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Given 10 points on the table...

... can they always be covered by identical coins?

YES !

N. Inaba, 2008
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disjoint and exact covers

disjoint cover exact cover

σ2: largest n s.t. every point
set of size n has disjoint cover

σ̂2: largest n s.t. every point
set of size n has exact cover

σ2 ≤ σ̂2

12 ≤ σ2 ≤ 44
(Aloupis, Hearn, Iwasawa, Uehara, 2012)

17 ≤ σ̂2 < 657
(Chun, Kipp, R., 2024)
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exact covering and exact hitting

primal problem: dual problem:

exact hitting; exact stabbing;

partition problem

exact covering
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Definition: X ⊂ R2 is an ε-net of M ⊂ R2 if M ⊂ Xε.

Ex: Our X with |X| = 657 is ε-net of the disk DR

for ε = 7−
√

48 ≈ 0.0718 and R = 3
2 (1 + ε).

X

Lemma: Let ε ∈ (0, 13 ) and X ⊂ R2, |X| <∞ be an
ε-net of D1+ε. If P ⊂ R2 is an exact cover of X, then the
Voronoi diagram of P has at least one vertex v ∈ D1+ε.

v

No ε-net of DR

can be exactly
covered!
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known: Any 12 points have disjoint covering.

Obs.: Every set of 12 + k points out of which k points lie
on the convex hull can be exactly covered.
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lower bound

Proposition: Every point set P ⊆ R2 with |P | ≤ 16 can
be exactly covered by unit disks, i.e. σ̂2 ≥ 16.

• Clear, if |P | ≤ 3 ⇒ assume |P | > 3
• Clear, if P has at least 4 gen. boundary points
⇒ assume that conv(P ) is triangle.

• Clear, if conv(P ) has side of length at least 2
⇒ assume all side lengths less than 2

• Clear, if circumradius of P is at most 1
⇒ assume circumradius > 1.
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lower bound

Claim: Let T be an acute triangle with side lengths less
than 2 and circumradius larger than 1.

Then the three unit disks
”
pushed into“ the three sides

of T cover T completely.

T = conv(P )





Pseudoline arrangements

Pseudoline arrangement: Finite family of continuous
curves f1, · · · , fn : R→ R2 with

lim
t→∞
‖fi(t)‖ = lim

t→−∞
‖fi(t)‖ =∞,

each two of which intersect in exactly one point.

Ex: nonsimple arrangement: Ex: simple arrangement:
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Crossing colorings

Def: Crossing coloring of arrangement A:
• Coloring of the crossings of A
• Avoiding twice the same color along any pseudoline

Example:

Question: How many colors are required, depending on n?
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Crossing colorings

Proposition: For every arrangement A there is a crossing
coloring using n colors.

If A is simple: Equivalent to edge coloring of Kn:
• For n ∈ 2Z: Need exactly n− 1 colors.
• For n ∈ 2Z + 1: Need exactly n colors.

1

2
3
4

5

2
1

5

4
3
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Excursion: hypergraph coloring

Convention:

• vertex coloring : coloring of the vertices,
avoiding monochromatic hyperedges

• edge coloring : coloring of the hyperedges,
avoiding twice the same color at any vertex

Terminology for hypergraph H = (V, E):

• simple: For all E1, E2 ∈ E : |E1 ∩ E2| ≤ 1
and |E| ≥ 2 f.a. E ∈ E.

• codegree: maxu,v∈V # {E ∈ E : {u, v} ⊂ E}
• k-uniform: For all E ∈ E : |E| = k.

• k-bounded : For all v ∈ V , at most k edges contain v.
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Proven in 2021!
By D. Y. Kang, T. Kelly,
D. Kühn, A. Methuku
& D. Osthus
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Crossing colorings

Proposition: For every arrangement A there is a crossing
coloring using n colors.

Proof: Define simple hypergraph H(A):
• vertices ∼ n pseudolines
• hyperedges ∼ crossings

Then: edge coloring of H(A) ⇔ crossing coloring of A

Open problem:
Find a deterministic algorithm for crossing colorings
using n colors.

Algorithm by Chang & Lawler (1987) uses 1.5− 2 colors.
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Crossing colorings

Conjecture:
For every arrangement A there is a crossing coloring
using mx(A) + c colors, fore some constant c.

Example:

mx(A) = 4

Need mx(A) + 3 = 7 colors.

