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Computations in high-dimensional spaces can often be realized only ap-
proximately, using a certain number of projections onto lower dimensional
subspaces or sampling from distributions. In this paper, we are interested in
pairs of real-valued functions (F, f) on [0, 00) that are related by the projec-
tion/slicing formula F(||z[|) = E¢[f(|(z,&)])] for 2 € RY, where the expec-
tation value is taken over uniformly distributed direction in R?. While it is
known that F' can be obtained from f by an Abel-like integral formula, we
construct conversely f from given F' using their Fourier transforms. First, we
consider the relation between F' and f for radial functions F(|| - ||) that are
Fourier transforms of L' functions. Besides d- and one-dimensional Fourier
transforms, it relies on a rotation operator, an averaging operator and a multi-
plication operator to manage the walk from d to one dimension in the Fourier
space. Then, we generalize the results to tempered distributions, where we
are mainly interested in radial regular tempered distributions. Based on
Bochner’s theorem, this includes positive definite functions F'(|| - ||).

1. Introduction

Radial functions play an important role in approximation theory [7, 50|, kernel density
estimation [30, 37|, support vector machines [44, 45|, kernelized principal component
analysis [42, 43|, simulation of optical scattering [12, 24|, distance computations between
probability measures [18, 47| as well as dithering |9, 15| in image processing, to mention
only a few. Recently, they have found applications in machine learning in connection with
Stein variational gradient descent flows [28] and Wasserstein gradient flows [1, 13, 19].
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A central issue in the above applications is the fast evaluation of radial functions, more
precisely, the computation of “convolutions at nonequispaced knots”

N
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for large N € N, where z; € R? and «; € C. Throughout this paper, let || - || be the

Euclidean norm on R, where the dimension becomes clear from the context. Certain
methods for high-dimensional data z; € R%, d > 1, were proposed in the literature. A
popular one, called random Fourier features [36], was analyzed, e.g., in [20, 46] and found
recent applications for ANOVA approximation [33] and domain decomposition [27]. It
relies on the linearity of the expectation value and Bochner’s theorem, showing that a
positive definite, radial function F o || - || on R? is the Fourier transform of a positive
measure 4, i.e., after proper scaling,

F(|all) = Eyny [e7250)] (2)

Another technique, known as slicing [21], resembles the Radon transform and is well-
known in the context of optimal transport [5, 6, 35]. It is based on the existence of a
one-dimensional function f such that the slicing (projection) formula

E( 1D = Eenvgy [f (K2, DI (3)
holds true, where the expectation value is taken over the uniform distribution Uga—1 on
the unit sphere S¥=! € R?. In other words, a radial function F o || - || fulfilling (3) can

be evaluated at « € R? by projecting it onto lines of different directions & through the
origin, see Fig. 1, followed by evaluating a one-dimensional function f at the projected
points (x,§). For certain functions f, one-dimensional summations of the form (1) can
be done in a very fast way, e.g., via sorting or fast Fourier transforms at nonequispaced
knots |21, 26, 32|, as done in various applications |3, 8, 22, 23|.

The relation between F' and its sliced version f in (3) is given by the Abel-type integral

1
F(s) = cq /0 flts)(1 - 2% at (4)

with some constant ¢g. Note that in [21], functions F' having a power series were con-
sidered to determine their slicing functions f. In contrast to random Fourier features,
slicing is not restricted to positive definite functions F'o || - ||, and indeed it works also for
other functions, which are of interest in applications, like Riesz kernels || - ||", » € (0,2)
or thin plate splines || - ||2log || - ||. However, we see from its integral representation (4)
that F': [0,00) — R must have some smoothness properties. Indeed, (4) is closely re-
lated to Riemann—Liouville fractional integrals, and the injectivity of the transform (4) if
f € LY(R) as well as the inverse transform, which determines f from F, can be deduced
via fractional derivatives, see Appendix D. However, the resulting integrals are often hard
to evaluate, and we will follow another approach.
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Figure 1: Projection of points z1, ..., x5 € R? onto the line in direction &.

