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Abstract

We consider the deterministic and stochastic versions of a first order non-autonomous differ-
ential equation which allows us to discuss the persistence of rivers (“fleuves”) under additive
noise.
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1 Introduction

This paper uses a simple example in the pursuit of understanding the stochastic counterpart
of the river (“fleuve”) phenomenon. We believe that this example contains all the important
ingredients of the general theory.

Rivers, a remarkable organising feature of phase portraits of polynomial non-autonomous
first order ODEs were discovered in the 1980s by nonstandard analysts (see [1] for the
definitions and additional references, and [2] for connections between rivers and centre
manifolds). Clearly, an interesting question is to try to extend the notions introduced in the
context of rivers to the case of stochastic differential equations (SDEs).

The present paper is devoted to an analysis of a simple example of the stochastic coun-
terpart of a polynomial non-autonomous ordinary differential equation which exhibits rivers
in which a trichotomy of asymptotic fates of solutions occurs. The structure of the paper is
as follows. In Section 2 we discuss the structure of solutions of the deterministic version
of our equation (2.1), and exhibit the asymptotics of the critical solution; this material is
standard and is helped by the existence of an explicit formula for the general solution. In
Section 3, we briefly study the much simpler (deterministic and random) unstable linear case
in which there is a repelling river of sub-exponential growth. This case is easy to analyze
since again there is an explicit formula for the general solution and for the repelling river.
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In Section 4, we state our main result: the non-autonomous quadratic stochastic differential
equation (4.1), the additive noise counterpart of (2.1) also admits a trichotomy: there is a
random repelling river with the property that trajectories starting above it blow up in finite
time while trajectories starting below the repelling river converge to 0 and the river which
separates the two regimes has linear growth as + — oo (as in the deterministic case). Note
that, contrary to the linear case, there is an attracting solution (any solution which converges
to 0 attracts all trajectories starting below the repelling river). We formulate our results as
four theorems which we prove in the subsequent sections. Our main tools are well-known
estimates of exit probabilities of diffusions from intervals of the real line which we quote in
the appendix for the reader’s convenience. Finally, in Section 8, we discuss extending other
tools available in the deterministic setting (Wazewski principle, asymptotic expansions) to
the stochastic context.

2 The Deterministic Situation

The deterministic equation we start with is
X' =x2—tx, t>0, x(0) = xo. 2.1

Itis easy to analyse as the general solution of the initial value problem can be found explicitly,

2x0 exp (—%)
2 — xo+/2m erf (%) .

x(1) = 2.2)

Here erf(-) is the error function,

2 L p
erf (Z) = ﬁ/‘ e dt,
0

lim,_, » erf (z) = 1, from which we immediately obtain the following trichotomy of fates of
solutions in positive time : If xo > /2/7, solutions blow up in finite time; if xo = +/2/7,
x(t) - oo ast — oo, and finally if xg < /2/7, x(t) — 0 ast — oco. We call the solution
(2.2) with xg = /2/m the critical solution and denote it by x. ().

As there is symmetry x — —x, t — —t, similar statements can be made as t — —o0;
below we restrict ourselves to positive times.

Given the explicit form (2.2) of solutions of (2.1), the asymptotics of the critical solution
as t — oo is easily computed; it is given by

1 2 1
c(t) ~ -—=+0(—=). 2.3
xe(t) ~t+ e + <t5> (2.3)

Note that in terms of rivers, x.(#) provides a repelling river, while x () = 0 and all the
positive semi-orbits that converge to it, constitute attracting rivers.

The asymptotic expansion of the repelling river in (2.3) can be constructed directly from
the equation (2.1) without using (2.2) by following the procedure explained in [1].
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3 The Linear Case

Before investigating the behaviour of equation (2.1) with additive white noise we study the
much easier linear stochastic differential equation

dX(t) = (cX(@) + f())di +cdW(1), t =0, 3.1
where W(¢), t > 01is astandard (one-dimensional) Wiener process (also known as Brownian

motion), ¢ > 0,0 > 0and f : [0, c0) — R is continuous.
The SDE (3.1) with initial condition X (0) = x has the explicit solution

X(t, x) =e“(x+/
0

Itfollows that all trajectories are exponentially unstable with % X(t,x) =e"t>0,xekR.
‘We now assume that

t

t
e “f(s)ds + 0/ e dW(s)).
0

/oo e | f(s)ds < oo.
0

Below we will be using improper It6 integrals. For a rigorous definition of this mathematical
object see, e.g., [3, Definition 25.10]. Denote the unique solution X (), ¢ > 0 of (3.1) with
the initial condition

o o0
X(0) = —/ e “f(s)ds — a/ e dW(s)
0 0
by Z(t), t > 0 (here and below # stands for river). Then
o0 [o¢]
X, X)) :=2@1) = —e”/ e “f(s)ds — oe”/ e~ dW (s)
- t t
= —e“/ e “ f(s)ds — o A(t),
t
where
oo
A(t) = ec’f e S dW(s), t >0
t
is a stationary Ornstein-Uhlenbeck process. It follows that
lim X (7, x)e™“ = x — 2(0),
11— 00

so solutions go to 400 (respectively, —oo) exponentially fast with rate ¢ when x is above
(respectively below) #(0) while if x = Z#(0),

|X (&, 20)| = |21)| = o(e).
In particular, if in (3.1) we set f = 0, then just like in the deterministic case (¢ = 0) where

the repelling river given X (¢, x) = 0, we have a trichotomy with random repelling river given
by Z(t).
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4 Main Results

We now study the additive noise stochastic equivalent of (2.1), namely, the stochastic differ-
ential equation

dX(t) = X()(X @) —t)dr + o dW (@), X(s) =x, 1 > 5, “4.1)

where W is a one-dimensional Wiener process defined on a probability space (2, .#, P),
s > 0,0 > 0,and x € R. We will study the long-time behaviour of the unique local solution
of (4.1) which we denote by X ;(x), and we will see that (4.1) possesses both a random
repelling river % (which satisfies Z(t) —t — 0 as in the deterministic case (2.1)) and an
attracting river of trajectories which converge to 0 as + — oo (again as in (2.1)). Just like
in the linear case, %(0) is random. All trajectories starting above Z(s) at time s > 0 blow
up to oo in finite time while all trajectories starting below Z(s) converge to 0 as t — oo.
It will turn out that Z(0) will be —oo with positive probability. In this case, Z(¢) will start
becoming larger than —oo at some positive random time and then stay finite for all future
times and just like in the nonlinear deterministic and the linear random cases it will solve the
underlying equation. All these properties (and more) will follow from four theorems stated
below. Further, Proposition 4.10 shows that, unlike the repelling river in the deterministic
case in (2.1), Z(t) oscillates around ¢ as ¢t — oo almost surely.

