad

3.1 Complexity and Polynomially Solvable Cases

We present a simple polynomial time algorithm for length-bounded node-cuts
with L = n — ¢, where ¢ € N is an arbitrary constant.

Theorem 2. Ifc € N is constant and L = n—c, then a minimum length-bounded
node-cut can be computed in polynomial time in (un-)directed graphs.

Proof. Enumerate all V! C V with |V’| < ¢ and return the smallest V’ which
is a length-bounded node-cut, if there is any. Otherwise, any length-bounded
node-cut V' contains at least ¢ + 1 nodes so that the longest remaining s-t-path
has length at most n — ¢ — 1 and therefore V' actually cuts all s-t-paths. Thus,
returning a standard minimum node-cut suffices. ]

Note that Theorem 2 does not carry over to the edge version of the problem,
since by removing ¢ edges one cannot guarantee that a standard cut suffices.

Theorem 3. For any ¢ > 0 and L € {5,...,|[n'"¢]}, it is N'P-hard to ap-
prozimate the minimum length-bounded node-cut in (un-)directed graphs within
a factor of 1.1377.

Proof. We first look at the case L =5 and give a reduction from the well known
VERTEX COVER problem which has been shown to be NP-hard to approxi-
mate within a factor ~ 1.3606 [20]. Given a VERTEX COVER instance Gy, with
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G for node-cut: Gye : G for edge-cut:
node gadget for u node gadget for u
u
s t
v
node gadget for v node gadget for v

Fig. 2. Gadgets for the reduction of VERTEX COVER to length-bounded node-cut (left)
and length-bounded edge-cut (right), respectively. Both correspond to two connected
nodes u, v of the given VERTEX COVER instance, shown in the middle. The highlighted
nodes (edges) are in the cut / vertex cover.

Nye = |Vie| nodes, we construct a length-bounded node-cut instance G = (V, E)
as follows: start with V' = {s,t} and no edges. For each node v € V;. we add a
node gadget to G consisting of seven nodes which are interconnected with s, ¢ and
themselves as shown in Fig. 2 (left) — the nodes in the bottom half surrounded
by a gray box. For each edge {u,v} € E,. we add an edge gadget consisting of
four nodes and six edges connecting them to the node gadgets corresponding to
uw and v as shown in Fig. 2 (left).

Lemma 1. From a vertex cover V), in Gy, of size x one can always construct
a node-cut V' in G of size nye + x and vice versa, for x < nyc.

We only deal with the easy direction “=" in Lemma 1 and omit all further details
due to space limitations. Let V. C V. be a vertex cover with |V}.| = z. For each
node v € V. we add [,, and r,, to our cut V/ C V and for each node u € Vi \ Vi,
we add m,, to V' (see Fig. 2 for an example). Note that |V’| = ny. + = and that
no path of length at most 5 remains after removing V'’ from G.

The proof of Theorem 1.1 in [20] gives the following gap. There are graphs G
for which it is NP-hard to distinguish between two cases: the case where a vertex
cover of size ny.-(1—p+e’) exists, and the case where any vertex cover has size at
least ny. - (1 —4p®+3p* —¢’), for any ¢’ € R and p = (3 —/5)/2. If we plug this
into the result of Lemma 1, we have shown that the length-bounded node-cut is
hard to approximate within a factor (there is an &’ € RT for which the inequality
holds): (nye + nve + (1 — 4p® + 3p* — €')) /(e + Nye - (1 —p+€)) > 1.1377.

For other values of L € {5,...,|n'~¢]}, we modify the construction of G as
follows: (1) Add a path of length L — 5 from a new source node s’ to s. Let s’ be
our new source. (2) Stepwise replace each node on this path after s’ and until s
(inclusive) by a group of ¢ - ny. nodes, for some constant c. For each of these
groups connect all new nodes with all neighbors of the replaced node. We omit
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0/ay 0/as 0/an

ay/o0 as /oo e

Fig. 3. Reduction of 2-PARTITION to the length-bounded cut problem. The labels de-
note length/capacity.

all further details. To see that the reduction also works for undirected graphs,
observe that by removing the edge directions in the gadgets, no new undirected
paths of length less than L are introduced. ]

The proof of the following theorem is similar to the proof of Theorem 3 with
the difference that the adapted gadgets given in Fig. 2 (right) are used, which
already work for length-bound L = 4.