In this paper, we are interested in the relation between F' and f from a Fourier analytic
point of view. More precisely, we show how f can be obtained from a radial function
F ol -| that is the Fourier transform of a radial L' function. Then we will see that this
is a special case of a recovery formula for radial regular tempered distributions. Since
measures can be considered as tempered distributions, the later one also includes positive
definite functions appearing in Bochner’s relation (2). Radial tempered distributions
were already considered in the literature, e.g., in [11, 17]. However, to the best of our
knowledge, our rigorous proofs of certain properties needed for our approach are novel.
The dimension reduction from a multivariate, radial function F o || - || to a univariate
one f o || in the Fourier space can be easily realized by applying a multiplication
operator arising from a variable transform, and is actually what we call "dimension walk”,
a notation borrowed from Wendland [50, Chap. 9.2|. We are completely aware that also
projections onto larger than one-dimensional subspaces may be of interest, but are out
of the scope of this paper.

Outline of the paper: in Section 2 we introduce our two main players, namely the rotation
operator and its inverse, the averaging operator. Then we recall the relation between
the slicing formula (3) and the Abel-like integral (4). The “dimension walk” is realized
by a multiplication operator. Moreover, we determine the smoothness of functions F
determined by the Abel-like integral. Then, in Section 3, we show as a starting point,
how the function f in (4) can be computed from a radial function F o || - || that is the
Fourier transform of a radial L' function. As a by-product of the smoothness result for
the Abel-like integral, we will see that the Fourier transform of a radial function in R? is
|d—2/2] times continuously differentiable, a result that should be known in the literature,
although we did not find a direct reference. In Section 4, we first recall the definition
of radial Schwartz functions and prove that the averaging and rotation operator are
continuous operators on these spaces. This allows to generalize the reconstruction to
radial regular tempered distributions. Clearly, this is more general than the approach in
the previous section and we provide in particular two examples. Since measures can be
treated as special tempered distributions, we obtain a result for positive definite radial



functions F o || -|| based on Bochner’s theorem. Auxiliary technical results are postponed
to the appendix.

2. Rotating, Averaging and Slicing

We denote by C(R?) the space of complex-valued continuous functions, by Cy(R?) the
Banach space of bounded continuous functions, and by Co(RY) the Banach space of
continuous functions vanishing for ||z|| — co with the norm

[@]|o0 := sup |®(z)].
z€R4

Let C*°(R?) be the space of infinitely differentiable functions. Further, let LV (R?),

p € [1,00), denote the space of locally p-integrable functions and L (R?) the space of
locally bounded functions.

We are interested in radial functions ®: R¢ — R, which are characterized by the property
that for all € R,
O(z) = ®(Qx) forall Q€ O(d),

where O(d) denotes the set of orthogonal d x d matrices. We need two operators. The
rotation operator Ry associates to F: [0,00) — R the radial function RqF: R — R
given by

RaF = Foll-|. (5)

Since every function F': [0,00) — R can be identified with its even continuation F : R —
R, we define R4 alternatively for all even functions on R. Every radial function is of the
form (5). The spherical averaging operator Aq assigns to a function ®: R? — R, which
is integrable on every sphere rS?1, > 0, the function A3®: R — R defined by

1

Wd—1

Aa®(r) = /S OO dE =Eeny,, [2(r8)] forall reR. (6)

Note that as soon as ® is continuous on R%\ {0} or ® is a radial, the function A;® is
well-defined. By definition 4, is an even function, i.e., 43P (r) = A3®(—r), r € R and
we have for d = 1 that

A1®(r) =3 (®(r) + ®(—r)) forall reR.
Moreover, we obtain by definition that
Aj(PoQ) = AP forall Q€ O(d).

The operator Ay is the inverse of R4, meaning that for every even function F': R — R
and r > 0 it holds

(Ag o Ra)F(r) = Benayyy, [F(|IrE]))] = F(Ir]) = F(r), (7)



and conversely for every radial function ®: R? — R and x € R? we have
(Rao Aq)®(x) = (Aa®)([[z]]) = Benrgyy, [@([[2]1€)] = ®(2). (8)

The following theorem considers special radial functions of the form (3).

Theorem 2.1. Letd € N, d > 3 and let f € LL _([0,00)). Then the function F: [0,00) —
R fulfilling the slicing relation

Ral = Eenrgy, [ (15 )] 9)

is determined by the Abel-type integral

F(s) = cd/ol F(ts)(1 — )5 dt = cdé /0 f(t)(l - g)df dt, (10)

2wg_
where cg == ﬁ

and wq_1 denotes the surface measure of S 1.
The theorem was proved in a more general form for projections on subspaces in [38,

Lem. 2.1] and for the above special case of a projection onto a line also in [21]. For
convenience, we add the short proof in Appendix A.

