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Summary

This thesis discusses arrangements of two-dimensional geometric objects, a popu-
lar research field in Computational Geometry. We investigate problems related to
line arrangements, arrangements of pseudolines, arrangements of pseudocircles, and
arrangements of proper circles.

A pseudoline arrangement is a finite family of simple unbounded curves in the plane,
with each pair crossing at exactly one point. After a brief general introduction, we start
by studying several related coloring problems that arise from pseudoline arrangements;
most of these results were already made public (Roch, 2024). Next, we come to a
famous conjecture from (Björner et al., Oriented Matroids, 1999) which states that
in every two-coloring of the pseudolines in which not all pseudolines are assigned
the same color, there is always a triangle that is incident to both colors. As we
show, to prove this conjecture, it would be sufficient to prove it for the subclass of
arrangements that do not contain adjacent triangles. We prove that in an arrangement
of lines or pseudolines, adjacent triangles can be dissolved by adding further lines or
pseudolines, respectively. For the case of line arrangements, this answers a question by
Ljubić, Roudneff and Sturmfels (1989). As a further topic, we look at a combinatorial
connection due to Felsner and Gärtner (2005) between pseudoline arrangements,
skeleton orientations of simple (d; d+ 2)-polytopes, and unique sink orientations of
two-dimensional grids. We partially generalize this to higher-dimensional grids. The
key to this generalization is the concept of a signotope as an abstract encoding of a
pseudoline arrangement.

Next, we come to arrangements of pseudocircles. A pseudocircle arrangement is a
finite family of simple closed curves in the plane, any two of which cross at exactly two
points. We present results from (Felsner, Roch & Scheucher, 2024). If an arrangement
of n pseudocircles does not contain a triple of pseudocircles that pairwise form a digon,
then the total number of digons in the arrangement is upper bounded by 2n � 2.
This was a special case of a conjecture due to Grünbaum (1972). However, it was
recently proved by Ackerman et al. (2025) for all pseudocircle arrangements. We give a
construction of arbitrarily large pseudocircle arrangements that attain this bound. We
also construct digon-free pseudocircle arrangements that only contain d4n=3e triangles.
This shows that a lower bound by Snoeyink and Hershberger (1991) on this number
is tight. Moreover, we present one of our results from (Alves Radtke et al., 2003)
according to which the arrangements of n pseudocircles are connected via triangle
flips.

Finally, we summarize parts of our work in (Chun, Kipp & Roch, 2023). Every point
set of size at most 17 can be covered by unit disks so that each point is covered by
exactly one disk. We provide a set of 657 points for which no such covering exists.



Zusammenfassung

Anordnungen geometrischer Objekte in der Ebene stellen einen vielseitigen Unter-
suchungsgegenstand auf dem Gebiet der Rechnerischen Geometrie dar. Diese Ar-
beit widmet sich Anordnungen von Geraden und Pseudogeraden sowie von Krei-
sen und Pseudokreisen.

Eine Pseudogeraden-Anordnung ist eine endliche Familie einfacher unbeschränkter
Kurven in der Ebene, von denen sich je zwei in genau einem Punkt schneiden. Im
Anschluss an eine allgemeine Einführung beschäftigen wir uns zunächst mit ver-
schiedenen Färbungsproblemen; dabei stammen die gezeigten Ergebnisse größtenteils
aus (Roch, 2024). In (Björner et al., Oriented Matroids, 1999) wird vermutet, dass jede
Zweifärbung der Pseudogeraden ein zweifarbiges Dreieck erzwingt. Wie wir zeigen,
würde es genügen, diese Vermutung für Anordnungen ohne benachbarte Dreiecke zu
beweisen. Hierfür nutzen wir, dass sich benachbarte Dreiecke in einer Anordnung
von Geraden oder Pseudogeraden stets durch Hinzunahme weiterer Geraden bzw.
Pseudogeraden auflösen lassen. Für den Fall von Geraden ist dies eine neue Erkennt-
nis und beantwortet eine Frage von Ljubić, Roudneff und Sturmfels (1989). Wir
beschäftigen uns außerdem mit dem von Felsner und Gärtner (2005) aufgezeigten
Zusammenhang zwischen Pseudogeraden-Anordnungen, Orientierungen der Skelette
von einfachen (d; d+ 2)-Polytopen und Gitterorientierungen mit eindeutigen Senken.
Unser Ziel ist dessen Verallgemeinerung auf höhere Gitterdimensionen, wozu wir uns
der Kodierbarkeit einer Pseudogeraden-Anordnung als Signotop bedienen.

Als nächstes wenden wir uns Anordnungen von Pseudokreisen zu. Darunter verstehen
wir Anordnungen einfacher geschlossener Kurven, die sich paarweise genau zweimal
schneiden. Wir geben die folgenden Ergebnisse aus (Felsner, Roch & Scheucher, 2024)
wieder. Wenn eine Pseudokreis-Anordnung der Größe n keine drei Pseudokreise enthält,
die paarweise eine Linse bilden, so enthält sie insgesamt höchstens 2n� 2 Linsen. Dies
war ein Spezialfall einer Vermutung von Grünbaum (1972), welche jedoch kürzlich
von Ackerman et al. (2025) auch für allgemeine Pseudokreis-Anordnungen bewiesen
wurde. Wir liefern eine Konstruktion für beliebig große Pseudokreis-Anordnungen,
die diese Schranke annehmen. Auch konstruieren wir Pseudokreis-Anordnungen ohne
Linsen und mit nur d4n=3e Dreiecken. Damit ist eine von Snoeyink und Hershber-
ger (1991) gezeigte untere Schranke scharf. Wir geben ferner eines unserer Ergebnisse
aus (Alves Radtke et al., 2023) wieder, wonach sich zwei Anordnungen derselben Zahl
an Pseudogeraden durch das Umlegen von Dreiecken ineinander überführen lassen.

Als letztes geben wir auszugsweise Ergebnisse aus (Chun, Kipp & Roch, 2025) wieder.
Jede Menge von bis zu 17 Punkten in der Ebene lässt sich so durch Einheitsscheiben
überdecken, dass jeder Punkt von genau einer Scheibe überdeckt wird. Wir geben eine
Punktmenge der Größe 657 an, die keine solche Überdeckung zulässt.
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1. Introduction

Figure 1.1.: Beginning of Euclid’s Elements, Translation to Latin by Adelard of Bath,
British Library (Burney MS 275 manuscript, folio 293r).

The two-dimensional plane has long been a central subject of study in the field of
geometry and the historical evolution of mathematics as a whole. It was in the context
of the plane that, in the first book of Euclid’s Elements, one of the earliest axiomatic
systems was established, comprising definitions, axioms, and deduced propositions.
This was a remarkable innovation in mathematics at the time, although it may not
yet have reached the level of precision found in the definitions and axioms of modern
mathematics grounded in set theory; see [BM11, ch. 5] for further discussion.

Among the objects defined in the Elements are points, lines, straight lines, plane figures,
and circles. The present thesis is dedicated to the investigation of arrangements of
these objects. An arrangement is understood as a finite collection of geometric objects
that decompose the space into connected cells [AS00]. All types of arrangements
studied in this thesis are arrangements in two-dimensional space. For each of them,
we provide precise definitions at a later point. One may study arrangements within
either the Euclidean or the projective plane, which makes a difference for some of the
questions studied. Arrangements are analyzed from a topological perspective: small
changes of the precise coordinates of the objects do not change the arrangement unless
they alter a combinatorial property, such as by moving a point across a line.

"A point is that of which there is no part. And a line is a length without breath. And
the extremities of a line are points. A straight-line is one which lies evenly with points

on itself."
Book I of Euclid’s Elements [Fit08]

1



1. Introduction

(a) (b) (c) (d)

Figure 1.2.: (a): Straight line arrangement; (b): Pseudoline arrangement;
(c): Pseudocircle arrangement; (d): Exact cover of points with unit disks.

One of the �rst surveys on plane arrangements was conducted in Branko Grün-
baum's Arrangements and Spreads[Grü72]. In his foreword, he advocates the study of
problems in elementary geometry despite its reputation for being old-fashioned or de�-
cient in generality and abstraction. His survey starts with straight line arrangements,
which are �nite families of straight lines, usually under the exclusion of parallel lines,
as in the example in Figure 1.2a. Arrangements of straight lines are among the most
classical objects in geometry. The relation between lines and points is a characteristic
of the geometry used, such as Euclidean, spherical, or hyperbolic geometry. An
example of a famous and simple but non-trivial result is the Sylvester-Gallai theorem:
Every arrangement of non-parallel straight lines that do not cross all at a single point
contains a simple crossingat which exactly two lines cross.

Next, Grünbaum's survey turns to a generalization of straight line arrangements,
called pseudoline arrangements. A pseudoline arrangementis a �nite collection of
in�nite curves (i.e. non-straight lines or pseudolines) that behave as non-parallel
straight lines: they pairwise cross each other at exactly one point. Figure 1.2b shows
an example with 8 pseudolines. Pseudoline arrangements are strongly motivated by
their numerous connections to other combinatorial objects: sorting networks, reduced
words, rhombic tilings of 2n-gons, oriented matroids of rank3, cluster algebras etc.

Pseudoline arrangements were already studied prior to Grünbaum, �rst by Levi
in 1926 [Lev26]. In the projective plane, he showed that every pseudoline is incident to
at least three triangle cells. This implies that the total number of triangles is at least the
number of pseudolinesn, which is a tight bound. In the Euclidean plane, however, the
correct bound isn � 2 [FK99]. Perhaps inspired by Euclid's postulates on straight lines,
Levi [Lev26] also established what is today known asLevi's extension lemma, asserting
that any pseudoline arrangement can be extended by an additional pseudoline passing
through two arbitrarily prescribed points that do not lie on a common pseudoline.
Furthermore, Levi observed that pseudoline arrangements strictly generalize straight
line arrangements: using Pappus' hexagon theorem, one can construct arrangements
that are no longer realizable by straight lines. In 1956, Ringel [Rin56] gave a concrete

2



"Let it have been postulated to draw a straight-line from any point to any point. And
to produce a �nite straight-line continuously in a straight line."

Book I of Euclid's Elements [Fit08]

example of such an arrangement. Moreover, he proved that pseudoline arrangements
admit a connected �ip graph, where the �ip operation is a triangle �ip .

Chapter 2 provides a brief though incomplete overview of related mathematical
structures. We study coloring problems on graphs induced by pseudoline arrangements;
most of these results were already made public in [Roc24a]. We show that for trying
to prove the bichromatic triangle conjecture, which comes from the context of oriented
matroids [BLVS+ 99], it is su�cient to study pseudoline arrangements without adjacent
triangles, i.e. no two triangle cells contain a common crossing. We also show that
an arrangement of straight lines can be extended by further straight lines to an
arrangement without adjacent triangles. This answers a question by Ljubi¢, Roudne�
and Sturmfels [LRS89] a�rmatively. Finally, we generalize a connection presented
in [FGT05] between pseudoline arrangements and orientations of the skeleton graphs
of products of simplices to higher dimensions.

Chapter 3 is devoted topseudocircle arrangements, which are also treated in Grün-
baum's monography [Grü72]. A pseudocircleis a simple closed curve in the plane, i.e. a
loop without self-intersection. An intersecting pseudocircle arrangementis a �nite
family of pseudocircles, each two of which cross at exactly two points; see the example
in Figure 1.2c. Depending on the literature, instead of crossing twice, two pseudocircles
may also be allowed to touch each other at a single point.

Grünbaum's [Grü72] motivation for pseudocircle arrangements stems from the following
observation: From a pseudoline arrangementA , one obtains an intersecting pseudocircle
arrangementB by gluing together two half-spheres, each of them containing a copy
of A ; see Figure 1.3. The so obtained arrangementB has the property that for each
triple of distinct pseudocircles C; C0; C002 B, the two points of C \ C0 either coincide
with the two points of C \ C00, or else separate them onC. Grünbaum calls these

Figure 1.3.: Obtaining an arrangement of great-pseudocircles from a pseudoline arrangement.

3



1. Introduction

"A �gure is that which is contained by some boundary or boundaries, which is called a
circumference. A circle is a plane �gure contained by a single line, such that all of the
straight-lines radiating towards the circumference from one point among those lying

inside the �gure are equal to another. And the point is called the center of the circle."

Book I of Euclid's Elements [Fit08]

arrangementssymmetric; they are also calledarrangements of great-pseudocircles, as
they generalize great-circles on the sphere. The example in Figure 1.2c is not of this
kind, because it contains pseudocirclesC that cross another pseudocircleC0 two times
in succession. This occurs precisely ondigons, i.e. cells that are bounded by exactly
two pseudocircles. Analogously, atriangle is bounded by exactly three pseudocircles.

Grünbaum [Grü72] presents two conjectures on intersecting pseudocircle arrangements.
First, an arrangement of ordern contains at most 2n � 2 digons, and, second, if the
arrangement is digon-free, it must contain at least2n � 4 triangles. It turns out that his
�rst conjecture is correct. In Chapter 3, we present a result from [FRS24] that con�rms
the conjecture in the special case in which there are three pseudocircles that pairwise
form a digon. We also construct a new in�nite family of arrangements with2n � 2
digons. In the meantime, the conjecture was proven in general [ADK + 25a]. The
second conjecture, however, has been disproven in [FS21]. For digon-free arrangements,
a lower bound ofd4

3ne triangles was proven in [SH91], and in Chapter 3, we present a
result from [FRS24] showing that this bound is tight.

Our next contribution is from [ ARFO + 24]. We show that, similarly to the case of
pseudoline arrangements, the triangle �ip graph of intersecting pseudocircle arrange-
ments is connected. First, we show that the subclass ofcylindrical arrangements is
connected via triangle �ips, and next, that every intersecting pseudocircle arrange-
ment can be made cylindrical by triangle �ips. The property cylindrical means that
there exists a point contained in the interior regions of all pseudocircles. Cylindrical
arrangements include all arrangements of great-pseudocircles. In fact, arrangements
of great-pseudocircles can be transformed into each other already by the triangle �ip
connectivity of pseudoline arrangements.

Finally, Chapter 4 investigates the problem of covering a collection of pointsX in the
plane with a family C of unit disks. Imagine a bunch of tiny holes on the surface of a
desk that need to be covered for esthetic reasons by placing identical cylindrical co�ee
mugs on them. As a problem of recreational math, Naoki Inaba asked whether10
points can always be covered this way. The solution is a probabilistic argument showing
that one succeeds by placing the mugs in a honeycomb formation [Win10]. In [CKR25],
we consider the following relaxation: Disks may overlap, but every pointx 2 X must
be contained in exactly one diskC 2 C. We sketch a proof for the existence of such
an exact coverfor any set X of up to 16 points. Finding small point sets for which no
exact cover exists is surprisingly di�cult; the smallest one we �nd has 657 points.

4



2. Arrangements of Pseudolines

An arrangement of (straight) lines is a �nite family of straight lines g1; � � � ; gn � R2

in the Euclidean plane, no two of which are parallel. As the lines are non-parallel,
they pairwise cross in exactly one point.

A (Euclidean) arrangement of pseudolines(or simply pseudoline arrangement) is a
generalization of an arrangement of lines; it maintains the pairwise crossing property,
but lifts the restriction to straight lines. Formally, an arrangement of pseudolines is a
�nite family of simple curves f 1; � � � ; f n : R ! R2 with

lim
t !1

kf (t)k = lim
t !�1

kf (t)k = 1 ;

called pseudolines, which ful�ll the property that each two of them intersect at exactly
one point where they cross.

An arrangement of pseudolines is calledsimple, if no three pseudolines share a com-
mon point; equivalently, at each crossing exactly two pseudolines meet. Pseudoline
arrangements decompose the plane into bounded and unboundedcells, crossingsand
segmentsof pseudolines, which we callarcs if they are bounded. A triangle is a
bounded cell whose boundary consists of precisely three arcs. For example, Figure 2.1
shows a simple arrangement of9 pseudolines; it contains7 triangles, which are colored
orange.

Figure 2.1.: Simple, non-stretchable arrangement of9 pseudolines.

5



2. Arrangements of Pseudolines

For elaborating various correspondences to other combinatorial objects (See Section 2.1)
it is often useful to work with marked arrangements. A marked arrangement of
pseudolines is an arrangement of pseudolines with a distinguished unbounded cell,
called north (N ). This implies the existence of a unique cell that is separated by each
pseudoline from the north, calledsouth (S). Canonically, we label the pseudolines in
a marked arrangement from1 to n in counterclockwise order, starting from the north,
and orient them so that the north lies on their left side; see the example in Figure 2.1.

One of the principal quests related to pseudoline arrangements is to count them. To
give meaning to this, we specify that we consider two arrangementsA and A 0 as
isomorphic if there is an isomorphism between their cells that respects the labels of
the pseudolines; see the example in Figure 2.2. For two marked arrangements to be
isomorphic, we require, furthermore, that this isomorphism maps the north to the
north. Equivalently, we ask for counting arrangements of pseudolines up to isotopy.

Figure 2.2.: Two isomorphic drawings of a stretchable pseudoline arrangement.

The number Bn of marked arrangements ofn pseudolines grows super-exponentially
in n. The precise numbersBn are only known for n � 16 (Sequence A6245 in
the OEIS [OEI]); the currently best asymptotic bounds are

0:2526� n2 � log2 Bn � 0:6571� n2 ;

see [CKDFS24, FV11].

One can also de�ne pseudoline arrangements in terms of the two-dimensional real
projective plane P2. A projective arrangement of pseudolinesis a �nite family of
simple closed curvesf 1; � � � ; f n : [0; 1] ! P2, each of which does not disconnectP2 and
each two of which intersect in at most one point (or, equivalently, in exactly one point).
We may consider the example in Figure 2.1 as a projective arrangement by identifying
antipodal points along the dashed circle. Pairs of opposite unbounded cells become
uni�ed into single cells. This is why in projective arrangements we no longer distinguish
between bounded and unbounded cells. In the present example, this also means the
existence of three additional triangles (highlighted in green). Throughout this chapter,
we mostly work with Euclidean arrangements, unless otherwise mentioned.

6



2.1. Overview over Related Combinatorial Objects

(a) (b) (c)

Figure 2.3.: The arrangement graph of a marked arrangement is acyclic.

A pseudoline arrangement isstretchable, if it can be drawn using straight lines, i.e. it
is (isomorphic to) a line arrangement (see, for example, Figure 2.2). Using Pappus's
hexagon theorem, it was shown by Ringel [Rin56] that the arrangement in Figure 2.1
is non-stretchable. This con�rms that pseudoline arrangements form a proper genera-
lization of line arrangements. It is an NP-hard problem to determine whether a given
pseudoline arrangement is stretchable [Sho91].

Pseudoline arrangements are fascinating objects, as they are in connection with a
huge variety of di�erent combinatorial objects. In the following section, we will give
a brief though incomplete overview. Our �rst contribution will be in Section 2.2,
where we study coloring problems related to pseudoline arrangements. In Section 2.3,
we investigate constructions of arrangements without pairs of adjacent triangles; we
give an iterative construction that also works for straight line arrangements. This
answers a question by Ljubi¢, Roudne� and Sturmfels [LRS89]. In Section 2.4 we
look at a relation between arrangements of two blocks of pseudolines and so-called
grid-orientations. This relation is due to Felsner, Gärtner and Tschirschnitz [FGT05],
and we will generalize it to grids of higher dimensions.

2.1. Overview over Related Combinatorial Objects

Throughout this section, we will assume simple marked arrangements in which the
pseudolines are numbered in counterclockwise order, starting at the north, and all
pseudolines are oriented so that the north lies to their left; see the examples in Figure 2.1
or Figure 2.3a. A pseudoline arrangement de�nes anarrangement graphGA . The
vertices of GA represent the crossings ofA , while the edges correspond to the arcs
between two successive crossings along a pseudoline; see the example in Figure 2.3b.

Lemma 2.1 (Lemma 1 in [FW01]). The arrangement graphGA is acyclic.

7



2. Arrangements of Pseudolines

Proof. In a drawing of A , assume a counterclockwise oriented cycle of minimal enclosed
area. By the minimality, it must be the boundary of a cell. Let k be its length, and
assume it consists of arcs that belong to pseudolines with indicesj 1; � � � ; j k ; j k+1 = j 1 in
this order. For any i , pseudolinej i +1 crosses the pseudolinej i from right to left, which
implies j i � j i +1 ; see Figure 2.3c for an illustration. Hencej 1 � � � � � j k � j k+1 = j 1;
therefore j 1 = � � � = j k , which is a contradiction. The argument for a clockwise cycle
is analogous.

2.1.1. Allowable Sequences or Reduced Words

Lemma 2.1 implies the existence of topological sortings ofGA . These can be used to
draw A as awiring diagram, in which the pseudolines are drawn as horizontal wires
and the crossings become a sequence ofswitchesin between neighboring wires; see the
example in Figure 2.4. A more formalized argument for this fact can be described in
terms of a sweep; see [FW01]. The height levels on which these switches occur form
a so-calledallowable sequence; see the purple numbers in Figure 2.4b as an example.
Note that some authors, however, may stack multiple switches of a wiring diagram
vertically over each other, i.e., they appear in a non-speci�ed order. We did so as well
in Figure 2.26.

(a) (b)

Figure 2.4.: A topological sorting of GA induces a drawing ofA as a wiring diagram.

An allowable sequence can also be understood as the sequence of permutations that is
obtained when reading the orders of the pseudolines along the vertical dashed lines as
in Figure 2.5a; it starts with the identity permutation [1; � � � ; n] and ends with the
reversed identity [n; � � � ; 1], while in each step a transposition of two neighbor elements
is applied. In this view, an allowable sequence forms a maximal monotonic path on
the skeleton of a permutahedron of dimensionn � 1; see Figure 2.5b.

An allowable sequence uniquely describes the marked pseudoline arrangement. On
the other hand, there are typically many allowable sequences that correspond to the
same arrangement, since the topological sorting ofGA is not unique. In the example
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2.1. Overview over Related Combinatorial Objects

(a) (b)

Figure 2.5.: Allowable sequence and monotone path on skeleton of permutahedron.
Figure adopted from [Roc24c].

in Figure 2.4, we could reverse the order in which the �fth and sixth crossings appear.
This would swap two elements in the corresponding allowable sequence, but maintain
the same arrangement.

In an allowable sequence, each switch can be seen as a neighbor transposition, so
clearly, allowable sequences are the very same asreduced wordsof the reversed identity
permutation, i.e. decompositions of the permutation � rev(n) := [ n; � � � ; 1] into a
product of a minimum number of neighbor transpositions� i = ( i; i + 1) , 1 � i � n � 1.
For example, the allowable sequence in Figure 2.5a corresponds to the reduced word

� rev(n) = � 3 � � 2 � � 3 � � 1 � � 2 � � 3;

which is obtained by reading the allowable sequence backward. In a reduced word,
two or three successive elements can be replaced according to the following equations,
called braid relations, which gives again a reduced word of� rev(n).

� i � � j = � j � � i for ji � j j � 2 (2.1)

� i � � i +1 � � i = � i +1 � � i � � i +1 for any i (2.2)

Substitutions according to equation(2.1) are calledshort braid moves. The classes of
reduced words modulo short braid moves are in one-to-one correspondence to marked
pseudoline arrangements. They are studied ascommutation classesin [GMS20] and

9
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(a) (b)

Figure 2.6.: Triangle �ip operation and the corresponding �ip graph on arrangements of n = 5
pseudolines,G5. Figure (a) taken from [Roc24c]; Figure (b) taken from [FZ01].

their elements correspond exactly to the topological sortings ofGA . On the other
hand, substitutions according to equation(2.2) are calledlong braid moves. In terms
of arrangements, they can be described astriangle �ips . Flipping a triangle in a
pseudoline arrangement means moving one of the three involved pseudolines over the
opposite crossing; see Figure 2.6.

One can study the�ip graph Gn of arrangements ofn psudolines, which consists of the
marked arrangements ofn pseudolines as vertices, where two arrangementsA and A 0

are connected by an undirected edge if one can transformA into A 0 by performing
a triangle �ip (and vice versa). For example, Figure 2.6b showsG5. It was known
already to Ringel [Rin56] that Gn is connected for alln; we will later demonstrate a
short proof of this fact; see Proposition 2.3. In [ARFO + 24] we determined the precise
degree of connectivity:

Theorem 2.2 (Alves Radtke, Felsner, Obenaus, R., Scheucher & Vogtenhuber, 2024).
For n � 7 and n � 24, the triangle �ip graph Gn on simple marked arrangements ofn
pseudolines is(n � 2)-connected.

We call an allowable sequence(si )1� i � (n
2)

minimal , if it does not contain a "steep

descent", i.e. there is noi with jsi � si +1 j � 2 and si > s i +1 . One can easily show
that for each pseudoline arrangement, there exists exactly one corresponding minimal
allowable sequence, which is the minimum among all corresponding allowable sequences
in lexicographic order.

The following ine�cient algorithm counts arrangements of n pseudolines. It makes use
of the previously mentioned fact that they are in bijection with allowable sequences
without steep descent. We bring it here mainly for its elegance and simplicity. It can be
turned into a dynamic program which traverses all permutations in increasing number
of inversions; this gives running timeO(p(n) � n!) for some polynomialp 2 R[x].
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Algorithm 1: Computing the number of simple arrangements ofn pseudolines

Function CountArrangements(n, � , l ) :

sum 0

for i 2 f 1; � � � ; minf l + 1 ; n � 1gg do
if � i > � i +1 then

� 0  [� 1; � � � ; � i � 1; � i +1 ; � i ; � i +1 ; � � � ; � n ]
sum sum+ CountArrangements(n, � 0, i )

end
end

return sum

output CountArrangements(n, [n; � � � ; 1], n � 1)

2.1.2. Rhombic Tilings

There exists a very visual bijection between arrangements of pseudolines andrhombic
tilings. A rhombic tiling is a tessellation of a regular 2n-gon using rhombics of the
same side length. In a rhombic tiling, any pair of opposite sides is connected by a
"strip" of parallel edges, and drawing curves through these strips yields a pseudoline
arrangement; see Figure 2.7a. Constructing the rhombic tiling from a reduced word
can be done using theElnitsky algorithm described in [Eln97]; a similar construction
is given in [FW01].

The correspondence with rhombic tilings can be generalized to tilings of a2n-gon in
which for each side there may be multiple rhombi touching it; see Figure 2.7b. These
tilings correspond to generalized pseudoline arrangements, which consist of classes of
pseudolines (in the example colored red, green, and blue), where only pseudolines of
di�erent classes cross pairwise. Generalized arrangements with three classes are in
bijection with plane partitions: matrices with nonnegative integer entries whose rows
and columns are monotonically increasing. The bijection is intuitive: The rhombic
tiling gives the visual impression of stacked three-dimensional cubes; the heights of
these stacks are the entries of a plane partition; see the example in Figure 2.8.

By a formula due to MacMahon [Mac16, Ÿ429] for counting plane partitions and using
the aforementioned bijections, we know that the numberR(a; b; c) of generalized ar-
rangements consisting of three classes with exactlya, b and c pseudolines is determined
by an elegant product formula:

R(a; b; c) =
aY

i =1

bY

j =1

cY

k=1

i + j + k � 1
i + j + k � 2

11
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(a) (b)

Figure 2.7.: Rhombic tilings and corresponding (generalized) arrangements.

Figure 2.8.: Generalized arrangements with three classes and plane partitions.

The connection to rhombic tilings can be traced back to Rudolph Klee [Kle38] in 1938,
although he mistakenly claimed that they were in bijection with arrangements of
straight lines only. Rhombic tilings have applications in physics, where they are
investigated in the context of quasicrystals(cf., e.g., [Coc00, Des01]). They also occur
in Islamic arts and Portuguese architecture; see Appendix C for a small gallery of
examples.

2.1.3. Local Intersection Orders and Signotopes

Recall that in an arrangement we number the pseudolines from top to bottom and
orient them from left to right. A natural combinatorial encoding of a pseudoline
arrangement is to specify for each pseudolinei the order � i : [n � 1] ! [n] n f ig
in which it crosses the other pseudolines. In fact, this family oflocal intersection
orders (� i )1� i � n uniquely determines the arrangement. However, not every choice
of � 1; � � � ; � n 2 Sn� 1 is a valid description of a pseudoline arrangement. In the
following, we will see which of them are.

A signotopeis yet another way to combinatorially describe a pseudoline arrangement.
We introduce them here not just for the sake of completeness. We will return to

12
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them in Section 2.4 where we investigate a connection betweenblock signotopes
and admissible grid orientations.

Let A be an arrangement ofn pseudolines. We say that a pseudolinep crosses two
pseudolinesq < q0 in increasing order, if it �rst crosses q before crossingq0, and
in decreasing orderotherwise, i.e. it �rst crossesq0 before crossingq. One easily veri�es
that for any triple 1 � i < j < k � n of pseudolines there are only two possible cases:
Either i; j; k all cross each other in increasing order, or they all cross each other in
decreasing order; see Figure 2.9. This is, in fact, a characterization of the families
of local intersection orders that describe pseudoline arrangements; see Theorem 7
in [FW01].

(a) Negative triple, � (i; j; k ) = � . (b) Positive triple, � (i; j; k ) = � .

Figure 2.9.: Each triple of pseudolinesi < j < k is either negative or positive.

If pseudolinesi < j < k cross in increasing order, we say the triplef i; j; k g is positive,
otherwise, f i; j; k g is negative; this is indicated by the signs+ and � in Figure 2.9.
The triple orientations of A de�ne a map

� A :
�

[n]
3

�
! f� ; + g; � A (f i; j; k g) :=

(
� if f i; j; k g negative

+ if f i; j; k g positive
:

This map � A ful�lls the properties of a so-called 3-signotope. Signotopes were in-
troduced by Manin and Schechtmann [MS89] and further developed by Felsner and
Weil [FW01]. They are de�ned as follows:

For an (r + 1) -subset A � [n] and 1 � i � n, let Abi c be the r -subset of A
that contains all elements except thei -th element in increasing order. For exam-
ple, f 2; 5; 7; 8gb2c = f 2; 7; 8g. For a map � :

� [n]
r

�
! f� ; + g, we de�ne the nota-

tion � (A) :=
�
� (Ab1c); � � � ; � (Abr +1 c)

�
as the sequence of signs that is obtained by

successively omitting an element and applying� .