Theorem 4. For any ¢ > 0 and L € {4,...,|n'"¢]|}, it is N'P-hard to ap-
prozimate the length-bounded edge-cut in (un-)directed (simple) graphs within a
factor of 1.1377.

Lemma 2. For a series-parallel and outer-planar (un-)directed graph with edge-
capacities and lengths it is N'P-hard to decide whether there is a length-bounded
edge-cut of size less than a given value.

Proof. We give a reduction from 2-PARTITION. Take an arbitrary 2-PARTITION
instance ay,...,ar € N and consider the graph in Fig. 3. Let the length-bound
be L = B — 1. It is not difficult to see that there is an edge-cut of size at most
B if and only if the instance of 2-PARTITION is a yes-instance. ]

We will show in Theorem 8 that it is ANP-hard to decide whether a fractional
length-bounded flow of given flow value exists even if the graph is outer-planar.
Since the primal and dual programs have identical optimal objective function
values, the same holds for the fractional length-bounded edge-cut problem.

3.2 Approximation Algorithms

If the length-bound L is so large that the system of L-length-bounded s-t-paths
contains the set of all s-t-paths, then length-bounded cuts and flows reduce to
standard cuts and flows. The maximum-flow minimum-cut equality holds and
there are many efficient algorithms to compute minimum cuts and maximum
flows exactly. Another extreme case is if the length-bound equals the distance
between s and ¢, denoted by dist(s,t). Lovdsz, Neumann Lara, and Plummer [6]
show a special version of the following theorem in the context of length-bounded
node-disjoint paths.

Theorem 5. In (un-)directed multi-graphs with edge-capacities and lengths, for
L = dist(s,t) the minimum length-bounded edge-/node-cut and the mazimum
length-bounded flow problem can be solved efficiently. In particular, the maz flow
value and the min cut value coincide if L = dist(s,t).
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The proof of this theorem is based on considering the sub-graph induced by all
edges which are contained in at least one shortest s-t-path. For suitable length
functions, like unit-edge-lengths, Theorem 5 yields the following approximation
result for the minimum length-bounded cut problem.

Corollary 1. In (un-)directed multi-graphs one can find an (L + 1 — dist(s,t))-
approximation to the minimum L-length-bounded cut.

Proof (sketch). Repeatedly compute and remove a minimum dist(s, t)-length-
bounded cut from the graph until dist(s,¢) > L. O

It can be shown that the given performance ratio bound is tight for the sketched
algorithm. The next theorem establishes bounds on the absolute difference be-
tween the sizes of standard minimum cuts and length-bounded minimum cuts.

Theorem 6. Let G = (V, E) be a (un-)directed multi-graph. A minimum node-
cut in G is larger than a minimum length-bounded node-cut by at most 7. If G
is a simple graph, a minimum edge-cut is larger than a minimum length-bounded

edge-cut by at most O(Z—z)

Proof. The size of a minimum node-cut is equal to the maximum number of node-
disjoint s-t-paths by Menger’s theorem. Let C7 be an optimal length-bounded
node-cut. We construct a node-cut C' of size at most [C1| 4+ 7. In G \ C1, all
s-t-paths have length at least L+ 1. Thus, the number of node-disjoint s-t-paths
in G\ C is at most (n —2)/L < n/L. Therefore, a minimum node-cut Cs in
G\ Cy has cardinality at most n/L. Then C' = C; UCy is a node-cut in G of the
desired cardinality. The proof for edge-cuts is similar. It applies a helpful lemma
from [21] which states that if a (directed or undirected) simple graph contains k
edge-disjoint s-t-paths, the shortest of these has length O(n/vk). O

One can show that the bound of # on the gap between standard and length-
bounded node-cuts given in Theorem 6 is tight with a graph consisting of parallel
paths of length L + 1 except for one of them having length L. Theorem 6 leads
to the following corollary.

