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Technisch
The Problem uﬁfve",'f,-isf"ﬁ

Berlin
® Given: Points &n,ym € R? and coefficients w, € Rforn=1,..,.N, m=1,..,.M
® Radial kernel K: R? x RY — R
K(z,y) = F(llz — yll)
with basis function ': R>g — R

® \We want: the kernel sums

N

Sm :anK(xn,ym) Vm=1,..,.M (1)
n=1
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Technisch
The Problem Ug,fv;,f;;' ls

Berlin

® Given: Points &n,ym € R? and coefficients w, € Rforn=1,..,.N, m=1,..,.M
® Radial kernel K: R? x R* — R
K(z,y) = F(llz — yl)
with basis function ': R>g — R

® \We want: the kernel sums

N
Sm :anK(xn,ym) Vm=1,..,.M (1)
n=1
Examples | F(||z]|)
Gauss exp(— ”;;H;)
4 1-v v, .\ v

Matérn o (‘/gac) Kl,(‘/?:c)

Laplace exp(—al|z||)

Riesz — |||

® Goal: Improve computational complexity O(M N)
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Motivational Example: Particle Flows Te‘""‘““e' E

® Given: y = (y1,...,ynm) € (RHM
® Find: = (z1,...,2x) € (RN that “well approximate” y

. N N 1 N M
argflianZZHl'i*%HerzzHxi*ym”

i=1 j=1 i=1 m=1

repulsion attraction

® Gradient descent approximation:
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High-Dimensional Example: Neural MMD Gradient Flows
[Hagemann Hertrich Altekriiger Beinert Chemseddine Steidl 2024] Technische '

FashionMNIST CIFAR10

Figure: Class-conditional samples of MNIST, FashionMNIST and CIFAR10.
Each point z,, € R34 corresponds to a 28 x 28 image (CIFAR10: d = 3072)
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Applications of the Kernel Summation Problem Te‘""‘“"e' E
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® Kernel density estimation [Parzen 1962] [Rosenblatt 1956]
® Radial basis function approximation [Buhmann 2003] [Wendland 2004]
® (Classification via support vector machines [Steinwart Christmann 2008]

® Dimensionality reduction with kernelized principal component analysis [Schélkopf Smola 2002]
[Shawe-Taylor Cristianini 2004]

® Dithering and halftoning of images [Teuber Steidl Gwosdek Schmaltz Weickert 2010] [Krahmer Veselovska 2024]
® Electrostatic particle simulation [Nestler Pippig Potts 2015]

® Maximum mean discrepancies or the energy distance on the space of probability measure
[Gretton Borgwardt Rasch Schélkopf Smola 2006] [Székely 2002]

® Corresponding gradient flows [Arbel Korba Salim Gretton 2019] [Galashov Bortoli Gretton 2024]
[Hagemann Hertrich Altekriiger Beinert Chemseddine Steidl 2024] [Kolouri Nadjahi Shahrampour Simsekli 2022]

® Methods for Bayesian inference like Stein variational gradient descent [Liu Wang 2016]
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Approach 1: Fast Fourier Summation [Kunis Potts 2006] [Potts Steidl Nieslony 2004] Te‘“““‘"ﬁ' E
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® Fourier expansion of the kernel with degree Ny € N

Flel)~ > epe®®

ke{—Ng,...,Ngg 34
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Approach 1: Fast Fourier Summation [Kunis Potts 2006] [Potts Steidl Nieslony 2004]

® Fourier expansion of the kernel with degree Ny € N

Flel)~ > epe®®

ke{—Ng,...,Ngg 34

® Insert to (1)

N
sm =Y wnF(lzn = yml)

n=1

Technische
Universitét
Berlin

1/
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Approach 1: Fast Fourier Summation [Kunis Potts 2006] [Potts Steidl Nieslony 2004] T““"i“"e' E

® Fourier expansion of the kernel with degree Ny € N

Flel)~ > epe®®

ke{—Ng,...,Ngg 34

® Insert to (1)