Now, for 1 � r � n, an r -signotope is a map � :
� [n]

r

�
! f� ; + g such that for

each(r + 1) -subsetA � [n] the sequence� (A) contains at most one sign change. We
call this the monotonicity property of signotopes.

13
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For example, for 3-signotopes, the monotonicity property implies that for each tuple
of four elements1 � i < j < k < l � n we have

(� (jkl ); � (ikl ); � (ijl ); � (ijk )) 2
�

(� ; � ; � ; � ); (� ; � ; � ; +) ; (� ; � ; + ; +) ;

(� ; + ; + ; +) ; (+ ; + ; + ; +) ; (+ ; + ; + ; � );

(+ ; + ; � ; � ); (+ ; � ; � ; � ))
	

:

Here, we use a simpli�ed notation� (ijk ) := � (f i; j; k g), which we will use from time
to time for convenience.

Let Sr (n) denote the set ofr -signotopes on[n]. They are ordered by thesignotope order,
in which � � � 0 if � (A) � � 0(A) for all r -subsetsA � [n], with � � + as a convention.
This partial order on Sr (n) has a global minimum� � 2 Sr (n) with � � (A) = � for
all A, and a global maximum� + with � + (A) = + for all A.

There is a bijection between2-signotopesS2(n) and permutations Sn : A permuta-
tion � : [n] ! [n] corresponds to a signotope� � : f i 6= j g ! f� ; + g, with � � (i; j ) = + ,
if � � 1(i ) < � � 1(j ), i.e. f i; j g is not an inversion, and� � (i; j ) = � otherwise. The mono-
tonicity property is equivalent to the transitivity of inversions and non-inversions.

As insinuated before, pseudoline arrangements are3-signotopes, so they can be seen
as "higher order permutations". In fact, one veri�es that the triple orientations � A

ful�ll the monotonicity property. For the other direction, interpreting the signs of
a 3-signotope as triple orientations uniquely determines the local intersection orders
and hence the pseudoline arrangement. The relation to signotopes gives rise to a
very simple argument for the connectivity of Gn , which is less technical than Ringel's
original proof [Rin56]. This argument is well known; it is used, for instance, in [FW00].
The diameter of Gn was also determined in [GMS20, Theorem 9].

Proposition 2.3. The triangle �ip graph Gn of simple arrangements ofn pseudolines
is connected and has diameter

� n
3

�
.

Proof. We argue that the all plus arrangement A + that corresponds to � + (see
Figure 2.10a) can be reached from any other arrangementA 6= A + . As � A 6= � + ,
there is a triple i < j < k with � A (i; j; k ) = � . If the pseudolines i; j; k do not
form a triangle, the triangular area A enclosed byi; j; k is traversed by at least one
pseudolinel ; see Figure 2.10b.

Then, pseudolinel together with the two pseudolines on whichl enters and leavesA
form another triple i 0 < j 0 < k 0 with � A (i 0; j 0; k0) = � , and the triangular area A0

enclosed byi 0; j 0; k0 is a strict subset ofA. Repeat this narrowing step until �nding
a triple i < j < k with � A (i; j; k ) = � and pseudolinesi; j; k forming a triangle.

14



2.1. Overview over Related Combinatorial Objects

(a) Arrangement A + . (b) If A 6= A + , we �nd a negative
triangle.

Figure 2.10.

Flipping this triangle reduces the number of negative triples by one. Repeat such �ips
until reaching A + . This proves that Gn is connected.

Clearly, the diameter of Gn is at least
� n

3

�
, as this is the distance between theall

minus arrangement A � (with � A (ijk ) = � for all i < j < k ) and A + . We show
that this distance is maximal. Given two arrangementsA 1 and A 2 we have seen that
there is a path p1 from A 1 to A + and a path p2 from A 2 to A + along which we �ip
negative triples into positive triples. Using an analogous argument, we �nd pathsq1

and q2 from eachA 1 and A 2 to A � by �ipping positive triples into negative triples.
Concatenating these paths gives a cycle of total length2

� n
3

�
that contains A 1 and A 2.

Then their distance is at most
� n

3

�
.

2.1.4. Quiver Mutations and Cluster Algebras

Berenstein, Fomin, and Zelevinsky [BFZ96, FZ00] discovered a connection between
pseudoline arrangements and the study of total positivity of matrices. This was later
formulated in the new language ofcluster algebras[FWZ16]. This subsection is devoted
to presenting a rough sketch of this fruitful bridge.

We have seen that arrangements ofn pseudolines form a connected �ip graphGn

by triangle �ips. In the setting of cluster algebras, this �ip operation is generalized
to quiver mutations that include "�ips of non-triangles". This embeds Gn into a larger
�ip graph of quivers. Moreover, arrangements are enriched with additional algebraic
information: For each cell, there is an associated rational term.

First, we describe how to come from an arrangementA to an associatedquiver QA .
A quiver is nothing more than a directed graph, and we partition its vertices in frozen
vertices and mutable vertices. We do not allow loops, but we allow multiple edges
between any pair of vertices if they are directed the same way.
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The mutable vertices ofQA are the bounded cells ofA , while the unbounded cells,
except the north and the south, form its frozen vertices. Edges inQA are induced by
three di�erent cases; see Figure 2.11a:

(1) If a pseudolinep is crossed successively by two pseudolinesq and q0, both from
right to left, this induces an edge between the two cells that are separated by
the segment ofp between the two crossings, and its direction is from left to
right w.r.t. p.

(2) Symmetrically to (1), if p is crossed successively from left to right, this induces
an edge from the right cell to the left cell.

(3) Every crossingc of A induces an edge: LetAp; Aq be the two incoming andA0
p; A0

q
the two outgoing segments onc. In QA , c induces an edge from the cell incident
to both Ap; Aq to the cell incident to both A0

p; A0
q.

(a)

(b)

Figure 2.11.: Assign a quiver to a pseudoline arrangement

As an example, Figure 2.11b shows the complete quiver constructionQA for the
arrangement A from Figure 2.4a. Frozen vertices are colored blue, while mutable
vertices are colored red.

For any mutable vertex v 2 V (Q) of a quiverQ, one de�nes a �ip operation � v : Q 7! Q0,
which is calledquiver mutation. It runs the following steps successively; see the example
in Figure 2.12:

Step I: For any directed path s � v � t of length two that uses v as its middle
vertex, add the transitive edge(s; t), unless boths and t are frozen.

Step II: Reverse the directions of all edges incident tov.

Step III: Remove any2-cycle that might have occurred by removing both edges.
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Figure 2.12.: Example of the quiver mutation � v ; adopted from [FWZ16].

One veri�es that � v is indeed a �ip operation, i.e. � v � � v is the identity. Moreover,
for non-adjacent verticesv and w, the mutations commute: � v � � w = � w � � v .

One also veri�es that �ipping a triangle T in A corresponds exactly to mutating
the vertex in QA that corresponds to T. Therefore, the triangle �ip graph Gn is
consistently embedded in the �ip graph of quiver mutations. However, note that we
may mutate vertices in QA that are not triangles, leading to a quiver Q0 which does
no longer correspond to a pseudoline arrangement. In fact, the set of quivers that can
be obtained by quiver mutations starting from QA is in�nite; see the classi�cation of
quivers of �nite mutation type in [FST12].

Now we are going to enrich the dynamics of quiver mutations by adding algebraic
information which is maintained throughout the mutations. Say, quiver Q consists of
mutable verticesv1; � � � ; vn and frozen verticesvn+1 ; � � � ; vm . Let C(x1; � � � ; cm ) denote
the �eld of rational functions in the formal variables x1; � � � ; xm . To each vertexvi ,
assign a rational function f i 2 C(x1; � � � ; xm ), so that f 1; � � � ; f m are algebraically
independent and generateC(x1; � � � ; xm ). A natural choice is f i (x1; � � � ; xm ) = x i .
The pair (Q; (f i )) is called alabeled seed.

We want to extend the operation of quiver mutations so that it maintains the (f i ).
Say, Q0 := � k (Q) is the quiver that we obtain by a mutation on vertex vk . Then,
for Q0, we assign the same functionsf 0

i := f i for all i 6= k, but to the vertex vk we
assign the functionf 0

k according to the equation

f 0
k � f k =

Y

vi 2N � (vk )

f i +
Y

vi 2N + (vk )

f i ; (2.3)

where N � (vk ) (resp. N + (vk )) denote the incoming (resp. outgoing) neighbors ofvk

in Q. This gives a new pair(Q0; (f 0
i )) , obtained from (Q; (f i )) by a mutation on vk .

By repeated mutations, this assigns functionsf Q0;i to each quiver Q0 that can be
obtained by mutations starting from Q. There may be di�erent mutation sequences
that lead from the initial quiver Q to a quiver Q0. Still, in [ FWZ16] it is shown
that f Q0;i does only depend on the initial seed(Q; (f i )) . Furthermore, and this is
non-trivial, all functions f Q0;i can be expressed in terms of thef i of the initial seed
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as a Laurent polynomial with only integer coe�cients. Unlike ordinary polynomials,
Laurent polynomials allow negative exponents.

In [FWZ16], they present the following wonderful application of pseudoline arrange-
ments in computational algebra. Let A 2 Rn� n be a matrix. For an index set I � [n],
let A I := det(ai;j : i 2 I; j � j I j) be the �ag minor of A corresponding toI . Suppose
that we want to compute whether A is totally �ag positive , i.e. A I > 0 for all I . Doing
this naively requires an exponential number of determinant computations.

Fortunately, any arrangement A of n pseudolines serves as an e�cient test kit for
totally �ag positivity. For each cell C in A , let I (C) be the index set of pseudolines so
that C lies on their left side. If we assume a wiring diagram, this means thatI (C) are
the pseudolines that lie below cellC. The following result, originally from [BFZ96],
is Theorem 1.3.3 in [FWZ16].

Proposition 2.4 (Berenstein, Fomin, Zelevinsky, 1996). The matrix A is totally �ag
positive if and only if A I (C) > 0 for all cells C in A .

By Proposition 2.4, the number of �ag minors that need to be checked is reduced
to the quadratic number (n2 + n)=2, which is the number of cells in a Euclidean
arrangement without counting the south cell. Its proof can be sketched as follows; for
details, we refer the reader to [FWZ16, BFZ96]:

Consider the quiverQA , and for each vertex corresponding to a cellC, set f C := A I (C) .
Indeed, A I (C) is a polynomial in the entries ofA treated as formal variables. Suppose
we do a mutation (QA ; (f C )) 7! (QA 0; (f 0

C )) that corresponds to a triangle �ip. Now,
the way in which the transformation of the (f C ) is de�ned in Equation (2.3) becomes
crucial. Using the Grassmann-Plücker relations on matrix determinants, one can
show that a triangle mutation preserves the invariant that a cell C is assigned the
determinant A I (C) , i.e. f 0

C = A I (C) for all cells C. Moreover, it can be directly seen
from Equation (2.3) that f C (A) > 0 for all cells C if and only if f 0

C (A) > 0 for all
cells C.

Proposition 2.4 then follows from the fact that every �ag minor A I appears in some
pseudoline arrangementA 0, and A 0 can be reached fromA by a sequence of triangle
�ips. The statement is therefore a brilliant consequence of the long-known connectivity
of Gn .
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2.2. Coloring Problems

One can state various coloring problems on pseudoline arrangements. In this section,
we present results that were previously made public as a preprint [Roc24a] and
as an extended abstract [Roc24b]. As our main result, we show that n colors are
su�cient to color the crossings of a (not necessarily simple) pseudoline arrangement,
avoiding twice the same color on the boundary of any cell, or alternatively, avoiding
twice the same color along any pseudoline. We also study the problem of coloring
the pseudolines avoiding monochromatic crossings.

In 2006, Felsner, Hurtado, Noy, and Streinu [FHNS06] studied coloring-related ques-
tions on the arrangement graphGA of a pseudoline arrangementA . They give a
short argument that GA can be colored using three colors ifA is simple: greedily
color the crossings in the wiring diagram from left to right. As GA is planar, it is
clearly 4-colorable, including for non-simple arrangements. In [CFS+ 24] one can �nd
an in�nite family of line arrangements that require 4 colors.

In 2013, Bose et al. [BCC+ 13] introduced further coloring problems on line arrange-
ments. One of the most remarkable results in [BCC+ 13] states that coloring the
lines of a simple arrangement ofn lines avoiding cells whose bounding lines have all
the same color requires at mostO(

p
n) colors. This was improved toO(

p
n= logn)

by Ackerman, Pach, Pinchasi, Radoi£i¢ and Tóth [APP+ 14], extending it also to
non-simple line arrangements. Finding line arrangements that require many colors in
such a coloring seems to be a di�cult task; in [BCC+ 13] they provide a construction
that requires 
 (log n= log logn) colors.

In [BCC+ 13] and [APP+ 14], the language of hypergraph coloring serves as a common
formalization of the di�erent coloring concepts and allows the use of results from
this �eld. If H = ( V;E) is a hypergraph, avertex coloring of H is a coloring of the
vertices avoidingmonochromatic edges, i.e. hyperedges whose contained vertices are
assigned all the same color, while anedge coloringof H is a coloring of the hyperedges
with no vertex incident to two edges of the same color. The(vertex) chromatic
number � (H ) is the minimal number of colors of a vertex coloring, while theedge
chromatic number � 0(H ) is the minimal number of colors of an edge coloring. Note
that vertex coloring is not equivalent to edge coloring of the hypergraph dual.

Our results can all be stated in terms of two hypergraphs: The vertices ofH cell-vertex (A )
are the cells (bounded and unbounded) ofA , and each crossingc de�nes a hyperedge
consisting of the cells that contain c on their boundary. At the same time, the
hypergraph H line-vertex (A ) is de�ned on the set ofn pseudolines as vertices and each
crossing inA de�nes a hyperedge consisting of the pseudolines involved inc. We will
show � 0(H cell-vertex ) � n for every pseudoline arrangement:
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Figure 2.13.: A coloring as guaranteed by Theorem 2.5 and the corresponding coloring of the
rhombic tiling. The purple cell witnesses that 5 colors are minimal.

Figure 2.14.: Coloring that ful�lls the statements of Theorem 2.5 and Theorem 2.6
simultaneously.

Theorem 2.5. Let A be an arrangement ofn pseudolines. The crossings ofA can be
colored usingn colors so that no color appears twice on the boundary of any cell.

Figure 2.13 shows an example of a coloring as in Theorem 2.5. Equivalently, such
colorings can be seen as colorings of the tiles of a rhombic tiling satisfying that no two
tiles of the same color touch at any point.

The aforementioned results in [BCC+ 13] and [APP+ 14] are bounds on the chromatic
number of a hypergraphH line-cell restricted to the case of line arrangements. However,
none of the coloring problems discussed in [BCC+ 13] relates� 0(H line-vertex ) � n:

Theorem 2.6. Let A be an arrangement ofn pseudolines. The crossings ofA can be
colored usingn colors so that no color appears twice along any pseudoline.

Figure 2.14 shows an example of a coloring as guaranteed by Theorem 2.5 and
by Theorem 2.6.

We will also study the number of colors required to color the pseudolines avoiding
monochromatic crossings. In addition to several minor results, we prove the following.
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Figure 2.15.: Proof idea of Lemma 2.8.

Theorem 2.7. Let A be an arrangement ofn pseudolines. The pseudolines ofA can
be colored usingO(

p
n) colors avoiding monochromatic crossings of degree at least4.

Here, the degreeof a crossing is the number of pseudolines that intersect at the said
crossing.

2.2.1. Coloring Crossings

Avoiding twice the same color on the boundary of any cell

The following Lemma 2.8 implies that a bounded (resp. unbounded) cell contains at
most n (resp. n � 1) crossings on its boundary.

Lemma 2.8. For any cell F and any pseudolinel in a pseudoline arrangement,l
contains at most one boundary segment ofF .

Proof. Supposel contains two boundary segmentsr and s of F as in Figure 2.15. Then
there is at least one intermediate segmentt that belongs to a pseudolinel0 that must
intersect l at least twice. This contradicts the de�nition of a pseudoline arrangement.

Fix a topological sorting � of GA , which exists because of the fact thatGA is acyclic
according to Lemma 2.1. We aim for coloring the crossings ofA greedily in the order
of � . For any crossingc, a con�ict ancestor is a crossingc0 that comes beforec w.r.t. �
and both c and c0 lie on the boundary of a common cell. Figure 2.16a shows an
example: The red crossings are con�ict ancestors ofc; the orange crossing may be a
con�ict ancestor depending on� .
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2. Arrangements of Pseudolines

(a) (b) (c)

Figure 2.16.: (a): Example for con�ict ancestors ; (b), (c): Distinction between the cases ofF
being an unbounded or a bounded cell in the proof of Lemma 2.9.

Lemma 2.9. Independently of the choice of the topological sorting, every crossing has
at most n � 1 con�ict ancestors.

Proof. Let c be a crossing of degreek in A , and let p1; � � � ; pk denote the pseudolines in-
volved. Let A 0 := A�f p1; � � � ; pkg be the arrangement obtained by droppingp1; � � � ; pk .
Let F be the cell ofA 0 in whose areac lies in A . Every con�ict ancestor c0 of c is a
crossing on the boundary ofF , which is either also a crossing inA 0 (type I), or arises
as a crossing when reinsertingp1; � � � ; pk (type II). We distinguish two cases, which
are both illustrated in Figure 2.16b and Figure 2.16c. In both �gures, crossings that
can be con�ict ancestors ofc are colored yellow (type I) or green (type II).

ˆ Case 1: The cellF is unbounded. By Lemma 2.8,F contains at most n � k � 1
crossings on its boundary, which bounds the con�ict ancestors of type I. Reinsert-
ing p1; � � � ; pk in A 0 adds at most 2k crossings on the boundary ofF , of which
at most k are incoming neighbors ofc. The outgoing ones cannot be con�ict
ancestors ofc, as they appear afterc in every topological sorting. Hence, the
con�ict ancestors of type II are bounded by k. In total, c has at most n � 1
con�ict ancestors.

ˆ Case 2: The cellF is bounded. By Lemma 2.8,F contains at most n � k
crossings on its boundary, which bounds the con�ict ancestors of type I. As in
the previous case, con�ict ancestors of type II are bounded byk. So far, this
argument shows thatc has at most n con�ict ancestors in total. We must argue
that at least one of the crossings inA 0 that lie on the boundary of F cannot be
a con�ict ancestor of type I. Observe that in GA there always exists a directed
path from c to some crossingt of A 0 which lies on the boundary ofF : Starting
from c, take any outgoing arc to some crossingc0. If c0 is only a crossing ofA but
does not exist inA 0, then follow the pseudoline that forms inA 0 the boundary
segment ofF on which c0 lies until reaching a crossing inA 0 (See, for example,
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Figure 2.17.: Construction that shows that Theorem 2.5 is tight.

Figure 2.18.: Coloring simple arrangements is equivalent to edge-coloring ofK n .

the path c-c0-t in Figure 2.16c). In every topological sorting,t comes afterc,
so t cannot be a con�ict ancestor ofc.

Proof of Theorem 2.5. Mark an arbitrary unbounded cell in A as the north. Choose
an arbitrary topological sorting � of the corresponding acyclic orientation ofGA . Color
the crossings in the order of� : When coloring a crossingc, we cannot use a color that
was already assigned to a crossingc0 which lies together with c on the boundary of
a common cell. These are exactly the con�ict ancestors, whose number is bounded
by n � 1 in Lemma 2.9. So amongn colors, there is always a spare color available.

The bound in Theorem 2.5 is tight: Consider a convexn-gon F without parallel sides.
Extending the sites in a straight way to in�nity de�nes a line arrangement in which F
is a cell that has n crossings on its boundary; see Figure 2.17. Hence, avoiding twice
the same color on the boundary ofF requiresn colors.

Avoiding twice the same color along any pseudoline

In view of Theorem 2.6, we now focus on coloring the crossings of a pseudoline
arrangement A avoiding twice the same color along any pseudoline. IfA is simple,
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this is equivalent to edge-coloring of the complete graphK n ; see Figure 2.18. It is
a well-known fact that if n is odd one requires exactlyn colors, and if n is even
then n � 1 colors are su�cient. So Theorem 2.6 is interesting in particular for non-
simple arrangements. Unfortunately, we were unable to �nd an elementary proof or a
simple deterministic algorithm for establishing such a coloring in the non-simple case,
even though intuitively it seems to be the easier case, as fewer crossings appear on
each pseudoline.

In 1972, Erd®s, Faber and Lovász met at a party and came up with the following
problem (see [Erd81]): Let A1; � � � ; An be a family of sets, each of cardinalityn,
and jA i \ A j j � 1 for all i 6= j . Can one color the elements of

S
i A i using n colors so

that each A i contains all colors? This became known as Erd®s-Faber-Lovász conjecture.
It was �nally proven in 2021 by Kang et al. [KKK + 23a]. In hypergraph language, it
is equivalent to the following statement:

Theorem 2.10 (D. Y. Kang, T. Kelly, D. Kühn, A. Methuku & D. Osthus, 2021) .
For every simple hypergraphH with n vertices, � 0(H ) � n.

Here, a hypergraphH = ( V;E) is simple if all hyperedges have cardinality at least2
and for all E1; E2 2 E, E1 6= E2 it holds that jE1 \ E2j � 1.

Proof of Theorem 2.6. The statement is equivalent to the existence of an edge-coloring
of the hypergraph H line-vertex using n colors. H line-vertex is simple, because there can
be at most one pseudoline passing through any pair of crossings; otherwise, this
would mean that a pair of pseudolines crosses twice. Then the statement follows
from Theorem 2.10.

It would be nice to have a bound on the required number of colors that also takes into
account how far the arrangement is away from being a simple arrangement. For this
purpose, we introducemx(A), which is de�ned as the maximal number of crossings
along any pseudoline inA . For simple arrangements we havemx(A) = n � 1. If we ex-
clude trivial arrangements in which all pseudolines cross at a single point(mx(A) = 1 ),
then the parameter mx gives an upper bound on the number of pseudolinesn. This
is why mx(A) can be seen as an alternative measure of the size of an arrangement.
In fact, it was shown recently in [Dum24] that the number of pseudolines is linearly
bounded by mx; more precisely,n � 845� mx(A) for large values ofn. A weaker
quadratic upper bound can be obtained as a simple observation:

Observation 1. For every non-trivial arrangement A of n pseudolines, we have

n � mx(A) (mx( A) � 1) + 1 � (mx( A))2 :

24



2.2. Coloring Problems

(a) (b)

Figure 2.19.: (a): Illustration for the proof of Observation 1; (b): Arrangement with mx = 4
that requires 7 colors.

Proof. Let l be an arbitrary pseudoline ofA . Every other pseudoline crossesl in one
of at most mx(A) crossings. Letc be any such crossings. The pseudolines that crossl
in c must cross any pseudolinel0 6= l that does not go through c in distinct crossings;
see Figure 2.19a for an illustration. Hence, their number is bounded bymx(A) � 1,
as l0 has one further crossing withl and at most mx(A) crossings in total. Therefore,
the number of pseudolines di�erent to l is bounded bymx(A) (mx( A) � 1).

Conjecture 1. There is a constantc so that the crossings of every pseudoline ar-
rangement A can be colored usingmx(A) + c colors so that no color appears twice
along any pseudoline.

Figure 2.19b shows a coloring of an arrangementA with 9 pseudolines andmx(A) = 4
using 7 colors. One can verify that this coloring is minimal. Hence, a constant as
in Conjecture 1 had to ful�ll c � 3. We were unable to �nd any arrangement for which
this gap is larger. If such a constant exists, we expect it to be small.

We make use of the following result of Kahn [Kah96, KKK + 23b] to show that Conjec-
ture 1 holds at least asymptotically and under a certain restriction. A hypergraphH
is k-bounded if all hyperedges have cardinality at mostk. Moreover, the codegree
codeg(H) is de�ned as the maximum intersection jE1 \ E2j over all pairs of hyper-
edgesE1; E2 2 E, E1 6= E2.

Theorem 2.11 (Kahn, 1996). For every k; " > 0, there exists � > 0 such that
the following holds: If H is a k-bounded hypergraph of maximum degree at mostD
and codeg(H) � � � D , then H can be list edge colored using(1 + ") � D colors.

The following Proposition 2.12 is a simple application of Theorem 2.11.
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Proposition 2.12. For every k; " > 0, there exists anmx0 2 N so that the following
holds: If a pseudoline arrangementA only contains crossings of degree at mostk and
ful�lls mx(A) � mx0, then its crossings can be colored using(1 + ") � mx(A) colors so
that no color appears twice along any pseudoline.

Proof. Let k; " > 0. Applying Theorem 2.11 provides a certain� > 0. Set mx0 := 1=� .

Now, let A be a pseudoline arrangement that only contains crossings of degree at
most k and with mx(A) � mx0. The maximum degreeD of H line-vertex equalsmx(A).
Moreover, the codegree ofH line-vertex is exactly 1, because two crossings inA can
have at most one pseudoline in common, hencecodeg(H line-vertex ) = 1 � � � D .
Finally, H line-vertex is k-bounded, as each crossing inA is of degree at mostk. Then,
by the statement of Theorem 2.11, the hypergraphH line-vertex can be list edge colored
using (1 + ") � mx(A ) colors. By the simple fact that list edge coloring is stronger than
edge coloring, this implies the existence of the desired coloring ofA using the same
number of colors.

2.2.2. Coloring Pseudolines

A pseudoline coloringof an arrangementA is de�ned as a coloring of the pseudolines
in A such that there are no monochromatic crossings, i.e. crossings of pseudolines of a
single color class. We let� pl (A ) denote the minimal number of colors in a pseudoline
coloring of A .

Pseudoline colorings and ordinary points

The study of pseudoline colorings is closely related to the study ofordinary points.
An ordinary point is de�ned as a crossing of exactly two pseudolines, also known as a
simple crossing. Every non-trivial pseudoline arrangement contains at leastd3n=7e
ordinary points [KR72], and evend6n=13e ordinary points if one further excludes
the Kelly-Moser arrangement [CS93]. Two pseudolines that cross each other at an
ordinary point must be assigned di�erent colors. Hence, for simple arrangementsA
we have� pl (A ) = n.

In the following, we want to take a closer look at the relationship between� pl (A ) and
the structure of the ordinary points in a pseudoline arrangement. For this purpose, we
de�ne the ordinary graph Go(A ) that has the n pseudolines ofA as its vertices and
two of them share an edge if and only if they cross each other at an ordinary point.
Clearly, � pl (A ) � � (Go(A )) .
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2.2. Coloring Problems

Figure 2.20.: Constructing an arrangement with tk (n) � n ordinary points.

As a �rst natural question we ask how many ordinary points a pseudoline arrangement
can have if it admits a pseudoline coloring withk colors. Let � k (n) denote the maximum
number of ordinary points of an arrangementA of n pseudolines with� pl (A ) � k.

Proposition 2.13. We have� k (n) 2 �( n2). More precisely, let tk (n) denote the
Turán number, i.e. the maximum number of edges that a graph onn vertices without
containing a (k + 1) -clique can have. Then we havetk (n) � n � � k (n) � tk (n).

Proof. For the upper bound, suppose that an arrangement of pseudolinesA has
more than tk (n) ordinary points, so Go(A ) has more thantk (n) edges. By Turán's
theorem,Go(A ) contains a(k+1) -clique, so the corresponding pseudolinesp1; � � � ; pk+1

pairwise cross at ordinary points, and hence must be colored using at leastk + 1
di�erent colors.

For the lower bound, take any simple arrangement ofk pseudolines and replace each
of them by a strip of bn=kc or dn=ke parallel pseudolines, so that one obtains an
�arrangement� of n curves in total. So far, the ordinary graph of this �arrangement�
is identical to the Turán graph having tk (n) edges. To make it a proper pseudoline
arrangement, one has to twist each of the strips, as illustrated in Figure 2.20 on an
example with k = 4 and n = 14. This reduces the number of ordinary points byn.
The so obtained arrangementA clearly ful�lls � pl (A ) � k.

We would like to know how much � pl (A ) and � (Go(A )) can di�er and make the
following observation:

Proposition 2.14. There are arbitrarily large arrangements with

� pl (A ) = 2 � � (Go(A )) :
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Figure 2.21.: ArrangementA with � pl (A ) = 6 and � (Go(A )) = 3 .

Proof. Start with a simple arrangement of r pseudolines. Replace each pseudoline
by a strip of 3 pseudolines, each of them twisted in an additional crossing of de-
gree3. The ordinary graph of the so obtained arrangementA of 3r pseudolines is
the complete r -partite graph K 3;��� ;3, which can ber -colored. However, for a pseudo-
line coloring, one requires2 distinct colors for each of ther strips, so � pl (A ) = 2 r .
Figure 2.21 gives an example.

It is unknown to us whether the factor of 2 in Proposition 2.14 can be further
improved.

Next, we want to analyze the computational complexity of � pl (A ). The following
lemma serves as an NP-hardness reduction.

Lemma 2.15. For every graphG on n vertices andm edges, there exists an arrange-
ment A G of n +

� n
2

�
� m + 1 pseudolines with� pl (A G) 2 f � (G) + 1 ; � (G) + 2 g that

can be computed e�ciently.

Proof. Let G = ( V; E) be a graph. AssumeV = [ n] and let m = jE j. Consider an
arbitrary simple arrangement A of n pseudolines drawn as a wiring diagram, so the
pseudolines are drawn asx-monotone curves and no two crossings lie on a vertical
line; see, for example, the brown pseudolines in Figure 2.22. Label these pseudolines
by l1; � � � ; ln . For all 1 � i < j � n with f i; j g =2 E insert a pseudolineL i;j (green) by
drawing a vertical line that goes through the crossing betweenl i and l j and let all
these new pseudolinesL i;j cross each other at a common pointp lying above l1; � � � ; ln .
Insert one further pseudolineL � (orange) which crossesl1; � � � ; ln in ordinary points
and the pseudolinesL i;j in p.