Corollary 2. For (un-)directed multi-graphs there exists an O(%)-approzima-
tion algorithm for the minimum length-bounded node-cut problem. For simple
graphs (directed or undirected) there exists an O(Z—z)—approximation algorithm
for the minimum length-bounded edge-cut problem.

Now we show that there are approximation algorithms with ratio O(y/n) for
length-bounded node-cuts and with ratio O(y/m) for length-bounded edge-cuts.

Theorem 7. For (un-)directed graphs there exists an O(min{L,n/L,\/n})-ap-
prozimation algorithm for the minimum length-bounded node-cut problem and
an O(min{L,n?/L?,\/m})-approxvimation algorithm for the minimum length-
bounded edge-cut problem.
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Proof. The upper bounds of min{L,n/L} in the node case and min{L,n?/L?}
in the edge case follow from Corollaries 1 and 2. Furthermore, we have
min{L,n/L} < \/n, so the claimed ratio for length-bounded node cuts follows di-
rectly. It remains to show that ratio O(y/m) can be achieved for length-bounded
edge-cuts.

Let OPT denote the size of a smallest length-bounded edge-cut. If L < /m,
we simply apply the algorithm from Corollary 1. If L > \/m, we repeatedly find
an s-t-path of length at most [v/m], add all its edges to the cut, and remove
these edges from the graph. Let C; denote the set of edges added to the cut in
this process. Note that |C1| < [/m] - OPT.

If G\ Cy does not contain an s-t-path of length at most L, we output Cj.
Otherwise, we compute a minimum edge-cut C in G \ C; and output Cy U Cs.
It suffices to show that |Cy| < y/m. Let V; denote the set of nodes at distance 4
from s in G\ C;. Note that the distance from s to ¢ in G\ C} is at least [/m]+1.
Let E; be the set of edges in G\ C; with tail in V; and head in V;41. Note that E;
is an edge-cut. Let j be such that E; has minimum cardinality among the sets
E; for 0 <i < [y/m] — 1. Observe that |E;| < m/[y/m] < /m. O

For a large class of graphs a better approximation ratio is possible [19]: let F' be
the flow number of G, as defined in [22]. By the Shortening Lemma [22] it follows
that if L is at least 4- F, a standard minimum-cut is an O(1)-approximation for
the L-length-bounded cut. By Corollary 1 this gives an O(F')-approximation for
arbitrary L. Since F' = O(Aa~!logn), where A is the maximum degree and «
the expansion, (cf. [22]) we obtain O(log n)-approximations for classes of graphs
such as constant degree expanders, hypercubes, and butterflies.

4 Length-Bounded Flows

4.1 Edge-Based vs. Path-Based Flows: Complexity

When looking at a given length-bounded flow, we can infer from linear program-
ming theory the existence of a corresponding path-decomposition of small size,
where all paths fulfil the length-bound.

Proposition 1. Given a length-bounded (multi-commodity) path-flow in a graph
with edge-capacities and lengths, and m edges. There exists a length-bounded
(maulti-commodity) path-flow with the same length bound and the same flow value
per edge and commodity that uses at most m paths for each commodity.

The proof of Proposition 1 follows from the fact, that the linear program in (2)
has only m linear constraints. Thus, the theory of linear programming can be
used to show that there is always a path-flow of maximum flow value which has
a small size. Nevertheless, linear programming cannot be used to find maximum
fractional length-bounded flows efficiently, unless P = N'P.