N N
_ 27mi(xy, —Ym, k)
Sy = g wn F(||zn — ym]|) = E W, E cre n=Ym,
n=1 n=1 k€{—Ng,...,Np 3¢
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Approach 1: Fast Fourier Summation [Kunis Potts 2006] [Potts Steidl Nieslony 2004]

® Fourier expansion of the kernel with degree N € N

Flel)~ > epe®®

ke{—Ng,...,Ngg 34

® Insert to (1)

Q

N
§ Wn § cke27"i<wn*ymak>

n=1 ke{—Ngg,...,Nge 14

N
sm =Y wnF(lzn = yml)
n=1

N

_ 2 Ck6727ri(ym,k> E wne%'ri(zn,k)

k€{—Ntg,...,Ng } n=1

=y

Technische
Universitét
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1/
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Approach 1: Fast Fourier Summation [Kunis Potts 2006] [Potts Steidl Nieslony 2004]

® Fourier expansion of the kernel with degree Ny, € N

Flel)~ > epe®®

ke{—Ng,...,Ngg 34

® Insert to (1)

Q

N
§ Wn § cke27"i<xn*y7nak>

n=1 ke{—Ngg,..., N 12

N
sm =Y wnF(lzn = yml)
n=1

N

_ 2 Ck6727ri(ym,k> E wne%'ri(zn,k)

k€{—Ntg,...,Ng } n=1

=y

@ Inner sum 1wy, is non-equispaced fast Fourier transform (NFFT) of w
@® Outer sum s,, is NFFT of cpiy ~ Complexity O(N + M + N log Ni,)
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Approach 1: Fast Fourier Summation [Kunis Potts 2006] [Potts Steid| Nieslony 2004] Jechnische .ls

Berlin

® Fourier expansion of the kernel with degree Ny, € N

Flel)~ > epe®®

ke{—Ng,...,Ngg 34

® Insert to (1)

Q

N
§ Wn § cke27"i<xn*y7nak>

n=1 ke{—Ngg,..., N 12

N
sm =Y wnF(lzn = yml)
n=1

N
_ E Cke*Q‘”i(ymyk) E wn62ﬂi<z"’k>
k€{—Ntg,...,Ng } n=1

=y
@ Inner sum 1wy, is non-equispaced fast Fourier transform (NFFT) of w
@® Outer sum s,, is NFFT of cpiy ~ Complexity O(N + M + N log Ni,)

© Efficient for d € {1,2,3}
® Becomes unfeasible for larger d
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Approach 2: Random Fourier features (RFF) [Rahimi Recht 2007] Jﬁffﬂi!f'ls

Berlin
® Assumption: F(|| - ||) positive definite on R and F(0) = 1
® By Bochner’s theorem, F(|| - ||) is the Fourier transform of a probability measure 1 € P(R?)

® Draw iid samples v1,...,vp from p
1 P
—2mi 27i
Fllal) = | 77 dpuo) = 5 37 e
R4 P
p=1
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Approach 2: Random Fourier features (RFF) [Rahimi Recht 2007] TEC""i“"e.lE
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® Assumption: F(|| - ||) positive definite on R* and F(0) = 1
® By Bochner’s theorem, F(|| - ||) is the Fourier transform of a probability measure u € P(R?)

® Draw iid samples v1,...,vp from p
P
— —2mi(z,v) ~ l 2mi(x,vp)
F(lel) —/de auo) = 5 3 e
R p—
® Insert to (1)
N N . P
S = S wa P — yml) Y w3 i)
n=1 n=1 p=1
1 — al
— F Z 6727r1(ym,’up>2 wne%n(acn,vp)
p=1 n=1
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Approach 2: Random Fourier features (RFF) [Rahimi Recht 2007] TEC"'““"E"E

Universitét
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® Assumption: F(|| - ||) positive definite on R* and F(0) = 1

® By Bochner's theorem, F(|| - ||) is the Fourier transform of a probability measure u € P(R%)
® Draw iid samples v1,...,vp from p