Before stating our first main result, we collect some properties of the following more
general model:

t
X()=x+ / X(u)(Xu) —u)du+ H(t) — H(s), > s, (4.2)

where H : [0, c0) — R is a given (random or deterministic) continuous function satisfying
H(0) =0,x € R,and s > 0. Again we denote the unique local solution of (4.2) by X ;(x).
We define the blow-up time by

Bs(x) := lim inf{t > s : | Xs,(x)| > n} € (s,00], x € R.
n—00

Note that the local solution X ; (x) depends continuously on (¢, x). Arguing from the contrary
from (4.2), we have the fundamental monotonicity property:

Lemma4.1 x <y implies X, ;(x) < X :(y) fort > s; moreover, X; ;(x) < X;,(y) when

Bs(x) > t.
Proposition 4.2 For each x € R and v > s > 0, we have
S;Itl;) X5 (x) = x A0+ Sftirslgsv (Hw) — H®)).
Proof Assume that x < 0 and that u € [s, v] is such that X, ,(x) < x. Lett = t(u) € [s, u]

be such that X ;(x) = x and X, (x) < x for all € [¢t, u] (such a ¢ exists by continuity of
r — X, r(x) and the fact that X (x) = x). Then

u
Xsu(x) = X5 (x) + / Xor () (X5p(x) —r)dr+ H(u) — H(t) = x + H(u) — H(t)
t
>x+ inf (H@ — H(®),
s<t<u<v
since the integrand is at least O since X ,(x) < x < O for r € [t, u]. This holds true for all

u as above and therefore the assertion holds for x < 0.
The case of x > 0 follows by monotonicity from Lemma 4.1. O
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Proposition 4.2 implies that the function ¢ — X, ;(x) cannot reach —oo in finite time.
Further, if X ;(x) > A for some ¢ € [s,v]and A > v 4+ infs<, <4<y (H(u) — H(K)), then

inf X;,(x)>A+ _inf (H(@u)— H())

t<u<v s<K<u<v

by the same argument as was used in Proposition 4.2, since y(y — r) > 0 for y > v and
r € [s,v]. This result implies that lim,4g,(x) Xs,;(x) = oo whenever Bs(x) < oo. The
function x +— f;(x) is non-decreasing for each s > 0.

We will write X ;(x) = oo whenever ¢ > S, (x).

Proposition 4.3 For any s > 0, we have Bs(x) < oo for sufficiently large x.

Proof To see this, let H, be a lower bound of H(t) — H(s) forr € [s,s + 1] and let x be
so large that the solution of Y’ = %Yz with initial condition x + H, — 1 at time s blows up
before time s 4 1. In addition, assume that x > 3 — H,. Let X(¢) := X, ,(x), ¢t > s. Then
X(s) > Y(s) since H, < 0. Let t be the infimum of all ¢+ > s such that X () = Y (¢) and
assume that 7 < s+ 1. Foru < t we have X () > Y (u) > x + H, — 1 since Y is increasing.
Then, for u € [s, 7],

Xw)(Xw) —1) = %Xz(u) + %X(u)(X(u) -2)> 11/2(u)
1X X 2) > 11/2
t3 W) (X () —2) = > (u),
since X(u) —2 > Y (u) —2 > 0. Hence
X(t)=x+ /I X(u)(X(u) —1)du + H(t) — H(s)

1 T
>x+ H, —1+5/ Y2(u)du = Y (z),

N

which is a contradiction. O
From Proposition 4.3 it follows by monotonicity that the set
I1(s) :={x e R| Bs(x) < oo} (4.3)

is an interval which is unbounded above and non-empty.
Now we define

Xinf(s) ;= inf{x € R: Bs(x) < 00} € [—00, 00).
Proposition 4.4
Xint (£) = X,¢ (Xint (5))
whenever s > t and xijns(s) > —o0.

Proof Assume that for some ¢t > s we have that X ;(xinf(s)) < Xin(¢). Consider x €
(X1 (xint (5)), xint (#)). Then by monotonicity there exists y such that x = X, ,(y) and
¥y > xinf(s). Hence X ;(y) blows up in finite time but since x < xinf(¢), this is impossible.
The argument for the case X ; (Xinf (5)) > Xinr(¢) is similar. O
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It is obvious from Proposition 4.4 that X ; (xinf (s)) is defined for all # > s.

In particular, the set /1 (s) of (4.3) is open; depending on H it may be all of R or a proper
(non-empty) subset of R.

Now we return to our initial model (4.1). A Wiener process W has continuous paths and
satisfies W(0) = 0, so that our general statements above can be applied for (almost) every
w € Q.

Theorem 4.5 For every s > 0 and x € R the probability that either Bs(x) < o0 or
lim;, o0 X,:(x) = O equals one, i.e., almost surely, either the solution blows up in finite
time or it converges to 0.

Remark 4.6 Theorem 4.5 implies that for each s > 0 and x € R the set Q2 C 2 consisting
of those w € €2 for which the solution starting at (s, x) neither blows up nor converges to
zero has measure 0. For s > 0 denote the union of all 2, x € R by ;. Since this is
an uncountable union it does not follow that 2; has measure 0. Indeed we will see in the
following that P(€25) > 0 for every s > 0. In order to obtain a better understanding of the
set 2y we will use the notation

Ii(s,w) :={x e R|Bs(x) < o0}

corresponding to a realisation w, consistent with (4.3). We saw that /; (s, @) is a non-empty
open interval which is unbounded from above. Similarly, we set

L(s,w):={x e R|X;,(x) > 0ast — oo}. 4.4)

Again, by monotonicity of solutions, I>(s, @) is a (possibly empty) interval lying below
I1(s, w). Using Theorem 4.5 and a Fubini-type argument we will show that I>(s, w) is
unbounded below whenever /> (s, ) is nonempty, that /| (s, @) is unbounded below whenever
I (s, w) is empty and that the complement of the (disjoint) union of these intervals can contain
at most one point, almost surely.

Let

(s, w) :=inf I (s, w) if [(s,w) £ @

and ¢ (s, w) := —oo otherwise. If P({ (s, w) > —oo) > 0, then, by monotone convergence,
there exists some x € R such that P(¢(s, @) > x) > 0. On the set {w : {(s, ®) > x} the
number x lies below the set I>(s, w) and, a fortiori, also below /| (s, w), so x is not in the

union of the two intervals which contradicts Theorem 4.5, so ¢ (s, w) = —oo almost surely,
so I (s, ) is unbounded below whenever 1> (s, w) is nonempty.
Almost exactly the same argument shows that inf /;(s, w) = —oo on the set where

I>(s, w) is empty. The fact that, almost surely, the complement of the union of 7 (s, )
and I>(s, w) contains at most one point is clear when I(s, ) is empty (and hence
I1(s, ) = R). Otherwise, assuming that sup I>(s, w) < inf I1(s, ) with strictly posi-
tive probability, by Fubini’s theorem, there must exist some (deterministic) x € R for which
IP’(x S (sup b (s, w),inf I (s, a))) > 0 so, in particular, x is not contained in the union of
11 (s, w) and I (s, w) which again contradicts Theorem 4.5.

We set

Z(s, w) = Xinf ()

for a realisation w € , i.e. it is the infimum of /1 (s, ) (which necessarily coincides with
the supremum of I>(s, w)). Note that Z(s, w) = —oo iff Ir(s, w) is empty iff 11 (s, w) =
R. We know that Z(s, ) does not belong to /1 (s, w) but at the moment, it is unclear if
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(s, w) belongs to I> (s, w). We will see later that it almost surely doesn’t. Therefore (almost
surely), w € Qg iff Z(s, ) > —oo and w € Qi iff Z(s, w) = x. In particular, P(Q2) =
P(Z%(s, w) > —oo) and we will see in Theorem 4.9 that this quantity converges to 1 as
s — 0.