It remains to show that the so obtained arrangementA G on n +
� n

2

�
� m + 1

pseudolines ful�lls � (G) + 1 � � pl (A ) � � (G) + 2 . For the upper bound, given a
proper k-coloring c of G, observe that the following coloring is a valid pseudoline color-
ing of A G : Assign colorc(i ) to l i , to each pseudolineL i;j assign an extra colork +1 and
to pseudolineL � a further extra color k + 2 . For the lower bound, assume that there
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Figure 2.22.: Reduction from approximating � (G) to computing � pl (A ).

exists a coloringc of A G using only � (G) colors. For each(i; j ) 2 E , pseudolinesl i
and l j must have di�erent colors, since they cross at an ordinary point. Therefore,
by the minimality of � (G), all � (G) colors appear onl1; � � � ; ln at least once. AsL �

crosses all of them in ordinary points, a further color is required, a contradiction.

Proposition 2.16. Given an arrangement of pseudolinesA , it is NP-hard to com-
pute � pl (A ).

Proof. In [Zuc07] it was shown that for every " > 0, given a graphG, approximating
the chromatic number � (G) within n1� " is NP-hard. Using Lemma 2.15, a polynomial-
time algorithm for computing � pl (A ) would provide such an approximation of� (G) in
polynomial time.

Avoiding monochromatic crossings of high degrees

Although � pl (A ) and � (Go(A )) can di�er by a multiplicative factor, as stated in Propo-
sition 2.14, for most arrangements,� pl (A ) does not seem to be far from� (Go(A )) .
This is why our focus lies now on a variant of pseudoline colorings: Instead of avoiding
monochromatic crossings of any degree, including ordinary points, we only forbid
crossings of certain degrees to be monochromatic.

Lemma 2.17. Let l; r 2 N and let A be an arrangement ofn pseudolines. Then, using

�
4(l + r )

l � 1
n

� 1
l � 1

2 O (n
1

l � 1 )

colors, A can be colored avoiding monochromatic crossings whose degree is within
f l; l + 1 ; � � � ; l + r g.
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Proof. The casel = 2 is trivial, so assumel � 3. For some integerk, choose for each
pseudoline one out ofk colors randomly with uniform distribution. For each crossingc
of degreedeg(c) 2 f l; l +1 ; � � � ; l + r g, consider the eventE(c) that c is monochromatic.
We have

P[E(c)] =
1

kdeg(c)� 1
�

1
k l � 1 =: p:

Moreover, E (c) is mutually independent of the set of eventsE(c0) for all crossingsc0

in A that do not have a common pseudoline withc. These are all but at most

deg(c)
n

l � 1
�

l + r
l � 1

n =: d

many. Applying Lovász Local Lemma (see [MR02]) on the family of events f E (c)g,
guarantees that with non-zero probability none of these events occur if4pd � 1, which
is the case when

k �
�

4(l + r )
l � 1

n
� 1

l � 1

:

The statement follows.

Using Lemma 2.17 we are now able to prove Theorem 2.7.

Proof of Theorem 2.7. Assume that all crossings have degree at most
p

n. In this case,
applying Lemma 2.17 with l = 4 and r =

p
n � 4 gives that

�
4
p

n
3

n
� 1

3

2 O (
p

n)

colors are su�cient in order to avoid monochromatic crossings of degree at least4.

Now, if A contains crossings of degree higher than
p

n, eliminate such a crossing by
dropping the corresponding bundle of pseudolines from the arrangement. Repeat this
step until all crossings have degree at most

p
n. One requires less than

p
n iterations

as each iteration removes more than
p

n pseudolines. By the argument above, the
remaining arrangementA 0 can be colored avoiding monochromatic crossings of degree
at least 4. When reinserting each of the at most

p
n removed bundles of pseudolines,

one needs at most2 extra colors, in total 2
p

n extra colors.

If we only want to avoid monochromatic crossings of a single degree, then we can
obtain a stronger result by applying again a result from the hypergraph coloring
literature. The following theorem is due to Frieze and Mubayi [FM13]. Its proof is
also based on the probabilistic method, but in addition to Lovász Local Lemma it uses
a rather involved analysis including the Cherno� bound. A hypergraph is k-uniform
if all its hyperedges have cardinalityk.
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Theorem 2.18 (Frieze & Mubayi, 2013). Fix k � 3. Let H be ak-uniform simple
hypergraph with maximum degree4 . Then

� (H ) � c
�

4
log4

� 1
k � 1

;

wherec depends only onk.

Proposition 2.19. Fix some l � 3 and let A be an arrangement ofn pseudolines.
Then, the pseudolines inA can be colored using

c �
�

mx(A)
log mx(A)

� 1
l � 1

2 O

 �
n

logn

� 1
l � 1

!

colors avoiding monochromatic crossings of degree exactlyl , where c only depends onl.

Proof. Recall that pseudoline coloring is equivalent to vertex coloring ofH line-vertex .
However, if we only aim to avoid monochromatic crossings of degreel, then we only
care about hyperedges of degreel and delete all other hyperedges. The resulting
hypergraph is simple andl-uniform. Its maximum degree 4 equals mx(A). The
statement is therefore a direct application of Theorem 2.18.

2.2.3. Bichromatic Triangle Conjecture

There is an intriguing open problem, which consists of the following conjecture due to
Björner, Las Vergnas, Sturmfels, White and Ziegler [BLVS+ 99].

Conjecture 2. Let A be a simple pseudoline arrangement of at leastn � 3 pseudolines.
If one colors each pseudoline with either red or blue, so that there is at least one
pseudoline of each color, then there must be a bichromatic triangle cell, i.e. a triangle
cell which is bounded by both red and blue pseudolines.

For example, Figure 2.23a shows a two-coloring of an arrangement of4 pseudolines.
One of its two triangles is incident to only red pseudolines, so it is monochromatic,
while the other one is bichromatic.

We de�ne two graphs for an arrangementA of pseudolines: Vertices ofGline-triangle (A )
represent the pseudolines ofA , and two vertices form an edge if the corresponding
pseudolines are incident to a common triangle cell. The graphGtriangle-line (A ) is the
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(a) A (b) Gline-triangle (A )

(c) Gtriangle-line (A )

Figure 2.23.: Example for the statement of Lemma 2.20

edge graph ofGline-triangle (A ) seen as a hypergraph: Its vertices represent the triangle
cells, and two of them form an edge if there is a pseudoline that is incident to both.

The following observation adds further motivation to the problem, as it expresses the
conjecture equivalently in terms of the connectivity of a graph.

Lemma 2.20. The following are equivalent:

1) Conjecture 2.2.3 holds.

2) The graphGline-triangle (A ) is connected for every simple pseudoline arrangementA
with n � 3 pseudolines.

3) The graphGtriangle-line (A ) is connected for every simple pseudoline arrangementA
with n � 3 pseudolines.

Proof. Statements 1) and 2) are equivalent: Colorings ofA that avoid bichromatic
triangles correspond exactly to partitions of the vertices ofGline-triangle (A ) into two
disconnected classesR and B .

Moreover, statements 2) and 3) are equivalent: It is a well-known fact and can be
deduced, for instance, from Lemma 2.1, that every pseudoline is incident to at least
one triangle (assumingn � 3). This means that the graph Gline-triangle (A ) does not
contain isolated vertices. Hence, its connectivity is equivalent to the connectivity of
its edge graphGtriangle-line (A ).

Given a coloring as in Conjecture 2.2.3 of a simple arrangementA , let R be the set of
red pseudolines andB be the set of blue pseudolines. Say, abichromatic triple is a
triple of pseudolinesi < j < k that are bichromatic, i.e. not all in R or all in B .

As the coloring must contain red and blue pseudolines, bichromatic triples clearly exist,
but they do not necessarily form bichromatic triangles, since a further pseudoline may
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pass through the area enclosed by them. However, in this case, one can identify a
further bichromatic triple, whose enclosed area is often strictly smaller. Driven by this
observation, we ask whether one can use this repeatedly until reaching a bichromatic
triangle cell.

Before giving a negative answer to this interesting question, let us make it precise.
Say, pseudolinesl1; l2; l3 form a bichromatic triple, w.l.o.g. l1; l2 2 R, l3 2 B . If
this is not a bichromatic cell, then a pseudolinel4 must pass through the areaA
enclosed byl1; l2; l3. If l4 2 B , then l4 forms a new bichromatic triple together with
two of l1; l2; l3, whose enclosed area is a strict subset ofA; see Figure 2.24a. The
same happens whenl4 2 R and l4 crossesl3 on the boundary of A; see Figure 2.24b.
However, if l4 2 R and l4 enters and leavesA by crossingl1 and l2, then, depending
on which side of A the pseudolinesl1 and l4 cross, one can only identifyl1; l3; l4
or l2; l3; l4 as a new bichromatic triple, whose enclosed area is not a subset ofA;
see Figure 2.24c.

(a) (b) (c)

Figure 2.24.: If l1; l2; l3 do not form a triangle cell, there are three cases for �nding the next
bichromatic triple.

One could hope that following the bichromatic triples, one would eventually reach a
bichromatic triangle. Unfortunately, the arrangement in Figure 2.25 shows that one
may cycle: Starting with the triple (7; 8; 9), we continue with

(7; 8; 9) ! (8; 9; 10) ! (9; 10; 12) ! (9; 11; 12) ! (1; 11; 12):

By the 3-fold rotation symmetry, this is the beginning of a cycle of length12.

2.2.4. Conclusion and Future Work

Regarding coloring problems on pseudoline arrangements, we consider Theorem 2.5
as our main result. When coloring the crossings avoiding twice the same color along
any pseudoline, Theorem 2.6 is a direct application of the recently proven Erd®s-
Faber-Lovász conjecture. However, for the speci�c hypergraphs induced by pseudoline
arrangements, one could hope for a simple deterministic coloring procedure, like the
one proposed in [CL88] that requiresd(3=2)n � 2e colors.
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Figure 2.25.: Following bichromatic triples might end up in cycles.

We mentioned Conjecture 1 as an open problem. One may also ask whether there
always exists a coloring usingn colors that satis�es the conditions of Theorem 2.5 and
Theorem 2.6 simultaneously. Figure 2.28 shows an arrangement of5 pseudolines as
a counterexample: coloring the crossings avoiding twice the same color around any
cell and twice the same color along any peudoline requires at least6 colors. Are there
arbitrarily large examples like that?

Instead of looking at the arrangement graphGA only in the setting of an Euclidean
arrangement A , one can also considerA as a projective arrangement and de�ne
the projective arrangement graphGA . As in GA , the vertices of GA represent the
crossings ofA , but in addition to the edges of GA , GA contains for each pseudolinep
a further edge that connects the �rst and the last crossing ofp. In general, GA

is not planar. Still, because all vertices have degree4, � (GA ) � 4 by Brook's
theorem; see [FHNS06, Theorem 2]. A coloring ofGA is equivalent to an antipodal
coloring of an arrangement of great-pseudocircles. Motivated by a weaker conjecture
on circle arrangements in [FHNS06], in [CFS+ 24, Conjecture 8 (c)] they give the very
strong conjecture that only three colors are required for coloring su�ciently large
arrangements:

Conjecture 3 ([CFS+ 24]). The graph GA of any simple projective arrangementA
of n � 7 pseudolines can be proper vertex colored using three colors, i.e.� (GA ) = 3 .

One may also investigate other notions of coloring. Theodd chromatic number� o(G)
of a graph G asks for the minimum number of colors in anodd coloring of G: a proper
vertex coloring of G where for each vertexv 2 V(G) there exists a color that is used
an odd number of times in its neighborhood.

It is easy to see that� o(GA ) � 6. In a wiring diagram of A , each crossing appears
in some horizontal row1 � i � n � 1. Assign to the crossings in rowi � 1 (mod 3)

34



2.2. Coloring Problems

alternatingly the colors f 1; 2g, to the crossings in rowi � 2 (mod 3) alternatingly the
colors f 3; 4g, and to the crossings in rowi � 3 (mod 3) alternatingly the colors f 5; 6g;
see the example in Figure 2.26. This is a proper vertex coloring ofGA , in which the
colors in the neighborhood of any vertex are pairwise distinct; in particular it is an
odd coloring.

Figure 2.26.: Odd coloring ofGA using 6 colors; a pair of adjacent triangles is shaded.

It is easy to see that a pair of adjacent triangles, such as the two shaded triangles
in Figure 2.26, implies � o(GA ); � o(GA ) � 4. For n > 3, we could not �nd any
arrangement for which more colors are required. Computer experiments indicate
that among arrangements without adjacent triangles, there seem to be only few
with � o(GA ) = 3 or � o(GA ) = 3 ; the arrangement in Figure 2.27 is an example with8
pseudolines and� o(GA ) = 3 . For the 4-regular graph GA , we could use the fact
that odd coloring is equivalent to con�ict-free coloring, and use our SAT-based solver
available in [Roc25] to compute� o(GA ).

Conjecture 4. For every simple Euclidean or projective arrangement of pseudolinesA ,
the arrangement graph can be odd colored using four colors, i.e.� o(GA ); � o(GA ) � 4.
Moreover, there exists an in�nite family of arrangementsA with � o(GA ) = 3 .

Figure 2.27.: ArrangementA of 8 pseudolines with � o(GA ) = 3 .

When it comes to pseudoline colorings, we asked whether� pl (A ) and � (Go(A ))
can di�er by a factor larger than 2. Finally, in view of Lemma 2.17, Theorem 2.7
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2. Arrangements of Pseudolines

Figure 2.28.: Arrangement of5 pseudolines that cannot be simultaneously colored as in
Theorem 2.5 and Theorem 2.6.

and Proposition 2.19, we expect it to be possible to color the pseudolines of every
arrangement usingO(n

1
l � 1 ) colors avoiding monochromatic crossings of degree at

least l .

2.3. Arrangements with Non-Adjacent Triangles

In an arrangement of pseudolines, we call a pair of trianglesadjacent if they share
a crossing; see Figure 2.29a. In this section, we only consider simple arrangements,
which implies that adjacent triangles share exactly one crossing. Recall that in
projective arrangements, in di�erence to Euclidean arrangements, one identi�es opposite
unbounded cells and segments. For example, consider the arrangement in Figure 2.29b.
As a Euclidean arrangement, its unbounded cells, by de�nition, do not form triangles;
so it does not contain adjacent triangles. However, if we consider it as a projective
arrangement, then we do not distinguish between bounded and unbounded cells, and
new triangles appear "at in�nity" (green cells in Figure 2.29b).

(a)

(b)

Figure 2.29.: (a): Two adjacent triangles. (b): Arrangement that has adjacent triangles only
as a projective arrangement.
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2.3. Arrangements with Non-Adjacent Triangles

Grünbaum [Grü70, Conjecture 3] conjectured that in every projective arrangement
of straight lines there exists a pair of adjacent triangles. This has been disproven by
Ljubi¢, Roudne�, and Sturmfels [LRS89]. They give a counterexample consisting of12
pseudolines together with a fairly involved stretchability proof; see Figure 2.30a. Later,
Alfonsín [RA98] even found a counterexample that contains onlyn triangles, which is
the minimum number of triangles a projective arrangement can have; see Figure 2.30b.
This answered a question by Roudne� [BLVS+ 99, Problem 6.22]. Returning to [LRS89],
the authors further show that any (projective) arrangement of n pseudolines having
exactly k pairs of adjacent triangles can be extended to a (projective) arrangementA 0

of n + 3k pseudolines without adjacent triangles. They ask whether a similar extension
theorem holds for straight line arrangements.

(a) Stretchable arrangement of 12 pseudolines
without adjacent triangles;

due to [LRS89].

(b) Arrangement of 12 pseudolines having
only 12 triangles, none of them being

adjacent; due to [RA98].

Figure 2.30.

The following theorem provides a positive answer to this question and at the same
time relates it to the bichromatic triangle conjecture. Our arguments will be purely
geometric and will not rely on algebraic arguments for stretchability as in [LRS89].

Theorem 2.21. Every simple Euclidean or projective arrangementA of n pseu-
dolines with exactlyk pairs of adjacent triangles is a subarrangement of a simple
arrangement A 0 of n + 6k pseudolines with the following properties:

1) A 0 does not contain adjacent triangles.

2) If A is stretchable, so isA 0.

3) The statement of the bichromatic triangle conjecture holds forA if and only if it
holds for A 0.

The following corollary is a direct consequence of Theorem 2.21.
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2. Arrangements of Pseudolines

Corollary 2.22. The bichromatic triangle conjecture is true if and only if it holds for
arrangements without adjacent triangles.

In a simple arrangement without adjacent triangles, one can contract triangles to
triple crossings. Then, in light of Lemma 2.20, the bichromatic triangle conjecture
becomes equivalent to the connectivity of the triple crossings.

One may ask whether Theorem 2.21 can be strengthened in the following way. Instead
of requiring triangles to be non-adjacent, they must be far away from each other. This
is the motivation for the following result.

Theorem 2.23. Every simple Euclidean arrangementA of n pseudolines is a sub-
arrangement of a simple Euclidean arrangementA 0 of 3n + 30 pseudolines with the
following properties:

1) Every cell shares a vertex with at most one triangle.

2) If A is stretchable, so isA 0.

Note that Property (1) in Theorem 2.23 is stronger than the non-existence of adjacent
triangles. However, in comparison to Theorem 2.21, the statement of Theorem 2.21
only deals with Euclidean arrangements.

Property (1) does not distinguish between bounded and unbounded cells. Still, in the
Euclidean setting, a triangle is de�ned as a bounded cell; an unbounded cell whose
boundary consists of three segments does not count as a triangle. Figure 2.31 provides
an example of a non-stretchable Euclidean arrangement for which Property (1) holds,
but, considered as a projective arrangement, it is no longer satis�ed.

2.3.1. Smallest Non-Stretchable Euclidean Pseudoline Arrangements

Before we go on with the proof techniques for the two previously mentioned theorems,
we brie�y mention what is known about the smallest non-stretchable arrangements.

It was known already to Ringel [Rin56] that the arrangement A 9 of 9 pseudolines
in Figure 2.1 is non-stretchable. Goodman and Pollack [GP80] proved that every
projective arrangement of at most8 pseudolines is stretchable. Later, Bokowski and
Richter-Gebert [BR90] showed that Ringel's arrangementA 9 (Figure 2.1) is, in fact,
the unique non-stretchable projective arrangement of9 pseudolines. Transferring these
results to Euclidean arrangements, however, one needs to be careful.
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2.3. Arrangements with Non-Adjacent Triangles

Figure 2.31.: Non-stretchable arrangement of18 pseudolines in which triangles have minimal
distance 3. Triangles highlighted in orange. Example due to Stefan Felsner.

In a projective arrangement, we may obtain a di�erent drawing by choosing any
existing or additional pseudoline and cutting the projective plane along it, i.e. making
it the line at in�nity. The drawings in Figure 2.32 were obtained by cutting A 9 along
pseudolinei , for i 2 f 1; 2; 3g. They all represent the same projective arrangementA9,
but seen as Euclidean arrangements, they are non-isomorphic. This is why we cannot
hope for a unique non-stretchable Euclidean arrangement of9 pseudolines.

Dropping the dashed lines in the drawings in Figure 2.32 we obtain three Euclidean
arrangementsA1

8, A2
8 and A3

8, each of8 pseudolines. They are all non-stretchable: If
there existed a straight line drawing ofA i

8, we could obtain a straight line drawing
of A9 by adding pseudolinei as a straight line "far away" so that all crossings lie on
one side of it, a contradiction to its non-stretchability.

A way of thinking of this is that a Euclidean arrangement implicitly contains the
line at in�nity as a further pseudoline, although we do not count it. Let A be a
Euclidean arrangement, andp be an additional pseudoline that has all alien crossings
on one side, thenA is stretchable (as a Euclidean arrangement) if and only if the
arrangementA + f pg is stretchable as a projective arrangement. Therefore, from the
results for projective arrangements, and observing the three-fold rotation symmetry
of A9, we conclude:

Theorem 2.24 ([Ric89],[GP80]). Every Euclidean arrangement of at most7 pseu-
dolines is stretchable. Moreover, the non-stretchable Euclidean arrangements of8
pseudolines are, up to rotation, exactlyA1

8, A2
8 and A3

8.
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2. Arrangements of Pseudolines

Figure 2.32.: The three non-stretchable Euclidean arrangements of8 pseudolines.

2.3.2. Bundle Replacements

A crucial tool in proving both Theorem 2.21 and Theorem 2.23 will bebundle replace-
ments, which, informally speaking, insert one arrangement into another arrangement
along one of its pseudolines. More formally, letA , B be arrangements of pseudo-
lines, p 2 A a pseudoline andP 2 p a point on p that is not a crossing. Let F 1

P ; F 2
P

denote the cells that containP on its boundary, so they are separated byp. In the
arrangement A , replace p by a bundle of jBj close copies ofp, identify them with
the pseudolines ofB and, within the area of F 1

P and F 2
P , introduce all crossings ofB.

Then the so obtained arrangementA 0 contains both A and B as subarrangements.
Figure 2.34 shows an example in which the inserted arrangementB is the arrangement
in Figure 2.29b.

Note that specifying a pseudolinep 2 A , a point P 2 p and the arrangementB does
not determine the operation uniquely. To uniquely describe the operation, one also
needs to choose between two possible orientations for insertingB in A : The north
of B either points towards F 1

P or towards F 2
P .
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2.3. Arrangements with Non-Adjacent Triangles

Lemma 2.25. Let A ; B be pseudoline arrangements, andA 0 be the arrangement
obtained by performing a bundle replacement inA with B. Then, A 0 is stretchable if
and only if both A and B are stretchable.

Proof. Clearly, if A 0 is stretchable, then all subarrangements ofA 0 must be stretchable,
including A and B.

For the other direction, consider straight line drawingsDA ; DB of A ; B in which the
north lies at the top. This implies that no line is drawn vertically. Describe DB in
terms of a�ne linear functions f 1; � � � ; f jBj , f i (x) = ai x + bi . Then, for any �; � > 0,
we get a new straight line drawing ofB given by the functions f 0

i (x) := � � f i (x=� ).
For any "; � > 0, choosing�; � su�ciently small provides a drawing D 0

B which lies
entirely within the area R" [ W� , where R" is a disk of radius" and W� is a double
wedge of angle� symmetrically around the x-axis, both centered at the origin; see the
example in Figure 2.33a and Figure 2.33b.

Suppose, inDA , we replacep 2 A by B at point P 2 p. By the �niteness of the
structure, one can �nd su�ciently small " > 0, so that the disk R" (P) of radius "
centered at P contains only points of p along the segment whereP lies on, and no
point of any other line. Moreover, one can �nd su�ciently small � > 0 so that
the wedgeW� (P; p) of angle � symmetrically around p and centered atP contains
only crossings ofA that belong to p. Drop p from the drawing and insert the
drawing D 0

B within R" (P) [ W� (P; p) by applying a suitable rotation and translation;
see Figure 2.33c. This provides a straight line drawing ofA 0.

(a) (b) (c)

Figure 2.33.: (a): Original straight line drawing of B. (b): Shrunken straight line drawing
of B. (c): Arrangement B is used in a bundle replacement.

As indicated by the 9 di�erent colors, the arrangement in Figure 2.31 can be obtained
by bundle replacements from an arrangementA9 of 9 pseudolines. By Lemma 2.25,
it is stretchable if and only if A9 is stretchable. However, this is not the case. As
a projective arrangement,A9 is isomorphic to the non-stretchable arrangementA9

in Figure 2.1. This can be seen by applying about a half rotation to the drawing and
moving three crossings to the other side of the line at in�nity.
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2. Arrangements of Pseudolines

Figure 2.34.: Replacep at point P with the arrangement from Figure 2.29b.

Lemma 2.26. Let A ; B be pseudoline arrangements,p 2 A a pseudoline, andP 2 p a
non-crossing point which lies on the boundary of a triangle. LetA 0 be the arrangement
obtained by performing a bundle replacement atP with B. Furthermore, assume that
the statement of the bichromatic triangle conjecture holds forB. Then it holds for A
if and only if it holds for A 0.

Proof. Let p be the pseudoline that containsP, T be the triangle that contains P
on its boundary, and q1; q2 6= p the other two pseudolines that boundT. Further,
let p1; � � � ; pjBj 2 A 0 be the B-bundle which replacesp. We show that a two-coloring
of A without bichromatic triangles induces a two-coloring ofA 0 without bichromatic
triangles and vice versa.

In such a two-coloring ofA , p; q1; q2 bound T, hence, they are assigned all the same
color c. In A 0, assign colorc to all pi , and for all other pseudolines copy the color
from A. The only new triangles that appear in A 0 are bounded only by pseudolines
in

�
q1; q2; p1; � � � ; pjBj

	
, hence, they are all monochromatic.

In a two-coloring of A 0 without bichromatic colors, all pseudolinespi are assigned
the same colorc, as otherwiseB would break the bichromatic triangle conjecture.
Also q1; q2 must be assigned colorc: By Lemma 2.1, GB is acyclic, so it contains
a minimal and a maximal crossing, each of which, inA 0, forms a triangle with two
crossings on eitherq1 or q2. In A , assignc to p and maintain all other colors. The only
new triangle that appears in A compared toA 0 is T, which is also monochromatic.

Proof of Theorem 2.21. SupposeA contains a pair of adjacent triangles. Letv be
the common crossing,A one of the four incident arcs, andP 2 A a point in its
relative interior. Performing a bundle replacement at P with the arrangement B
shown in Figure 2.29b dissolves one of the adjacent triangles and does not create a new
pair of adjacent triangles; see Figure 2.34. The so-obtained arrangementA 0 clearly
contains A as a subarrangement, and we havejA 0j = jAj +6 . Repeating this procedure
at most k times leads to an arrangement ofn0 � n + 6k pseudolines without adjacent
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2.3. Arrangements with Non-Adjacent Triangles

Figure 2.35.: Example of a triple replacement

triangles. As an arrangement of7 pseudolines,B is stretchable (Theorem 2.24),
and by Lemma 2.25, stretchability is preserved throughout the bundle replacements.
Part (3) is a consequence of Lemma 2.26.

For the proof of Theorem 2.23, we make use of a special case of bundle replacement,
which we call triple replacement.

A triple replacement works similarly to a bundle replacement: We replace a pseudolinep
of an arrangementA by a bundle of three pseudolinesp1; p2; p3. However, we do
not require the three crossings betweenp1; p2; p3 to be all introduced in the section
of a single point P 2 p. Instead, we may choose two distinct segmentsA1; A2 of p.
Consider the two cellsF 1

i ; F 2
i that are separated byA i . We require that exactly two

crossings be introduced in the areaF 1
1 [ F 2

1 , and exactly one in the areaF 1
2 [ F 2

2 . In
the following proofs, we will perform only a special case of triple replacements in which
the segmentsA1; A2 are the two unbounded segments of a pseudoline; see Figure 2.35
for an example.

Lemma 2.27. Let A be a pseudoline arrangement, andA 0 be the arrangement obtained
by performing a triple replacement of pseudolinep 2 A on segmentsA1; A2 � p.
Then A 0 is stretchable if and only ifA is stretchable.

Proof. Observe that a triple replacement is equivalent to applying a bundle replacement
twice: Replace twice a pseudoline with a bundle of two pseudolines. Hence, the
statement is a consequence of Lemma 2.25.

2.3.3. Proof of Theorem 2.23

The principal idea of the proof of Theorem 2.23 is to embed the arrangementA into the
�xed arrangement A sep, which is shown in Figure 2.39a. It consists of31 pseudolines
and satis�es the property that no cell shares a vertex with more than one triangle.
Moreover, it is stretchable, as the following lemma shows:

Lemma 2.28. The arrangementA sep is stretchable.
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2. Arrangements of Pseudolines

(a) First step: Replace each of the four
marked pseudolines by pairs of two

pseudolines.

(b) Second step: Replace the single marked
pseudoline by a pair of two pseudolines.

Figure 2.36.: First two steps in the construction of the stretchable arrangementA sep.

Proof. The arrangementA sep can be constructed as follows. Start with the arrange-
ment shown in Figure 2.36a. This arrangement is stretchable, as it is non-isomorphic to
any of A1

8; A2
8 and A3

8 (see Theorem 2.24). At each of the four cross symbols, perform
a bundle replacement with a pair of two pseudolines. Figure 2.36b shows the resulting
arrangement. Repeating this procedure once again at the single cross symbol, one
obtains the arrangement in Figure 2.37. From this arrangement,A sep can be obtained
by performing a triple replacement on each of the eight emphasized pseudolines. The
colors of the disks that surround the drawing in Figure 2.39a correspond to the col-
ors of Figure 2.37. According to Lemma 2.25 and Lemma 2.27, the replacement of
pseudolines by pairs or triples preserves stretchability; hence,A sep is stretchable.

Proof of Theorem 2.23. We will construct the arrangement A 0 in two steps.

As the �rst step, replace the emphasized red pseudolinep of A sep (see Figure 2.39a)
by the arrangement A , at the position indicated by the cross symbol.

As the second step, in the so-obtained arrangement, replace each of then pseudolines
that form A by a triple. When replacing a pseudoline with a triple, two new triangles
occur in the areas of the two unbounded cells ofA sep where p enters and leaves. In
principle, these triangles can lie on either one of the two sides of the triple, but for the
construction of A 0, we do the triple replacement in such a way that they always lie on
the side in clockwise direction.
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Figure 2.37.: Final step in the construction
of A sep: Apply a triple replacement

on each of the8 emphasized
pseudolines.

Figure 2.38.: Example arrangementA .

As an example for the construction ofA 0, supposeA is the arrangement of4 pseudolines
in Figure 2.38. Due to limited space, we cannot give the drawing of the entire
arrangement A 0. Instead, we provide drawings ofA 0 within the zones A, B, C
(see Figure 2.39a) only; see Figure 2.39b, Figure 2.39d and Figure 2.39c. Only within
these three zones do new triangles appear.

Clearly, A 0 contains A as a subarrangement. We claim thatA 0 satis�es the properties
stated.

For Property (1), it is evident from the drawing that in A sep, each cell shares a vertex
with at most one triangle; Figure 2.39a highlights triangles in orange. By replacing
the red pseudoline byn triples, as we do forA 0, existing triangles are rather pushed
further away, and new triangles only occur within the zones A, B, C. Within zone B,
triangles occur between the triples, but they have a su�ciently large distance from
each other. They are also not getting close to existing triangles, as the location of the
bundle replacement is chosen in such a way that there are no nearby triangles. In
zone A and zone B, there is exactly one new triangle within each triple. It can be
seen in Figure 2.39b and Figure 2.39c that they are located such that no cell shares a
vertex with two triangles. This shows that in A 0 Property (1) is preserved.