P

_ —27i(z,v) ~ l 27i(x,vp)
Fllal) = [ o duto) 1 D
R —1
® Insert to (1)
N N L &
S = S wa P — yml) Y w3 i)
n=1 n=1 p=1
1 & N
— 727"i<y1n"up> 27i(xp ,vp)
Y ) Y
p=1 n=1
®© Complexity ~ O(P(N + M)) Kernel | positive definite
© Simple to implement Gaussian 4
~ Matérn 4
® Error bound E[HF — FHDO] S 0(1/\/?) [Sutherland Schneider 2015] Laplacian (4
® Only for positive definite functions Riesz x
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Approach 3: Slicing Summation

® |dea: Construct f: R — R s.t.

Pl = gy [, St

[Hertrich 2024] Jechnische ' 'E

Berlin

Ve R

radial function F(||z||)
(Gaussian)

T f((é,&)) for 2 different &
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Approach 3: Slicing Summation

® |dea: Construct f: R — R s.t.

Pl = gy [, St

[Hertrich 2024] Technische '

Universitét

Berlin

Ve R

Top: Approximation of I
Bottom: = — f({(z,£))

Fast and Accurate

Page 8
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Approach 3: Slicing Summation [Hertrich 2024] Jﬁfj;ﬁigills

Berlin

® |dea: Construct f: R — R s.t.
1
Fllal) = iy [ f(nae vacw!
|S ‘ sd—1

® Insert into the sum (1)

N

sm=> W [ F((@n€) = (g, ) e
|S | gd—1

(&, 1) (&, z3) (&, x5)
(&, x2) (€, xq)

3

Projection of points z1,...,z5 € R? onto

the line in direction &
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Approach 3: Slicing Summation [Hertrich 2024] Jﬁfj;ﬁigf'ls

Berlin

® |dea: Construct f: R — R s.t.
1
Fllal) = iy [ f(nae vacw!
|S ‘ sd—1

® Insert into the sum (1)

N

Sm = z_:lwn|§d1_1| /Sd_1 F{Tn, &) — (ym, &) d€

Sample &, ~ Uga—1 (uniform measure on the sphere)

(&, 1) (&, z3) (&, x5)
13

P N
~ ZZ "f xn75p> - (ym,ép)) (&, @2) (&, w4)
p=1 n=1

Projection of points z1,...,z5 € R? onto

1D kernel sum . . . .
the line in direction &

® P one-dimensional sums ~» O(P(N + M + Ng log Ng))
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ici hnisch
The Slicing Transform Jﬁfve",'f,-isf"s

Berlin

Goal: Construct “sliced kernel function” f: R — R s.t.

F(Ha:n):@/ (@, €)de  VaeR?
gd—l

Theorem (f — F) [Hertrich 2024] [Rubin 2003]

For d > 2, a pair (F, f) of basis functions in Lis.(R>o) fulfills this relation if and only if F is the generalized
Riemann-Liouville fractional integral

ar(d) [
F(t) = 22 fts)(1—s*)"= ds
ValL(55h) Jo
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ici hnisch
The Slicing Transform Jﬁiﬁi;"ﬁ

Berlin

Goal: Construct “sliced kernel function” f: R — R s.t.

F(Ha:n):@/ (@, €)de  VaeR?
gd—l

Theorem (f — F) [Hertrich 2024] [Rubin 2003]

For d > 2, a pair (F, f) of basis functions in Lis.(R>o) fulfills this relation if and only if F is the generalized
Riemann-Liouville fractional integral

@) [ 2
F(t) = 22 flts)(1—s")"2 ds
ValL(55h) Jo
Theorem (Smoothness of F) [Rux Q. Steidl 2025]
For d € N with d > 3, let f € Lj,.([0,00)) for odd d and f € LY _([0,00)) with p > 2 for even d.
Then F'is L(dgz)J-times continuously differentiable on (0, c0).
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Inversion Formula for L' Functions TeC“"‘“"e' E