We will denote the blow-up probability of the solution starting at (s, x) by B(s, x), i.e.
B(s, x) :=P(B(x) < 00).

Clearly, the function x — B(s, x) is non-decreasing and converges to 1 as x — oo for every
s > 0 (by the general properties stated above). We have the following result concerning the
asymptotics of B(s, x) as s — o0.

Theorem 4.7 For every z € R we have

lim B( 472 ) ®(2) ! /Z e { yZ]d
i 5,5 +tz——=)=P@) = — xpl — 2 lay.
§— 00 /2s 27 J—xo P 2 Y

Note that the convergence is even uniform in z since both sides are non-decreasing, take
values in [0, 1], and ® is continuous. In what follows, we will call the subset {(s, s) : s > 0}
the diagonal. Theorem 4.7 (together with Theorem 4.5) says that, for large s, solutions starting
slightly above the diagonal will blow-up with high probability while solutions starting slightly
below the diagonal will converge to 0 with high probability.

The theorem above tells us, in particular, that B (s, 0) converges to 0 as s — 00. This does
not mean that B (s, x) converges to 0 as x — —oo for fixed 5. In fact it doesn’t. Let B(s, —00)
be the limit of B(s, x) as x — —oo which exists since x — B(s, x) is non-decreasing.

Theorem 4.8
B(s, —00) > 0
for every s > Q.

Finally, we investigate the random borderline % between blow-up and convergence to 0.

Recall that Z(s) € [—o0, 00) for all s > 0 and that Z(s) = —oo implies Z(r) = —oo
for every r < s. Further, X, ;(Z%(s)) = Z(t) whenever t > s and Z(s) > —o00, so Z(t) is
a solution of (4.1) on the interval where it is larger than —oo. Theorem 4.7 implies that, for
eache > 0and o € (0, 1/2), limg_, oo P(s*|Z(s) — s| = &) = 0 but the following result is
stronger.

Theorem 4.9 For each o € (0, 1/2),
P( lim s*|Z(s) —s| = 0) = 1.
§—> 00

We will prove the four theorems in the next three sections.

In the deterministic case, it follows from the fact that the initial value of the repelling
river at time 0 is positive, together with the fact that the derivative x” in (2.1) is zero on the
diagonal x = ¢ that the function % lies above the diagonal, i.e. Z(s) > s for all s > 0. This
is not true in the stochastic case.

Proposition 4.10 For each ¢ > 0 there exist increasing sequences of random times p,, and
Ky such that, almost surely, limy,_ o 0, = liMy_ 00 Ky = 00 and %#(p,) > pu + — and

| v
R(kp) < K — \/%foralln e N
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Proof The events

A:={a):3s020,\7’32s0:,%’(S)Zs—i},

/s

c
B ={w:350>0,Vs>s9: Z(s) <s+—1},
{ 0= 0 (s) ﬁ}

are tail events of the driving Brownian motion W, i.e. A and B are contained in the tail-o
algebra 7 := (;oo0 (W (1) — W(s), t > s). Kolmogorov’s 0-1 law (or Blumenthal’s 0-1
law [4, Theorem 2.7.17] and time inversion of Brownian motion [4, Lemma 2.9.4(ii)]) state
that .7 is trivial, so A and B have either probability O or 1. Further,

. C . . C
P(A) = s(}gqlwp(%(s) A so) < lim nf ]P(,%’(so) > 50 — ﬁ)

C
— lim inf (1 — B(so, 5o — —)) <1,

S0—> 00 SO

where the final inequality follows from Theorem 4.7. Analogously, P(B) < 1, so both events
have probability 0 and the statement of the proposition follows. O

Remark 4.11 Proposition 4.10 complements the statement of Theorem 4.9: we have, almost
surely,

limsups'/?(%(s) — 5) = oo and liminf s'/?(%(s) — s) = —oo.
§—>00 §—>00

Finally, we provide an explicit asymptotic representation of the unstable river % by lin-
earizing around the diagonal.

Corollary 4.12 Let Z; be the unique solution of the SDE
dz = (tz—1)dt + 0 dW(1), t =0,

with random initial condition Z1(0) chosen such that the second moment of Z1(t) converges
toOast — o9, ie.
2 2

Zl(O):/OOOeXp{—%}du—cr/(;ooexp{—%}dW(u),

NY

2 2

2 =en [ 5)([Ton |- a0 [Tew| - | aww)

Define Zy(t) = 0 and, recursively,

Znt1(t) := Zy(21) —exp[ﬂ}(/tooexp[ — ﬁ](Z,%(u) — Z,%_l(u)) du), n>1,

2 2
and %, (t) ==t + Z,(t), n € No, t > 0. Then, for eache > 0, n € N,
|2, (1) — 2(1)| = 043" 1), 1 > o0, 4.5)

and there exists some T = T (w) € (0, 00) such that %,, converges to % uniformly on [T, 00).
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Proof Put Z(t) = Z%(t)—t. Then, using Theorem 4.9, Z is the unique solution of the equation
dz=(t1z+22—1)dt +0dW(), 1> 0

such that Z(t) converges to 0 as t — 0o (Z may be —oo up to some random time ¢). Then,
fort > ¢,
2

Z(z)=exp[%](—aﬁwexp[ —M;}dW(u)—/t

2

=Zi@) —exp{%}/t‘ooexp[ — Ilzi}Zz(u)du,

and therefore

oo 2

exp[ - %](Zz(u) - 1) du)

Fin(1) = (1) = Z1 (1) = R(W) + ) (B (1) = Tn—1 (1)
k=2
2

n 2 0
=Z1(t)—Z(t) — Zexp {%} / exp{ - %](Z,%fl(u) — Z,%fz(u))du
k=2 !

= exp i;] /tooexp{ - ”;](zz(u) — Zﬁfl(u))du
2

u

= exp {g} /tooexp{ - 21z = 20 @) (2@ + Zum @) ).

Define I, () := sup,>, ‘%n (u) — %(u)’. Choose ¢ < 1/2. By Theorem 4.9, there exists
some #y(e, w) < oo such that |Z(u)| < u’%“ for all u > ty(e, w). Hence, for t > (e, w),

Fn() = exp {g}rn—‘(’); /OO wexp| - g}du (Tur ) +2078+)
t

= Fn_laﬁ(rn_l(r) + zz—%+s).

Lett > t1(e, w) := 3 V ty(e, w). Since ¢ < 1/2, by induction, [',(¢) < t’%“ (this is true
for n = 1) since

p@) < 3l7%+8r”_1(l’) <T,_1(0), t > t1(e, w).
Hence, for t > ¢ (e, w), we obtain
3 n—1 ; B
() < (St_%“) @) < (3t‘%+8)" 1242

so (4.5) follows. Further, fort > T(w) :=4 Vv 1 (%, w), we have

—1
L = (3473t < (3) T,
which converges to 0 uniformly on [T (@), 00), so the final assertion follows. ]
Remark 4.13 Corollary 4.12 together with Remark 4.11 shows that #, (s) is a much better
asymptotic approximation to Z(s) than s: we have ‘9?1 (s) — %(s)| = o(s~2t¢) while
|s — %(s)| is not even of order s~1/2.
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Remark 4.14 The recursion in the previous corollary can also be applied when o = 0. Then,
by (2.3), Z(t) = O(3),hence I'y (1) < O(t™) and T, < T,—1 (1) O(t~2) (where the O (t~2)
term can be chosen independently of n), so ', (1) < O (tz,,%) in accordance with (2.3). This
approximation is similar to the one proposed by Blais, see [1], but the derivation is different.