For Property (2), one direction is trivial: The arrangement A 0 contains A as a
subarrangement; hence, ifA 0 is stretchable, so isA . For the other direction, we have
seen in Lemma 2.28 thatA sep is stretchable. If A is stretchable, the construction ofA 0

preserves stretchability by Lemma 2.25 and Lemma 2.27, soA 0 is stretchable as well.
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2. Arrangements of Pseudolines

(a) Stretchable arrangement A sep with 31 pseudolines; each cell is incident to at most one triangle.

(b) Zone A

(c) Zone C

(d) Zone B

Figure 2.39.: Detailed views after embedding the arrangement from Figure 2.38 intoA sep.
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2.3.4. Extensibility of Arrangements without Adjacent Triangles

In [LRS89] they claim the following: Every projective arrangement of pseudolinesA
without adjacent triangles can be extended by adding a single pseudolinem so
that A + f mg preserves the property of not containing a pair of adjacent triangles.

However, their argument is incomplete. It can be summarized as follows. In any ar-
rangement, one always �nds a con�guration consisting of a triangleT, a non-triangular
face F , and an edgee connecting both of them. This is illustrated in Figure 2.40;
apart from the red lines, this is precisely the drawing given in [LRS89]. One can
insert a new pseudolinem closely along the emphasized segment path~m (see the
�gure), and, indeed, obtains a valid arrangement of pseudolines. However, the �gure
misleadingly suggests thatuw and vw are edges that do not have further crossings
(in fact, they cannot be edges, as otherwise,f u; v; wg would form a triangle adjacent
to T). If there exist the red pseudolines as in the �gure, then insertingm causes a
new pair of adjacent triangles.

Figure 2.40.: Extending an arrangement without adjacent triangles by a pseudoline.
Faithfully adopted from [LRS89].

Clearly, pseudoline arrangements without adjacent triangles can be extended by more
than one pseudoline at once. We can do this, for example, as we did in the proof
of Theorem 2.21 by a bundle replacement with the arrangement of Figure 2.29b. Still,
the existence of extensions with a single pseudoline remains an open problem for us.

2.3.5. Open Questions

We conclude this part with several open questions. The motivation of both Theo-
rem 2.21 and Theorem 2.23 was to increase the pairwisedistance of triangles in an
arrangement. This notion of distance may be formalized. Say, the distanced(T1; T2) of
two triangles T1; T2 is the distance in the arrangement graphGA between the vertices
of T1 and the vertices ofT2. So if d(T1; T2) = 0 , T1 and T2 share a common vertex.
Let d4

min (A ) := min f d(T1; T2) : T1; T2 triangles of Ag. If no cell in A shares a vertex
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with more than one triangle, this implies d4
min (A ) � 2. As a Euclidean arrangement,

the example in Figure 2.31 found by Stefan Felsner hasd4
min (A ) = 3 . One can �nd

even straight line arrangements withd4
min (A ) = 3 : In Appendix A we construct a

stretchable Euclidean arrangement of92 pseudolines withd4
min (A ) = 3 .

Intuitively, it should be possible to �nd arrangements with arbitrarily large value d4
min .

The minimum number of triangles is n � 2, while the number of vertices, edges, and
cells in GA grows quadratically in n. However, we were unable to �nd an arrangement
with d4

min (A ) = 4 .

Conjecture 5. In every Euclidean arrangement of pseudolines, there exists a pair of
triangles that have distance at most3.

Conjecture 6. In every projective arrangement of pseudolines, there exists a pair of
triangles that have distance at most2.

Question 1. Is it possible to extend the statement of Theorem 2.23 by the statement
that the bichromatic triangle conjecture is satis�ed byA if and only if it is satis�ed
by A 0?

As we already mentioned in Section 2.3.4, the following is an open problem for us:

Question 2. Let A be a Euclidean or projective arrangement of pseudolines without
adjacent triangles. CanA always be extended by a single pseudolinep so that the
arrangement A + f pg still does not contain adjacent triangles?

2.4. Block Signotopes and Grid Orientations

Felsner, Gärtner & Tschirschnitz [FGT05] revealed a correspondence between arrange-
ments that are partitioned into a red and a blue block of pseudolines andadmissible
unique sink orientations of grid graphs. In this section, we will present this part of
their work and generalize it to signotopes of rankr whose ground sets are partitioned
into r � 1 blocks.

2.4.1. Admissible Unique Sink Orientations

In the typical setting of linear programming, one has given a polytopeP � Rn and
a linear objective function f : Rn ! R. Assuming that f is su�ciently generic, f
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Figure 2.41.: As a Cartesian product of simplices, the3-polytope � 1 � � 2 has 5 facets.

induces an orientationv ! w of any edgef v; wg of P s.t. f (v) < f (w). This is an
acyclic orientation of the skeleton ofP with the property that on any face F � P
it has a unique source and a unique sink. Asource resp. sink on F is a vertex on
which all edges ofF are oriented outgoing resp. incoming. The unique source and the
unique sink of f correspond to the minimum and maximum off on F .

A (not necessarily linear) function f on the vertices ofP that on each face induces a
unique source and a unique sink is called anabstract objective functionby Kalai [Kal97].
If f is a linear function, Holt and Klee [HK99] showed an even stronger property: On
any faceF , there exist dim F many internally disjoint dipaths from the source to the
sink. This property is called the Holt-Klee condition.

In [FGT05], they treat the special case in whichP is a simpled-polytope with d + 2
facets. Recall that two polytopes arecombinatorially equivalent if their face lattices
are isomorphic. A simpled-polytope with d + 2 facets is combinatorially equivalent to
the Cartesian product � m� 1 � � n� 1 of two simplices, with m + n = d + 2 ; see the
example in Figure 2.41. Every face of� m� 1 � � n� 1 is the Cartesian product of a face
of � m� 1 and a face of� n� 1. Hence, if V and W denote the sets of vertices of� m� 1

and � n� 1, then the m � n vertices of � m� 1 � � n� 1 can be identi�ed with V � W , and
for every V 0 � V , W 0 � W , the vertices V 0� W 0 form a face.

It is because of this simple fact that an orientation of a simpled-polytope with d + 2
facets can be easily described as an orientation of a two-dimensional grid. For
later purposes, we directly de�ne a grid G of size (n1; � � � ; nr ) as the graph on
the r -tuples [n1] � � � � � [nr ], ni � 1, where two of them form an edge if they di�er in
exactly one coordinate. Note that in the literature, this is often called arook's graph
instead of a grid. Thedimension dim G of a grid is the number ofi for which ni > 1.

For subsetsVi � [ni ], Vi 6= ; , the graph induced onV1 � � � � � Vr is called asubgrid. Any
faceF 6= ; of � m� 1 � � n� 1 corresponds uniquely to a subgridS = S1 � S2 � [m] � [n].
One should not confuse its dimensiondim S with the polytope dimension dim F , which
is equal to jS1j + jS2j � 2.

A grid orientation is an orientation of the edges of a grid. A grid orientation naturally
induces a grid orientation on any subgrid. We say a grid orientationO contains a
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grid orientation O0 if there is a subgrid S on which the orientation induced by O
is isomorphic to O0.

Let us make precise what we consider as isomorphic orientations: An edgef v; wg in a
grid is of dimension i if v and w di�er in the i -th coordinate. Two grid orientations O
and O0 are isomorphic if there is a graph isomorphism' : O ! O 0 that preserves
orientation, and in which a pair of edgesf v; wg and f v0; w0g is of the same dimension
if and only if f ' (v); ' (w)g and f ' (v0); ' (w0)g are of the same dimension. Such an
isomorphism is a permutation of ther coordinates combined with a permutation of
each of the sets[ni ].

Given a grid orientation O and a subgrid S � O , a sink of S is a vertex v 2 S whose
incident edges inS are all incoming. In the caseS = O, we call v a (global) sink of O.
A unique sink (grid) orientation is a grid orientation in which each subgrid contains
a unique sink. This is equivalent to saying that any subgrid has a uniquesource,
where a source is de�ned analogously to a sink [GMjR08, Theorem 1]. Although
abstract objective functions were previously studied, the term unique sink orientation
was coined by Szabo and Welzl [SW01] in 2001. First introduced speci�cally for
hypercubes, they were later generalized for grids [GMjR08].

A unique sink orientation is called admissible, if in any subgrid of size(n0
1; � � � ; n0

r )
there exist n0

1 + � � � + n0
r � r many internally disjoint dipaths from the unique source

to the unique sink1. This is exactly the Holt-Klee condition for faces. It can be shown
that a unique sink orientation of a two-dimensional grid is admissible if and only if
it does not contain the double-twist DT in Figure 2.42 [FGT05]. Indeed, the double
twist violates the Holt-Klee condition, as there are only two instead of three internally
disjoint paths from the source to the sink. Figure 2.43a shows an example of an
admissible unique sink orientation.

Furthermore, a grid orientation is called realizable if it is the orientation induced by a
linear function on a polytope P which is combinatorially equivalent to a product of
simplices. The reason why we only ask for a combinatorially equivalent polytope is
this: A precise Cartesian product of simplices contains many classes of parallel edges.
For instance, in � 1 � � 2 (see Figure 2.41), there are four classes of parallel edges. In
a linear orientation, parallel edges must have the same orientation. For our analysis,

1 In di�erence to [ FGT05 ], our de�nition of admissibility does not require acyclicity. However,
two-dimensional unique sink orientations are always acyclic.

Figure 2.42.: Double twist DT; acyclic but non-admissible unique sink orientation
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(a) (b)

Figure 2.43.: (a): Example of an admissible unique sink orientation. Transitive arrows are
not drawn. (b): Re�ned index of the orientation in (a).

this is too strict. We allow the faces to be perturbed as long as the face lattice is still
isomorphic to a product of simplices.

Every realizable orientation is admissible; and every admissible orientation is, by
de�nition, a unique sink orientation. However, for both implications, the reverse is not
true. It was one of the original motivations for the study of unique sink orientations
to characterize realizable orientations. Admissibility is necessary but not su�cient.

For any vertex x = ( x1; � � � ; xr ) in a grid orientation, let rf i (x) be the out-degree in
dimension i , i.e. the number of neighborsy = ( y1; � � � ; yr ) with orientation x ! y that
have x i 6= yi and x j = yj for all j 6= i . The re�ned index of x is de�ned as

rf( x) := (rf 1(x); � � � ; rf r (x)) :

It is easy to see that a unique sink orientation is uniquely determined by its re�ned
index. As an example, Figure 2.43b shows the re�ned index of the orientation on the
left. Observe that all tuples [4]0 � [4]0 (where [n]0 := f 0; � � � ; ng) appear as a re�ned
index exactly once. This is not a coincidence:

Lemma 2.29 (Theorem 2 in [GMjR08]). The re�ned index

rf : [n1] � � � � � [nr ] ! [n1 � 1]0 � � � � � [nr � 1]0

of a unique sink orientation is a bijection.
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2.4.2. Block Colored Pseudoline Arrangements and Admissible
Unique Sink Orientations

A block colored pseudoline arrangementis a simple arrangement ofn pseudolines
that consists of two consecutive blocks ofr red and b blue pseudolines,n = r + b.
We assume the pseudolines to be numbered as usual with1; � � � ; n in counterclock-
wise order, starting with the red pseudolines1; � � � ; r and continuing with the blue
pseudolinesr + 1 ; � � � ; n; see the example in Figure 2.44.

It will be convenient to consider two block colored pseudoline arrangementsA and A 0

with the same number of red and number of blue pseudolines as isomorphic, if they form
the same arrangement up to monochromatic triangle �ips. This notion of isomorphism
captures the information in which order a blue (red) pseudoline intersects the red
(blue) pseudolines, and also the order in which it intersects a pair of a red and a blue
pseudoline.

The following theorem is one of the main results of [FGT05].

Theorem 2.30 ([FGT05]). Any two-dimensional unique sink orientation is admissible
if and only if it is induced by a block colored pseudoline arrangement.

In the following, we will explain what is meant in Theorem 2.30 by saying that an
arrangement induces an admissible orientation, sketch its proof, and formulate a
precise bijection.

Pseudoline arrangements induce admissible orientations

Assume that we have given a block colored arrangementA and want to assign to it a
unique sink orientation of size(b; r). Let p be a red andq a blue pseudoline. With x
being the number of blue pseudolines thatp crosses before crossingq, and y being the
number of red pseudolines thatq crosses before crossingp, we call (x; y) the crossing
index criA (p; q).

It has been shown in [FGT05] that A can always be drawn as agrid drawing; see
the example Figure2:44b: There is a (b � r )-grid of points where the red pseudo-
lines pass through from top to bottom as vertically monotonic curves, while the
blue pseudolines pass through from left to right as horizontally monotonic curves,
and each crossing between red and blue pseudolines lies on a grid point. The ex-
istence of a grid drawing can also be deduced from a result that we will give later
in Subsection 2.4.3 (Corollary 2.37).
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(a) (b)

Figure 2.44.: (a): Block colored pseudoline arrangementA of r = 5 red and b = 5 blue
pseudolines. (b): Grid drawing of A : Every crossing between red and blue

pseudolines lies on a point of a(5 � 5)-grid.

Note that in a grid drawing, the r � b red-blue crossings must be bijectively distributed
over the r � b grid points, so that each red pseudolinep contains exactly b of them
and each blue pseudolineq exactly r . Therefore, the monotonicity implies that the
crossing ofp with q must be placed at grid point criA (p; q) (we index the grid points
starting with (0; 0) from the top left corner).

So the crossing index ofA can be used to construct the grid drawing. But it also
determines a unique sink orientation: Write down the crossing indices table-wise for
all p and q and interpret them as re�ned indices of a unique sink orientation. The
example in Figure 2.43a is the unique sink orientation obtained from the arrangement
in Figure 2.44. For example, the crossing index of the �rst red and the �rst blue
pseudoline iscrA (1; 6) = (4 ; 2), so we getrf(1; 1) = (4 ; 2).

One can check that for inducing a double twistDT , a pair of pseudolines has to
cross twice, which is forbidden in a pseudoline arrangement. Therefore, unique sink
orientations induced by pseudoline arrangements are always admissible.

Admissible orientations induce pseudoline arrangements

Given an admissible unique sink orientationO of size(b; r), we can construct a block
colored arrangementA which inducesO as described in the previous subsection. The
orientation O is determined by its re�ned index rf O . For each row 1 � i � b, the
map j 7! (rf O (i; j ))2 is bijective, as it is the re�ned index of the unique sink orientation
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induced on the one-dimensional subgridf ig � [r ] (Lemma 2.29). Therefore, if we
interpret the tuples f rf O (i; 1); � � � ; rf O (i; r )g as grid coordinates, we have exactly one
point in each column and can interpolate a horizontally monotonic blue curve through
them. Analogously, every1 � j � r de�nes a vertically monotonic red curve that
passes through the grid. The bijectivity of rf O further implies that each grid point is
contained in exactly one blue and one red curve. We refer the reader to [FGT05] for
the proof of the fact that the admissibility of the orientation implies that each two
blue and each two red curves cross at most once.

So far we have that an admissible orientationO determines a family of red and blue
curves within the convex hull of the grid points (gray box in Figure 2.44b); each blue
curve crosses each red curve exactly once, and curves of the same color cross at most
once. Not much is missing for a pseudoline arrangement; clearly, one can complete
the missing crossings outside of the grid. However, this completion is not unique; it
depends on how we identify the curves with the pseudolines1; � � � ; r + b.

Let us give an example. CallB i the blue curve that contains the grid point (i � 1; 0),
and Rj the red curve that contains the point (0; r � j ). In order to obtain the
arrangement in Figure 2.44b, we have to identify

(B1; B2; B3; B4; B5) = (6 ; 7; 8; 9; 10)

(R1; R2; R3; R4; R5) = (1 ; 4; 3; 5; 2)

and connect the curves to the labels1; � � � ; 10 that must appear in counterclockwise
order around the grid.

Let B := f B1; � � � ; Bbg be the set of blue curves, andR := f R1; � � � ; Rr g be the
set of red curves, both sets indexed as above. The freedom that we have when
identifying B [ R with the pseudolines1; � � � ; r + b can be expressed in terms of partial
orders on the setsB and R. For i < j , say B i � B B j if B i and B j cross, andRi � R Rj

if Ri and Rj cross. Clearly, these partial orders depend on the orientationO, as the
entire construction of the curvesB and R depends onO.

Theorem 2.31. There is a bijection between block colored arrangements ofr red and b
blue pseudolines and admissible orientations of a grid of size(b; r) together with a pair
of linear extensions of(B; � B) and (R; � C).

Proof. We have seen that the admissible orientations of a(b; r)-grid are in bijection
with families (B; R) of blue pathsB := f B1; � � � ; Bbg and red pathsR := f R1; � � � ; Rr g
within the grid. We claim that the linear extensions of (B; � B) and (R; � R ) correspond
exactly to the valid ways of identifying B and R with the blue and red pseudolines.
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If, for i < j , B i and B j do not intersect, then, regardless of which blue pseudolinespi , pj

we identify them with, eventually pi will cross pj exactly once. This crossing will lie
to the right of the grid if pi < p j , and to the left of the grid otherwise. However,
if B i and B j cross, we have to identify them with pseudolinespi < p j , as otherwise,
if pj < p i , the pseudolinespi and pj would cross twice. Hence, an identi�cation ofB
with the blue pseudolines is valid if and only if it is a linear extension of(B; � B).

Moreover, an arrangement determines(B1; � � � ; Bb) = ( p1; � � � ; pb) uniquely: If B i

and B j do not intersect, swoppingpi and pj causes a blue-blue crossing to move from
the left side of the grid to the right side of the grid, or the other way around. This
cannot be achieved by only �ipping monochromatic triangles, so this corresponds to a
di�erent block colored arrangement.

Analogous arguments hold for the identi�cation of the red curves.

2.4.3. Block Signotopes and Unique Sink Orientations

In Subsection 2.4.2 we described a way to obtain a unique sink orientationO from
a block colored arrangementA . Let � A be the signotope corresponding toA (See
Subsection 2.1.3 for the concept of signotopes). Observe that we can read o� the
orientation O directly from � A : Say, pseudolinesi; j are red and pseudolinek is
blue, i < j < k . If � A (i; j; k ) = + , pseudolinek �rst crosses i before crossingj ,
hence,(crA (i; k ))2 < (crA (j; k ))2, and in the resulting grid orientation O we must
have (k; i )  (k; j ). So, a sign of triples consisting of two elements of one color and
one of the other color determines the orientation of exactly one edge. This is precisely
what we aim to generalize for grids of arbitrary dimensionr and (r + 1) -signotopes.

We call a partition [n] = C1 _[ � � � _[ Cr a block partition, if c < c0 for all c 2 Ci ; c0 2 Cj

whenever i < j . For example, (C1; C2; C3) = ( f 1; 2g; f 3; 4; 5g; f 6; 7g) is a block
partition of [7]. A signotope � :

� [n]
r +1

�
! f� ; + g of order r + 1 together with a block

partition [n] = C1 _[ � � � _[ Cr is called ablock signotopeof rank (r + 1) . The previous
subsection treated the special caser = 2 ; the two classes were the classes of red and
blue pseudolines. We are now going to generalize this to a greater number of classes.

Let G be the grid on C1 � � � � � Cr . The block signotope � naturally induces a
grid orientation O� on G: Supposev; v0 2 C1 � � � � � Cr di�er exactly in the i -th
component, sov = ( c1; � � � ; ci � 1; c; ci +1 ; � � � ; cr ) and v0 = ( c1; � � � ; ci � 1; c0; ci +1 ; � � � ; cr )
with c; c0 2 Ci , and assumec < c0. If � (c1; � � � ; ci � 1; c; c0; ci +1 ; � � � ; cr ) = + , then,
in O� , orient v ! v0; otherwise, orient v0 ! v.
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Note that, in the case r = 3 , compared to the construction in the previous Sub-
section 2.4.2,O� is now exactly reversed and transposed. Indeed, ifi < j < k
and � (i; j; k ) = + , then, in O� , we have(i; k ) ! (j; k ).

In the following, our aim is to prove the following theorem:

Theorem 2.32. For every block signotope� :
� [n]

r +1

�
! f� ; + g with block parti-

tion [n] = C1 _[ � � � _[ Cr , O� is a unique sink orientation.

The �rst ingredient is a direct consequence of Lemma 10 in [FW01], which is a
generalization of Lemma 2.1. It states that the following graphG� on r -subsets of[n]
is acyclic: Two verticesR; R0 2

� [n]
r

�
share an edge ifjR\ R0j = r � 1, and its orientation

is from the lexicographic smaller to the lexicographic larger set, if� (R [ R0) = + ,
and reversed if � (R [ R0) = � . The orientation O� is identical to the subgraph
of G� induced by the vertices f R � [n] : jR \ Ci j = 1 for all i g and thus inherits
acyclicity.

Lemma 2.33. The orientation O� is acyclic.

This implies that the orientation induced by � on any subgrid contains at least one
sink. Next, we will complement this with the fact that any subgrid contains at most
one sink. We show this �rst for at most two-dimensional subgrids and later extend it
to general subgrids.

Lemma 2.34. The orientation induced byO� on any subgridS of dimension at most
two contains at most one sink.

Proof. Suppose towards a contradiction that in the orientation induced byO� on S
there are two sinks,c 2 S and c0 2 S, c 6= c0. Clearly, if c = ( ci ) and c0 = ( c0

i ) di�er
only in a single coordinate,c and c0 are connected by an edge and cannot be both sinks.
We may assume thatc and c0 di�er in exactly the �rst two coordinates. We consider
the two-dimensional subgridQ2 � S of four vertices that is spanned byc and c0. In
the orientation induced on Q2, c and c0 are again sinks. Omitting the coordinates in
which c and c0 are equal, we identify

Q2 =
�

(c1; c2); (c1; c0
2); (c0

1; c2); (c0
1; c0

2)
	

:

Using the following case distinction (visualized in Figure 2.45) we show that, assumingc
is a sink, c0 must have at least one outgoing edge, which is a contradiction.

Recall that we assume a block partition, which impliesf c1; c0
1g < f c2; c0

2g (pairwise).
This leaves the following four cases.
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ˆ Case c1 < c 0
1 < c 2 < c 0

2: As c is a sink, we must have� (c1; c2; c0
2) = �

and � (c1; c0
1; c2) = � . The monotonicity property implies � (c1; c0

1; c0
2) = � .

ˆ Case c1 < c 0
1 < c 0

2 < c 2: As c is a sink, we must have� (c1; c0
2; c2) = +

and � (c1; c0
1; c2) = � . The monotonicity property implies � (c1; c0

1; c0
2) = � .

ˆ Case c0
1 < c 1 < c 2 < c 0

2: As c is a sink, we must have� (c1; c2; c0
2) = �

and � (c0
1; c1; c2) = + . The monotonicity property implies � (c0

1; c2; c0
2) = �

or � (c0
1; c1; c0

2) = + .

ˆ Case c0
1 < c 1 < c 0

2 < c 2: As c is a sink, we must have� (c1; c0
2; c2) = +

and � (c0
1; c1; c2) = + . The monotonicity property implies � (c0

1; c0
2; c2) = + .

Figure 2.45.: In each case, the two green arcs imply at least one of the purple arcs.

In order to generalize Lemma 2.34 to higher dimensions, one can make use of the
following Theorem due to Joswig, Kaibel and Körner (2002):

Theorem 2.35 (Lemma 6 in [JKK02]). Let P be a simpled-polytope and2 � k � d� 1.
If

�!
GP is an acyclic orientation of the skeleton graphGP of P that has more than

one global sink, then there is ak-face of P on which the orientation induced by
�!
GP

contains more than one sink.

Lemma 2.36. The orientation induced by O� on any subgridS = C0
1 � � � � � C0

r ,
C0

i � Ci contains at most one sink.

The argument for deducing Lemma 2.36 from Lemma 2.34 using Theorem 2.35 is
as follows. Suppose that the orientation induced onS contains two sinks. The
grid orientation on S is an acyclic orientation of the skeleton of a polytope that
is combinatorially equivalent to a product of simplices. This is a simple polytope.
Hence, byTheorem 2.35, there exists a two-dimensional face having two sinks. This
corresponds to a(2; 2)-subgrid of S having two sinks, which contradicts Lemma 2.34.

However, in order to be self-contained, we give an independent proof of Lemma 2.36.
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Proof. We show the statement by induction on the dimensionk of the subgrid S.

For k 2 f 1; 2g, the statement holds according to Lemma 2.34, so assumek > 2.

Suppose towards a contradiction, the orientation induced byO� on S contains two
sinks c; c0 2 S, c 6= c0.

For two vertices v; v0 2 S let v 4 v0 := f i : vi 6= v0
i g denote the coordinates in

which v and v0 di�er. We may assume jc 4 c0j = k, as otherwise, ifjc 4 c0j < k , then c
and c0 are contained in a subgridS0 � S of lower dimension, and by induction we
know that the orientation on S0 induced by O� contains at most one sink. Me may
further assume without loss of generality thatc 4 c0 = f 1; � � � ; kg, i.e. c and c0 di�er
in exactly the �rst k coordinates.

Consider the k-dimensional hypercubeQk � S that is spanned by c and c0, i.e. Qk is
the minimal subgrid S0 � S with c; c0 2 S0. Omitting the coordinates in which c = ( ci )
and c0 = ( c0

i ) equal, we identify Qk = f c1; c0
1g � � � � � f ck ; c0

kg. The vertices c and c0

form opposite corners ofQk , and in the orientation induced by O� they are both sinks.

For 0 � i � k, de�ne the layer Vi := f v 2 Qk : jc 4 vj = ig. Observe that V0 = f cg
and Vk = f c0g. We claim that for 1 < i < k , every v 2 Vi has a directed edge(v; v0) to
somev0 2 Vi � 1. Otherwise, all of the i neighbors ofv in Vi � 1 are incoming neighbors.
Consider the i -dimensional hypercubeQ0 � Qk that is spanned by c and v. In the
orientation induced on Q0, both c and v are sinks. But by induction, in this subgrid
of dimension less thank there is at most one sink; contradiction.

Using a symmetric argument, using that c0 is a sink, we get that for 1 < i < k ,
every v 2 Vi has a directed edge(v; v0) to somev0 2 Vi +1 .

Then, for any pair of successive layersVi ; Vi +1 with 1 � i; i + 1 � k � 1 we have that
eachv 2 Vi has an outgoing edge toVi +1 , and eachv 2 Vi +1 has an outgoing edge
to Vi . Following these edges, one can �nd a directed circuit withinVi [ Vi +1 . However,
by Lemma 2.33, the orientation O� is acyclic, so is the orientation induced onQk ;
contradiction.

Proof of Theorem 2.32. Consider the orientation induced by O� on any subgrid.
Lemma 2.33 shows acyclicity, which implies that there exists at least one sink, while
Lemma 2.36 shows that there exists at most one sink. Hence, there is exactly one sink.
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Consider a block signotope� of rank (r + 1) with block partition [n] = C1 _[ � � � _[ Cr .
For an element (c1; � � � ; cr ) 2 C1 � � � � � Cr we de�ne the index in block i as

rf i (c1; � � � ; cr ) := # f c 2 Ci : c > c i ; � (c1; � � � ; ci ; c; ci +1 ; � � � ; cr ) = + g

+ # f c 2 Ci : c < c i ; � (c1; � � � ; ci � 1; c; ci ; � � � ; cr ) = �g ;

and its re�ned index as

rf � (c1; � � � ; cr ) := (rf 1(c1; � � � ; cr ); � � � ; rf r (c1; � � � ; cr )) :

In terms of O� , the index rf i (c1; � � � ; cr ) is the out-degree of vertex(c1; � � � ; cr ) in
the i -th dimension. Thus, rf � = rf O � coincide.

Clearly, rf � (c1; � � � ; cr ) 2 f 0; � � � ; jC1j � 1g � � � � � f 0; � � � ; jCr j � 1g. The following
result is an immediate consequence of Theorem 2.32.

Corollary 2.37. For any (r + 1) -signotope� and block partition [n] = C1 _[ � � � _[ Cr ,
the re�ned index is a bijection

rf � : C1 � � � � � Cr ! f 0; � � � ; jC1j � 1g � � � � � f 0; � � � ; jCr j � 1g :

Proof. By Theorem 2.32,O� is a unique sink orientation. By Lemma 2.29, its re�ned
index is bijective. It coincides with rf � .

We consider Corollary 2.37 to be a result of independent interest: As it holds for any
block partition [n] = C1 _[ � � � _[ Cr , it provides general insight into the structure of
signotopes.

Admissability of 3-dimensional unique sink orientations induced by signotopes

As mentioned earlier, in the case of two-dimensional acyclic unique sink orientations,
admissibility is equivalent to avoiding the double twist DT . Moreover, as a further
characterization, an acyclic unique sink orientation is admissible if and only if it is
induced by an arrangement of pseudolines. Does this generalize to higher-dimensional
grids?

Gärtner [Gär02] has determined that, up to isomorphy, there exist only two acyclic
unique sink orientations of a three-dimensional cube that are not admissible. We
call them NAC1 and NAC2; they are both shown in Figure 2.46. Furthermore, he
showed that these together with the double twistDT as forbidden patterns completely
characterize admissibility of acyclic unique sink orientations up to dimension three:
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(a) Cube orientation NAC 1 (b) Cube orientation NAC 2

Figure 2.46.: Two non-admissible cube orientations.

Theorem 2.38 (Theorem 4.1 in [Gär02]). An acyclic unique sink orientation of
dimension of at most3 is admissible if and only if it does not containNAC1, NAC2

and DT.

Our following theorem shows that one direction of Theorem 2.30 can be generalized
from 3-signotopes alias pseudoline arrangements to4-signotopes: they also induce
admissible grid orientations.

Theorem 2.39. Every unique sink orientation O� on a grid of dimension at most3
that is induced by a block signotope� is admissible.

Before giving the proof of this theorem, we show the following auxiliary statement. It
states that for grid orientations, the property of being induced by a signotope inherits
to subgrids. For a reader who is guided by intuition, this might be clear, so they may
skip the proof.

Lemma 2.40. Let O� be anr -dimensional orientation induced by a block signotope�
of rank (r + 1) , and O0 � O � the orientation induced on anr 0-dimensional subgrid.
Then, O0 is induced by a block signotope of rank(r 0+ 1) .