® Rotation operator R, maps F': [0,00) — R to the radial function

RaF(z) = F(|lzl), =z e€R

Fast and Accurate Approxi ion of High-Di i Radial Kernels via Slicing | Michael Quellmalz | 9 Apr 2025
Page 10




Inversion Formula for L' Functions Jﬁfj;ﬁ;gills

Berlin
® Rotation operator R, maps F': [0,00) — R to the radial function

RaF(x) = F(||z]), z € R?

e Spherical averaging operator maps ®: R? — R to

Aa®(r) = Ig,dl—,l‘/ d(re)de,  reR
§d—1
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Inversion Formula for L' Functions Jﬁfj;ﬁ;gf'ls

Berlin
® Rotation operator R4 maps F': [0,00) — R to the radial function

RaF(z) = F(z]), z€R?

e Spherical averaging operator maps ®: R? — R to

Aa®(r) = Ig,dl—,l‘/ d(re)de,  reR
§d—1

® Multiplication operator
MaF(r) = F(r)lr)*", reR
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Inversion Formula for L Functions Jﬁff:rﬁigf"s

Berlin
® Rotation operator R4 maps F': [0,00) — R to the radial function

RaF(z) = F(z]), z€R?

e Spherical averaging operator maps ®: R? — R to

Aa®(r) = IS;—,H/ d(re)de,  reR
§d—1

® Multiplication operator
MaF(r) = F(r])r|*", reR

Theorem [Rux Q. Steidl 2025]

Let d > 2. Let F: [0,00) — R fulfill RqF € L*(R?) and Fa(RaF) € L*(R?), then

= |s"12—1|(]:1 o Mg o Ago FaoRa)lF].

® Inversion formula uses only one- and d-dimensional Fourier transform and simple operators

® Not applicable for the Riesz kernel: f exits, but the Fourier transform FyRq [F] is only a distribution
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Example: Gauss Kernel Technis:he'
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Gauss kernel F(t) = exp ( — %)
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Example: Gauss Kernel Jﬁffe",l’,-i!f'

Berlin
2
Gauss kernel F(t) = exp ( — %)
2
Radial function RaF(z) = exp ( - ”Z” )
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Example: Gauss Kernel Technis:he'

Universitat
Berlin
Gauss kernel F(t) = exp ( _ %)
Radial function RaF(z) = exp ( - “2”2
Fourier transform Fi'RaF(z) = (2m)%? exp(—272|z?)
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Example: Gauss Kernel Techmscne' E

Berln
Gauss kernel F(t) = exp ( _ %)

Radial function RaF(z) = exp ( - “’;”2)

Fourier transform Fi'RaF(z) = (2m)%? exp(—272|z?)

radial part AaF " RaF (t) = (2m)%? exp(—272t?)
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Example: Gauss Kernel Techische "E

Berlin
Gauss kernel F(t) = exp ( _ %)
Radial function RaF(z) = exp ( — “’;”2)
Fourier transform Fi'RaF(z) = (2m)%? exp(—272|z?)
radial part AaF " RaF (t) = (2m)%? exp(—272t?)
Multiplication MaAaF RaF(t) = (2m)Y? exp(—2n2t?)|t]?
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Example: Gauss Kernel Jﬁfﬂﬁiﬁf"ﬁ

Gauss kernel
Radial function
Fourier transform
radial part
Multiplication

Sliced kernel

Berlin
2
F(t) = exp ( — %)2
RaF(z) = exp ( — HZQ” )
Fy'RaF(z) = (2m)*? exp(—2n°||z||*)

22t ¢4t

)

)

)= ( (=2

)= (27T)d/2 p(—272t%)
)= ( xp(—

)=

fit) = flMdAdJ: 'R4F 7—§> (confluent hypergeometric function)

F Map=F1f f

Figure: Gauss kernel F' and the corresponding sliced kernel f for d = 10
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Slicing via Tempered Distributions U’ﬁfjﬂ;ﬁ'lﬁ

Berlin
* Schwartz space S(R?) = {¢ € C*(R") : D*z’p(z) € Co(R?) Vo, B € N}
® Tempered distributions S’ (R?) are continuous linear functionals on S(R%)