5 Proofs of Theorem 4.5 and Theorem 4.7
Let us explain the strategy of the proofs. Let
C(s,x) = IP’( lim X, (x) = 0), xeR, s3>0,
—00

so C(s, x) is the probability that X, ;(x) converges to 0 as t — oo. Clearly, C(s, x) +
B(s,x) < 1 since a trajectory which blows up cannot converge to O at the same time.
Therefore, the statement in Theorem 4.5 is equivalent to the statement that C (s, x)+ B (s, x) >
1 for all x € R and s > 0. We will say that a statement concerning s is very likely if its
probability converges to 1 as s — co. We will show the following:

e The solution with initial condition (s, x) with x > s 4 1 will either blow-up or hit
the diagonal for some ¢ > s. It is very likely that blow up happens before hitting the
diagonal. In particular, limg_, o B(s,s + 1) = 1 (Lemma 5.1). It seems plausible that
the map s — B(s, s + 1) is non-decreasing but we will not prove this and instead only
use that B(s) := inf,>¢ B(u, u 4+ 1) converges to 1 as s — oo.

e The solution with initial condition (s, x) with [x — s| < 1 will hit one of the two lines
parallel to the diagonal at distance 1 for some ¢+ > s. We will provide rather precise
asymptotic results for the probability pT (s, x) of hitting the upper line before the lower
line in Lemma 5.4. Together with Lemma 5.1, we thus obtain a lower bound for the
blow-up probability for these initial conditions namely B(s, x) > p™(s, x)B(s). These
bounds will later turn out also to be asymptotic upper bounds but so far, we can not
exclude the possibility that solutions starting at |[x — s| < 1 and hitting the lower set
{(t,t — 1) : t > s} will still return to a neighborhood of the diagonal many times and
eventually blow up with large probability (or even almost surely).

e The solution with initial condition (s, x) with x € (0, s — 1] reaches the set {0, s} in finite
time. Let p(s, x) be the probability that it hits level O before level s. Lemma 5.7 says
that limg_, oo infx<g_1 o (s, x) = 1 which implies that p(s) := inf;>s inf ¢ s—17 0 (t, X)
converges to 1 as well.

e The solution with initial condition (s, x), x < 0 will hit O after finite time (irrespective
of the starting time s > 0). This is Lemma 5.6.

e Let x (s) be the probability that the solution X ;(0), t > s will remain in [—1, 1] for all
t > s and that lim;,_, o X ;(0) = 0. Lemma 5.8 states that lim;_,» x(s) = 1. Hence
% (s) :=inf,>¢ x (u) converges to 1 as well.

These statements together imply the claims in Theorems 4.5 and 4.7 as follows:
Let

pH(s,x), [x—s| <1,
ps,x) =141, x>s+1,
0, x <s—1.

Then B(s, x) > p(s, x)B(s) forallx e R, s > 0.
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Further,
Cls,x) = (1= Bls, )X ().

Hence,
inf (B(s.) +C(5.0)) = B6) A (B6T(5)) (5.1)

which converges to 1 as s — oo.

Let « (s, x) be the probability that the solution starting at (s, x) neither blows up nor
converges to 0. Equation (5.1) shows that lim,_, o sup,cg « (s, x) = 0. Therefore, for r > s
and x € R,

K (s, x) S/K(z,y)JP(XS,,(x) € dy) (5.2)
R

(the “<” is due to the fact that there may be solutions which reach y at time ¢ and which are
—oo0 at time s) converges to 0 as t — 00, so k (s, x) = 0 for all s > 0 and all x € R showing
that B(s, x) + C(s, x) > 1 as desired and Theorem 4.5 follows.

Theorem 4.7 is now an easy consequence of these considerations and Lemma 5.4. Fix
z € R. We saw above that

B(s,s +ZL) > ﬁ(s,s +ZL) - B(s)

V2s V2s
and
B(s,s +Z;ﬁ) =1- C(s,s +z\}%) <1- (1 — ﬁ(s,s +Z%))ﬁ(S)Y(S)-

Inserting the limit @ (z) of Zi(s ,5+z2 j’?) established in Lemma 5.4 the statement of Theorem
4.7 follows.

‘We will now formulate and prove the lemmas mentioned above. Since the proof of Theorem
4.9 will require finer estimates of B (s, x) than those of Theorems 4.5 and 4.7 we will formulate
the lemmas accordingly. The first lemma provides a lower bound for the blow-up probability
when a trajectory starts slightly above the diagonal. The stated result is in fact more precise
than needed to prove the two theorems. It will be convenient to work with the process

Yii(x) =X, (x+5)—t, 0<s5 <t.
Note that Y (x) solves the equation
Y= (YOX @) +1)—1)di +odW (1), 1 = s, Y(s) = x. (5.3)
Lemma 5.1 Foreach o € [0, 1/2), we have
B(s,s+s7%)>1- exp{ - %slfz‘x(l +0(1))}, 5 — o0.
In particular, limg_, oo inf > 4 s~ B(s, x) = 1.

Proof We want to bound the probability P(y, s) := B(s,s + y) of blow-up of X starting
from X s(s +y) = s+ y or, equivalently, of Y starting from ¥; s(y) = y foragiveny > 0
and s > 0. We compare Y ;(y) with the solution Y of the equation

dY@®) = (YO X @) +9) —1)di + o dW (@), t > 5,Y(s) = . (5.4)

Y solves an equation with coefficients independent of 7 and is therefore easier to analyze
than Y. Note that Y (t) < Y(¢) as long as Y is non-negative. Further, ¥ blows up to oo
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with probability 1 by Feller’s test of explosion, see Lemma A.lc), applied to (/,r) = R.
Therefore,

O(y.s) i=P(inf Y(1) > 0) < P(y.).

Let b(u) := u(u + s) — 1, and denote by p the scale function of Y, i.e.

X 2 y X 2 y3 y2
p(x)._v/0 exp[—;/o b(u)du}dy_/(; exp{—p(?—i—s?—y)]dy,xeﬂ%.

Then, by Lemma A.la) withr = co and/ = 0,

p(y)
o@y,s)=——.
p(o0)
Note that p(co0) < co. We have
v 2y )
P<O°>-/O x| = 5 (5 +5 o) o
00 2 y3 y2
- == —_—— dy =: A+ B,
f el - ST ) er=ax

so Q(y,8) = 455 + - To obtain a lower bound, we estimate B from above and A from below.
Now we assume that s > 1. Then

and
2]/3 y 2 y2
A>exp[—;?]/o exp[—;(sj—y)}dy
V2s:
=25kl [ el -5
=expl — 5 |(——¢6exXp|—5 e - =
p o2 3 25 P so?2l J_v1 P ¢
Inserting y = s “( < 1), setting u := ‘/(2}7/ (;& and using the estimate

for any R > 0, we get

1—Q(s*“,s)§§§e><p{3 }/MOOGXP{ ; }dz<fueXp{ ; }dz>l

) ool S5 ol L1
fexp{i o[~ 2} -ow] -]}

Sexp[ga_z}exp{—a (sé I %) ](1+0(1)) § — 00.