Proof. Let [n] = C1 _[ � � � _[ Cr be the block partition of � , so O� is an orientation of
the grid C1 � � � � � Cr . Let C0

1 � � � � � C0
r , C0

i � Ci be the subgrid that corresponds
to O0.

Let � 0 be the restriction of � on (r + 1) -subsets ofC0
1 _[ � � � _[ C0

r . Then, iden-
tifying the elements C0

1 _[ � � � _[ C0
r with [ jC0

1j + � � � + jC0
r j ], the restriction � 0 is

an (r + 1) -signotope that induces O0 as an orientation of the grid C0
1 � � � � � C0

r .
If r 0 = r , i.e. O0 has the same dimension asO� , this is all that needs to be shown.

If the dimension ofO0 is smaller than the dimension ofO� , sor 0 < r , then there arer � r 0

indices i with jC0
i j = 1 . For simplicity, assume that these are the lastr � r 0 indices,
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so C0
i = f ci g for all r 0+ 1 � i � r , for someci 2 Ci . We have to show the existence

of an (r 0+ 1) -signotope that inducesO0 as an orientation of the grid C0
1 � � � � � C0

r 0.
Consider the map

� 0
#f cr 0+1 ;��� ;cr g :

�
C0

1 [ � � � [ C0
r 0

r 0+ 1

�
! f� ; + g

M 7! � 0(M [ f cr 0+1 ; � � � ; cr g) :

This is called a contraction of � 0 and as such it is indeed an(r 0 + 1) -signotope;
see [FW01] for details. One veri�es that � 0

#f cr 0+1 ;��� ;cr g inducesO0 as an orientation of

the grid C0
1 � � � � � C0

r 0.

Proof. (Proof of Theorem 2.39) By Lemma 2.33 we know thatO� is acyclic. Using
Theorem 2.38, it is su�cient to show that O� does not contain any ofNAC1, NAC2

and DT.

Suppose,O� contains NAC1, NAC2 or DT . Recall that this means that for some
subgrid S � O � , the orientation induced on S is isomorphic to NAC1, NAC2 or DT .
Hence, according to Lemma 2.40, there is an orientation isomorphic toNAC1, NAC2

or DT which is induced by a signotope. In the following, we will show that this is
impossible, which proves the theorem.

For the double twist DT , it is easy to see that it is not induced by a3-signotope:
the corresponding arrangement would contain a pair of pseudolines that cross twice;
see [FGT05] for details.

Let S2 oS3 denote the subgroup ofS6 that is generated by (12), (34), (56), (13)(24)
and (24)(35). The group S2 oS3 is isomorphic to the hyperoctahedral groupwhich
consists of the48symmetries of a three-dimensional cube. For each ofNAC1 and NAC2,
there are3! � 23 = 48 orientations isomorphic to it. We must show that none of them is
induced by a 4-signotope. Alternatively, we apply any of the 48 permutations S2 oS3

on the coordinates as in Figure 2.46 and show that the obtained orientation is not
induced by a signotope.

For example, Figure 2.47 shows the orientation obtained fromNAC1 (Figure 2.46a)
by permuting the coordinates by the permutation � = (5 ; 6; 2; 1; 4; 3). It cannot be
induced by a signotope, because the orientation of the three red edges would imply
two sign changes in� (12345)2.

2Recall the notation from Subsection 2.1.3: For an r -signotope � and an (r + 1) -subset A � [n], the

sequence of signs� (A) :=
�

� (Ab1c ); � � � ; � (Abr +1 c )
�

contains at most one sign change.
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Using a computer program, for each� 2 S2 oS3 we found a5-tuple for which in the
corresponding sign sequence imposed by the orientation there are two sign changes;
see our data in Appendix B.

Figure 2.47.: Non-admissible cube orientation NAC1 with labels permuted
by � = (5 ; 6; 2; 1; 4; 3). The red edges impose� (2345) = � , � (1345) = +

and � (1245) = � . This contradicts the monotonicity property of a signotope.

However, the converse of Theorem 2.39 is not true: Figure 2.48 shows an admissible
orientation of a cube that is not induced by a signotope. This fact was veri�ed again by
computer assistance using the same method that we used in the proof of Theorem 2.39
in order to show that NAC1 and NAC1 are not induced by signotopes. The data can
be found in Appendix B.

Figure 2.48.: Admissible cube orientation that is not induced by a signotope.

2.4.4. Conclusion and Future Work

We began this section by outlining the relationship between block colored pseudoline
arrangements and admissible orientations of two-dimensional grids [FGT05]; in Theo-
rem 2.31, we established a precise bijection between these objects. Our mission was to
generalize this work to higher dimensions. For this purpose, we de�ned block signo-
topes and demonstrated in Theorem 2.32 that they induce a unique sink orientation
of a grid of corresponding dimension. We consider this our main result, particularly
due to Corollary 2.37, which provides insight into the structure of signotopes.

However, only for dimension three we were able to show that grid orientations induced
by block signotopes are admissible (Theorem 2.39), although we believe that it holds
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for all dimensions. We also saw that, unlike in the two-dimensional case, not all
higher-dimensional admissible grid orientations are induced by block signotopes.

We conclude this section with the following open problems.

Question 3. Is the unique sink orientation O� admissible for dimensions greater than
three?

The following question from [GMjR08] remains open:

Question 4. Is it true that, for any dimension, admissible grid orientations can be
characterized in terms of the avoidance of �nitely many subgrid patterns?
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In this chapter, we present our results published in [FRS24] and parts of our results
from [ARFO + 24].

The results from [FRS24] are on two di�erent conjectures by Grünbaum [Grü72]
regarding the cell structure ofarrangements of pairwise intersecting pseudocircles. The
�rst one states that an arrangement of sizen can form at most 2n � 2 digon cells. We
prove this conjecture for the special case in which there exist three pseudocircles that
pairwise form a digon. In the class of arrangements without such a triple, we construct
an in�nite family that contain exactly 2n � 2 digons. Note that, in the meantime,
Grünbaum's conjecture on the number of digons has been proven in general [ADK + 25a].
Next, we discuss the minimum number of triangles in arrangements without digons
and touchings. Snoeyink and Hershberger [SH91] established a lower bound ofd4

3ne
triangles, which we prove to be tight.

In [ARFO + 24] we study the connectivity of the triangle �ip graph of pseudoline
arrangements (see Theorem 2.2 in Chapter 2) and of arrangements of intersecting
pseudocircles without touchings. Here, we present only the part on pseudocircle
arrangements.

3.1. Introduction

An arrangement A of pairwise intersecting pseudocirclesis a collection ofn(A ) simple
closed curves on the plane such that any two of the curves either touch in a single point
or intersect in exactly two points where they cross. For simplicity, throughout this
chapter, we also call them justintersecting (pseudocircle) arrangementand sometimes
even omit the property intersecting, as all pseudocircle arrangements studied in this
chapter are intersecting unless otherwise mentioned.

We consider all arrangements to besimple; that is, no three pseudocircles meet at
a common point. As we consider pseudocircle arrangements in the Euclidean plane
(instead of arrangements on a sphere), each pseudocircleC partitions the plane into
a bounded region, calledinterior and denoted byInt (C), and an unbounded region,
called exterior and denoted byExt (C). An entire arrangement A partitions the plane
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3. Arrangements of Pseudocircles

into cells. There is a unique unbounded cell, calledouter cell, which is the intersection
of the exterior Ext (C) of all pseudocirclesC 2 A . A cell with exactly k crossings on
its boundary is a k-cell, 2-cells are also calleddigons and 3-cells aretriangles. The
number of k-cells of an arrangementA is denoted aspk (A ).

The study of cells in arrangements started almost a century ago when Levi [Lev26]
showed that, in an arrangement of at least three pseudolines in the projective plane,
every pseudoline is incident to at least three triangles. In the 1970s, Grünbaum [Grü72]
studied arrangements of pseudolines and initiated the study of arrangements of
pseudocircles.

3.1.1. Digons and Touchings

Concerning digons in arrangements of pairwise intersecting pseudocircles, Grün-
baum [Grü72] presented a construction with2n � 2 digons (depicted in Figure 3.1)
and conjectured that these arrangements have the maximum number of digons1.

Conjecture 7 (Grünbaum's digon conjecture[Grü72, Conjecture 3.6]). Every sim-
ple arrangement A of n pairwise intersecting pseudocircles has at most2n � 2
digons, i.e., p2 � 2n � 2.

Figure 3.1.: An arrangement of n � 4 pairwise intersecting pseudocircles with exactly2n � 2
digons. Digons are highlighted gray.

(Figure copied from Grünbaum [Grü72, Figure 3.28].)

In the meantime, Grünbaum's digon conjecture has been completely solved (see below);
it is no longer a conjecture. The history of progress can be summarized as follows.

First, it was shown by Agarwal et al. [ANP+ 04] that Conjecture 7 holds for simple
cylindrical arrangements.

1Originally the conjecture was stated as to include non-simple arrangements which are non-trivial ,
i.e., non-simple arrangements with at least 3 crossing points.
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An intersecting arrangement of pseudocircles iscylindrical if there is a point which
belongs to the interior of each pseudocircle; such a point is called acenter, and the
cell that contains the center is calledcenter cell. An intersecting arrangement of
pseudoparabolasis a collection of in�nite x-monotone curves, calledpseudoparabolas,
where each pair of them either have a single touching or intersect in exactly two points
where they cross. Every cylindrical arrangement of pseudocircles can be represented
as an arrangement of pseudoparabolas and vice versa.

From an arrangement of pseudoparabolas one can directly obtain a drawing of an
arrangement of pseudocircles on the lateral surface of a cylinder so that the pseudo-
circles wrap around the cylinder. The center cell and the outer cell correspond to
the top and the bottom of the cylinder (or vice versa). The top and bottom cell may
have degree two; they account for the di�erence of two between the conjecture and
the result for pseudo-parabolas.

More precisely, Agarwal et al. [ANP+ 04] showed that the number of touchings in
an intersecting arrangement ofn pseudo-parabolas is at most2n � 4 [Theorem 2.4]
and in an intersecting cylindrical arrangement it is at most 2n � 3 [Corollary 2.12].
They extended this by showing that for intersecting arrangements of pseudocircles the
number of digons is at most linear inn [Theorem 2.13].

The proof of the last result is based on the fact that every arrangement of intersecting
pseudocircles can be stabbed by constantly many points. That is, there exists an
absolute constantk, called the stabbing number2, such that for every arrangement of
n pseudocircles in the plane there exists a set ofk points with the property that each
pseudocircle contains at least one of the points in its interior[ANP+ 04, Corollary 2.8].
Therefore, the arrangement can be decomposed into constantly many cylindrical
subarrangements. The linear upper bound then follows from the fact that each pair of
subarrangements contributes at most linearly many digons.

In 2021, Felsner and Scheucher [FS21] veri�ed Grünbaum's digon conjecture for
arrangements with up to 7 pseudocircles.

The conjecture has also been studied for proper circles. Alon et al. [ALPS01] proved
that every arrangement of n pairwise intersecting circles contains at most20n � 2
digons. For arrangements of pairwise intersecting unit circles, Pinchasi [Pin02] proved
that there are at most n + 3 digons. In 2024, Ackerman et al. [ADK + 24, ADK + 25b]
proved Grünbaums digon conjecture for circles.

Here, we present our partial result on Grünbaum's digon conjecture, which was �rst
made public in 2022; see [FRS23, FRS24]. We show that Grünbaum's digon conjecture

2 In the literature, the stabbing number is also referred to as piercing number or transversal number.
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holds for arrangements which contain three pseudocircles that pairwise form a digon.
Our work builds on the results in [ANP+ 04] for cylindrical arrangements.

As already mentioned, very recently, in [ADK + 25a], Grünbaum's digon conjecture (Con-
jecture 7) was completely resolved by using very similar methods to those in [ANP+ 04]
and [ADK + 25b].

Their principal idea can be sketched as follows. To a given arrangementA , they add
a pseudocirclec which they use to de�ne a drawing of a bipartite graph G. Each
pseudocirclep 2 A is represented by two vertices, which are the two points of intersec-
tion pin ; pout betweenp and c, while for each digon formed by pseudocirclesp; q 2 A ,
two edges(pout ; qin ) and (qout ; pin ) are drawn in a certain well-speci�ed way closely
along c. The most involved part is showing that any pair of independent edges cross
an even number of times; hence, by the Hanani-Tutte theorem,G is planar. As G is
also bipartite, this bounds the number of edges by2 � jV (G)j � 4, and, therefore, the
number of digons by2n � 2.

Nevertheless, apart from the other results that we have obtained in [FRS24], we present
our proof of the mentioned special case. Before we state the result as a theorem, let us
introduce some notation. For an arrangementA of pseudocircles and any selection of
its digons, we can perform a perturbation so that the selected digons become touching
points. Figure 3.2 gives an illustration. It is therefore su�cient to �nd an upper bound
on the number of touchings to prove Grünbaum's digon conjecture. We de�ne the
touching graphT(A) to have the pseudocircles ofA as vertices, and two vertices form
an edge if the two corresponding pseudocircles touch.

Figure 3.2.: Contracting some digons to touchings.

Theorem 3.1. Let A be a simple arrangement ofn pairwise intersecting pseudocircles.
If the touching graphT(A) contains a triangle, then there exist at most2n� 2 touchings,
i.e., p2(A ) � 2n � 2.

Theorem 3.1 in particular shows that Grünbaum's construction with 2n � 2 touchings
is maximal for arrangements with triangles in the touching graph, but does not
solve it for general intersecting arrangements of pseudocircles. In Section 3.3 we
construct a family of arrangements ofn pairwise intersecting pseudocircles which have
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exactly 2n � 2 touchings and a triangle-free touching graph. This family witnesses
that the conjectured upper bound (Conjecture 7) can also be achieved in the cases
not covered by Theorem 3.1.

Proposition 3.2. For n 2 f 11; 14; 15g and n � 17 there exists a simple arrange-
ment A n of n pairwise intersecting pseudocircles with no triangle in the touching
graph T(A n ) and with exactlyp2(A n ) = 2 n � 2 touchings.

3.1.2. Triangles in Digon-Free Arrangements

In this context we assume that all arrangements are digon- and touching-free. It
was shown by Levi [Lev26] that every arrangement ofn pseudolines in the projective
plane contains at leastn triangles. Since arrangements of pseudolines are in corre-
spondence with arrangements ofgreat-pseudocircles(see e.g. [FS20, Section 4]), it
follows directly that an arrangement of n great-pseudocircles contains at least2n
triangles, i.e., p3 � 2n.

It was conjectured by Grünbaum that every digon-free intersecting arrangement onn
pseudocircles contains at least2n � 4 triangles [Grü72, Conjecture 3.7]. Snoeyink
and Hershberger [SH91] proved a sweeping lemma for arrangements of pseudocircles;
see Lemma 3.12 in this chapter. Using this powerful tool, they concluded that in
every digon-free intersecting arrangement every pseudocircle has two triangles on
each of its two sides (interior and exterior). This immediately implies the lower
bound p3(A ) � 4n=3; see Section 4.2 in [SH91].

An in�nite family of digon-free arrangements of intersecting pseudocircles withp3 < 16
11n

was constructed in [FS21]. This family shows that Grünbaum's conjecture is wrong.
With computer assistence [FS21], it was also veri�ed that the lower bound p3 � 4n=3
is tight for 6 � n � 14. Here we show that the bound is tight for all n � 6:

Theorem 3.3. For every n � 6, there exists a simple digon-free arrangementA n

of n pairwise intersecting pseudocircles withp3(A n ) = d4
3ne triangles. Moreover, these

arrangements are cylindrical.

The construction that we use for proving Theorem 3.3 is based on replacing pseudocir-
cles with bundles of pseudocircles. Starting from any digon-free arrangement, we can
extend it to a counterexample of Grünbaum's triangle conjecture:

Theorem 3.4. For " > 0 �xed, every digon-free arrangementA of n pairwise inter-
secting pseudocircles is contained as a subarrangement in a digon-free arrangementÂ
of n̂ pairwise intersecting pseudocircles withp3(Â ) < ( 4

3 + ")n̂.
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For n = 6 there is a unique intersecting digon-free arrangement which minimizes the
number of triangles. This arrangementN �

6 (see Figure 3.18) has been shown to be
non-circularizable in [FS20], i.e., N �

6 cannot be represented as an arrangement of
proper circles. All counterexamples to Grünbaums conjecture presented in [FS21] as
well as the arrangements constructed in the proof of Theorem 3.3 containN �

6 as a
subarrangement. Hence, all these arrangements are non-circularizable. The following
weakening of the original Grünbaum conjecture has been stated as Conjecture 2.2
in [FS21].

Conjecture 8 (Weak Grünbaum triangle conjecture). Every simple digon-free ar-
rangementA of n pairwise intersecting circles has at least2n � 4 triangles.

To prove the conjecture it would be enough to verify that every simple intersecting digon-
free arrangement ofn pseudocircles with less than2n � 4 triangles containsN �

6 as a
subarrangement. This, however, is wrong. There are counterexamples to Grünbaum's
conjecture without N �

6 as a subarrangement. In Subsection 3.4.2, we prove the
following proposition and discuss additional constructions.

Proposition 3.5. There is an in�nite family of simple intersecting digon-free ar-
rangements ofn pseudocircles withd5

3ne+ 2 triangles which have no subarrangement
isomorphic to N �

6 .

3.1.3. Flip-Graph Connectivity

For simplicity, for the remaining results of this chapter, we will only consider pseudo-
circle arrangements without touchings. The absence of touchings makes it easier to
study �ip operations and is not a real restriction. Observe that a touching can always
be expanded to a digon, and vice versa, a digon can be contracted to a touching3; see
the example in Figure 3.2. Instead of forbidding touchings, we could, equivalently,
consider pseudocircle arrangements up to expansion and contraction of touchings
and digons, and, wherever we de�ne a �ip operation, we would implicitly assume all
touchings to be expanded to digons.

If, for a moment, we allow pairs of pseudocircles to be disjoint (i.e. non-intersecting
arrangements), it is natural to consider three di�erent �ip operations: In addition to
the triangle �ip, there is the digon-create�ip to allow two initially disjoint pseudocircles
to start intersecting in a digon; and the reverse operation, calleddigon-collapse�ip
(see Figure 3.22). With these three �ip operations, the �ip-connectivity of arrangements

3To be strict, we have to assume n � 3 in order to be able to contract all digons to touchings.
Otherwise, for n = 2 , there are adjacent digons.
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of circles is evident: one can shrink the circles until they have pairwise disjoint
interiors.

The sweeping lemma of Snoeyink and Hershberger [SH91] implies that any pseudocircle
in an arrangement can be shrunk to a point in a continuous process which maintains
the invariant that two pseudocircles intersect in at most two points. In a discretized
form, this yields a sequence of digon and triangle �ips. Hence, any two arrangements
of n pseudocircles can be transformed into each other via a sequence of these �ips.

However, the resulting �ip sequence in general uses many digon �ips and goes via
the canonical arrangement of pairwise disjoint pseudocircles. This naturally raises
the question of whether it is possible to transform two intersecting arrangements of
pseudocircles into each other without any two pseudocircles becoming disjoint, or, in
other words, by using only triangle �ips. Equivalently, we ask whether the �ip graph
of intersecting arrangements ofn pseudocircles is connected.

For intersecting arrangements of circles the answer is yes. We leave the details as an
exercise to the reader. Another class where the answer is yes aregreat-pseudocircle
arrangements, which are a generalization of great-circle arrangements on the sphere.
These are intersecting arrangements with the property that for any three pseudocir-
clesCi , Cj , Ck the two intersection points of Ci and Cj are on di�erent sides of Ck .
Great-pseudocircle arrangements are in bijection to pseudoline arrangements and
hence Ringel's theorem (see Proposition 2.3 in Chapter 2) carries over4. Felsner and
Scheucher [FS20] showed �ip-connectivity for intersecting digon-free arrangements of
proper circles and conjectured connectivity of the pseudocircular analogue (cf. [FS20,
Conjecture 8.6]). Our second main result is a positive answer to the question above.

Theorem 3.6. The triangle �ip graph of intersecting arrangements ofn pseudocircles
is connected.

A crucial ingredient for our proof of Theorem 3.6 are, again, cylindrical arrangements.
One part of the proof is to show that every intersecting cylindrical arrangement can be
�ipped into a canonical arrangement by only using triangle �ips and without leaving
the class of cylindrical arrangements.

Theorem 3.7. The triangle �ip graph of intersecting cylindrical arrangements of n
pseudocircles is connected.

4For great-pseudocircle arrangements, a �ip must consist of two simultaneous triangle �ips applied
to a pair of `antipodal' triangles, otherwise intermediate arrangements fail to have the great-
pseudocircle property.

71



3. Arrangements of Pseudocircles

Showing that every intersecting arrangementA can be �ipped into some cylindrical
arrangement then completes the proof of Theorem 3.6. The proofs of both Theorem 3.6
and Theorem 3.7 are given in Section 3.5.

In [ARFO + 24], we also studied the diameter of the resulting �ip graphs. For both
the triangle �ip graph of intersecting arrangements and for the triangle �ip graph on
intersecting cylindrical arrangements, we obtain the following asymptotically tight
bounds for the diameter. For the proofs of Proposition 3.8 and Proposition 3.9, we
refer the reader to the original article [ARFO+ 24].

Proposition 3.8. The triangle �ip graph of intersecting cylindrical arrangements of n
pseudocircles has diameter at least2

� n
3

�
and at most 4

� n
3

�
.

Proposition 3.9. The triangle �ip graph of intersecting arrangements ofn pseudocir-
cles has diameter�( n3).

For both the maximal number of digons (Theorem 3.1) and the connectivity of the
triangle �ip graph, cylindrical arrangements play a central role. As a side product of our
investigation, we obtained the following characterization of cylindrical arrangements.
We will give the proof of Proposition 3.10 in Section 3.6.

Proposition 3.10. Let A be an arrangement ofn pseudocircles with pairwise over-
lapping interiors. Then, the following �ve statements are equivalent:

(1) A is cylindrical.

(2) A does not contain a NonKrupp(3) as a subarrangement.

(3) There is no clockwise oriented cycle inA .

(4) There is no clockwise oriented cell inA .

(5) The outer cell has eccentricityn.

For a drawing of the mentioned NonKrupp(3) arrangement see Figure 3.21d.

3.1.4. Related Work and Discussion

The focus of this chapter is on arrangements of pairwise intersecting pseudocircles.
For the setting of arrangements, where pseudocircles do not necessarily pairwise
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intersect, a classical construction of Erd®s [Erd46] gives arrangements ofn unit circles
with 
( n1+ c=log log n ) touchings. An upper bound of O(n3=2+ � ) on the number of
digons in circle arrangements was shown by Aronov and Sharir [AS02]. The precise
asymptotics, however, remain unknown. Moreover, we are not aware of an upper
bound for pseudocircles.

Problem 1. Determine the maximum number of touchings among all simple non-
intersecting arrangements ofn circles and pseudocircles, respectively.

Concerning intersecting arrangements with digons, the number of triangles behaves
di�erent than in digon-free arrangements. While the lower bound isp3 � 2n=3, we
know that in the range of 3 � n � 7 the correct bound is p3 � n � 1, this was
obtained using a computer-assisted exhaustive enumeration [FS21]. This motivates
the conjecture:

Conjecture 9 ([FS21, Conjecture 2.10]). Every simple arrangement ofn � 3 pairwise
intersecting pseudocircles has at leastn � 1 triangles, i.e., p3 � n � 1.

Dropping the condition that the arrangements are intersecting seems non-interesting
at �rst: arrangements of pairwise non-intersecting circles have no triangles. If we
add the condition that the intersection graph of the circles is connected we still have
arrangements with a bipartite intersection graph where all cells are of even size, hence,
there are no triangles. In the case where the intersection graph is connected and digons
are forbidden, triangles are unavoidable, in fact, for alln � 3 there are arrangements
in this class with only 8 triangles, and this is the minimum.

Concerning the maximum number of triangles in intersecting arrangements, Felsner
and Scheucher [FS21] have shown an upper boundp3 � 4

3

� n
2

�
+ O(n) which is optimal

up to a linear error term. In fact, while 4
3

� n
2

�
is an upper bound for arrangements of

great-pseudocircles, we found an intersecting arrangement (n = 7 ) with no digons, no
touchings, and29 = 4

3

� 7
2

�
+ 1 triangles. We are not aware of an in�nite family of such

arrangements.

Problem 2. Determine the maximum number of triangles of simple arrangements
of n pairwise intersecting pseudocircles.

Next, we showed that the triangle �ip graph of intersecting arrangements ofn pseudo-
circles is connected for everyn 2 N.

As mentioned above, the minimum degree in the triangle �ip graph of intersecting
arrangements of pseudocircles is known to be between2n

3 and n � 1 [FS21], and,
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according to Theorem 3.3, the minimum degree of the triangle �ip graph of digon-free
intersecting arrangements equalsd4n

3 e. These results yield bounds for the connectivity
of the respective �ip graphs. For digon-free arrangements, the connectivity of the
triangle �ip graph is conjectured in [FS20]; this is still an open problem:

Question 5. Is it true that, for every n 2 N, the triangle �ip graph of digon-free
intersecting arrangements ofn pseudocircles is connected?

Felsner and Scheucher [FS20] showed that the corresponding result for digon-free
intersecting arrangements of circles is true. The idea is as follows: a given arrangement
of circles is projected to a unit-sphereS and the circles are extended to planes (each
circle is the intersection of a plane withS). The planes are simultaneously moved
towards the origin such that all circles eventually become great-circles. The connectivity
then follows from the �ip connectivity of great-circle arrangements. When moving the
planes towards the origin, it is crucial that each Krupp (see Figure 3.21) remains a
Krupp and each NonKrupp is eventually transformed into a Krupp; therefore no new
digons appear.

Figure 3.3.: The cylindrical arrangement N 2
6 . Each triangle (shaded gray) is formed by

a Krupp. The center is marked by � .

We remark that a corresponding approach to transform a digon-free arrangement
of pairwise intersecting pseudocircles into an arrangement of great-pseudocircles by
iteratively �ipping NonKrupp triangles to increase the number of triples which form
a Krupp does not seem to work. The arrangementN 2

6 shown in Figure 3.3 is digon-
free, contains a NonKrupp subarrangement (e.g., formed by the red, blue and black
pseudocircles), but every triple of pseudocircles, which bound a triangle, form a Krupp.
Note that N 2

6 is non-circularizable [FS20, Section 6.2]. By the connectivity result for
digon-free intersecting circle arrangements, an analogous situation cannot occur in
circularizable arrangements.
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With Theorem 3.7 we have shown that the triangle �ip graph of intersecting cylindrical
arrangements ofn pseudocircles is connected. The question whether the triangle �ip
graph of digon-free intersecting cylindrical arrangements is connected remains open.

The progress in the study of triangle �ip graphs made in this paper may foster
the future study of questions like Hamiltonicity, degree of connectivity, expansion
properties, and others for classes of triangle �ip graphs.

Our focus in this chapter and in the previous chapter (Chapter 2) is on arrangements
of pseudolines and pseudocircles. Other authors have also studied other arrangements
of curves with restricted intersection patterns, see e.g. [AK24, Cha08, BHP08]. It
seems, however, that �ip graphs have not been studied for families of curves beyond
pseudolines and pseudocircles. Indeed one of the main tools in our studies, the
sweeping lemma, is not available in general. Snoeyink and Hershberger [SH91] describe
arrangements of curves with at most3 and 4 pairwise intersections, respectively, which
cannot be swept.

Still, one can de�ne a large class of so calledmonotone quasiline arrangements, in
which the curves are allowed to cross an arbitrary number of times and which can
be swept [BKPš18 ]. This class should o�er many interesting questions related to �ip
connectivity.

3.2. Proof of Theorem 3.1

Theorem 3.1. Let A be a simple arrangement ofn pairwise intersecting pseudocircles.
If the touching graphT(A) contains a triangle, then there exist at most2n� 2 touchings,
i.e., p2(A ) � 2n � 2.

Proof. Since the touching graphT(A) contains a triangle, there are three pseudocircles
in A that pairwise touch. Let K be the subarrangement induced by these three
pseudocircles and let4 and 4 0 denote the two open triangle cells inK. We label the
three touching points, which are also the vertices of4 and 4 0, as a; b; c. Furthermore,
we label the three boundary arcs of4 (resp. 4 0) as �; �; 
 (resp. � 0; � 0; 
 0), as shown
in Figure 3.4a.

Assume that all digons in A are contracted to touchings. In the following, the
arrangement in Figure 3.6 will serve as a running example forA . The intersection
of a pseudocircleC 2 A n K with 4 [ 4 0 results in three connected segments, which
we denote as the threepc-arcs of C; see Figures 3.4b and 3.4c. Note that two of the
pc-arcs induced byC may share an endpoint ifC forms a touching with one of the
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(a) (b) (c)

Figure 3.4.: (a) An illustration of the subarrangement K. (b) and (c), respectively, illustrate
an additional pseudocircleC (red), the pc-arcs inside4 [ 4 0 are highlighted.

pseudocircles fromK; in the example arrangement in Figure 3.6, this occurs5 times
on the boundary of 4 and 4 times on the boundary of4 0.

Each pc-arc in 4 connects two of�; � or 
 while a pc-arc in 4 0 connects two of� 0; � 0

and 
 0. Depending on the boundary arcs on which they start and end, they belong
to one of the types �� , �
 , �
 , � 0� 0, � 0
 0 or � 0
 0. Figure 3.7 shows the regions
of 4 and 4 0 together with the pseudocircles passing through them; Figure 3.8 shows
the same regions but the arcs are colored according to their type in blue (�� , � 0� 0),
red (�
 , � 0
 0) or green (�
 , � 0
 0).

Claim 1. If two pc-arcs inside4 (resp. 4 0) have a touching or cross twice, then they
are of the same type.

Proof of Claim 1. We prove the claim for 4 ; the argument for 4 0 is the same.

Suppose towards a contradiction that two distinct pseudocirclesC; C0 from A n K
contain pc-arcsA � C \ 4 and A0 � C0\ 4 of di�erent types that have a touching
or cross twice.