Fast and Accurate Approxi ion of High-Di i Radial Kernels via Slicing | Michael Quellmalz | 9 Apr 2025
Page 12



Slicing via Tempered Distributions

* Schwartz space S(R?) = {¢ € C*(R") : D*z’p(z) € Co(R?) Vo, B € N}

® Tempered distributions S’ (R?) are continuous linear functionals on S(R%)
® Fourier transform of T' € S’(R?) is defined as “adjoint”

(FaT, @) = (T, Fap) Vg € S(R)

Technische .
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Slicing via Tempered Distributions U’zg::;g:"ﬁ

Berlin
* Schwartz space S(R?) = {¢ € C*(R") : D*z’p(z) € Co(R?) Vo, B € N}
® Tempered distributions S’ (R?) are continuous linear functionals on S(R%)
® Fourier transform of T' € S’(R?) is defined as “adjoint”

(FaT,¢) == (T, Fap) Ve € SR
® Define “adjoint operators”
Ri: 8'(RY) = Sla(R),  (RIT,9) = (T, (Rao A1)Y) Vo € S(R)
Ay S'(R) = Shaa(RY),  (Air, @) = (1, Aap) Vo € S(RY)
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Slicing via Tempered Distributions Jﬁfj;ﬁ;’;f"ﬁ

Berlin
Schwartz space S(R?) = {¢ € C*(R?) : D*27p(z) € Co(R?) Vo, B € N}
Tempered distributions S’(R?) are continuous linear functionals on S(R%)
Fourier transform of T' € S'(R?) is defined as “adjoint”

(FaT, @) = (T, Fap) Vg € S(R)

Define “adjoint operators”
Ri: 8'(RY) = Staa(R),  (RIT,9) = (T, (Rao A1)Y) Vi € S(R)
Az S'(R) = Sta(RY),  (Aim, ) = (1, Aup) Vyp € S(RY)

Theorem [Rux Q. Steidl 2025]

Let f € C(R) be slowly increasing and even. Set F'(||z[|) = E¢~tr, , [f((z,£))]. Then f can be recovered
from

f = (F1oRyoF;[RaF). (%)
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Slicing via Tempered Distributions U’zg::;g:"ﬁ

Berlin
* Schwartz space S(R?) = {¢ € C*(R") : D*z’p(z) € Co(R?) Vo, B € N}
Tempered distributions S’(R?) are continuous linear functionals on S(R%)
Fourier transform of T' € S'(R?) is defined as “adjoint”

(FaT, @) = (T, Fap) Vg € S(R)

® Define “adjoint operators”
Ri: 8'(RY) = Staa(R),  (RIT,9) = (T, (Rao A1)Y) Vi € S(R)
Az S'(R) = Sta(RY),  (Aim, ) = (1, Aup) Vyp € S(RY)

Theorem [Rux Q. Steidl 2025]

Let f € C(R) be slowly increasing and even. Set F'(||z[|) = E¢~tr, , [f((z,£))]. Then f can be recovered
from

f = (F1oRyoF;[RaF). (%)

Theorem (Conditions on F) [Rux Q. Steidl 2025]

Let d > 3 and let the |d/2]-th derivative of F' € Cl/21([0,00)) be slowly increasing. Then the sliced kernel f
is well-defined and satisfies (7).
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Known Pairs (F, f)

Technische .
Universitét

Berlin
Kernel F(x) 7 EA- DIl f(=) F D)
P . 2 5.2 .2 2 2 2 2\(d—1)/2
Gauss exp(~ (2m0%)"? exp(~270%?) VR 3 55) i i
3
d—1
P(&EL)y2d 7 dnZo? AL o (—a)tyAT(2E) r(4EL)pdn —Md 1 AnZo? AL
Laplace exp(—azx) 2#(1 + )T Z" o n!r(%)r(%%) z" (Dt (14 5=)" 2
s Ta_z(—at)+Lg_s (—at) 2%1‘(4) N 24;1 2:124 )
liced Laplace 2 2 2 - exp(—ax — T2
p = A e Jr( T, XP(—a) Var(Ih) oT
, SV T N D r(2utdyn$ 4 ga Mzﬂz 2 2v4d ) P(2utdy$ ndgd), d-1 2225242 | 2vtd
Matérn — (Ya)" K, (Y2x) 2 1+ ) T [Hertrich 2024, Appx C] 2 1+ )~
T\ 5 B 7 . T -
O r(ryw?
d+7
Riesz for r > —1 —z" not a function % not a function
dz? log(x) + Cyz?, with
Thin Plate Spline 22 log(x) £(2) !

