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Introduction

Optimal Transport

▶P(X) probability measures on compact manifold X
▶Pushforward of f : X → Y and µ ∈ P(X) is

f#µ := µ ◦ f −1 ∈ P(Y)
▶µ ∈ P(X), ν ∈ P(Y)
▶Wasserstein-p distance

W p
p (µ, ν) := min

π∈P(X×Y)

{∫
X×Y

∥x − y∥p2dπ(x , y ) : P1#π = µ,P2#π = ν

}
where p ∈ [1,∞) and Pi is the projection to the i -th component

Optimal Transport on the Real Line X = R
▶Cumulative distribution function Fµ(x) := µ((−∞, x ])
▶By [5] the Wasserstein distance is easy to compute

W p
p (µ, ν) =

∫ 1

0

|F−1
µ (x)− F−1

ν (x)|p dx

Sliced Optimal Transport on Rd

▶ Slicing operator Sψ : Rd → R, x 7→ x ·ψ
▶ Sliced Wasserstein distance [4]

SWp
p(µ, ν) :=

∫
Sd−1

Wp
p

(
(Sψ)#µ, (Sψ)#ν

)
dψ
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Parallel Slicing of the Sphere Sd−1Sd−1Sd−1

▶ Slicing operator for fixed ψ ∈ Sd−1:

Sψ : Sd−1 → [−1, 1], ξ 7→ ξ ·ψ
▶ Slice S−1

ψ (t) is intersection of Sd−1 and
plane with normal ψ and distance t from
the origin

Parallel Slice Transform
▶For functions f ∈ L1(Sd−1):

U f (ψ, t) := 1

|Sd−1|
√
1− t2

∫
S−1
ψ (t)

f (ξ) dξ, (ψ, t) ∈ Sd−1 × (−1, 1)

▶For measures µ ∈ P(Sd−1):

Uψµ := (Sψ)#µ ∈ P([−1, 1]),

Uµ := T#(uSd−1 × µ) ∈ P(Sd−1 × [−1, 1]) with T (ψ, ξ) = (ψ,Sψ(ξ)),
where uSd−1 is the normalized Lebesgue measure on Sd−1

Parallelly Sliced Wasserstein Distance

PSWp
p(µ, ν) :=

∫
Sd−1

Wp
p(Uψµ,Uψν) duSd−1(ψ)

Theorem (Metric Properties) [3]

▶PSWp is a rotationally invariant metric on P(Sd−1) for all p ∈ [1,∞).
▶There exist constants cd ,p,Cd ,p > 0 such that

cd ,pPSWp(µ, ν) ≤ Wp(µ, ν) ≤ Cd ,pPSWp(µ, ν)
1

p(d+1) ∀µ, ν ∈ P(Sd−1).

Semicircular Slicing of the Sphere S2S2S2

▶ Spherical coordinates on S2:
Φ(φ, θ) := (cosφ sin θ, sinφ sin θ, cos θ)

▶Euler angles on SO(3):

Ψ(α, β, γ) := R3(α)R2(β)R3(γ)

(Ri(α) rotation around i -th axis with angle α)

Normalized Semicircle Transform
▶For functions f ∈ L1(S2):

Wf (α, β, γ) :=
1

4π

∫ π

0

f
(
Ψ(α, β, 0)Φ(γ, θ)

)
sin θ dθ

▶For measures µ ∈ P(S2):
Wα,βµ := (Aα,β)#µ ∈ P(T)
Wµ := T#(uS2 × µ) ∈ P(SO(3)) with T (Φ(α, β), ξ)=Ψ(α, β,Aα,β(ξ))

( Aα,β : S2 → T ≃ [0, 2π), Aα,β(ξ) := azi(Ψ(α, β, 0)⊤ ξ), and azi(Φ(φ, θ)) = φ for all φ, θ)

Semicircular Sliced Wasserstein Distance [2]

SSWp
p(µ, ν) :=

∫
S2
Wp

p(Wα,βµ,Wα,βν) duS2(Φ(α, β))

Theorem (Metric Properties) [1]

▶The normalized semicircle transform W : P(S2) → P(SO(3)) is injective.
▶ SSWp is a rotationally invariant metric on P(S2) for all p ∈ [1,∞).

▶Definition can be generalized to Sd−1

Wasserstein Barycenters

▶Measures µi ∈ P(X), i = 1, . . . ,M , weights λi ≥ 0 with
∑M

i=1 λi = 1
▶Wasserstein barycenter

BaryX(µi , λi)
M
i=1 := arg min

ν∈P(X)

M∑
i=1

λi W
2
2(ν, µi)

▶Parallely sliced Radon barycenter of µi ∈ Pac(Sd−1):

BaryUSd−1(µi , λi)
M
i=1 := U †

((
BaryR(λi ,Uψµi)

M
i=1

)
ψ∈Sd−1

)
,

where U † is the pseudoinverse whose argument is viewed as a density
function on Sd−1 × [−1, 1]
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barycenter

Wasserstein barycen-

ter

Conclusions

▶Both parallel slicing and semicircular slicing provide metrics on P(S2)
▶Parallel slicing is computationally more efficient
▶Application for barycenters and image classification
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