-1
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Therefore, using the writing x1 (s) < k2(s), s — oo wheneverlim sup,_, (/q(s)//cz(s)> <
L,

log(l — P(s_“,s)) <log (1 — Q(s_“ )) < —%sl 2o ¢ 5 00,

so the statement of the lemma follows as o < 1/2. O

Remark 5.2 In the special case @ = 0, the statement of the previous lemma can be regarded as
a (one-sided) large deviations estimate: the probability of no blow-up of the process starting
at (s, s 4+ 1) decays (at least) exponentially fast as s — o0o. Note that the exponential rate
depends on o: the smaller o the faster is the exponential decay rate. This is not surprising
because in the deterministic limit ¢ — 0, solutions starting from (s, s 4+ 1) will certainly
blow-up as long as s is not too small.

Remark 5.3 Together with Theorem 4.5 (whose proof is not yet complete), the previous
lemma shows, in particular, that Z(s) is not contained in the set I, (s, w) introduced in Remark
4.6, so whenever Z(s) > —oo then there is a trichotomy of asymptotic fates of the solutions
starting at time s: if x > Z(s), then X ;(x) blows up to oo; if x = Z(s), then X, ;(x) does
not blow up but lim sup,_, ., X; ;(x) > 0 while for x < Z(s), lim;_, X, ;(x) = 0. We will
establish more precise statements on the asymptotics of Z(s) later (Theorem 4.9).

Next, we study solutions starting within distance 1 of the diagonal. Define Y as in (5.3).

Lemma5.4 Forx € [—1,1],Y(¢t), t > s withinitial condition Y (s) = x will exit the interval
[—1, 1] in finite time, almost surely. Let p™ (s, x) be the probability that Y (t), t > s exits the
interval [—1, 1] via 1. Then, for z € R,

z 2

exp{ - y—}dy. (5.5)

lim p™(s d(z7) := 5

(o-2) = L /
s—oot \T /g "V )
Further, for o € [0, 1/2),
1
p+(s, —s7%) < expl — —2s1_2“(1 + 0(1))], 5§ — 00.
o
Proof Instead of Y, we first consider the solution Z 4 of
dZa(t) = (sZa() + A)dt + 0dW (1), 1 > 55 Za(s) =x € [—1, 1], (5.6)

where A € R may depend on s (but neither on ¢ nor on Z). Let

. ! 2 y
qga(®) .:/0 exp{—;/o (us+A)du}dy

be the scale function of Z 4. Then

qA(x)=/0xeXP[—jz(s;2+Ay)}dy

2sx 2A 2
/ AN { 1 z}dv o x {A
= expy — =v C— — 1.
2/\2 b 2 2s P o2s

By Lemma A.1a), the probability p (s, x) that Z, exits the interval [—1, 1] via 1 equals

ga(x) — qa(=1) “’(@”%)”( fﬂﬁ).

A =qa D " g(L2 4 20 ) (- 4

(5.7)
(rﬁ)
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For given z € R, define x = z\}%. Then, by (5.7),

li 7 V= 58
Jim pa(s e =) = 0@, 65

provided that A = A(s) = o(\/5).
Next, we compare Y and, for specific functions A, Z 4 both with the same initial condition
x € [—1, 1] attime 5. For A = A(s) = o(s!/?) let

T(s,x,A) :=inf{t > s:|Za(t, x)| = 1}

denote the first time after s when Z 4 starting at Z4(s) = x € [—1, 1] hits {—1, 1}. We will
show that, for every such function A = o(s'/?),

Z4 :=lim sup( sup E[T(s,x, A)] — s) < 0. 5.9)

§— 00 xe[—1,1]

Once we have established (5.9), we apply it to A(s) := s%, A(s) := —s% — 1 for some
fixed value of @ € (0, 1/2). We estimate the drift function b(z, y) of ¥ from above by
b(t,y) = y> — 1+ yt = y2 — 14 ys 4+ y(t —s) < ys + A(s) and, from below, by
b(t,y) =y>—1+yt =y>—1+ys+y(t —s) > ys+ A(s) whenever 7 € [s, s 4+ s*], and
yel[-1,1]

Fix s > 0and z € R such that x := z

g

V2s
condition x at time s. By comparison, we have Z4 () < Y (t) < Zz(t) fort € [s,s + s%]

up to the minimum of the exit times 7 (s, x, A)and T(s, x, A) of Z7 and Z from [—1, 1],
where Y denotes the solution of (5.3) with the same initial condition x. We saw that, as
s — 00, the probability of exiting the interval [—1, 1] via 1 is asymptotically the same for
Z 4 and for Z+. In order to ensure that this is also true for ¥ we have to show that the exit
times from [—1, 1] of these processes are at most s + s¢ with probabilities converging to 1
as s — 00. We have

€ [—1, 1] and consider Z7 and Z4 with initial

pT(s,x) = P(Z4 exits [—1, 1] via 1 before or at time s + 5%)
= ]P)(ZA exits [—1, 1] via 1) — ]P)(ZA exits [—1, 1] via 1 after time s + s"‘).
Define p~ (s, x) as the probability that Y starting at x € [—1, 1] at time s exits [—1, 1] via

-1 (clearly, p*(s,x) + p~(s,x) < 1 but it is not yet clear that there is equality). Then,
analogously,

p~(s,x) > P(Zz exits [—1, 1] via — 1 before or at time s + s)
= IP’(ZX exits [—1, 1] via — 1) — IP’(ZK exits [—1, 1] via — 1 after time s + s“).
By Markov’s inequality, (5.8) and (5.9), we have

p+(s,x)+p_(s,x)z 1+0(1)—§—X—;—A—> 1, s — oo,

s s

and the same argument as in (5.2) shows that we actually have p™ (s, x) + p~ (s, x) = 1 for
every |x| < 1 and s, so the very first statement in the lemma follows. Further,

I - 2: exits _l, I via ] +0 l 1 p 5,2
A

= pT (s, 2—=) > P(Zy exits [-1, 1] via 1) + o(1),

V2s
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and therefore, by (5.8), (5.5) follows.
It remains to prove (5.9). Define

V() = (ZA(t, X+ ?)2, t>s.

and assume that s is so large that % € (—1, 1). Then, by Itd’s formula, for > s,

A\2 !
V) = (x n 7) + 2s/ V@) du + M, +02(t —s),
s N
where M;, t > s is a continuous local martingale satisfying My = 0. Let t be the first time
after s when V attains the value 4. Then, since M; . is a martingale starting at 0 and since
V > 0, we obtain

A\2 )

4> (x—}——) +o (IE[‘L'] —s),

s

SO

4
E[T]SS‘}‘*Z.
o

This implies E[T(s, X, A)] —s <E[t]—s < % for all x € [—1, 1]. This completes the
proof of the first part of the lemma.
The final claim in the lemma follows easily from (5.7) :

CID(—ix/Z?s_"‘)—CID(—l 2s>
o(3v2) - o= 3v%)
~ CD(— l«@s%_"‘) < exp[ — %sl_za(l +0(l))].

g

P (s, —=s7%) < pols, —s™%) =

[m}

Remark 5.5 1t should not come as a surprise that the upper bound for the expected exit time
computed in the previous proof blows up as ¢ — 0. After all, in the deterministic case, for
s sufficiently large, there exists an initial condition (s, x) with x € [s — 1, s + 1] for which
the solution stays in the interval (s — 1, s 4 1) forever.