For simplicity, consider only the arrangement induced by the pseudocirclesK [ f C; C0g.
By symmetry we may assume thatA is of type �
 and A0 is of type �� . We may
further assume that A and A0 have a touching, since otherwise, if they cross twice,
they form a digon and we can contract it. This allows us to distinguish four cases
which are depicted in Figure 3.5 (up to further possible contractions of digons formed
betweenC and the pseudocircles ofK).

Case 1: C separatesa from b and c.

Case 2: C separatesb from a and c.

Case 3: C separatesc from a and b.

Case 4: C does not separatea; b; c.
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3.2. Proof of Theorem 3.1

(a) (b)

(c) (d)

Figure 3.5.: a�d illustrate Cases 1�4 from the proof of Claim 1. The pseudocirclesC and C0

are highlighted blue and red, respectively. The pc-arcsA and A0 are emphasized.

In the next paragraph, we show that in neither case is it possible to extend the arcA0

to a pseudocircleC0 intersecting the three pseudocircles ofK. This is a contradiction.

Extend A0 starting from its endpoint on � . The only way to reach 
 or 
 0, avoiding
an invalid, additional intersection with C, is via the pseudocircle� [ � 0. But the
other endpoint of A0 already lies on� , so either the pseudocircle extendingA0 has
at least three intersections with � [ � 0 or it misses
 [ 
 0. Both are prohibited in an
intersecting arrangement extendingK.

This completes the proof of Claim 1. 4

Next we transform A into another intersecting arrangementA 0 by redrawing the pc-
arcs within 4 and 4 0 such that the pairwise intersections and touchings are preserved
and all crossings and touchings of each arc type are concentrated in a narrow region as
depicted in Figure 3.9. First we apply an appropriate homeomorphism on the drawing
so that 4 becomes a proper triangle (4 0 will be treated in an analogous manner); see
again Figure 3.7 and Figure 3.8. For the arc type�� we place a small rectangular
region R�� within 4 that lies close to the vertex c. We now redraw all pc-arcs of
type �� so that
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3. Arrangements of Pseudocircles

ˆ all crossings and touchings between pc-arcs of type�� lie inside R�� ,

ˆ every pc-arc of type�� intersects R�� on opposite sites, and

ˆ for every pc-arc of type�� , the removal of R�� leaves two straight line segments
which connectR�� to � and � (i.e., the boundary segments of4 ).

We proceed analogously for the arc types�
 and �
 . By Claim 1 touchings and
double crossings only occur between pc-arcs of the same type and therefore lie in
the rectangular regions. Since the rectangular regions are placed close enough to
the vertices a; b; c of the triangle 4 , no additional intersections or touching points
are introduced and we obtain an arrangementA 0 of pseudocircles with the same
intersections and touchings asA . The combinatorics of the resulting arrangementA 0

may, however, di�er from A, since the transformation typically changes the intersection
orders of the pseudocircles. We conclude:

Observation 2. The transformation preserves the incidence relation between any
pair of pc-arcs, that is, two pc-arcs inA are disjoint/cross in one point/cross in two
points/touch if and only if the two corresponding pc-arcs inA 0 are disjoint/cross in
one point/cross in two points/touch.

This implies that A 0 is indeed again an arrangement ofn(A 0) = n(A) pairwise
intersecting pseudocircles with identical touching graphT(A 0) = T(A). In particular,
the number of touchings is preserved.

Figure 3.6.: Original arrangement A

Claim 2. The arrangement induced byA 0n K is cylindrical.

Proof of Claim 2. For each pseudocircleC 2 A 0n K, the intersection

C \ (4 [ 4 0) = ( C \ 4 ) [ (C \ 4 0)
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3.2. Proof of Theorem 3.1

(a) (b)

Figure 3.7.: Area 4 a and area4 0 b, colors as inA .

(a) (b)

Figure 3.8.: Area 4 a and area4 0 b, colors according to arc-type.

consists of three pc-arcs, and each of these three pc-arcs is of a di�erent type. The
�rst arc is of type �� or � 0� 0 (depending on whether it is inside4 or 4 0), the second
is of type �
 or � 0
 0, and the third is of type �
 or � 0
 0.

Now we redrawA 0 on a cylinder as illustrated in Figure 3.10. Since all crossings and
touchings of the arc type are within a small region, all pseudocircles fromA 0n K wrap
around the cylinder, and hence the arrangement induced byA 0n K is cylindrical.

This completes the proof of Claim 2. 4

Next we replace the three pseudocircles ofK by six pseudocircles as illustrated in the
left part of Figure 3.11, so that the resulting arrangementA 00is cylindrical. Each
of the three touching points a; b; c in K is replaced by two new touching points and
altogether we obtain touchingsa0; a00; b0; b00; c0; c00. Hence, when transformingA into A 00,
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3. Arrangements of Pseudocircles

(a) (b)

Figure 3.9.: Area 4 a and area4 0 b. Concentrate all crossings and touchings of one arc type
in a narrow region. The narrow regions are indicated by dashed rectangles.

the number of pseudocircles is increased by 3 and the number of touchings is also
increased by 3.

Agarwal et al. [ANP+ 04] proved the p2 � 2n � 3 upper bound on the number of touch-
ings in cylindrical arrangements ofn pairwise intersecting pseudocircles by bounding
the number of touchings in an arrangement of pairwise intersecting pseudoparabolas.
They show that their touching graph is planar and bipartite [ANP+ 04, Theorem 2.4],
hence, it has at most2n � 4 edges. The di�erence between2n � 4 and 2n � 3 comes
from the fact that the upper or the lower face in the pseudoparabola drawing of a
pseudocircle arrangementA can be a digon ofA .

The drawing of A 00 in Figure 3.11 can be seen as an intersecting arrangement of
pseudoparabolas. The complexity of the upper and of the lower face is three, hence,
the arrangement has at most2n(A 00) � 4 touchings.

We review the ideas of the proof of Agarwal et al.[ANP+ 04] to verify the following
claim.

Claim 3. T(A 00) is planar, bipartite, and has at most 2n(A 00) � 5 edges.

Proof of Claim 3. Label the pseudoparabolasP1; : : : ; Pn such that the starting
segments are ordered from top to bottom. In the touching graphT(A 00), we label the
corresponding vertices as1; : : : ; n.

Bipartiteness: The bipartition comes from the fact that the digons incident to a
�xed pseudoparabolaPj are either all from below or all from above. Suppose that a
pseudoparabolaPj has a touching from above withPi and from below with Pk . It
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3.2. Proof of Theorem 3.1

Figure 3.10.: A cylindrical drawing of A 0n K

Figure 3.11.: Replace each of the three pseudocircles ofK by two new pseudocircles so that
the entire arrangement is now cylindrical. The pseudocircle from Figure 3.10

that contains the points a and c (resp. points c and b / points b and a) is
replaced by a new dark red and a new bright red (resp. dark green and bright

green / dark blue and turqoise) pseudocircle. The right part shows the
corresponding touching graph.

follows that Pi is abovePj everywhere andPk is below Pj everywhere. Hence,Pi

and Pk are separated byPj and cannot intersect � this contradicts the assumption
that the pseudocircles are pairwise intersecting.

We now further observe that the uppermost pseudoparabolaP1 and the lowermost
pseudoparabolaPn belong to distinct parts of the bipartition, because P1 has all
touchings below (i.e. with parabolas of greater index);Pn has all touchings above (i.e.
with parabolas of smaller index). Hence, the touching graph remains bipartite after
adding the edgef 1; ng.

Planarity: For the planarity of T(A 00), Agarwal et al. [ANP+ 04] create a particular
drawing: The vertices are drawn on a vertical line and each edgee = f u; vg is
drawn as any-monotone curve according to the followingdrawing rule: For eachw
with u < w < v , we route e to the left of w if the pseudoparabolaPw intersects Pu

beforePv, otherwise we draw the edgee right of w. It is then shown that in the so-
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3. Arrangements of Pseudocircles

obtained drawing D, each pair of independent edges has an even number of intersections.
The right part of Figure 3.11 shows such a drawing of the corresponding touching
graph. The Hanani�Tutte theorem (cf. Section 3 in [Sch13]) implies that T(A 00) is
planar.

Notice that f 1; ng is not an edge inT(A 00), since by construction, the lowermost and
uppermost pseudocircles do not touch. We further observe that, since all edges inD
are drawn asy-monotone curves, the entire drawing lies in a box which is bounded
from above by vertex1 and from below by vertexn. Hence, we can draw an additional
edge from1 to n which is routed entirely outside of the box and does not intersect any
other edge. Again, by the Hanani�Tutte theorem, we have planarity. Since any planar
bipartite graph on n vertices has at most2n � 4 edges, we conclude thatT(A 00) has
at most 2n � 5 edges.

This completes the proof of Claim 3. 4

We are now ready to �nalize the proof of Theorem 3.1. From Claim 3 andn(A 00) = n+3
we get p2(A 00) � 2(n + 3) � 5. Sincep2(A 00) = p2(A ) + 3 this implies p2(A ) � 2n � 2,
which is the desired bound.

3.3. Proof of Proposition 3.2

The proof of Proposition 3.2 is based on theblossom operation, which allows to dissolve
triangles in the touching graph. We will apply the blossom operation to arrangements
whose touching graphs are wheel graphs to obtain arrangements with the desired
properties.

Let A be an arrangement of pairwise intersecting pseudocircles, letv be a pseudocircle
in A , and let w1; : : : ; wd be the pseudocircles inA which form touchings with v in
this particular circular order along v. SinceA is intersecting, all the touchings are on
the same side ofv. As illustrated in Figure 3.12, the blossom operation relaxes the
touchings betweenv and w1; : : : ; wd to digons and insertsd new pseudocirclesv0

1; : : : ; v0
d

inside and very close tov so that

ˆ v0
1; : : : ; v0

d form a cylindrical arrangement,

ˆ v touchesv0
1; : : : ; v0

d, and

ˆ wi touchesv0
i � 1 and v0

i (indices modulod).
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3.3. Proof of Proposition 3.2

Since the new pseudocirclesv0
1; : : : ; v0

d are added in an"-small area close tov, it is
ensured that eachv0

i intersects all other pseudocircles. Hence, the obtained arrangement
is again an arrangement of pairwise intersecting pseudocircles.

Figure 3.12.: An illustration of the blossom operation applied on the pseudocirclev of an
arrangement.

Figure 3.13 shows the e�ect of the blossom operation on the touching graph. Note that
in these graph drawings the circular orders of the edges incident to a vertex coincide
with the orders in which the touchings appear on the corresponding pseudocircle.

Figure 3.13.: Blossom operation applied onv: Modi�cation of the touching graph.

The blossom operation increases the numbern(A ) of pseudocircles of arrangementA
by d and the number p2(A ) of touchings by 2d. Hence, when applied to an arrange-
ment A with exactly p2(A ) = 2 n(A ) � 2 touchings, the blossom operation again yields
an arrangementA 0 with p2(A 0) = 2 n(A 0) � 2 touchings.

The blossom operation can be used to eliminate triangles in the touching graph. Assume
pseudocircleswi and wj touch, hencev; wi ; wj form a triangle in the touching graph.
Then the blossom operation onv destroys this triangle without creating a new one if and
only if, along the pseudocirclev, the two touchings with wi and wj are not consecutive.
In Figure 3.13 a triangle f v; w1; w2g would result in the new triangle f v0

1; w1; w2g,
while a triangle f v; w1; w3g would be eliminated without replacement.
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3. Arrangements of Pseudocircles

Using the blossom operation, we are now able to prove Proposition 3.2.

Proposition 3.2. For n 2 f 11; 14; 15g and n � 17 there exists a simple arrange-
ment A n of n pairwise intersecting pseudocircles with no triangle in the touching
graph T(A n ) and with exactlyp2(A n ) = 2 n � 2 touchings.

Proof. Let n0 � 11 be an integer with n0 � 3 (mod 4). Then n = n0+1
2 is an even

integer with n � 6. As illustrated in Figure 3.14a and Figure 3.14b, we can construct
an arrangementA of n pseudocircles withp2 = 2n � 2 touchings such that the touching
graph T(A) is the wheel graphWn .

(a) (b)

(c) (d)

Figure 3.14.: (a) An arrangementA of 6 pseudocircles, (b) its cylindrical representation,
(c) its touching graph T(A), and (d) the touching graph T(A 0) after applying

the blossom operation tov.

In this construction the central pseudocirclev has a touching with each of the pseudo-
circlesw1; : : : ; wn� 1 and eachwi touchesv, wi + n=2, and wi � n=2 (indices modulon � 1);
see Figure 3.14c.
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3.4. Digon-Free Arrangements with Few Triangles

All triangles in T(A ) contain the central vertex v and for each such trianglef v; wi ; wj g,
the touchings of the pseudocircleswi and wj with the pseudocirclev are not consec-
utive on v. Therefore, applying the blossom operation onv eliminates all triangles
and the resulting arrangementA 0 of n0 = 2n � 1 pairwise intersecting pseudocircles
has p2(A 0) = 2 n0� 2 touchings and a triangle-free touching graphT(A 0); see Fig-
ure 3.14d. This completes the argument forn0 � 11 with n � 3 (mod 4).

To give a construction for n00 = 14 and for all integers n00 � 17, note that the
blossom operation can be applied to pseudocircles with exactly three touchings. The
constructed examples withn � 3 (mod 4) have pseudocircles with three touchings
and the blossom operation applied to such a pseudocircle preserves the property.

Sincen00= 14 and every integern00� 17 can be written asn0+3k with n0 2 f 11; 15; 19g
and k 2 N[f 0g, we obtain arrangementsA 00of n00pseudocircles withp2(A 00) = 2 n00� 2
touchings. This completes the proof of Proposition 3.2.

3.4. Digon-Free Arrangements with Few Triangles

3.4.1. Proof of Theorem 3.3 and Theorem 3.4

The proofs of Theorem 3.3 and Theorem 3.4 are both based on replacing pseudocircles
by canonical bundles of4 pseudocircles, as shown in Figure 3.15. Like in the blossom
operation, the new pseudocircles are placed within an"-small area around the replaced
pseudocircle so that the intersecting property of the pseudocircles is being preserved.
We call such an operation abundle replacementand aim for performing them on
pseudocircles in order to destroy some of their incident triangles.

Figure 3.15.: Bundle replacement: a pseudocircle is replaced by a bundle of4 pseudocircles.

85



3. Arrangements of Pseudocircles

The following fact is a direct consequence of a sweepability statement by Snoeyink
and Hershberger [SH91].

Proposition 3.11 ([SH91, Lemma 4.1]). In a digon-free arrangement of pairwise
intersecting pseudocircles, each pseudocircle is incident to at least two triangles to the
inside and two triangles to the outside.

Theorem 3.4. For " > 0 �xed, every digon-free arrangementA of n pairwise inter-
secting pseudocircles is contained as a subarrangement in a digon-free arrangementÂ
of n̂ pairwise intersecting pseudocircles withp3(Â ) < ( 4

3 + ")n̂.

Proof. Let A be a digon-free arrangement of intersecting pseudocircles. Select a
pseudocirclep in A . Figure 3.16 illustrates a situation which may have been obtained
via a bundle replacement onp. Note that a bundle replacement leads to a new
arrangementA 0 which is again digon-free and containsA as a subarrangement.

We can think of the new bundle as being composed of four sections that are delimited
by the four twists starting and ending in the purple crossings; colors refer to Figure 3.16.
For a precise description we de�ne atwist in a bundle as a sequence of consecutive
crossings which make the outermost pseudocircle of the bundle the innermost. In all
of our �gures we keep the crossings of a twist close together.

Proposition 3.11 guarantees thatp is incident to at least 4 triangles. Observe that the
four twists in the bundle can always be distributed in such a way that each of these4
triangles becomes incident to one of the twists, hence, the triangles are turned into
quadrangles (green cells). On the other hand, in each of the8 red areas, independent
of the number of crossing pseudocircles (gray), exactly one new triangle is created.

In total, a careful bundle replacement onp leads to a digon-free arrangementA 0 having
at most p3(A 0) � p3(A ) + 4 triangles and which containsA as a subarrangement. This
procedure can be iterated. Each iteration increases the number of pseudocircles by3
and the number of triangles by at most4.

Let t be the number of triangles of the initial arrangementA . If m � t=3" , then
the arrangement Â obtained through a sequence ofm bundle replacements has the
claimed property:

p3(Â ) � t + 4m � (4=3 + ")3m < (4=3 + ")n̂:
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3.4. Digon-Free Arrangements with Few Triangles

Figure 3.16.: Situation obtained by a bundle replacement.

(a)
(b)

Figure 3.17.: The two intersecting simple arrangements of three pseudocircles.
(a) Krupp, (b) NonKrupp.

Theorem 3.3. For every n � 6, there exists a simple digon-free arrangementA n

of n pairwise intersecting pseudocircles withp3(A n ) = d4
3ne triangles. Moreover, these

arrangements are cylindrical.

Proof. Figure 3.17 shows the two intersecting simple arrangements of three pseudocir-
cles. The Krupp is digon free and has 8 triangle cells. Note that the Krupp can be
obtained from a single isolated circle in a bundle replacement step with a bundle of
size three. Replacing any of the circles of the Krupp with a bundle of size four we can
convert all the original triangles to 4-gons while generating eight new triangles. The
result is the arrangementN �

6 from Figure 3.18 with 6 pseudocircles and eight triangles.
Starting from N �

6 , we can iterate the bundle replacement with bundles of size four;
this yields a family of arrangementsA 3k with n = 3k pseudocircles and4k = 4

3n
triangles.

For values of n which are not divisible by 3, we can take the arrangementA 3k

with k = bn
3 c and apply a bundle replacement with a bundle of size two (forn = 3k + 1 )

or three (for n = 3k + 2 ). In the �rst case, we can eliminate two old triangles at the
cost of creating four new ones; hence, the new arrangementA 3k+1 has n = 3 k + 1
pseudocircles and4k + 2 = d4

3ne triangles. In the second case, we can eliminate three
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3. Arrangements of Pseudocircles

Figure 3.18.: The non-circularizable digon-free intersecting arrangementN �
6 .

old triangles at the cost of creating six new ones and obtain a new arrangementA 3k+2

with n = 3k + 2 pseudocircles and4k + 3 = d4
3ne triangles.

3.4.2. Proof of Proposition 3.5

In this subsection we construct intersecting digon-free arrangements with few triangles
(less than 2n � 4) and no N �

6 subarrangement. The key to the construction is again
the replacement of pseudocircles of a base arrangement by bundles. In the following
proof we use bundles of size 3. In the discussion we will also mention size 4 and larger
sizes.

Proposition 3.5. There is an in�nite family of simple intersecting digon-free ar-
rangements ofn pseudocircles withd5

3ne+ 2 triangles which have no subarrangement
isomorphic to N �

6 .

Proof. For any N � 2, let A N be the arrangement of pseudocirclesC1; � � � ; CN such
that the cyclic order of intersection of Ci with the other pseudocircles is:

1; 2; : : : ; i � 1; i + 1 ; : : : ; N; N; N � 1; : : : ; i + 1 ; i � 1; : : : ; 1:

The arrangement can be represented with axis-parallel rectangles so that for alli < j
the right side of Ci cuts vertically through Cj ; see Figure 3.19a forA 4. Note that
every triple of three pseudocircles ofA N induces a NonKrupp. The cells ofA N

are: 3 digons,2(N � 2) triangles, N (N � 3) + 2 four-gons, and a single(2N � 2)-gon.

On the basis ofA N we construct an arrangementBN by bundle replacements.

88



3.4. Digon-Free Arrangements with Few Triangles

(a) The arrangement A 4 (b) The arrangement B4 .

Figure 3.19.: Replacing the pseudocircles with bundles so that the twists destroy all digons.

From A N we obtain the arrangementBN by successively replacingC1; � � � ; CN by
bundlesB1; � � � ; BN of size3, where we place the twists according to the following rules;
Figure 3.19b shows the arrangementB4 obtained by using the base arrangementA 4

from Figure 3.19a.

ˆ The bundle replacingC1, has two twists outside ofC2 and one twist inside ofCN .

ˆ The bundle B i replacing Ci , 1 < i < N , has two twists which increase the degree
of each of the two triangles formed byB i � 1, Ci and Ci +1 . The third twist is
within B i � 1 such that it increases the degree of a triangle corresponding to a
twist of B i � 1.

ˆ Finally, when replacing CN , place two consecutive twist which increase the degree
of the digon formed by BN � 1 and CN and one twist in a triangle corresponding
to a twist of BN � 1.

The arrangement BN consists ofn = 3N pseudocircles. For counting the triangles,
each bundleB i has 6 internal triangles, but for the bundles B1; � � � ; BN � 1, one of
them is dissolved by a twist of the next bundleB i +1 . Additionally, the digon formed
by C1 and CN has been made a triangle. The total number of triangles ofBN is

6N � (N � 1) + 1 = 5 N + 2 =
5
3

n + 2 :

The arrangementBN is digon-free. It remains to show that there is no subarrangement
of BN which is isomorphic to N �

6 .

Since every triple of pseudocircles ofA N induces a NonKrupp, the same is true for
triples of pseudocircles taken from distinct bundles ofBN . A N �

6 arrangement has
exactly 4 triples that form a NonKrupp and each of the six pseudocircles is member
of exacly two of them.
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Let B0 be a subarrangement ofBN consisting of6 pseudocircles. IfB0 contains pseu-
docircles of at least four di�erent bundles then it has strictly more than 4 NonKrupps,
hence, it cannot be isomorphic toN �

6 . Now assume thatB0 consists ofk1; k2; k3 � 0
pseudocircles from three pairwise di�erent bundles,k1 + k2 + k3 = 6 .

Claim 1. If ki > 0 for i = 1 ; 2; 3, then B0 is not isomorphic to N �
6 .

Proof of Claim 1. Each triple of pseudocircles of pairwise di�erent bundles forms a
NonKrupp, which implies that B0contains at leastk1�k2�k3 NonKrupp subarrangements.
As k1 + k2 + k3 = 6 , this value is 4, 6, or 8. If k1 � k2 � k3 = 4 , two of the ki are
equal to 1 and the two corresponding pseudocircles participate in all 4 NonKrupp
subarrangements ofB0. Hence, in all cases,B0 and N �

6 are not isomorphic. 4

It follows that if B0 is isomorphic to N �
6 , then it must contain the three pseudocircles

of each of two bundles, i.e.,k1 = k2 = 3 .

Claim 2. If B0 is a subarrangement consisting of two complete bundles ofBN , then B0

is not isomorphic to N �
6 .

Proof of Claim 2. From the bundle structure of B0 we get 6 triangles in each of the
two bundles. A twist of one bundle placed between consecutive pseudocircles of the
other bundle can destroy one triangle of the second bundle. Such a twist corresponds
to one of the two crossings in the underlying arrangement of two circles. Hence the
arrangementB0 has at least 10 triangles, whileN �

6 has only 8. 4

This excludes the existence of a subarrangementB0 isomorphic to N �
6 .

We now sketch how the constant5=3 of Proposition 3.5 could be replaced by the
smaller constant3=2.

Again we take the arrangementA N as a basis but now we replace each pseudocircle
with a bundle of size 4. This can lead to an intersecting digon-free arrangement
with n = 4N pseudocircles and

(8N + 2( N � 2) + 6) � 4N = 6N + 2 =
3
2

n + 2

triangles; the count is as follows: each of the4N twists can increase the degree of
a triangle or digon by one, the initial arrangement A N has 3 digons and2(N � 2)
triangles. To achieveN �

6 -freeness with bundles of size 4 the twists have to be placed
with some care, and the analysis that the result is indeedN �

6 -free requires the analysis
of a lot of cases. In fact,N �

6 can be obtained from the arrangement with two circles
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3.5. Flip Connectivity of Arrangements of Pseudocircles

by replacing one with a bundle of size 2 and the other with a bundle of size 4 if the
twists are placed in a speci�c way.

Every arrangement A with the property that every triple of pseudocircles forms a
NonKrupp can be used as the basis for a construction with bundle replacement with
bundles of size 3 and/or 4 such that the constructed arrangement is intersecting,
digon-free,N �

6 -free and has few triangles. Using bundles of larger size makes it more
challenging to avoid N �

6 -subarrangements, and we see no way of getting below32n
triangles with such a construction.

For Conjecture 8 to be true, it would be necessary thatN �
6 -free arrangements obtained

by bundle replacement with few triangles are non-circularizable. With the help of the
polymake [GJ00] extensionr9n developed by Julian Pfei�e, we could verify that the
arrangementB3 with 9 pseudocircles and 17 triangles and the arrangementC7 with 7
pseudocircles shown in Figure 3.20 are both not circularizable. We leave the following
questions for future research:

Figure 3.20.: Non-circularizable arrangementC7.

ˆ What is the minimum number of triangles of intersecting, digon-free,N �
6 -free

arrangements of pseudocircles?

ˆ What is the minimum number of triangles of intersecting, digon-free arrangements
of circles? Is it 2n � 4? (Conjecture 8)

3.5. Flip Connectivity of Arrangements of Pseudocircles

Similarly to our notion of isomorphy for pseudoline arrangements in Chapter 2, we
consider two arrangements of pseudocircles to beisomorphic if the induced cell
decompositions are isomorphic, i.e. there is a bijection between the pseudocircles that
induces incidence preserving bijections of vertices, edges, and cells, while also keeping
the ccw-orientations of pseudocircles. In the plane, there are exactly four arrangements
of three pairwise intersecting pseudocircles up to isomorphism (see Figure 3.21).
Following [FS20], we call the arrangement with 8 triangles depicted in Figure 3.21a
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the Krupp arrangement and denote the other ones asNonKrupp. We refer to the
NonKrupp arrangement whose unbounded cell has complexityk as NonKrupp(k), e.g.,
NonKrupp(2) is the arrangement shown in Figure 3.21c.

(a) (b) (c) (d)

Figure 3.21.: The four non-isomorphic arrangements of 3 pairwise intersecting pseudocircles
in the plane. (a) shows the Krupp and (b)�(d) show the three types of

NonKrupp arrangements.

Recall that an arrangement of pseudocircles iscylindrical if there is a point p which
is contained in the interior of all the pseudocircles. Among the arrangements of
Figure 3.21, the arrangement in Figure 3.21d, i.e., the NonKrupp(3) is the only
non-cylindrical one.

Some related work considers arrangements of pseudocircles on the sphere, e.g. [FS20].
In this setting there are only two non-isomorphic intersecting arrangements of three
pseudocircles: The arrangements (b), (c), and (d) of Figure 3.21 are isomorphic on the
sphere, since they only di�er in the choice of the unbounded cell. Here, we consider
arrangements in the plane.

A subclass of cylindrical arrangements are the great-pseudocircle arrangements. With
the above terminology, a great-pseudocircle arrangement is an arrangement of pseu-
docircles with the property that every triple of pseudocircles from the arrangement
induces a Krupp subarrangement.

Sweeps and �ips

Sweeping is an algorithm design paradigm in computational geometry. The idea is to
explore a space with a lower dimensional sweep surface in a way that the continuous
exploration can be discretized via certaineventsand hence becomes algorithmically
handleable. For arrangements of curves in the plane, the sweeping curve can also be
seen as part of the arrangement: Asweepof an arrangementA of pseudolines is a
transformation of a pseudolinec within A such that one side ofc is increasing and
collects additional crossings ofA . An event of the sweep occurs wheneverc passes a
crossing, or, equivalently, when a triangle ofA is �ipped.
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3.5. Flip Connectivity of Arrangements of Pseudocircles

Snoeyink and Hershberger [SH91] studied sweeps of arrangements of pseudocircles with
a pseudocircle. They showed that a sweep of an arrangementC with a pseudocircleC
of C is possible in two phases. In thegrowing phase, C explores the exterior ofC in C,
and in the shrinking phase, it explores the interior of C in C. In both phases, the events
of the sweep can be restricted to one of the following three possibilities, see Figure 3.22.
Digon-create: a pseudocircle gains two intersections with a pseudocircle;digon-collapse:
a pseudocircle loses its two intersections with a pseudocircle;triangle �ip : a pseudocircle
(or pseudoline) moves over the crossing of two others.

Figure 3.22.: An illustration of the three �ip operations.

Snoeyink and Hershberger actually prove the following more general sweeping lemma
for families of simple curves that pairwise intersect at most twice and are either
bi-in�nite or closed.

Lemma 3.12 ([SH91, Lemma 3.2]). Let A be an arrangement of pseudocircles and
bi-in�nite curves that pairwise intersect at most twice. Then A can be swept starting
from any curve C in A by using the three operations triangle �ip, digon-create, and
digon-collapse, while maintaining the property that any two curves intersect at most
twice.

It will be convenient to have a separate sweeping lemma forlenses. A lens in an
arrangement is a bounded region in a subarrangement formed by two intersecting
pseudocircles5. Every digon is a lens. On the other hand, not every lens is a cell of
the arrangement, it may be traversed by other pseudocircles. Anarc is a contiguous
subset of a pseudocircle, starting and ending at a vertex of the arrangement. LetA
be an arrangement of pseudocircles and letQ be (the closure of) a lens bounded by
two arcs L and R.

An arc of Q is an arc of a pseudocircleC which has both endpoints on the boundary
of Q and whose relative interior lies in the interior of Q. If an arc a of Q has both
endpoints onL or both endpoints on R, then a forms a lens with L or R, respectively.
Otherwise the arc has one endpoint onL and one onR, in this case we call the arc
transversal (see Figure 3.23).

The following lemma is a consequence of Lemma 3.12. For self-containment, we include
a direct proof.

5We do not require a lens to be contained in the interiors of both of its pseudocircles, as a lens is
sometimes de�ned in the literature.
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3. Arrangements of Pseudocircles

Figure 3.23.: Illustration of Lemma 3.13: a lensQ with four transversal arcs and a sweep
of Q.

Lemma 3.13. Let Q be a lens bounded by the arcsL and R. If all the arcs of Q are
transversal, then, using only triangle �ips, L can be swept towardsR until the interior
of Q does not contain a vertex of the arrangement.

Proof. We orient all arcs of Q from L to R, and consider the arrangementAj Q of
these arcs.

Claim 1. If two oriented arcs a and a0 intersect in two points p and q such that p
precedesq on a, then p precedesq on a0.

