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Introduction
Optimal Transport on the Real Line X = R

Optimal Transport /\/\ » Cumulative distribution function F,(x) = p((—o0, x])

» P(X) probability measures on compact manifold X » By [5] the Wasserstein distance is easy to compute

» Pushforward of f: X — Y and p € P(X) is
fupr = po e P(Y)

» 1 € P(X), v e P(Y)

WP, 1) = / Fi(x) — F ()P dx

Sliced Optimal Transport on R?

> Wasserstein-p distance » Slicing operator Sy: R — R, x — x - 1
WP(p,v) = g&n Y)< / Ix — ylbdm(x,y) : Pram = p, Pyum = y} » Sliced Wasserstein distance [4]
TE X LJ XY
p - p
where p € [1,00) and P; is the projection to the i-th component SWp(k, v) = /Sdl Wp((&b)#/ﬁa (Sp)pv) dip image by Brendan F. Hayden

Parallel Slicing of the Sphere S9! Semicircular Slicing of the Sphere S?

» Slicing operator for fixed 1 € S~ » Spherical coordinates on S?:

Sp: STt [-1,1], €€ - A \\ ®(p,0) ;= (cosp sinf, sinw sinf, cosh)

A
» Slice Szzl(t) is intersection of S~ and ?}% ‘ - » Euler angles on SO(3):
plane with normal 7 and distance t from A'.v ~

the origin ?5.%’\ P, 5,7) = Rs(@) Ra(B) Ra(7)

\.‘ (Ri(«) rotation around i-th axis with angle /)
Paralle S“Fe Transflo rr?_l ‘ Normalized Semicircle Transform
> For functions f € L'(S°): \/~ » For functions f € L'(S?):
1 1 [ _
Ur(p.t) = e | A€ de (1) €8x (-1 WH@.B7) = o [ F(%(a,5,0)8(:.6)) sind do
S VI =82 s, ™ Jo

» For measures 1 € P(S?71): » For measures ;1 € P(S?):

Upp = (Sy)up € P([—1,1]), Wa st = (Aap)yp € P(T)

Up = Tu(ugor x 1) € P(S?7 x [—1,1]) with T(2p, &) = (1, Sy(£)), Wi = Ty(use x p) € P(SO(3)) with T(®(cx, 5), ) =¥ (a, 5, Aa p(£))

where uss-1 is the normalized Lebesgue measure on S91 (Aap: S2 = T = [0,27), Aq(§) = azi(¥(a, 5,0)" &), and azi(P(i, 0)) = ¢ for all ¢, 0)

Parallelly Sliced Wasserstein Distance Semicircular Sliced Wasserstein Distance

PSWZ(ILL, V) = " Wg(U¢u, Z/{¢V) dugd—l(’(,b)

Theorem (Metric Properties)

Theorem (Metric Properties)

» PSW, is a rotationally invariant metric on P(S9?) for all p € [1, 00). » The normalized semicircle transform W: P(S?) — P(SO(3)) is injective.
» There exist constants ¢y, Cy, > 0 such that » SSW, is a rotationally invariant metric on P(S?) for all p € [1, c0).
1 —
ca. pPSW (11, v) < Wp(p, v) < Cq pPSW (1, ) Yy, v € P(SY). » Definition can be generalized to S7~

Wasserstein Barycenters

» Measures 11; € P(X), i =1,..., M, weights \; > 0 with SV X\, =1
» \Wasserstein barycenter

M
Barys(pi, M)V, = arg min Z i Wa(v, ;)
) =1

veP(X Parallelly sliced bary- Semicircular sliced Wasserstein barycen-
> Parallely sliced Radon barycenter of 11; € Pa(S971):

center (0.7's) barycenter (89s) ter (364 s)
Barygo (i, )ity = U ( (Baryz(A, Upii)ily) yesos ) :
Ip 02

where U is the pseudoinverse whose argument is viewed as a density \/ ‘ v \/ |

function on Sd_l X [—1, 1] First input 11 Second input Parallely sliced bary- Semicircular sliced ~ Wasserstein barycen-
center barycenter ter

S

First input g1 Second input 1o
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