not a function

Ca=§(Hyg —2+log(4))

not a function

Table: Basis functions F for different kernels K (z,y) = F(||z — y||) and corresponding basis functions f from
k(z,y) =

f(Jz —y|). We added the inverse Fourier transforms F

Ak

Fast and Accurate Appi

ion of High-Di

—1
] and F]

[£(I- D] to the table.

Page 13

Radial Kernels via Slicing | Michael Quellmalz | 9 Apr 2025



Slicing Error for Random Directions Te"‘"“"“" E

Universitat
Berlin

Theorem [Hertrich Jahn Q. 2025]

© This gives the exact rate of the expected error
@ Error rate 1/+/P for P — oo
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Quasi Monte Carlo (QMC) on the Sphere Technische' E

Goal: Improve Error Rate O(1/+/P)

Idea: Replace random points &, by a quadrature rule on §é-1
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Quasi Monte Carlo (QMC) on the Sphere Jﬁff:rﬁigf"ﬁ

Berlin

Goal: Improve Error Rate O(1/+/P)

Idea: Replace random points £, by a quadrature rule on §é-t

Definition [Brauchart Saff Sloan Womersley 2014]

A QMC Design for the Sobolev space H*(S*™') is a sequence (¢¥)p with £ = (&f,...,€5) € S% ! st

sup | ga 1|/ 9(§)dg — PZ &) Ps/(d )1)

geH® (8% 1)
97 ga—1, <1
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Quasi Monte Carlo (QMC) on the Sphere Jﬁff:rﬁigf"ﬁ

Berlin

Goal: Improve Error Rate O(1/+/P)

Idea: Replace random points £, by a quadrature rule on §é-t

Definition [Brauchart Saff Sloan Womersley 2014]

A QMC Design for the Sobolev space H*(S*™') is a sequence (¢¥)p with £ = (&f,...,€5) € S% ! st

sup | ga 1|/ 9(§)dg — PZ &) Ps/(d )1)

geH® (8% 1)
97 ga—1, <1

Application to slicing

1. Verify smoothness of the integrand

2. Find and compute QMC design
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Smoothness of the Integrand Jﬁff:&i!f"ﬁ

Recall: F(||lz[]) = Eenery, [f((§, 2))]

Need to ensure smoothness of

d—1

ga : S =R, g(§) = f((§;2))

Question: Is g, € H*(S*™1)?
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Smoothness of the Integrand Jﬁﬁ';‘f;iﬁf' IE

Berlin
Recall: F(|[z]]) = Eenvgy, [F((£,2))]
Need to ensure smoothness of

9o 8T = R, ga(€) = f((€, )

Question: Is g, € H*(SY™1)?

Theorem [Hertrich Jahn Q. 2025]
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(Computable) QMC Designs Jﬁffﬂi!f'lﬁ

Berlin

Spherical t-designs: £¢7 = (¢7, ..., ¢F) € ¢ with

P
@ /Sdil fd¢ = ;pz;f(ff) V polynomials f of degree <t

®© Always exists and is a QMC design for s = ¢t whenever s > %
®© Numerically known for d = 3 [Graf Potts 2011] and d = 4 [Womersley 2018]
® Hard to compute for larger d
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(Computable) QMC Designs Jﬁfﬂﬁiﬁf'ls