The following theorem, whose proof is given in Appendix B, clarifies smoothness prop-
erties of the function F' in the Abel-like integral.

Theorem 2.2. Ford € N withd > 3, let f € L{ ([0,00)) for odd d and f € Lt (]0,00))
with p > 2 for even d. Then the function F defined by (10) is |(d=2)/2|-times continuously
differentiable on (0,00). Moreover, if d is odd, then the |(d=2)/2]-th derivative of F is

absolutely continuous.

In the rest of this paper, we are interested in characterizing f from given F, i.e., the
inversion of the Abel-like integral transform (10), where we want to use the Fourier
analytic tools.

3. Slicing of L' Functions

We start with functions F' that are Fourier transforms of absolutely integrable functions.
Let LP(R?), p € [1,00), be the Banach space of p-integrable functions. The Fourier
transform Fy: L' (R?) — Co(RY) is an injective, linear operator defined for ® € L(R?)
by

O = Fy[®] = /]Rd e 2@ B (1) da. (11)



If & € L'(R?), then the inverse Fourier transform reads as
o = F; ) = / 2T () du.
R4

On even functions, and in particular radial functions, the Fourier transform coincides
with its inverse. Moreover, the Fourier transform of a real-valued, radial function is real-
valued again, and we have ® o ) = do Q for all Q € O(d). For p: R — R, we define the
multiplication operator by

Map(r) = p(|r]|r|¢"t forall reR.

By definition, M p is an even function. We obtain the following inversion result.

Proposition 3.1. Let d > 3. Assume that F': [0,00) — R fulfills RgF = Fa[Rap] for
some function p: [0,00) — R with Rgp € L*(R?). Then the function f: [0,00) — R
given by the corresponding even function

f="51(F1 0 Ma)lp] € Co(R), (12)

fulfills (9), where p is also considered evenly extended here. If in addition RgF € L'(R?),
then

f= wdg_l(}_lO./VldOAdO]:d_lo'Rd)[F]. (13)
Proof. Using that v = ||v||€, where ¢ € ST™!| we obtain by assumption

RaF(z) = / &= 2mE) (o)) du
Rd

_ / / 6727ri(z,£>7" p(T)Tdil dr d¢
Sd-1 Jo
1 .
_ / / e—27r1(a:,§)rp(r)’r‘d—l dr d§
2 Sd—-1 JR

1
=5 [, AlMal( e e
= Benagy, [Z5H(F1 0 Ma)lpl([(2, D] -
On the other hand, we have by Theorem 2.1 that f with (10) fulfills
RaF(2) = Bengyy o 1f (K2, )]

This implies that f = “42(F; o Mg)[p] fulfills (9). Since Rgp € L'(R?), we know that
Mgyp € L'(R) and hence its Fourier transform is continuous, so that f € Cy(R) is even.

If in addition RqF € L'(R?), then Ryp = F, ' [R4F] and by (7) further p = (Aq0 F; ' o
Rq)F. Plugging this into (12), we obtain the second assertion. O



Let us note that another characterization of Fourier transforms of radial L! functions is
given by the following remark, see, e.g. [16].

Remark 3.2. The Fourier transform of a radial function Rqp € LY(R?), d > 2 is also a
radial function and can be written as

o0
Fa[Rap](z) = lell_d/g/ p(r)r*? Jus_y (27r||]) dr,
0
where Jas,_1 denotes the Bessel function of first kind of order d/2 — 1.
Combining Theorem 2.2 and Proposition 3.1 gives the following corollary.

Corollary 3.3. The Fourier transform of any radial function from L'(RY) is [(d-2)/2]
times continuously differentiable on R\ {0}.

Proof. Let ® = Rgp € L'(RY) for some p: [0,00) — R. Then the Fourier transform
Fi[®] exists and is radial. Therefore, a function F': [0,00) — R exists with RqF =
Fi[Rap) = F4[®]. By Proposition 3.1, it follows that f and F satisfy (10) as well as
f € C(R). By Theorem 2.2 the function F'is |(d-2)/2] times continuously differentiable
on (0,00). The smoothness of the Euclidean norm on R¢\ {0} yields the assertion. [

The “dimension walk” between Fourier transforms of radial functions in different dimen-
sions was discussed, e.g. in [11, 17]. Various examples of sliced transform pairs (F, f)
were given in [21, 38|. Here are two interesting ones.