The two previous lemmas together provide an asymptotic lower bound for the blow-up
probability for initial conditions of distance at most 1 from the diagonal: Lemma 5.4 provides
an asymptotic bound for the probability of reaching s + 1 before reaching s — 1 and Lemma
5.1 states that once we hit s + 1 the probability of blow-up converges to 1 as s — oo.

Our next aim is to show that all solutions starting below 0 will almost surely hit O later
(Lemma 5.6) and that with probability converging to 1 as s — o0, trajectories starting from
(s, s — s~%) will hit 0 before hitting level s whenever « € [0, 1/2) (Lemma 5.7).

Lemma5.6 Forevery x € R ands > 0, we have, almost surely, limsup,_, ., X ;(x) > 0.

Proof Fixx € Rands > 0.Ift > sand X, ,;(x) < O, then, fort :=inf{u > ¢ : X, ,(x) > 0}
and u € [r, T), we have

0= Xsu(x) = X5, (x) +/ Xs,v(x)(Xs,v(x) - U) dv + U(W(u) - W(S))

A

> X5 (x) + 0 (W) — W(s)).
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Since lim sup,_, o (W(u) — W(s)) = oo, we obtain T < oo almost surely, so the claim
follows. O

Lemma5.7 Fors > 0and x € [0, s] let p(s, x) be the probability that X ;(x) hits level 0
before level s. Then, for a € [0, 1/2),

—p(s,s—s—a)gexp[—aisl (1 +o(1))] (5.10)

and

l—p(s,l)§exp{—&%s3(l+0(l))}. (5.11)

Proof The proof is similar to that of Lemma 5.1 but this time it is more convenient to work
with the process X directly rather than with the transformed process Y.
Fixs > 0and y € (0, s). Let X(¢), ¢ > s solve

dX(1) = X(0)(X(1) —s)dt + odW (@), t =5, X(s) =5 —y.

Then, almost surely, X (r) > X (¢) as long as X is non-negative. Denote by p the scale function

of X, i.e.
X 2 y
p(x) ::/ exp{ — —2/ b(u)du}dy, x eR,
0 o< Jo

where
b(u) =u(u —s),

SO
3

x 213s2 x/s 23z2z
p(x):/0 exp{—02<3y - = )}dy—s/(; exp{(72 (?—3)}dz,xeR.
By Lemma A.1a), the probability that X leaves the interval [0, s] via s equals

pls —y)

>1—p(s,s —y). (5.12)
p(s)

Since p’ is non-decreasing on [0, s], we have

ozl (-1 5

. 2 3 .
and, since 5 - % > é — %(1 — z)2 for z € [0, 1], we obtain

1
p(S)—p(s—y)ES/l

© R
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Therefore, the probability that X leaves the interval [0, s] via s equals

p(s —vy) _ p(s —y) < p(s —y)
p(s) p(s —y)+ p(s) — p(s —y) ~ pl)—pls—vy)
<32 P { Ttin }

s1/2

ffo yexp{—fu ]du

Inserting y = s~%, observing that the denominator converges to a finite constant as s — oo,

and using (5.12), we obtain (5.10). Inserting y = s — 1, we obtain (5.11). O
Lemma5.8 Fors > 0, let

x(s) =P({ lim X,,(0) =0} { §;§|xw(0)| <1}).
Then

lim x(s) = 1.
§—> 00

Proof Fix s > 0 and let A > 0. Define the processes X and X 4 on [s, 00) as follows:

dX() = X0)(X (1) — 1) dt +odW (1), X(s) =0,

dXa(1) = (A —1X2(0)) dt +0dW (1), Xa(s) =0.
LetT := inf{t >s5: X@) = 1},1 = inf{t >s5: X)) < —1},?,4 = inf{t >
st Xa() = 1} and 7, == inf{r > 5 : X4(r) < —1}. Note that X(1) < X;(¢) for

t els,TiAzyland X(t) > Xo(¢) and X (t) > Xo(t) for t > s (here, Xo(¢) and X ()
correspond to X 4 () with A = O and A = 1, respectively). Therefore, it suffices to show that

i) limy0o P(T) = 00) = 1.

ii) limsup,_, ., X1(f) < 0 almost surely for each s > 2.
iii) limg_, oo IP(L() = oo) =1.
iv) liminf;_, o Xo(¢) > 0 almost surely for each s > 2.

The process X 4 solves an affine SDE. Its solution is given by

u?

Xa(t)y=A /exp{———}du—i—aexp{——}f exp{ }dW(u) t>s. (5.13)

We will now assume that s > 2. Observe that, for « > 0,

t t (t—1)vs
/ exp {ku? }du 5/ exp {ku? }du —i—/ exp {ku®}du
s t—1 K
' (t—=1)vs
< / " exp {/cuz}du + / “ exp {/cu2}du
-1 =1 s s

1 2 1 2
< — t — t— 1. 5.14
S R L e A G G194
Therefore, the first term in (5.13) is bounded from below by 0 and from above by
1 1 1
A=+ ep{-1+3)) (5.15)
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for every t > s > 2. The stochastic integral in (5.13) is a continuous martingale and hence
a time-changed Brownian motion ([4, Theorem 3.4.6]): there exists a Brownian motion W

such that, for ¢ > s,
t u2 . t
/ exp {E}dW(u) = W(/ exp {uz}du).
N N

The law of the iterated logarithm for Brownian motion ([4, Theorem 2.9.23]) implies that
there exists a random variable C(w) such that, for every r > 0,

W) < C(w) + 2/ logt log™ r,
where log™ r := 0 Vv logr. Hence, fort > s > 2,
X (t)<A< L L1 { z+1})
AV = t—1 K exp 2

2

¢ a t
~+0 exp { — E](C(a)) +2 / exp {u2}du 2logt>.
N
Noting that va + b < \/a + /b whenever a, b > 0, we obtain, using (5.14) with« =1,

0 A( L+ o <14 1)

+aexp{—i]C(w)+}alogt(ﬁ fexp{ t+%}).

Clearly, lim sup,_, o, X4 () < 0 almost surely and sup,; X 4(¢) converges to 0 as s — 00
in probability, so i) and ii) follow taking A = 1. Observing that the processes X and —Xy
have the same law, iii) and iv) follow as well and the proof is complete. O

The following corollary is not needed to prove Theorems 4.5 and 4.7 but will be needed
to prove Theorem 4.9.

Corollary 5.9
1
B(s,0) < eXp[ - 3@753(1 +0(1))}.