Berlin

Spherical t-designs: £¢7 = (¢7, ..., ¢F) € ¢ with

P
@ /Sdil fd¢ = Iljz;f(ff) V polynomials f of degree <t

®© Always exists and is a QMC design for s = t whenever s > %
®© Numerically known for d = 3 [Graf Potts 2011] and d = 4 [Womersley 2018]
® Hard to compute for larger d

Distance points: Maximize

,
€N =Y lg &l

p,q=1
© Is a QMC design for s = % [Brauchart Saff Sloan Womersley 2014]

d
© resulting worst case error rate O(1/P2-1 )
For d = 3: error rate O(1/P3/*)
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Numerics: Evaluation of the Slicing Error Jﬁfj;ﬁ;gills

Berlin

Mean error

F(ll=l) -

“U \

P
Z (,&p))

Slicing Directions &,
® Random directions
® Orthogonal directions: Randomly choose directions such that &1, ..., &4 are orthogonal
® Distance QMC Design

Compared Methods:
® Random Fourier features (RFF)
® Orthogonal Random Features (ORF) [Yu Suresh Choromanski Holtmann-Rice Kumar 2016]

® QMC-Random Fourier Features (Sobol RFF) for Gauss kernel [Avron Sindhwani Yang Mahoney 2016]
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Slicing Error

Absolute Error

Absolute Error
=
2

Gauss kernel with 0 =0.022, d=3

Gauss kernel with 02 =0.094, d =10

Technische .
Universita
Berlin

Gauss kernel with 02 =0.493, d =50
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10 1071
-
1072
+ - L
4 g g
i i
RFF £ 1072 g 1072
A ORF 2 RFF 2 RFF
< Sobol RFF + 2 A ORF 2 4 ORF
x  slicing 10-+] < Sobol RFF < < Sobol RFF
®  Sobol slicing N x  slicing x  slicing
»  Orth slicing + . + PO ® Sobol slicing ®  Sobol slicing
FH o ; _ N
®  Distance slicing AR s ?fh*ﬁtr%** 105 > OTth slncmg 10-34{ > Orth slwclng )
+  spherical design e T = Distance slicing = Distance slicing
101 10? 10° 10 10° 10° 101 10? 10°
Number P of Projections Number P of Projections Number P of Projections
Laplace kernel with a=6.74, d=3 Laplace kernel with a = 3.25, d = 10 Laplace kernel with a =1.42, d =50
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51072 1
5 E
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x  slicing < A ORF < A ORF
®  Sobol slicing % slicing % slicing
> Orth slicing ® Sobol slicing ®  Sobol slicing
= Distance slicing 10-3] > Orthslicing > Orth slicing
+  spherical design = Distance slicing m  Distance slicing
10! 102 10° 10! 102 10° 101 10? 10°

Number P of Projections

Number P of Projections

Number P of Projections
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Estimated Convergence Rates Jﬁff:ﬁiﬁ"ﬁ

Berlin

Gauss kernel with median rule and scaling vy =1

RFF-based Slicing-based
Dimension RFF  Sobol ORF Slicing  Sobol Orth  Distance
d=3 0.50 0.98 0.50 0.50 0.96 0.57 2.10
d=10 0.50 0.86 0.50 0.50 0.78 0.50 1.38
d =50 0.50 0.76 0.67 0.50 0.72 0.70 0.78

Laplace kernel with median rule and scaling v =1

RFF-based Slicing-based
Dimension RFF  ORF Slicing  Sobol  Orth  Distance spherical design
d=3 0.50  0.50 0.50 0.88  0.52 1.26 1.28
d=10 0.50  0.50 0.50 0.63  0.50 0.68 -
d =50 0.49 0.52 0.50 0.59 0.56 0.60 -

Table: Estimated convergence rates for the different methods. We estimate the rate r by fitting a regression line P~" in
the loglog plot. Larger values of r correspond to a faster convergence. The kernel parameters are determined via the
median rule with scaling factor 1.
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Slicing Summation on CPU (Letters dataset with d = 16 and M = N = 20000 points)

Gauss kernel on Letters (d = 16)