• Let
mx(A) := max

l∈A
#crossings on l

• Let
mx(A) := max

l∈A
#crossings on l

• Observe: A simple ⇔ mx(A) = n− 1
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Crossing colorings

Theorem: (Pippenger & Spencer, 1989)
For every k, ε > 0, there exists δ > 0 such that the following holds:

If H is a k-uniform D-regular hypergraph of codegree at most δD,
then H can be edge colored using (1 + ε) ·D colors.

Theorem: (Kahn, 1996)
For every k, ε > 0, there exists δ > 0 such that the following holds:

If H is a k-bounded hypergraph of max-degree at most D and
codegree at most δD, then H can be list edge colored
using (1 + ε) ·D colors.



Crossing colorings

Consequence: For every k, ε > 0 there is a mx0 so that for every
arrangement A with mx(A) ≥ mx0 and only having crossings of
degree at most k there exists a valid crossing coloring using

χ(A) ≤ (1 + ε) ·mx(A)

colors.
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Face respecting colorings

Proposition: For every arrangement A there is a face
respecting coloring using n colors.

Proof:
N

Two facts:
• This oriented graph is acyclic
• A pseudoline touches a face at most once
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Face respecting colorings

Proposition: For every arrangement A there is a face
respecting coloring using n colors.

Color greedily in order of top. sort.

Potential conflict ancestors of a crossing c:

c

Claim: Every crossing has at most n− 1 conflict ancestors.
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Pseudoline colorings

Def: Pseudoline coloring of arrangement A:
• Coloring of the pseudolines of A
• Avoiding monochromatic crossings

χpl(A): minimal number of colors in pseudoline coloring

First observations:
• 2 ≤ χpl(A) ≤ n (unless n < 2)
• A simple ⇔ χpl(A) = n

Example:

χpl(A) = 3



Pseudoline colorings

• Ordinary point: Crossing of degree 2.
• Set σk(n) := max{#ord. points of A : χpl(A) = k}

Proposition: We have σk(n) ∈ Θ(n2). Precisely,

tk(n)− n ≤ σk(n) ≤ tk(n),

where tk(n) is the Turan number.

Proof lower bound: Construction for n = 14 and k = 4:



Pseudoline colorings

Obs.: There are arbitrary large arrangements A
with χpl(A) = 2 · χ(Go(A)).



Pseudoline colorings

Computing χpl(A) is hard:

• G = (V,E): arbitrary simple graph, V = [n]
• Start with arbitrary wiring diagram of pseudolines p1, · · · , pn.
• ∀{i, j} /∈ E:

”
vertical antenna“ through crossing of pi and pj ,

all antennas meet in common crossing
• Then: G ≤ Go(A) and χ(G) ≤ χpl(A) ≤ χ(G) + 2
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Pseudoline colorings

Proposition:

Using O(n
1

l−1 ) one can color the pseudolines avoiding
monochromatic crossings of degree in {l, l+ 1, · · · , l+ r},
for any constant r.

Observation: Crossings of low degree, especially ordinary
points (degree 2) play a crucial role!

Proposition:
Using O(

√
(n)) colors one can color the pseudolines

avoiding monochromatic crossings of degree at least 4.



Proof: Case l = 2 is trivial, assume l > 2.

• Assign each pseudoline uniform random color out of {1, · · · , k}.
• For each crossing c with l ≤ deg(c) ≤ l + r have

”
bad event“

Ec : c is monochromatic .

• We have

P[Ec] =
1

kdeg(c)−1
≤ 1

kl−1
=: p .

• Ec is mut. indep. to all Ec′ without pseudoline through c and c′.
• These are all Ec′ but at most

deg(c)
n

l − 1
≤ l + r

l − 1
· n =: d

many.
• By Lovász Local Lemma, if 4pd ≤ 1, i.e.

k ≥
(

4(l + r)n

l − 1

) 1
l−1

then with positive porbability none of the Ec happens.



Pseudoline colorings

Theorem: (Frieze & Mubay, 2013)
Fix k ≥ 3. Every simple k-uniform hypergraph with
maximum degree ∆ can be vertex colored using

c ·
(

∆

log ∆

) 1
k−1

colors, where c depends only on k.



Pseudoline colorings

Idea: Encode arrangement A as hypergraph H:
• vertices ∼ pseudolines
• hyperedges ∼ crossings

Consequence: Fix l ≥ 3. Using

c ·
(

n

log n

) 1
l−1

colors, one can find a pseudoline coloring avoiding
monochromatic crossings of degree l.