Proof. Suppose for the contrary that q is the �rst intersection with a on a0. Consider
the region T bounded by the subarcs ofa and a0 from L to p, respectively, and the
corresponding part ofL ; see Figure 3.24 (left). Then the arca0 enters the interior of
T at q, but cannot leave it anymore to reachR, a contradiction. C

The following statement can be seen as a generalization of Lemma 2.1 in Chapter 2.

Claim 2. The directed graph of the arrangementAj Q is acyclic.

Proof. SupposeAj Q contains a directed cycle. LetZ be a directed cycle such that
the enclosed area is minimal. ThenZ is the boundary of a cell of the arrange-
ment. Let v1; e1; v2; : : : ek ; vk+1 = v1 be the sequence of vertices and edges alongZ .
From Claim 1 we know that k � 3 holds. Let edgeei be part of arc ai and let � i be
the subarc ofai starting at L and ending in vi . Similarly, let � i be the subarc ofai

starting in vi +1 and ending at R.

We will show by induction that for all j = 2 ; : : : ; k there is an intersection of � j

and � 1. This implies Claim 2 because the intersection of� k and � 1 is after v1 on a1

and beforev1 on ak , a contradiction to Claim 1.
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3.5. Flip Connectivity of Arrangements of Pseudocircles

For j = 2 , the intersection of � 2 and � 1 is at v2. For the induction step, given that
there is an intersection of� j � 1 and � 1 we consider the regionT in Q whose boundary
consists of the directed subpathS from v2 to vj on the boundary of Z together
with � 1, � j � 1, and some piece ofR, or in case� 1 and � j � 1 meet in a point q the
boundary consists ofS, the arc from v2 to q on � 1 and the arc from vj to q on � j � 1,
see Figure 3.24 (right). It is important to note that due to Claim 1 the interior of Z
is not part of T. The �nal part of � j is inside T and ends at vj . Since another
intersection of � j and � j � 1 is forbidden by Claim 1 it follows that � j had to enter
region T through � 1. C

Figure 3.24.: Illustration of the proof of Lemma 3.13.

Since the directed graphAj Q is acyclic, there is at least one source. Every source
gives rise to a triangle with an edge onL which can be �ipped. A topological ordering
of Aj Q yields a sequence of triangle �ips which can be used to sweepQ with L . This
completes the proof of Lemma 3.13.

Let us brie�y remark how Lemma 3.13 can be deduced from Lemma 3.12: Extend
the left boundary curve L of Q and all the arcs ofQ to bi-in�nite curves. For the
extension of each of the curves use two pseudorays � one at each end.

The collection of all pseudorays can be chosen such that they are pairwise disjoint
(non-crossing) and do not introduce any further crossings. A sweep with sweep-lineL
in the resulting arrangement of bi-in�nite curves then yields the desired sequence of
triangle �ips.

It is also possible to add the extending pseudorays in such a way that each pair of the
resulting bi-in�nite curves has an odd number of crossings and infer Lemma 3.13 from
the odd-crossing sweeping lemma of Bokowski et al. [BKPš18, Lemma 5.2].

The outline of this section is as follows. In Subsection 3.5.1 we prove that every
arrangement of pairwise intersecting pseudocircles can be transformed into a cylindrical
arrangement by �ips. In Subsection 3.5.2 we then show that the �ip graph of cylindrical
arrangements of pairwise intersecting pseudocircles is connected, and hence the �ip
connectivity carries over to arrangements of pairwise intersecting pseudocircles.
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3. Arrangements of Pseudocircles

3.5.1. Proof of Theorem 3.6: Connectivity Intersecting

For an arrangementA of n pairwise intersecting pseudocircles, we �x some pointp
and then iteratively expand pseudocircles by triangle �ips until all pseudocircles
contain p, i.e., until the arrangement is cylindrical. The �ip-connectivity then follows
from Theorem 3.7.

For convenience, we introduce the notationA�f C1; : : : ; Ckg to denote the arrangement
that is obtained from A by removing the pseudocirclesf C1; : : : ; Ckg. We say that
two pseudocirclesC and C0 are parallel in A if every vertex of A � f C; C0g lies
in (Int( C) \ Int( C0)) [ (Ext( C) \ Ext( C0)) .

Theorem 3.6. The triangle �ip graph of intersecting arrangements ofn pseudocircles
is connected.

Proof. Let A be an intersecting arrangement ofn pseudocircles. We show by induction
on n that A can be transformed into a cylindrical arrangement with a �nite number
of triangle �ips. The statement of the theorem then follows from Theorem 3.7.

The induction base is trivially ful�lled for n = 2 . For the induction step, we choosep
as a point which lies inside a maximum number of pseudocircles. Ifp lies in the interior
of all pseudocircles, thenA is already cylindrical and we are done.

Hence, we may assume that there exists a pseudocircleC which does not containp
in its interior. We show how to expand C using only triangle �ips until it contains p.
First, observe that Lemma 3.12 guarantees the existence of a �ip to expandC. SinceC
already intersects all other pseudocircles, this must be a triangle or digon-collapse �ip.
As long as there exists a triangle �ip expandingC, we perform it and transform A
accordingly.

Suppose now thatC does not yet containp and can only be expanded by collapsing
a digon D formed with another pseudocircleC0. Note that we may assumep does
not lie in D (and in no other cell adjacent to C), since otherwise we could expandC
until it contains p without performing any �ip. Furthermore, every other pseudo-
circle C00intersects the lensInt (C) \ Ext (C0) transversally, as otherwise,C00could not
intersect both, C and C0. More speci�cally, every other pseudocircleC00intersects the
lens Int (C) \ Ext (C0) in two arcs, and each arc has one endpoint onC and one onC0;
see Figure 3.25 for an illustration. Now we can use Lemma 3.13 to expandC0 until C
and C0 are parallel.

Next, consider the arrangementA 0 := A � f C0g. By the induction hypothesis, A 0 can
be transformed into a cylindrical arrangement by a �nite sequence of triangle �ips.
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3.5. Flip Connectivity of Arrangements of Pseudocircles

Figure 3.25.: Left: C forms a digon with C0 that is in Ext( C) \ Int( C0). Middle: �ip C0 so
that it becomes parallel to C. Right: �ip C0 so that T becomes a triangle inA .

We now carefully mimic this �ip sequence onA, while maintaining that C and C0 are
parallel. Suppose that a triangleT in A 0 is �ipped. If none of the edges ofT belongs
to C, we can directly apply this triangle �ip also in A . If one of the edgese of T
belongs toC and e is crossed byC0, then the digon D is located alonge. In this case,
we apply two triangle �ips to C0 so that the digon is transferred to one of the two
neighboring edges ofC as illustrated in Figure 3.25, obtaining that e is not crossed
by C0 (without changing A 0). Finally, if e is not crossed byC0, then we apply the
according triangle �ip twice, namely, once for C and once forC0. This concludes the
proof.

3.5.2. Proof of Theorem 3.7: Connectivity Cylindrical

In this section, we prove �ip-connectivity for cylindrical intersecting arrangements
by showing that any given arrangement can be �ipped to acanonical arrangement,
which we de�ne via an arrangement of pseudoparabolas. Anarrangement of pseu-
doparabolasis a �nite collection of x-monotone curves de�ned over a common interval
such that every two curves are either disjoint or intersect in two points where the
curves cross. The following proposition gives a reversible mapping from cylindrical
arrangements of pseudocircles to arrangements of pseudoparabolas. The result has
been announced by Bultena et al. [BGR99, Lemma 1.3] and a full proof has been given
by Agarwal et al. [ANP + 04, Lemma 2.11].

Proposition 3.14 ([BGR99, ANP+ 04]). A cylindrical arrangement of pseudocirclesC
can be mapped to an arrangement of pseudoparabolasA in an axis-aligned rectangleB
such that C is isomorphic to the arrangement obtained by identifying the two vertical
sides ofB and mapping the resulting cylindrical surface homeomorphically to a ring in
the plane.

We de�ne a canonical intersecting arrangementB�
n of pseudoparabolas as follows:
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3. Arrangements of Pseudocircles

1. On the left, the pseudoparabolas are labelledC1; : : : ; Cn from top to bottom
and on the right, the top to bottom order is the same.

2. For every 1 � i � n, the pseudoparabolaCi intersects the other pseudoparabolas
�rst in increasing and then in decreasing order:C1; : : : ; Cn ; Cn ; : : : ; C1.

Analogously, B+
n denotes the intersecting arrangement of pseudoparabolas in whichCi

intersects the other pseudoparabolas �rst in decreasing and then in increasing order.
Closing the pseudoparabolas ofB�

n and B+
n above yields cylindrical intersecting

arrangements of pseudocircles, which we callA �
n and A +

n , respectively; see Figure 3.26
for an illustration. Note that every triple of pseudocircles forms a NonKrupp(2) in A �

n
and a NonKrupp(4) in A +

n .

In the following we show that every cylindrical arrangement can be �ipped to both
canonical arrangements,A �

n and A +
n . While one of them is su�cient to prove

connectivity (Theorem 3.7), one can use the fact that bothA �
n and A +

n can be
reached to obtain tight bounds on the diameter (Proposition 3.8); see the full publica-
tion [ARFO + 24].

Figure 3.26.: The two canonical arrangementsA �
n (left) and A +

n (right).

Theorem 3.7. The triangle �ip graph of intersecting cylindrical arrangements of n
pseudocircles is connected.

Proof. Let A be an intersecting, cylindrical arrangement ofn pseudocircles. Then,
using Proposition 3.14, we can representA as a pseudoparabola arrangement, in
which we label the curves from top to bottom by C1; : : : ; Cn . The idea is to �ip the
pseudoparabolas downwards one by one in the order of increasing indices. WhenCn has
been processed the arrangementB�

n corresponding toA �
n is reached. When �ipping Ck

downwards the following invariant holds (see Figure 3.27 for an illustration).

1. For every 1 � i < k , the pseudoparabolaCi intersects the other pseudoparabolas
in the same order as inB�

n : �rst in increasing and then in decreasing order, that
is, C1; : : : ; Cn ; Cn ; : : : ; C1.
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Figure 3.27.: An illustration of the proof of Theorem 3.7: �ipping the pseudoparabola Ck

downwards.

2. For every i � k, the pseudoparabolaCi �rst intersects C1; : : : ; Ck� 1 in in-
creasing order, then it has the intersections with the pseudoparabolasCj

for j 2 f k; : : : ; ng n f ig in some order, and �nally intersects Ck� 1; : : : ; C1 in
decreasing order.

Let A � k denote the subarrangement induced byCk ; : : : ; Cn . We claim that in A � k

the pseudoparabolaCk can be swept downwards using only triangle �ips. Applying
Lemma 3.12 to the subarrangementA � k , we can sweepCk downwards using a se-
quence of triangle, digon-create and digon-collapse �ips. However, the latter two �ips
cannot occur: Since every pair of pseudoparabolas already intersects, a digon-create is
impossible. Assume that a digon-collapse happens, then there is a pseudoparabolaC
which forms a digonD with Ck such that D lies belowCk . The arc of C belonging
to D lies belowCk , and the complement (in particular the two unbounded arcs ofC)
lies aboveCk . This is not possible sinceCk is the topmost pseudoparabola inA � k .

By the invariant, all crossings of A � k lie above all the pseudoparabolasC1; : : : ; Ck� 1.
Therefore, we can perform the �ip sequence fromA � k also in the original arrange-
ment A . Since we do not �ip triangles involving C1; : : : ; Ck� 1, their intersection
orders remain unchanged. Moreover, since in the subarrangementA � k all cross-
ings betweenCk+1 ; : : : ; Cn lie above Ck , the order of intersections in A � k on Ck

is Ck+1 ; : : : ; Cn ; Cn ; : : : ; Ck+1 . From this it follows that the invariant has been pre-
served.

When Cn has been processed the invariant implies that the canonical arrangementB�
n

has been reached. This completes the proof of Theorem 3.7.

3.6. Characterization of Cylindrical Arrangements

In this section we study cylindrical arrangements in more detail and provide new
characterizations for them. The following technical lemma, a result of independent
interest, will be convenient. We remark that a similar result was also known to
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Snoeyink and Hershberger (cf. [SH91, Section 4.2]). Let A be an arrangement of
pseudocircles, letC be a pseudocircle ofA , and let x be a point on C which is not a
vertex. A �ip of C is x-restricted if x is not on the boundary of the �ipped triangle
or digon. Note that a digon-create �ip can always be performed in anx-restricted
manner.

Lemma 3.15. Let A be an arrangement of pseudocircles, letC be a pseudocircle
in A , and let x be a point onC which is not a vertex. ThenC admits a sequence of
x-restricted expanding �ips such that at the end of the sequenceC is incident to the
outer cell of the arrangement.

Proof. If x belongs to the unbounded cell ofA 0 = A n C we have nothing to show,
hence, we assume that this is not the case. Consider a maximal sequence ofx-restricted
expanding �ips applied to C and assume thatC is not incident to the outer cell. In
particular, it cannot be the case that A n C is fully contained in the interior of C and
hence, using Lemma 3.12, there must be an expanding �ip forC, which, by assumption,
is not x-restricted. Hence, it is a triangle or a digon-collapse �ip that involves the
edge ofC containing x. Let us denote this triangle or digon byzx .

Now we transform A via a stereographic mapping that makeszx the outer cell.
Furthermore, let zo be the cell which was the outer cell before. Sincezx 6= zo and
both remain in Ext (C) we again refer to Lemma 3.12 to conclude thatC admits an
expanding �ip. This must be a �ip which was not possible before, hence, it is the �ip
of the cell zo. This reveals that C had been incident to the outer cell; a contradiction.

We need a few more notions: Thedistance between two cellsz, z0 in an arrangement
of pseudocircles is the minimum number of pseudocircles that a curve which starts in
the interior of z and ends in the interior of z0 must cross. Theeccentricity of a cell z
is the maximum distance betweenz and any other cell z0.

For the following characterization of cylindrical arrangements, we consider all pseudo-
circles to be oriented in counterclockwise direction, which induces an orientation on
the edges of the arrangement. Consider the four intersecting arrangements of three
pseudocircles (Figure 3.21) with this orientation and note that only NonKrupp(3) has
a cell with a clockwise boundary.

Proposition 3.10. Let A be an arrangement ofn pseudocircles with pairwise over-
lapping interiors. Then, the following �ve statements are equivalent:

(1) A is cylindrical.
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(2) A does not contain a NonKrupp(3) as a subarrangement.

(3) There is no clockwise oriented cycle inA .

(4) There is no clockwise oriented cell inA .

(5) The outer cell has eccentricityn.

Proof. (1) =) (4): Let A be cylindrical. Then A can be drawn as a pseudoparabola
arrangement (Proposition 3.14). Since all pseudoparabolas arex-monotone, all edges
in the arrangement are oriented in a common direction. Hence, there cannot be a
clockwise cycle, and in particular there cannot be a clockwise cell.

(4) =) (3): Suppose that there is a clockwise oriented cycle. Letz be a clockwise
oriented cycle that is minimal with respect to the number of cells it contains, and
assume thatz is not a cell. Then there exists a pseudocircleC that intersects z. Using
an arc of C, the interior of z can be split into two subregions, one of which must again
be clockwise; a contradiction to the minimality of z.

(3) =) (2): Every NonKrupp(3) forms a clockwise oriented cycle by de�nition.

(2) =) (1): For this implication we make use of the topological version of Helly's
theorem (cf. [Eck93]). First, the intersection of the interiors of two pseudocircles inA
is by assumption non-empty and by de�nition simply connected. We claim that the
intersection of the interiors of every three pseudocirclesC1; C2; C3 is non-empty. Let
us �rst consider the case that two of the involved pseudocircles are non-intersecting,
i.e., one is contained inside the other, sayInt (C1) � Int (C2). Then the intersection
of Int (C1) and Int (C3) is also contained inInt (C2). It remains to consider the four
intersecting subarrangements (see Figure 3.21). Since NonKrupp(3) is excluded, the
interiors of the three pseudocircles have a common intersection. From the topological
version of Helly's theorem, it then follows that the intersection of the interiors of all
pseudocircles inA is non-empty.

(1) =) (5): Again by Proposition 3.14, we know that A can be represented as an
arrangement of pseudoparabolas. Due to the monotonicity of the pseudoparabolas, in
order to reach the bottom cell from the top cell, one needs to traverse each of then
pseudocircles, while the other cells require fewer traversals. Hence, the eccentricity of
the outer cell equalsn.

(5) =) (1): Let A be an arrangement ofn pseudocircles which is not cylindrical.
Then we show that the eccentricity of the outer cell is strictly less thann. Let z
be a bounded cell. SinceA is not cylindrical, there is a pseudocircleC in A which
has z in Ext (C). Our goal is to construct a new pseudocircleC0 from C, which is
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incident to the unbounded cell, traversesz and does not intersectC. Such aC0 has at
most 2(n � 1) crossings, and therefore, along one of the two arcs ofC0 betweenz and
the outer cell, C0 has at most n � 1 crossings. This arc shows that the distance ofz
and the outer cell is at mostn � 1.

It remains to construct C0. Begin with a slightly blown up parallel copy C0 of the
pseudocircleC, i.e., the ring formed by C and C0 has no crossing in the interior andC0

as the outer boundary. ExpandC0 by performing �ips into Ext (C0), this can be done
by Lemma 3.12. Eventually C0 will reach z. Pick a point x on the intersection of C
and z. Now continue with x-restricted expanding �ips. Lemma 3.15 implies that
eventually C0 will become incident to the unbounded cell. NowC0 still traverses z and
is incident to the unbounded cell, and sinceC was in Int (C0) initially and all the �ips
were expanding we still haveC � Int( C0).

102
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This chapter summarizes the results obtained together with Ji Hoon Chun and
Christian Kipp [CKR25] on a problem of exact covering with unit disks.

4.1. Introduction

In 2008, Inaba [Ina08] gave the following puzzle about covering sets of points in the
plane: Show that any set of10 points can be covered by non-overlapping unit disks.
Inaba provides a solution [Ina08, Win10] using an elegant probabilistic argument:
Place the disks as in a hexagonal packing and apply a translation by a vector uniformly
chosen at random. The probability of each point being covered is the so calledpack-
ing density �= (2

p
3) > 9=10; therefore, by a union bound argument, with positive

probability all points are covered.

In this article, we study a relaxed version of this covering problem. Given a point
set X � R2, we may ask whether there is a familyD of (not necessarily disjoint) unit
disks such that each pointx 2 X is contained in exactly one diskD 2 D . We call
such a family anexact cover. For example, in Figure 4.1a, the two red disks form an
exact cover of the four blue points.

Let B 2 :=
�

x 2 R2
�
� kxk < 1

	
, where k�k denotes the Euclidean norm. We de�ne

the (open) unit disk Dc with center c 2 R2 as the setDc := c + B 2. Let � 2 be the
largest n 2 N such that any set of n points in the plane can be covered by disjoint
unit disks. Let b� 2 2 N be the corresponding number for the relaxed problem involving
exact covers.

As a cover using disjoint disks is also an exact cover, we have the basic relationship
of b� 2 � � 2. The current best known bounds for � 2 are 12 � � 2 � 44 [AHIU12].
In 2012, Aloupis, Hearn, Iwasawa, and Uehara [AHIU12] improved Inaba's lower
bound to � 2 � 12 through a careful analysis of the probabilistic method on one-
dimensional slices of the plane. In the other direction,� 2 is �nite: Intuitively, with
a dense enough arrangement of points, this problem becomes similar to the problem
of covering the entire setconvX , which is impossible using disjoint disks. Speci�c
upper bounds were reduced in rapid succession from� 2 < 60 by Winkler [ Win10]
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(a) (b)

Figure 4.1.: Left: Primal solution (exact covering set).
Right: Dual solution (exact hitting set).

to � 2 < 55 by Elser [Els11] and � 2 < 53 by Okayama, Kiyomi, and Uehara [OKU12].
Most recently, Aloupis, Hearn, Iwasawa, and Uehara [AHIU12] proved � 2 < 50 �by
hand� and demonstrated� 2 < 45 using computer calculations.

In [CKR25] we show the following lower bound:

Theorem 4.1. b� 2 � 17.

In Section 4.2 we sketch our idea from [CKR25] for obtaining a weaker bound ofb� 2 � 16,
using simple techniques and building on some of the aforementioned works on lower
bounds. For the lower bound of Theorem 4.1, we refer the reader to the full publica-
tion [CKR25].

The �niteness of b� 2 can be deduced by a similar argument as for the �niteness of� 2.
In Section4:3 we construct a close arrangement of points that cannot be exactly covered,
leading to the following upper bound onb� 2. This result is also from [CKR25].

Theorem 4.2. b� 2 < 657.

4.1.1. Dualization: Exact Hitting of Unit Disks

We denote by X the collection of all �nite point sets in R2. A point x 2 R2 is
contained in a unit disk Dc centered at c 2 R2 if and only if c is contained in the
unit disk Dx centered at x. By this simple observation, the problem of exactly
covering some givenX 2 X by unit disks (primal problem) becomes equivalent to
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the following dual problem: Let DX := f Dx j x 2 X g; �nd a P 2 X such that each
disk D 2 D X contains exactly one pointp 2 P. See Figure 4.1b for an example of the
dual problem. In the literature, such a setP is also called anexact hitting set. A dual
solution P yields the solution D := f Dp j p 2 Pg to the exact covering problem. Vice
versa, a solutionD to the exact covering problem gives a solution to the dual problem
by taking the disk centers.

In the dual perspective, the boundary circles of the disksDX decompose the plane
into cells. Observe that all points in a given cell are contained in the same set of
disks, so the exact position of a dual solution pointp 2 P is irrelevant. Hence, it is
su�cient to select a set of cells so that eachD 2 D X contains exactly one selected
cell. In the example of Figure 4.1b, the two red-shaded cells form a solution. This
observation shows that the solution space for the dual problem and for the exact
covering problem is, in fact, discrete, and methods such as Knuth's Algorithm X
(see [Knu00] or Section 7.2.2.1 in [Knu23]), integer programming, or SAT solvers
(see [JK10]) can be used.

4.2. Lower Bound

This section is dedicated to the proof of the following lower bound on^� 2; for the proof
of the stronger statement in Theorem 4.1 see [CKR25].

Proposition 4.3. Every point set X � R2, jX j � 16 can be exactly covered by unit
disks, i.e. ^� 2 � 16.

As before, we denote byX the collection of all �nite point sets in R2. For X 2 X ,
we call v 2 X a boundary point, if v lies on the boundary ofconvX . Moreover, we
de�ne v to be a generalized boundary point, if there exists c 2 R2 so that Dc \ X = f vg.
Clearly, every boundary point is also a generalized boundary point; see the example
in Figure 4.2a, where boundary points are encircled in green, and Figure 4.2b, in which
the generalized boundary points are encircled. László Kozma (private communication)
observed the followingextension argument, originally only for boundary points; it is
illustrated in Figure 4.2a.

Lemma 4.4 (Extension argument). Let X 2 X and v1; � � � ; vk 2 X be generalized
boundary points. If X n f v1; � � � ; vkg can be exactly covered by disjoint unit disks,
then X can be exactly covered by unit disks.

Proof. Assume an exact coverD of X n f v1; � � � ; vkg by disjoint unit disks, and let D i

be a unit disk with D i \ X = f vi g. Observe that eachvi is covered by at most
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4. Exact Covering with Unit Disks

(a) (b)

Figure 4.2.: Both �gures show the same problem instanceX 2 X of 15 points (blue).
(a): Adding disks (orange) to a disjoint exact cover (red) yields an exact cover

that includes the boundary points encircled in green.
(b): 11 generalized boundary points encircled in green. Dual circles of

generalized boundary points contribute to outer boundary (dark green).

one disk D 2 D , as the disksD are pairwise disjoint. Then the collection of unit
disks D [

�
D i : @D 2 D ; vi 2 D

	
is an exact cover ofX .

We emphasize that for the extension argument it is crucial thatX n f v1; � � � ; vkg has
an exact coverD that is disjoint. If D is not disjoint, some vi may be covered twice
by D. This is the reason why the extension argument cannot be applied recursively.

Our lower bound builds on the above mentioned result by [AHIU12]: Every point
set X 2 X , jX j � 12 can be exactly covered by disjoint unit disks. Together with the
extension argument, this already giveŝ� 2 � 15: If the points X 2 X do not lie on a
line, convX has at least3 vertices which are boundary points.

Our strategy for proving �̂ 2 � 16 (Proposition 4.3) is to prove the existence of at
least 4 generalized boundary points. This is satis�ed wheneverconvX has at least4
vertices. The critical cases are covered by the following two lemmas.

Lemma 4.5. Let X 2 X , jX j � 4. If convX is a triangle with at least one side of
length at least2, then X has 4 generalized boundary points.

Lemma 4.6. Let X 2 X , jX j � 4. If convX is a triangle with all side lengths strictly
less than2, then X has 4 generalized boundary points or can be exactly covered.
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4.2. Lower Bound

Proof of Proposition 4.3. Let X 2 X , jX j � 16. We have to show that X can be
exactly covered. W.l.o.g.jX j � 4 and not all points X lie on a line.

As mentioned before, the existence of an exact cover is guaranteed ifX has at least
four generalized boundary pointsv1; v2; v3; v4: Since� 2 � 12, there exists a disjoint
exact cover ofX n f v1; v2; v3; v4g, which, by the extension argument, can be extended
to an exact cover ofX .

Let T := convX . If T has at least4 vertices, then these are boundary points ofX and
we are done; so assume thatT is a triangle with vertices v1; v2; v3 2 X . Lemma 4:5
and Lemma4:6 guarantee the existence of four generalized boundary points or directly
the existence of an exact covering ofX .

The principal idea for both Lemma 4.5 and Lemma 4.6 is to push a unit disk into
a side of the triangleconvX until it �rst moves over a non-boundary point v 2 X
without containing any other point X n f vg; hence, the disk witnessesv to be a fourth
non-generalized boundary point.

Proof of Lemma 4.5. Let v1; v2; v3 2 X be the vertices of the triangleT := convX .
W.l.o.g. we may assume that the segment betweenv1 and v2 is the longest side

of T, v1 =
�

� q
0

�
and v2 =

�
q
0

�
for someq � 1, and v3 =

�
v3

1

v3
2

�
for somev3

2 > 0

and v3
1 2 R.

For each height t � � 1, de�ne the bulldozer BD( X; t ) (see Figure 4.3) by

BD( X; t ) :=
[

c2 [� (q� 1);q� 1]

��
c
t

�
+ B 2

�
;

where, as before,B 2 denotes a unit disk centered at the origin.

As the segment betweenv1 and v2 is the longest side ofT, we have� q < v3
1 < q and

T
� �

v1; v2; v3	
�

[

t �� 1

BD( X; t ) :

In other words, the bulldozersBD( X; t ) can capture all points in X n f v1; v2; v3g. Let

tmax := sup f t � � 1 j BD( X; t ) \ X = ;g ;

which measures the position of the highest possible bulldozerBD( X; t max ) that does
not intersect any points of X . For a set A � R2, let bd(A) denote its boundary.
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4. Exact Covering with Unit Disks

(a) (b)

Figure 4.3.: Finding a fourth generalized boundary point by "pushing the bulldozer"
into convX ; see the proof of Lemma4:5.

As jX j � 4, there is at least onex 2 X; x =2 f v1; v2; v3g, so the set

B :=
�
X n f v1; v2; v3g

�
\ bd(BD( X; t max ))

is non-empty; in Figure 4.3, the points in B are colored purple.

We claim that B contains a generalized boundary point ofX . For eachb 2 B there
is a unit disk Db � BD( X; t max ) centered at some pointcb that contains b on its
boundary; see the example in Figure 4.3b. IfB consists of only a single pointb,
then, for su�ciently small " > 0, the disk D 0 := Db + " � (b� cb) intersected with X
contains only b; hence,b is a generalized boundary point. IfjB j > 1 and B contains
at least one point along the horizontal segmentH of the boundary of BD( X; t max )
(In Figure 4.3b, H is highlighted in red), the same argument works for any such
point. However, if all points of B lie on the circular arcsAL and AR of the boundary
of BD( X; t max ) (In Figure 4.3b, AL and AR are highlighted in green), it may be
that not all of them are generalized boundary points. Still, for the rightmost point
of B \ AL (if they exist) or for the leftmost point of B \ AR one can still �nd a unit
disk covering only this point; hence, it is a generalized boundary point.

We remark that in the proof of Lemma 4.5, the technical de�nition of the bulldozer
cannot be replaced by simply selecting the point ofX n f v1; v2; v3g with the smallest
y-coordinate. It is not hard to construct examples in which this would not give a
generalized boundary point.

For the proof of Lemma 4.6, we will need the following two simple geometric argu-
ments.
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4.2. Lower Bound

Lemma 4.7. Any right or obtuse triangle T with longest side of length less than2 is
contained inside a unit disk.

Proof. Write T = conv
�

v1; v2; v3
	

, where the longest side ofT is the segment be-
tween v1 and v2; see Figure 4.4.

If T is a right triangle, then, by the converse of Thale's theorem, the circumcenter
of T is at the midpoint c := ( v1 + v2)=2 of v1 and v2. This side has length less than2,
so T has circumradiusR < 1, which implies T � Dc.

If T is an obtuse triangle, then we haveT � T0 for any right triangle T0 which has
the segment betweenv1 and v2 as hypotenuse and which containsv3. As before, it
follows that T � T0 � Dc.

Figure 4.4.: Illustration of Lemma 4.7.

Aiming for Lemma 4.6, the remaining case is in which the triangleT := convX is
acute, all sides have length less than2 and T has circumradiusR > 1. We will use
an argument similar to the "bulldozer method" of before and have to argue that by
pushing unit disks from all three sides ofT, we can reach all pointsX .

Let v1; v2; v3 2 X be the vertices ofT and h its orthocenter. Let D i;j be the unique
open disk whose boundary goes through the pointsf h; vi ; vj g. D i;j is not a unit disk;
it is well known that the points f h; v1; v2; v3g form an orthocentric system, so the
radii of D i;j are equal to the circumradiusR > 1 (e.g. [Wel91], "orthocentric points")
and T n f v1; v2; v3g � D1;2 [ D2;3 [ D1;3 . Let D 0

i;j be the unit disk maximally pushed
into T on the side ofvi and vj , i.e. the unique unit disk whose boundary goes through
the points f vi ; vj g and whose center lies outside ofT. See Figure 4.5a for an example.