Technische
Universitét
Berlin

Matern (v =3.5) on Letters (d = 16) Matern (v=1.5) on Letters (d = 16)

1071 . 0] x T o 3
A T - ko 07 E A&
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4 x e x &
5102 . x 5 . ) 5 \ A
2 i x g . :ox £ x
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: < x - . -, 10-
3 = NN 3 s i - 5
2 » 2 L] 2 ke
107 REF < x E i E X i
] A ORF 4 T RFF k ] RFF L *
& & 10 &
< QMC (Sobol) RFF . % A ORF . 02| 4 ORF
% QMC RFF-10 Slicing . % QMC RFF-10 Slicing . *  QMC RFF-10 Slicing -
10-4] x Fourier Slicing . X Fourier Slicing . X Fourier Slicing u
®  QMC Fourier Slicing - Lo~ ] ™ QMCFourier Siicing - ®  QMC Fourier Slicing -
107 10° 10 107 100 10! 107 10° 10t
Time (s) on single-threaded CPU Time (s) on single-threaded CPU Time (s) on single-threaded CPU
Laplace kernel on Letters (d =16) negative distance on Letters (d = 16)
K 10715 x
‘. L ] x
_ x
1071 - x
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5 x + . x
g x i o« g, . ] x
& N x & v, =10 - >
" u % N = x
o
v 1072 . x ) 2 . %
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Kl RFF X k .
A ORF 1 #1107 -
10-3] * QMCRFF-10 Slicing - .
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= QMC Fourier Slicing - ®  QMC Sorting Slicing -
10~ 10° 10! 107 10° 10!
Time (s) on single-threaded CPU Time (s) on single-threaded CPU
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Times

Gauss kernel with N =M = 960000, d = 30
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Time (s) on a NVIDIA GeForce RTX 4090 GPU

Matern (v =3.5) with N =M = 960000, d = 30
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Laplace kernel with N =M = 960000, d = 30

Relative L! Error
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Matern (v=1.5) with N =M = 960000, d = 30

PN S
= x
O ¢ x
A x
L} x X
x
= ‘o, -
] x
A x
u
RFF O
A ORF " 3
®  QMC Fourier Slicing .
X% Fourier Slicing .\
-== PyKeOps -
1072 107t 10°

Time (s) on a NVIDIA GeForce RTX 4090 GPU

negative distance with N =M = 960000, d = 30
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Application: MMD (Maximum Mean Discrepancy) as Loss Function Te‘""‘“"e' E

Universitét
Berlin

Objective value vs time for the MMD flow on CIFAR10

—— slicing
® Minimize Loss(x) = MMD(x,y) ~ QMCslicing
6x107*
via gradient descent
[
® y is CIFAR10 dataset (M = 50000 and d = 3072) S ax10-
® use Riesz kernel F(z) = —||z|| g
903x10
= RFFs are not applicable 8
® Direct computation is extremely slow 2x10
(one iteration takes &~ 1h vs. 0.3s with slicing)
108 10¢
computation_time
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Conclusions Jﬁfvhe"f,-igf' E

Berlin

® Slicing is a powerful tool for fast kernel summation

® Applicable for many kernels, including the Riesz kernel

® Proven error rate O(1/+/P) for iid directions on the sphere
® Better convergence rates via QMC designs (but they require some precomputation)

® Numerical advantage QMC-slicing, especially for smooth kernels and dimensions d < 100
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Conclusions Jﬁff:ﬁiﬁ"ﬁ

Berlin

® Slicing is a powerful tool for fast kernel summation

Applicable for many kernels, including the Riesz kernel

® Proven error rate O(1/+/P) for iid directions on the sphere
® Better convergence rates via QMC designs (but they require some precomputation)

® Numerical advantage QMC-slicing, especially for smooth kernels and dimensions d < 100

Future

® [mprove our theoretical analysis on QMC slicing in order to match the convergence rate from the
numerical section

® Study worst case errors for symmetric functions on the sphere, since g, is always symmetric

® Use “up-slicing” to smoothen the Riesz kernel
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Thank you for your attention!
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