Theorem 8. For a single-commodity length-bounded flow problem in an (un-)
directed outer-planar graph with edge-capacities and lengths it is N'P-complete
to decide whether there is a fractional length-bounded flow of given flow value.
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k+1

Fig. 4. Graph Gy, in which the unique maximum length-bounded flow sends more than
one half of the flow along paths with small flow values

Proof (sketch.). The 2-PARTITION problem can be reduced to the integral
length-bounded flow problem for a flow of value 2 (similar to the proof of
Lemma 2; see also Fig. 3). In a second step one shows that a fractional flow
of value 2 in this special graph induces an integral flow of value 2. O

Finding a maximum length-bounded flow is computationally more difficult than
finding a standard maximum flow. Standard flows are usually modeled as edge-
flows. Each flow in a path formulation can easily be transformed into an edge-
flow. For standard flows the reverse transformation is also possible. If length-
bounds are present, one may try to use an edge-flow formulation, too. However,
as the following theorem shows, edge- and path-flows are not polynomially equiv-
alent for length-bounded flows. The following result is an immediate consequence
of the proof of Theorem 8 and has been shown independently by Correa et al. [23,
Corollary 3.4].

Corollary 3. Unless P = NP, there is no polynomial algorithm to transform
an edge-flow which is known to correspond to a length-bounded path-flow into a
length-bounded path-flow, even if the graph is outer-planar.

4.2 Structure of Optimal Solutions and Integrality Gap

For standard single-commodity flows with integral capacities there is always an
integral maximum flow. The situation is completely different in the presence of
length constraints. We will not only show that there need not exist an integral
maximum flow, but also that there are instances where each maximum flow ships
a large percentage of the flow along paths with very small flow values.

Theorem 9. There are unit-capacity outer-planar graphs of order n such that
every mazximum length-bounded flow ships more than one half of the total flow
along paths with flow values O(1/n).

Proof (sketch). Consider the family of unit-capacity and unit-length graphs de-
picted in Fig. 4. One can show that the unique maximum (2k+2)-length-bounded
1

flow contains k + 1 paths each with flow value ;-5 and one path with flow

value % (using the sub-path of length k + 1 between nodes s and u). ]

For integral length-bounded flows there is a surprising structural difference be-
tween path- and edge-flows which is stated in Theorem 10.
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Fig.5. A unit-length graph with an integral edge-flow of value 4 that corresponds to
a maximum fractional 6-length-bounded path-flow but which has no integral 6-length-
bounded path-decomposition: edge vt has capacity 3, all other edges have unit capacity

Theorem 10. An integral (maximum) edge-flow corresponding to a (fractional)
length-bounded flow in an (un-)directed graph with unit-edge-lengths does not
need to have an integral length-bounded path decomposition.

Proof (sketch). The graph in Fig. 5 has a unique maximum 6-length-bounded
flow of value 4. The flow on each edge equals its capacity and is thus integral.
But the unique length-bounded path decomposition is half-integral. O

In [13] it was shown that the length-bounded flow problem can be approximated
within arbitrary precision. Having this in mind, it is interesting how far the value
of such a fractional solution is away from the maximum integral solution.

Theorem 11. For unit-capacity graphs with n nodes, the integrality gap of the
integer program in (2) can be of order 2(\/n) even for unit-edge-lengths and
planar graphs. The length-bound used is of order O(y/n).

The proof is based on a unit-capacity graph with n nodes, a maximum in-
tegral length-bounded flow of value 1, and a maximum half-integral flow of
value 2(1/n). The structure of this graph is a refinement of half a k by k grid.
The construction is inspired by Guruswami et al. [12]. We omit all further details
in this extended abstract.

The big integrality gap in Theorem 11 is tied to the unit-capacities of the
graph used in the proof. Raising the edge-capacities in this graph to 2 brings
the integrality gap down to 2. Indeed, the integrality gap is constant for high ca-
pacity graphs. The following result is a consequence of the randomized rounding
technique of Raghavan and Thompson [24].

Theorem 12. Consider a graph with minimal edge-capacity at least clogn, for
a suitable constant c. Using randomized rounding one can convert any fractional
length-bounded flow into an integral length-bounded flow whose value is at most
a constant factor smaller (with high probability). In particular, the integrality
gap is constant for high capacity graphs.
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