Lemma 4.8. Suppose thatT = convf v1; v2; v3g is an acute triangle with all side
lengths less than2 and circumradius R > 1, then, with the notation above,

T0 = T
� �

v1; v2; v3	
� D 0

1;2 [ D 0
1;3 [ D 0

2;3:
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4. Exact Covering with Unit Disks

(a) De�nition of D i;j ; D 0
i;j (b) "pushing a unit disk"

Figure 4.5.: Acute triangle convX , side lengths less than2 and circumferenceR > 1.

Proof. It su�ces to show that D i;j \ T � D 0
i;j \ T . Without loss of generality, we only

need to prove the Lemma fori = 1 and j = 2 , and we may assume thatv1 =
�

� q
0

�

and v2 =
�

q
0

�
for someq > 0, and v3 =

�
v3

1

v3
2

�
for somev3

2 > 0 and v3
1 2 R. We can

express the disksD i;j and D 0
i;j as

D 0
1;2 =

��
z1

z2

�
2 R2

�
�
�
� (z1)2 +

�
z2 +

p
1 � q2

� 2
< 1

�
; (4.1)

D1;2 =
��

z1

z2

�
2 R2

�
�
�
� (z1)2 +

�
z2 +

p
R2 � q2

� 2
< R 2

�
: (4.2)

Let z 2 D1;2 \ T . We substitute (4.2) into (4.1) for

(z1)2 +
�

z2 +
p

1 � q2
� 2

< R 2 �
�

z2 +
p

R2 � q2
� 2

+
�

z2 +
p

1 � q2
� 2

= 1 � 2z2

� p
R2 � q2 �

p
1 � q2

�
< 1;

where the last inequality is due toR > 1 and z2 � 0, as z 2 T. Hence,z 2 D 0
1;2 \ T .

Proof of Lemma 4.6. Let v1; v2; v3 be the vertices of triangle T := convX . By
Lemma 4.7, we may assume that T is acute. LetR > 0 be the circumradius ofT.
If R < 1, X can be covered by a single unit disk. IfR = 1 , we can coverX nf v1; v2; v3g
by a single unit disk and extend it to an exact cover ofX , so we may assumeR > 1.
By Lemma 4.8,

T n f v1; v2; v3g � D 0
1;2 [ D 0

1;3 [ D 0
2;3:
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4.3. Upper Bound

Pick indices i and j such that D 0
i;j contains at least one point in X n f v1; v2; v3g.

Without loss of generality, assume thati = 1 , j = 2 , v1 =
�

q
0

�
, and v2 =

�
q
0

�
for

someq > 0. Let

tmax := sup
�

t � � 1

�
�
�
�

��
0
t

�
+ B 2

�
\ X = ;

�
:

If there is exactly one point b 2 X n f v1; v2; v3g on the boundary of
�

0
tmax

�
+ B 2,

then b is a generalized boundary point ofX . If there are multiple such points, then
it is easy to see that the leftmost and the rightmost are both generalized boundary
points. See Figure 4.5b for an illustration.

4.3. Upper Bound

The goal of this section is to prove Theorem 4.2. We start with some terminology.

De�nition 4.9. Let X � R2 be a non-empty set. Thedistance of a point y 2 R2

to X is de�ned by
dist(y; X ) := inf fk y � xk j x 2 X g

and the "-extension of X is given by

X " :=
�

y 2 R2 j dist (y; X ) � "
	

:

We say that X is an "-net of M � R2 if M � X " .

For instance, in Figure 4.6b, the area of the"-extensionX " is shaded grey, whereX is
given by the black points. X forms an "-net of the disk DR that is bounded by the
blue circle. We already mentioned in the introduction that a set of points with a large
cluster of su�ciently dense points cannot be exactly covered. Our goal is to show
that the point set X is in fact such a set. We will argue that this is becauseDR is a
so-called"-blocker.

De�nition 4.10. Let M � R2 and " > 0. We say that M is an "-blocker if for
every "-net X 2 X of M , X does not have an exact cover.

We recall that the covering numberN (M; " ) of a setM � R2 is the minimal cardinality
of an "-net of M . The following statement is a direct consequence of De�nition 4.10.
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4. Exact Covering with Unit Disks

(a) (b)

Figure 4.6.: For both �gures, " = 7 �
p

48 and R = 3
2 (1 + ").

(a): Disks D1 � DR � DR + " , all centered at the blue origin. The 657
highlighted black vertices X within DR + " form an "-net of the "-blocker DR .

(b): The "-extension ofX coversDR completely.

Proposition 4.11. Let M � R2 be an"-blocker. Then b� 2 < N (M; " ).

Let D0;R denote the open disk of radiusR centered at the origin 0. Our upper
bound on b� 2 follows from the following result, which asserts that every open disk of
radius R > 1 is an "-blocker for a suitably chosen" > 0.

Proposition 4.12. Let " 2
�
0; 7 �

p
48 � 0:0718

�
and

R �
3
2

(1 + ") �
1
2

p
1 � 14" + "2:

Then D0;R is an "-blocker.

The proof of Proposition 4.12, which we postpone for later, is based on properties of
Voronoi diagrams. For the following de�nition and an overview of Voronoi diagrams,
we refer to [JT13, ch. 6].

De�nition 4.13. Let P 2 X . The Voronoi region of p 2 P is given by

VRP (p) :=
�

x 2 R2
�
� kx � pk � k x � qk for all q 2 P

	
:

It can be shown that every Voronoi region is a polyhedron and that the intersection of
two Voronoi regions is a face of both. Therefore, the set of Voronoi regions

�
VRP (p) � R2

�
� p 2 P

	

112



4.3. Upper Bound

forms the set of maximal cells of a polyhedral complex, which is called theVoronoi
diagram of P and is denoted byVD P .

Let X 2 X . The following Lemma asserts that an exact hitting setP 2 X of DX has
�almost spherical� Voronoi regions in the"-extension ofX .

Lemma 4.14. Let " 2 (0; 1) and X 2 X . If P 2 X is an exact hitting set ofDX ,
then for every p 2 P we have

(Dp;1� " \ X " ) � (VR P (p) \ X " ) � Dp;1+ " :

Proof. Let y 2 Dp;1� " \ X " . By de�nition of X " , there exists a point x 2 X
with kx � yk � " . Sincey 2 Dp;1� " , we havex 2 Dp. Let q 2 P with y 2 VRP (q).
Becauseky � qk � k y � pk and y 2 Dp;1� " , we also havex 2 Dq. Using the fact
that DP is an exact cover ofX , it follows that p = q.

Now let y 2 VRP (p) \ X " . Again, there is an x 2 X with kx � yk � " . BecauseDP is
an exact cover ofX , there exists aq 2 P with x 2 Dq and hence, we have

1 > kx � qk � k q � yk � k x � yk � k p � yk � ":

The basic idea of our proof is that three �almost spherical� Voronoi regions cannot
meet in a vertex v of VD P . The following Lemma establishes the existence of such a
vertex.

Lemma 4.15. Let " 2
�
0; 1

3

�
and X 2 X be an"-net of D0;1+ " . If P 2 X is an exact

hitting set of DX , then VD P has a vertexv 2 D0;1+ " .

Proof. BecauseX is an "-net of D0;1+ " , there exists a point x 2 X \ D0;" . Moreover,
sinceDP is an exact cover ofX , there exists ap 2 P with x 2 Dp and hencep 2 D0;1+ " .
Let L � R2 be the perpendicular bisector ofp and 0. Then the set L \ bd D0;1+ "

contains exactly two points y1; y2, both of which have distance1 + " to p (see Fig-
ure 4.7). Let A be the circular arc of bd D0;1+ " that goes from y1 to y2 and is
on the opposite side ofp. All points in A have distance at least1 + " to p. By
Lemma 4.14, we haveA � R2 n VRP (p). If VD P has no vertex inD0;1+ " , then the line
segmentconvf y1; y2g is contained in R2 nVRP (p). In particular, the point y1+ y2

2 2 X "

is contained in R2 n VRP (p). Then, by Lemma 4.14, we gety1+ y2
2 =2 Dp;1� " . But this
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4. Exact Covering with Unit Disks

Figure 4.7.: SinceA and VRP (p) are disjoint, VRP either has a vertex in D0;1+ " or it does
not contain the midpoint of 0 and p, leading to a contradiction to Lemma 4.14.

is a contradiction to







 p �

y1 + y2

2








 =

1
2

kp � 0k <
1 + "

2
<

2
3

< 1 � ":

Proof of Proposition 4.12. Let X 2 X be an "-net of D0;R . We assume towards a
contradiction that there exists an exact coverDP of X . BecauseR > 1 + " , X is also
an "-net of D0;1+ " . By Lemma 4.15,VD P has a vertexv 2 D0;1+ " , so there are three
distinct points p1; p2; p3 2 P with

v 2 VRP (p1) \ VRP (p2) \ VRP (p3):

By Lemma 4.14, we have

1 + " > kv � p1k = kv � p2k = kv � p3k: (4.3)

Without loss of generality, we assume that the smaller angle between the vectorsp1 � v
and p2 � v is at most 2�

3 (see Figure 4.8). Because" � 7�
p

48, we have1� 14" + "2 � 0
and hence, we can set

y := v +
�

1 + "
2

�
1
2

p
1 � 14" + "2

� p1+ p2
2 � v




 p1+ p2

2 � v



 :

Let i 2 f 1; 2g. We denote the smaller angle between the vectorspi � v and y � v by � .
By the law of cosines, we have

ky � pi k2 = kv � pi k2 + ky � vk2 � 2 � kv � pi k � ky � vk � cos(� ):
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4.3. Upper Bound

Figure 4.8.: The point y is contained in Dp1 ;1� " \ Dp2 ;1� " \ D0;R , which leads to a
contradiction to Lemma 4.14.

Since� 2
�
0; �

3

�
, we havecos(� ) � 1

2 . Using (4.3) and the fact that kv � pi k � k y � vk,
we obtain

ky � pi k2 � k v � pi k2 + ky � vk2 � k v � pi k � ky � vk

= kv � pi k � (kv � pi k � k y � vk) + ky � vk2

< (1 + ")
�

(1 + ") �
�

1+ "
2 �

1
2

p
1 � 14" + "2

��

+
�

1+ "
2 �

1
2

p
1 � 14" + "2

� 2

= (1 � " )2:

Becausey 2 D0;R , there exists a point x 2 X with kx � yk � " . By the triangle
inequality, we have x 2 Dp1 \ Dp2 , which contradicts the assumption that DP is an
exact cover ofX .

We now obtain Theorem 4.2 as a corollary to Proposition 4.11 by setting" := 7 �
p

48
and R := 3

2 (1 + ") � 1:608.

Proof of Theorem 4.2. We set " := 7 �
p

48 and R := 3
2(1+ "). Using Proposition 4.11,

we obtain that D0;R is an "-blocker. Now Proposition 4.11 asserts that

b� 2 < N (D0;R ; " ):
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4. Exact Covering with Unit Disks

It is well-known that the hexagonal lattice

A2 :=
��

x1

x2

�
2 R2

�
�
�
�

x1 =
p

3�;
x2 = 2 � + �;

�; � 2 Z
�

has covering radius 2p
3
. In particular, we have

R2 =
"
p

3
2

A2 + D0;" :

This implies that for every y 2 R2, the set

X (y) :=

 
"
p

3
2

A2 + y

!

\ D0;R+ "

is an "-net of D0;R . Using a computer, or, alternatively, by counting the black points
in Figure 4.6a by hand, one can verify that

b� 2 <

�
�
�
�X

��
0:035

� 0:055

�� �
�
�
� = 657:

4.4. Discussion

The problem of exact covering can not only be generalized to higher dimensionsd > 2,
but also to other shapesK � Rd with � K = K . The symmetry � K = K is required
for maintaining the duality with the exact hitting problem. Note that shapes which
tessellate the entire spaceRd, such as rectangular boxes or regular hexagons (ford = 2 ),
always admit an exact cover.

For future work, we �nd also the following lines of research promising.

Improved lower bounds using Helly's theorem

This approach can be best explained in the setting of the exact hitting problem; see
Subsection 4.1.1. LetD be a collection of unit disks. CallD 2 D a boundary disk, if its
boundary contributes an arc to the boundary of the union

S
D 02D D 0, i.e. the intersec-

tion bd(D) \ bd
� S

D 02D D 0
�

is in�nite. In Figure 4.1b, the boundary bd
� S

D 02D D 0
�

is colored dark green. In fact, the center points of the boundary disks are exactly the
generalized boundary points in the primal setting.
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4.4. Discussion

Suppose that each tripleD1; D2; D3 2 D of non-boundary disks have non-empty
intersection, i.e. D1 \ D2 \ D3 6= ; . Then, according to Helly's theorem, they all have
non-empty intersection and can be stabbed by a single pointp. Since each boundary
disk contains a cell that is not contained in any other disk,f pg can be extended to
an exact hitting set P of the entire collection D. In the other case, there exists a
Non-Helly con�guration of non-boundary disks, i.e. a pair or a triple of non-boundary
disks in D with empty intersection and which do not contribute an arc to the boundary
of

S
D 2D D. Intuitively, this requires a certain number of boundary disks to "span

su�cient space". We conjecture that in this case there must be at least5 boundary
disks. This would give an alternative proof of ^� 2 � 17 using the extension argument
and the fact that � 2 � 12 [AHIU12].

Moreover, when the exact covering problem is generalized to higher dimensions, this
approach may gain strength. If, in a collectionC of d-dimensional balls inRd, there
are balls S1; � � � ; Sd+1 2 C that form a Non-Helly con�guration, i.e.

T
Si = ; , and

which do not contribute to bd(
S

S2C S), then the number of boundary ballsin C that
span bd(

S
S2C S) grows at least linearly in the dimensiond; it would be interesting

to determine precise lower bounds on their number.

Decreasing the upper bound

In order to construct smaller point sets X 2 X that do not admit an exact cover,
one may try to place the points densely on a family of close parallel lines. Observe,
however, that an arbitrary number of points that lie on up to four parallel lines can
always be exactly covered: A row of unit disks can cover all points ofX that lie on the
two middle lines, while the remaining points are boundary points and can be covered
by additional disks; see Figure 4.9.

Figure 4.9.: Points placed on4 parallel lines can always be exactly covered.

Nevertheless, it remains a promising approach to reduce the number of points by
placing them on a collection of lines instead of �lling a two-dimensional area with the
points of an "-net.
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4. Exact Covering with Unit Disks

Algorithmic questions

Further research could also investigate the computational complexity of disk covering.
Considering the algorithmic issues that were discussed in Subsection 4.1.1, it is natural
to ask the following question: GivenX 2 X , is it NP-hard to decide whether X
has an exact cover with unit disks? Ashok, Basu Roy, and Govindarajan [ABRG20]
showed that it is NP-hard to decide the following problem: Given a �nite family R of
unit squares and given anX 2 X , is there a subsetR 0 � R that exactly covers X ?
Their proof can be easily adapted for a given familyD of unit disks. It might also be
interesting to study the computational complexity if, instead of choosing the disks from
a given family D, the number of disks in the exact cover is speci�ed in the input.
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A. Euclidean Line Arrangement with Large
Triangle Distance

We construct a stretchable Euclidean arrangement of 92 pseudolines that form 97
triangles which have pairwise distance at least 3. This construction was contributed
by Diogo Soares.

Start with the arrangement in Figure A.1. This arrangement is stretchable by Theo-
rem 2.24 and Lemma 2.25, because pseudolines 7; 8; 9 form a bundle.

Say, a septuple replacement is a bundle replacement using the arrangement in Fig-
ure 2.29b; this is shown in Figure 2.34, and we used it as the main ingredient of the
proof of Theorem 2.21 for dissolving triangle adjacencies.

Perform two times a septuple replacement at the positions marked with a cross.
Figure A.2 shows the resulting arrangement after, in addition, performing two triple-
replacements; see the two 3-bundles of bright red and bright green pseudolines in
the figure. Again, perform four septuple replacements at the positions marked with
a cross in Figure A.2. In the figure, the resulting 7-bundles are indicated by strips
with 7 fringes coming out on each side. For obtaining the final arrangement, perform
a replacement with 2-bundles on each of the positions marked with orange disks.

During the bundle replacements, stretchability is preserved according to Lemma 2.25.

Figure A.1.: Construction for the arrangement in Figure A.2.
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A. Euclidean Line Arrangement with Large Triangle Distance

Figure A.2.: Construction of a stretchable Euclidean arrangement of 92 pseudolines
with d4min = 3. Compared to Figure A.1, the drawing is slightly rotated.
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B. Supplemental Data for Section 2.4

B.1. Data for Proof of Theorem 2.39

� violating sequence

(1; 2; 3; 4; 5; 6) �(23456) = � � +��
(1; 2; 3; 4; 6; 5) �(13456) = � +� + +
(1; 2; 4; 3; 5; 6) �(12345) = +� + + �
(1; 2; 4; 3; 6; 5) �(12345) = +� + + �
(1; 2; 5; 6; 3; 4) �(13456) = � + +� +
(1; 2; 6; 5; 3; 4) �(12356) = +� � + +
(1; 2; 5; 6; 4; 3) �(23456) = � � � +�
(1; 2; 6; 5; 4; 3) �(12356) = +� � + +
(2; 1; 3; 4; 5; 6) �(13456) = � � +��
(2; 1; 3; 4; 6; 5) �(23456) = � +� + +
(2; 1; 4; 3; 5; 6) �(12345) = � +�� �
(2; 1; 4; 3; 6; 5) �(12345) = � +�� �
(2; 1; 5; 6; 3; 4) �(23456) = � + +� +
(2; 1; 6; 5; 3; 4) �(12356) = � + � � �
(2; 1; 5; 6; 4; 3) �(13456) = � � � +�
(2; 1; 6; 5; 4; 3) �(12356) = � + � � �
(3; 4; 1; 2; 5; 6) �(12345) = + +� + �
(3; 4; 1; 2; 6; 5) �(12345) = + +� + �
(4; 3; 1; 2; 5; 6) �(12345) = �� +� �
(4; 3; 1; 2; 6; 5) �(12345) = �� +� �
(5; 6; 1; 2; 3; 4) �(12346) = � +�� �
(6; 5; 1; 2; 3; 4) �(12345) = � +�� �
(5; 6; 1; 2; 4; 3) �(12345) = +� + + �
(6; 5; 1; 2; 4; 3) �(12346) = +� + + �

� violating sequence

(3; 4; 2; 1; 5; 6) �(12456) = +� � + +
(3; 4; 2; 1; 6; 5) �(12356) = � + � � �
(4; 3; 2; 1; 5; 6) �(12356) = +� � + +
(4; 3; 2; 1; 6; 5) �(12456) = � + � � �
(5; 6; 2; 1; 3; 4) �(12346) = +� + + �
(6; 5; 2; 1; 3; 4) �(12345) = +� + + �
(5; 6; 2; 1; 4; 3) �(12345) = � +�� �
(6; 5; 2; 1; 4; 3) �(12346) = � +�� �
(3; 4; 5; 6; 1; 2) �(12356) = + + � � +
(3; 4; 6; 5; 1; 2) �(12356) = �� � +�
(4; 3; 5; 6; 1; 2) �(12456) = + + � � +
(4; 3; 6; 5; 1; 2) �(12456) = �� � +�
(5; 6; 3; 4; 1; 2) �(12345) = + +� + �
(6; 5; 3; 4; 1; 2) �(12346) = + +� + �
(5; 6; 4; 3; 1; 2) �(12345) = �� +� �
(6; 5; 4; 3; 1; 2) �(12346) = �� +� �
(3; 4; 5; 6; 2; 1) �(12456) = �� � +�
(3; 4; 6; 5; 2; 1) �(12456) = + + � � +
(4; 3; 5; 6; 2; 1) �(12356) = �� � +�
(4; 3; 6; 5; 2; 1) �(12356) = + + � � +
(5; 6; 3; 4; 2; 1) �(12346) = �� +� �
(6; 5; 3; 4; 2; 1) �(12345) = �� +� �
(5; 6; 4; 3; 2; 1) �(12346) = + +� + �
(6; 5; 4; 3; 2; 1) �(12345) = + +� + �

Table B.1.: For each permutation � 2 S2 o S3 of NAC1, there is a 5-tuple whose
corresponding sign sequence contains two sign changes.

We permute NAC1 (resp. NAC2) by each � 2 S2 o S3 and obtain 48 isomorphic unique
sink orientations. Table B.1 and Table B.2 list for each � 2 S2 o S3 a 5-tuple which
witnesses that the obtained orientation is not induced by a 4-signotope. If it was,
then, in the corresponding sign sequence of length 5, there had to be two sign changes,
which contradicts the monotonicity property of a signotope. Some of the positions in
these sequences are filled by a "�". This indicates that for the corresponding 4-tuple
the sign is not determined by the cube orientation. Still, independent of the sign at
this position, the sequence contains at least two sign changes.
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B. Supplemental Data for Section 2.4

� violating sequence

(1; 2; 3; 4; 5; 6) �(12356) = +� � + +
(1; 2; 3; 4; 6; 5) �(12456) = +� � + +
(1; 2; 4; 3; 5; 6) �(12456) = +� � + +
(1; 2; 4; 3; 6; 5) �(12356) = +� � + +
(1; 2; 5; 6; 3; 4) �(12345) = +� + + �
(1; 2; 6; 5; 3; 4) �(12346) = +� + + �
(1; 2; 5; 6; 4; 3) �(12346) = +� + + �
(1; 2; 6; 5; 4; 3) �(12345) = +� + + �
(2; 1; 3; 4; 5; 6) �(12356) = � + � � �
(2; 1; 3; 4; 6; 5) �(12456) = � + � � �
(2; 1; 4; 3; 5; 6) �(12456) = � + � � �
(2; 1; 4; 3; 6; 5) �(12356) = � + � � �
(2; 1; 5; 6; 3; 4) �(12345) = � +�� �
(2; 1; 6; 5; 3; 4) �(12346) = � +�� �
(2; 1; 5; 6; 4; 3) �(12346) = � +�� �
(2; 1; 6; 5; 4; 3) �(12345) = � +�� �
(3; 4; 1; 2; 5; 6) �(12456) = � + � � �
(3; 4; 1; 2; 6; 5) �(12356) = � + � � �
(4; 3; 1; 2; 5; 6) �(12356) = � + � � �
(4; 3; 1; 2; 6; 5) �(12456) = � + � � �
(5; 6; 1; 2; 3; 4) �(12346) = � +�� �
(6; 5; 1; 2; 3; 4) �(12345) = � +�� �
(5; 6; 1; 2; 4; 3) �(12345) = � +�� �
(6; 5; 1; 2; 4; 3) �(12346) = � +�� �

� violating sequence

(3; 4; 2; 1; 5; 6) �(12456) = +� � + +
(3; 4; 2; 1; 6; 5) �(12356) = +� � + +
(4; 3; 2; 1; 5; 6) �(12356) = +� � + +
(4; 3; 2; 1; 6; 5) �(12456) = +� � + +
(5; 6; 2; 1; 3; 4) �(12346) = +� + + �
(6; 5; 2; 1; 3; 4) �(12345) = +� + + �
(5; 6; 2; 1; 4; 3) �(12345) = +� + + �
(6; 5; 2; 1; 4; 3) �(12346) = +� + + �
(3; 4; 5; 6; 1; 2) �(12346) = + +� + �
(3; 4; 6; 5; 1; 2) �(12345) = + +� + �
(4; 3; 5; 6; 1; 2) �(12346) = �� +� �
(4; 3; 6; 5; 1; 2) �(12345) = �� +� �
(5; 6; 3; 4; 1; 2) �(12345) = �� +� �
(6; 5; 3; 4; 1; 2) �(12346) = �� +� �
(5; 6; 4; 3; 1; 2) �(12345) = + +� + �
(6; 5; 4; 3; 1; 2) �(12346) = + +� + �
(3; 4; 5; 6; 2; 1) �(12345) = + +� + �
(3; 4; 6; 5; 2; 1) �(12346) = + +� + �
(4; 3; 5; 6; 2; 1) �(12345) = �� +� �
(4; 3; 6; 5; 2; 1) �(12346) = �� +� �
(5; 6; 3; 4; 2; 1) �(12346) = �� +� �
(6; 5; 3; 4; 2; 1) �(12345) = �� +� �
(5; 6; 4; 3; 2; 1) �(12346) = + +� + �
(6; 5; 4; 3; 2; 1) �(12345) = + +� + �

Table B.2.: For each permutation � 2 S2 o S3 of NAC2, there is a 5-tuple whose
corresponding sign sequence contains two sign changes.

B.2. Data corresponding to Figure 2.48

(1; 2; 3; 4; 5; 6) �(12345) = � +�� �
(1; 2; 3; 4; 6; 5) �(12345) = �� +� �
(1; 2; 4; 3; 5; 6) �(12346) = + +� + �
(1; 2; 4; 3; 6; 5) �(12345) = + +� + �
(1; 2; 5; 6; 3; 4) �(12356) = � + � � �
(1; 2; 6; 5; 3; 4) �(12456) = + + � � +
(1; 2; 5; 6; 4; 3) �(12356) = �� � +�
(1; 2; 6; 5; 4; 3) �(12356) = + + � � +
(2; 1; 3; 4; 5; 6) �(12345) = +� + + �
(2; 1; 3; 4; 6; 5) �(12346) = +� + + �
(2; 1; 4; 3; 5; 6) �(12356) = + + � � +
(2; 1; 4; 3; 6; 5) �(12356) = �� � +�
(2; 1; 5; 6; 3; 4) �(12346) = + +� + �
(2; 1; 6; 5; 3; 4) �(12345) = + +� + �
(2; 1; 5; 6; 4; 3) �(12346) = �� +� �
(2; 1; 6; 5; 4; 3) �(12345) = �� +� �
(3; 4; 1; 2; 5; 6) �(12356) = + + � � +
(3; 4; 1; 2; 6; 5) �(12356) = �� � +�
(4; 3; 1; 2; 5; 6) �(12346) = � +�� �
(4; 3; 1; 2; 6; 5) �(12345) = � +�� �
(5; 6; 1; 2; 3; 4) �(12345) = + +� + �
(6; 5; 1; 2; 3; 4) �(12346) = + +� + �
(5; 6; 1; 2; 4; 3) �(12345) = �� +� �
(6; 5; 1; 2; 4; 3) �(12346) = �� +� �

(3; 4; 2; 1; 5; 6) �(12345) = �� +� �
(3; 4; 2; 1; 6; 5) �(12346) = �� +� �
(4; 3; 2; 1; 5; 6) �(12345) = + +� + �
(4; 3; 2; 1; 6; 5) �(12345) = +� + + �
(5; 6; 2; 1; 3; 4) �(12356) = �� � +�
(6; 5; 2; 1; 3; 4) �(12356) = + + � � +
(5; 6; 2; 1; 4; 3) �(12456) = �� � +�
(6; 5; 2; 1; 4; 3) �(12356) = +� � + +
(3; 4; 5; 6; 1; 2) �(12346) = +� + + �
(3; 4; 6; 5; 1; 2) �(12345) = +� + + �
(4; 3; 5; 6; 1; 2) �(13456) = � +� + +
(4; 3; 6; 5; 1; 2) �(12456) = +� � + +
(5; 6; 3; 4; 1; 2) �(12456) = +� � + +
(6; 5; 3; 4; 1; 2) �(23456) = � � +��
(5; 6; 4; 3; 1; 2) �(12345) = +� + + �
(6; 5; 4; 3; 1; 2) �(12346) = +� + + �
(3; 4; 5; 6; 2; 1) �(12346) = � +�� �
(3; 4; 6; 5; 2; 1) �(12345) = � +�� �
(4; 3; 5; 6; 2; 1) �(23456) = � +� + +
(4; 3; 6; 5; 2; 1) �(12456) = � + � � �
(5; 6; 3; 4; 2; 1) �(12456) = � + � � �
(6; 5; 3; 4; 2; 1) �(13456) = � � +��
(5; 6; 4; 3; 2; 1) �(12345) = � +�� �
(6; 5; 4; 3; 2; 1) �(12346) = � +�� �

Table B.3.: For each permutation � 2 S2 o S3 of the cube orientation in Figure 2.48, there is a
5-tuple whose corresponding sign sequence contains two sign changes.
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C. Gallery of Rhombic Tilings

This explicitly non-scientific part of the work is devoted to examples that show rhombic
tilings in art. Figure C.1a shows the most simple use of rhombic tilings as a decorative
element of an outer wall on a street in Lisbon.

The Islamic art rose window in Figure C.1b is much more sophisticated. In Islamic
art design, the artist strives to incorporate as many symmetries as possible. Can a
rhombic tiling serve as the underlying structure for Islamic art design? A tiling of
a regular 2n-gon by rhombi of the same side length that has full 2n-fold rotation
symmetry only exists for odd n. In fact, the unqiue such tiling having 2n-fold rotation
symmetry corresponds to a specific straight line arrangement which is called star
arrangement. It is obtained by extending the sides of a regular n-gon to infinite lines;
all lines will pairwise intersect if and only if n is odd. However, for odd n, a rhombic
tiling cannot be reflection symmetric on the horizontal and vertical axes at the same
time.

For the mentioned rose window, the artists found a compromise: As the underlying
structure, they use a rhombic tiling of a regular 12-gon in which on each boundary edge
two rhombi touch; see Figure C.2a. This admits both 12-fold rotation symmetry as
well as reflection symmetry on 12 different axes, including the horizontal and vertical
axes. For the construction of Figure C.2b, the rhombic tiling was used to place control
points of spline curves and circular arcs that resemble the design of the rose window.

Sometimes, even pseudoline arrangements appear directly in Islamic art design. In
the example in Figure C.3a, the white strips can be seen as a generalized pseudoline
arrangement. Suppose that we extend the design to infinity. Then there are three
classes of parallel pseudolines, and each two of different classes cross exactly once.
Moreover, the strips are drawn in a way that makes the correspondence with rhombic
tilings very visual; see Figure C.3b. As we would say, it is "dual" to the wall
in Figure C.1a.

The photo in Figure C.4a shows yet another example of an arrangement of curves as a
decorative element of Portuguese azulejos (engl. tiles). However, when extending it by
more tiles, closed curves occur that necessarily cross other curves twice; see the red
curve in Figure C.4b. This contradicts the definition of pseudoline arrangements.
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