Example 3.4. i) If F(z) = exp (— %) is a Gaussian, then p(z) = (2m)%? exp(—2n22?)
in Theorem 3.1 is a Gaussian as well and we obtain f = Fi[Mgp] = Fi[p(|- )| -197] on
R or conversely F1f = .7-"1_1f = Myp. The function f is the confluent hypergeometric
distribution function, i.e.,

F(z) = exp < _ x;) —  fla)= 1F1<;l, % J’i)

The graphs of these functions are depicted for dimension d = 10 in Fig. 2. The func-
tion RqF is positive definite in every dimension d € N, and the function f is positive
definite in one dimension by Bochner’s theorem 4.10. However, f shows oscillations,
which increase with the dimension. Its Fourier transform Fif has only two modes, which
get separated more far from each other with an increasing dimension, but keep their
shapes.

ii) For Riesz kernels, both F' and f have the same structure, more precisely, for r > —1,

we have J
il .

F(z)=2" <+ f(w):mx

(14)
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Figure 2: Abel-type transform of the confluent hypergeometric distribution f results in
the Gaussian F' (d = 10).

4. Slicing of Tempered Distributions

In this section, we extend our considerations to radial tempered distributions, where
we partially build up on results in [17]. This allows to show a generalization of Theo-
rem 3.1.

4.1. Radial Schwartz Functions

For a smooth function ¢ € C*°(R?) and an integer m € N, define

‘= ma 1+ -|)™D? ) 15
ol = _max_ 0+ - "Dl (15)

The space of Schwartz functions S(R?) consists of all smooth functions ¢ € C*(R?) such
that ||, < oo for all m € N. A sequence ¢, € S(R?) converges to ¢ € S(R?) if

lim | —@|lm =0 forall meN.
n—oo

The Fourier transform (11) is a linear, bijective and continuous map from S(R?) to S(R?).
A Schwartz function ¢ € S(R?) is called radial if ¢ = ¢ o Q for all Q € O(d). The space
of radial Schwartz functions is denoted by

Siad(RY) = {p € SRY) : poQ = ¢ for all Q € O(d)}.
In particular, for d = 1, we obtain the even Schwartz functions S;aq(R).

The following theorem shows that the rotation and the averaging operator are well-
defined on radial Schwartz functions. We will use ¢ to denote one-dimensional Schwartz
functions and ¢ to address d-dimensional Schwartz functions.

Theorem 4.1. i) The rotation operator Ry: Srad(R) = Sraqa(R?) given by (5) is linear
and continuous. In particular, there exist constants by, > 0 such that |Rq||m <

bin |||l am for all ¢ € Spaa(R) and all m € N.



ii) The averaging operator Ag: S(R?) — Saq(R) given by (6) is well-defined and con-
tinuous with || Agp||m < d™||¢||m for all ¢ € S(R?) and all m € N.

A rough sketch of the proof can be found in [17]. We give a rigorous proof in Appendix C.
The following corollary is a direct consequence of the above theorem and the relations
(7) and (8). Tt shows that A4 restricted to Spaq(RY) is bijective.

Corollary 4.2. i) The concatenated operator Rqo Aq: S(RY) — Spaq(RY) is a contin-
uous projection onto Spaq(R?), i.e., it is surjective and (Rgo0 Aqg)?> = Rq o0 Aqg.

i) The operator Aq: Srad(RY) — Siaq(R) is a homeomorphism, i.e., it is bijective and
continuous with continuous inverse,

AqoRg=1ds ,®) and RgoAg=Idg_,(re)-

4.2. Radial Tempered Distributions

The space of tempered distributions S'(R?) consists of all continuous linear functionals
on S(RY). A sequence Ty, € S'(R?) converges to T € &' (R?) if limy_yo0 (Th, ) = (T, )
for all ¢ € S(R?). The Fourier transform Fy: S'(R?) — S’(R?) is the linear, continuous
operator defined for a tempered distribution T € S’(R?) by

(FaT, @) = (T, Fap) forall ¢ e SRY).
A distribution T' € &'(R?) is called radial if
(T,poQ)=(T,p) forall QeO(d), ¢cSRY.
The space of all radial tempered distributions is denoted by
T AR = {T e S'RY) : (T, po Q) = (T, ) for all Q € O(d) and all ¢ € S(R%)}.
Since we obtain for 7' € S’(R?) and every ¢ € S(R?) that
(FaT, 00 Q) = (T, Fa(p 0 Q)) = (T, (Fap) ° Q) = (T’ Fap) = (FdT',¢),

we conclude that the Fourier transform of a radial tempered distribution is again radial.