Further, for o € [0, 1/2),
1
B(s, s — s_“) < exp { — —zsl_za(l + 0(1))}.
o

Proof Define p™ as in the statement of Lemma 5.4. Then

B(s, s — sfo‘) < p+(s, —sfo‘) +sup B(u,u — 1).

u=>s

The last statement in Lemma 5.4 says that p* (s, —s™%) < exp { - U—gsl‘za(l + 0(1))}.
Further, by (5.10) with @ = 0,

Blu,u—1) < exp[ - %u(l n 0(1))} + sup B(r, 0),

so the second statement in the corollary follows once we have proved the first one.
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Let é(s) = sup,~, B(r,0) and define x(s) as in Lemma 5.8. Then, by Lemma 5.8,
x(s) :=inf,>; x () &)nverges to 1 ass — oo. For fixed s > 0, define the (possibly infinite)
stopping times Ao = s, t; = inf {t > Ai—1: Xs1(0) = 1}, Ai = inf {t >1: X,4(0) = 0},
i > 1.If 1) = 00, then there is no blow-up. Note that P(7; < 00) < 1—x(s).If 7; < oo, then
the solution after time 77 hits s before returning to 0 with probability at most 1 —inf ;> p(u, 1).
Therefore,

B(s,0) < Pz < 00)((1 = inf p(u. D) + B) = (1= 7@) (1 - inf ptar, ) + Bs)).
Inserting the bound (5.11), we obtain

B(s,0) < B(s) <

1 1
ool st con)

as desired. O

6 Proof of Theorem 4.8

Proof of Theorem 4.8 Note that if, for some s > 0, B;(x) < oo forall x € R, then B, (x) < o0
forall x € R and all # < s. Therefore, the function s — B(s, —00) is non-increasing and it
suffices to show that B(s, —oo) > 0 for all sufficiently large s.

We start by showing that the expected time it takes for a solution starting from x < 0 at
time s to hit 0 is bounded uniformly in x and s. Fix s > 0 and x < 0, let X solve (4.1) with
initial condition (s, x) and let X solve

dX (1) = X2(0) dt + 0dW (1), t > 5, X(5) = x.

Let 7x and 1% be the first time after s when X respectively X reaches 0. Then ty < 1574
and therefore E, [rx] < E, [ry].
Let p be the scale function of X, i.e.

X 2 y 5 X 2y3
p(x)=/ exp{——zf udu}dy:/ exp{——z—}dy,xeR.
0 o= Jo 0 o° 3

Then, for a < x < 0, the expected time for X to hit {a, 0} starting from x is

p) — px) [
) — p(a) Ja

where the speed measure m on (—o0, 0] is given by

p(x) = p@ [°

Mao(x) = (p(») — p(a)) m(dy) + 20 = p@ ).

(p(0) — p(»)) m(dy),

2 23
y= 7exp[j?}dy

m(dy) = o2p/(x) d o o

(Lemma A.1b)). Then,

E, [‘CY] = aErPoo Mg o(x)

and

x€(—00,0) x—>—00 oo

0
sup [E, [ry] = lim E, [ry] =/ (p(()) — p(y)) dm(y) =: D < oo.
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In particular, the probability that X starting at (s, x) with x < 0 reaches the interval [0, co)
before or at time s + 2D is at least 1/2 (by Markov’s inequality).

Next, we show that u — B(u, 0) is bounded away from 0 on compact intervals. Together
with the previous result, this implies the statement in Theorem 4.8.

Fix s > 0. Then, fort € [s,s + 1],

X5.0(0) = b(t — 5) + o (W) — W(s)),
where b 1= b(s) = infycr ues,s+11{x(x —u)} = —%(s + )2 is a lower bound for the drift
on [s, s + 1]. Hence,
P(X5541(0) = s+ 1) = P(cW(1) = s+ 1 —b)

is bounded away from O uniformly for s in a compact interval and, using Theorem 4.7, we
obtain

B(s,0) = P(X;54+1(0) = s+ 1)B(s + 1,5 + 1)
1
>PloW()=s+1—b)B(s+ 1,5+ 1)~ E1P>(0W(1) >s+1-b), s —> oc.
This completes the proof of Theorem 4.8. O

Remark 6.1 The proof can be upgraded to a quantitative asymptotic lower bound for both
B(s,0) and B(s, —o0): inserting the explicit value of b = b(s) we get

B(s.0) = exp | - 871234(1 +o(1)}

(which does not quite match the upper bound in Corollary 5.9). The same asymptotic lower
bound holds for B(s, —00).

7 Proof of Theorem 4.9

Proof of Theorem 4.9 For every s > 0, we have ]P’(%(s) € [s —s % s+ s“")) = B(s, s +
57%) — B(s, s — s~*). Therefore, Lemma 5.1 and Corollary 5.9 imply

12«
IP’(%’(S) ¢ [s —s %5 —|—s_“)) < exp [ — Stﬂ].
The last expression summed over all s = n € N is finite and therefore, by the first Borel—-
Cantelli lemma, we have #(n) € [n —n~%, n4n~*) for all but finitely many n € N, almost
surely. It remains to show that this property does not only hold for integers but for all (real)
s > 5o for some random sg.

Fix o € (0, 1/2) (for which we want to show the result) and let a9 € (o, 1/2). Applying
the statement above for «(, we see that

n—n"%<%mn)<n+n* (7.1)

for almost every w € 2 and every n > n; := no(ag, ®).

Let us show the upper bound for Z(s). Fix a deterministic positive integer n. Let Xj,
s € [0, n] be the [—00, co)-valued solution of (4.1) on [0, n] with final condition X, =
n 4+ n~* (note that X; may take the value —oo in case the process blows up in finite time in
the backward time direction). Define

Z,(t)=X,—y —n+t, t €[0,1].
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Then, Z, (t) solves
t
Zp(t)=n"" 41— / Zy(0)(Zy(v) +n —v)dv+ 0 W,(1), t €[0,1]
0

where W, (t) = W(n — t) — W(n) is again a Wiener process. Once we know that

Y P( sup Zy(t) =n"%) < oo (7.2)
neN tel0,1]

then the upper bound follows from (7.1) and the first Borel-Cantelli lemma.
To show (7.2), let Y;, solve

dY, (1) = (2 = nY, (1)) dt + 0 AW, (1), Y, (0) = n~%0.

Then,
Yu(t) = Zy (1) (7.3)

forall r € [0, 1] and

t
Y, (t) =n e + 2/

t
e "9 g +cr/ e ") dW, (s)
0 0

2 ! ,
nT 4 = 4 0/ e U7 AW, (5)
n 0
t
<3 4o / e ") AW, (s). (7.4)
0

Before finishing the proof of the upper bound, let us see how things change for the lower
bound. Forn € N define Z,, like Z,, above but with initial condition Z,, (0) = —n~% instead
of n™% and let Y,, (1) solve

dY,(t) = —nY,(t)dt + o dW, (1), ¥,(0) = —n~%.

Then f;,,(t) < Zl(t) as long as ?,, > —1/2 and
- t
Yo(t) = —n"%e™ 4 o / e =) AW, (s). (7.5)
0

The integral fot e (=) qW,(s) in (7.4) and (7.5) is the solution R, (¢) of the equation
dR,(t) = —ndt +dW,(t), R,(0) = 0.

For every p > 2, Lemma A.2 implies that

E[ sup [Ry(0)I7 ] = o', (7.6)

0<t<1

for some constant C),.
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Therefore, by (7.3) and Markov’s inequality,

IP’( sup Z,(t) > n_“) < ]P’( sup Y, (1) > n_“)
t€l0,1] t€[0,1]

< ]P’( sup |Rn(t)| > l(n_“ — 3n_“0)>
t€l0,1] o

< (l(n—“ —307)) "E[ sup [R,(0)I"]

o 0<r<1
1 -r
= Cpn'TE (= (n7 = 3070))
o
for n large enough (such that n ™% > 3n~*0). The last term summed over 7 is finite provided
p is large enough, so assertion (7.2) holds and the proof of the upper bound is complete.
Analogously, for n and p sufficiently large,

p 1

. ~ _ _r _ _ P
g, 7027 2 (L)

o

is summable over n. Therefore,

lim P(#(s) € (s =57 s +57) foralls = o) = 1

S)—> 00

for every o € (0, 1/2). This implies the statement of Theorem 4.9. O

8 Remarks and Conclusions

In this paper, using as an example the SDE (4.1), we have identified and investigated the
stochastic equivalent of a repelling river. Several open questions remain, e.g. generalizations
to other SDEs possibly driven by more general noise and other drift functions. One open
question (reminiscent of the law of the iterated logarithm for Brownian motion) is to find
decreasing positive deterministic functions /1 and /5 such that lim sup_, ZE=S — 1 and

; l1(s)
(/};)SY = —1 almost surely. If such functions exist then Remark 4.11 shows that

they decrease (slightly) more slowly than s~!/2. Using Corollary 4.12 it should not be too
hard to find such functions by investigating the question for % instead of Z.

In the deterministic context, rivers can be located in the absence of an exact solution by
asymptotics [1] or by using the Wazewski principle [5, 6]. We leave it to future work to
determine whether similar methods could be tailored to work in the stochastic case.

liminf,_,

Appendix A

We state some well-known results about scalar diffusion processes which we use in this paper
many times. The proofs can be found in [4, Section 5.5.5]. Statement c) is often referred to
as Feller’s test of explosion. We only consider the additive noise case. .

Lemma A.1 Consider the scalar SDE
dZ(t) = b(Z())dt + o dW (1), (A1)
whereo > 0,b : R — Rislocally Lipschitz continuous and W is one-dimensional Brownian

motion.
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Fix some c € R and define the scale function

X 2 &
p(x) ::/ exp{—;/ b(;)d;}dg, xeR.

Let —00 <[ < ¢ < r < o0, let Z be the solution of (Al) with initial condition x € (I, 1)
and define the exit time from the interval (I, r) by S :=inf{t > 0: Z(t) ¢ (I, r)}. We define
p(r) :=limyy, p(y) if r = oo and similarly for p(l).

a) If p(l) > —oo and p(r) < oo then Z satisfies

. N\l _ )PP
B((lim 2 =1) =1 - B(Jim 2 = r) = 5=,

(Note that the scale function depends on c but the right hand side of (A2) doesn’t.)
b) If p(l) > —o0 and p(r) < oo, then

(A2)

* p(x) —pd) [
E[S|=— — d —_— — dy),
[5] /1 (p(x) = p(y)) m(dy) + 0 =0 (p(r) = p(y) m(dy)
where
m(dy) = Wdy, yelR

is the speed measure of Z.
c) Let

X , y 2 B X
v(x) :/c p(y)/c Wdzdy—/c (p(x) = p(y)) m(dy).

Then P(S = oo) = L iffv(l) = v(r) = oo. If p(l) = —o0 and v(r) < oo, then S < 0o
and lim;yg Z(t) = 00 almost surely.

Proof a) [4, Proposition 5.5.22d)]
b) [4, (5.5.55),(5.5.59)]
c¢) [4, Theorem 5.5.29, Proposition 5.5.32]

The following result is [7, Lemma 2.2] in which we replaced the constant a, , by its
numerical value given in the proof.

LemmaA.2 Letp € (2,00) andlet W (t), t > 0 be a standard Brownian motion on a filtered
probability space (2, F, (%1)i>0, P). Further, let n : [0, 00) x & — R be a progressively
measurable process such that, for each T € (0, 00),

T
E|:/ |n(s,w)|pds:| < 0.
0

For . > 0 let v, (t),t > 0 be the unique solution of the equation

dv(t) = —pv(t)dt +n(t, w)dW(t), t=>0.
v(0) = 0.

Then, for each T € (0, 0c0),

T
E[ sup |vu(l)|p] Sapyu E[/ IU(S,w)V)dS],
0

0<t<T
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where, for some constant y, € (0, 00),

1-5
Ap.u = Vph

Acknowledgements Michael Scheutzow acknowledges financial support from the London Mathematical
Society, grant No. 22203.

Author Contributions M.G. and M.S. contributed equally to conceptualisation. M.S. provided the proofs in
sections 4-8. M.G.and M. S. wrote the main manuscript text. All authors reviewed the manuscript.

Data Availability No datasets were generated or analysed during the current study.

Declarations

Competing interests The authors declare no competing interests.

Open Access This article is licensed under a Creative Commons Attribution 4.0 International License, which
permits use, sharing, adaptation, distribution and reproduction in any medium or format, as long as you give
appropriate credit to the original author(s) and the source, provide a link to the Creative Commons licence,
and indicate if changes were made. The images or other third party material in this article are included in the
article’s Creative Commons licence, unless indicated otherwise in a credit line to the material. If material is
not included in the article’s Creative Commons licence and your intended use is not permitted by statutory
regulation or exceeds the permitted use, you will need to obtain permission directly from the copyright holder.
To view a copy of this licence, visit http://creativecommons.org/licenses/by/4.0/.

References

1. Blais, F.: Asymptotic expansions of rivers. In: Dynamic Bifurcations: Proceedings of a Conference Held
in Luminy, France, March 5-10, 1990, pp. 181-189 (1991). Springer

2. Diener, F.: Fleuves et variétés centrales. Astérisque, 150-151 (1985)

3. Klenke, A.: Probability Theory: a Comprehensive Course. Springer, New York (2020)

4. Karatzas, 1., Shreve, S.: Brownian Motion and Stochastic Calculus, Second Edition, vol. Graduate texts in
mathematics. Springer, New York (1991)

5. Srzednicki, R.: Wazewski method and Conley index. In: Handbook of Differential Equations: Ordinary
Differential Equations vol. 1, pp. 591-684. Elsevier, London, UK (2004)

6. Wazewski, T.: Sur un principe topologique de I’examen de I’allure asymptotique des intégrales des équa-
tions différentielles ordinaires. Annales de la Société Polonaise de Mathématique 20, 279-313 (1947)

7. Es-Sarhir, A., Scheutzow, M., Gaans, O.: Invariant measures for stochastic functional differential equations
with superlinear drift term. Differential Integral Equations 23, 189-200 (2010)

Publisher’s Note Springer Nature remains neutral with regard to jurisdictional claims in published maps and
institutional affiliations.

@ Springer


http://creativecommons.org/licenses/by/4.0/

	Rivers under Additive Noise
	Abstract
	1 Introduction
	2 The Deterministic Situation
	3 The Linear Case
	4 Main Results
	5 Proofs of Theorem 4.5 and Theorem 4.7
	6 Proof of Theorem 4.8
	7 Proof of Theorem 4.9
	8 Remarks and Conclusions
	Appendix A
	Acknowledgements
	References