The proof of the following lemma can be found in [17, Prop. 3.2]. Based on Corol-
lary 4.21), the operator R4 o Ag maps S(R?) onto S;.q(R%), so that the lemma finally
states that radial distributions can be determined by testing just with radial Schwartz
functions.

Lemma 4.3. For T € 8! (R?) and every ¢ € S(R?), it holds (T, (Rq 0 Ag)p) = (T, ¢).
In particular, a radial distribution is uniquely determined by its application to radial
Schwartz functions.



Next, we define the operator R%: S'(R?) — &4 (R) by
( 2T,¢> = (T, (Rqo Ay)yp) forall e S(R).
Indeed, RAT € S!,4(R) for every T € S'(R?), since we have for every ¥ € S(R) that

(RAT (=) = (T, Ra (Are(—))) = (T, Ra (A1) = (RGT, ).

Further, we introduce the operator A%: S'(R) — S/

rad

(RY) by
(AT, ) = (1, Agp) forall ¢ € S(Rd),

Clearly, A% € S/, 4(R?) for every 7 € §'(R), since we get for every Q € O(d) and every
¢ € S(R?) that

(Adm, 0 Q) = (1, Ad(p 0 Q) = (T, Agp) = (AgT, @)

Note that A% is the adjoint operator of Az: S(RY) — Spaa(R), while R is the radial
extension of the adjoint of Rq: S;ad(R) — Sraa(R?) to S(R). In the following, we will
use 7 to denote one-dimensional distributions and T for d-dimensional distributions.
The next proposition shows that R} and A} become bijective when restricted to radial
distributions.

Lemma 4.4. The restrictions RY: S 4

bijective and inverse to each other, i.e.,

(R — S

rad

(R) and A}: S! 4(R) — S!

rad

(RY) are

R:l o .AZ = Idsﬁad(Rd) and .AZ oRy = Idséad(R)'

Proof. Let T € 8! 4(R?). For all ¢ € S(R?), we see that Agp is even and obtain by
Lemma 4.3 that

(Ag o RYT, @) = (T, (Rao Aro Ag)p) = (T, (Rao Aa)p) = (T’ ¢).
Let 7 € §/,4(R). Then, it follows for all 1) € S(R) by Corollary 4.21ii) that

(Rgo AT, ) = (7, (Ago Rao A1)yY) = (1, (Aa o Ra) (A19)) = (7, ¥). O

4.3. Slicing of Radial Regular Tempered Distributions

In the following, we are mainly interested in tempered distributions of function type,
where we skip the word "tempered” in the following. A distribution T € &'(R%) is called
regular if it is generated by a function T € Li. (R?) via

loc

(T, p) = /Rd T(x)p(z)dz forall ¢ e S(RY).

10



Regular distributions were characterized in [48]. Clearly, radial regular distributions
arise from radial functions. A function T € L{ _(R?) is slowly increasing if there exist
¢, k, R > 1 such that

IT(z)| < c||lz||¥ forall |z| > R, (16)

see, e.g., [50]. The notion of slow increase is sometimes defined slightly different in the
literature, requiring (16) to hold on RY. Every slowly increasing function generates a
regular distribution, but the converse does not hold true. We are interested in even
functions F such that R4F is a regular distribution on R%. Note that this is a weaker
assumption than saying that F itself is an even regular distribution on R. Then, we can
associate to F' a distribution

fi=(FioRS50F HReF] = (FLoRyo F o Ry)F. 17
i°+q d°7q

Note that }"Jl[RdF | is in general not a function again. However, by the following
proposition, we will see that (17) coincides with (13) if this is the case.

Proposition 4.5. i) LetT € S;ad(Rd) be a radial regular tempered distribution. Then

(RAT, ) = 24 “LL(Mgo Ag)T, ) for all 1 € S(R).

ii) For a function F: [0,00) — R, let RqF as well as F; ' [RqF] be regular distribu-
tions. Then f in (17) has the form

f = %(.Fl OMdO.Ad O.Fd_l ORd>F.
Note that the factor wa-1/2 is hidden in R}.
Proof. 1) Firstly, if T is a radial regular distribution, then the same holds true for (Mg o
Ag)T. We set p .= AgT which is by definition an even function. Since T is radial, we

have by (8) that T = Rgp. Further, since R3T as well as Myp is even, it suffices by
Lemma 4.3 to reduce ourselves to ¢ € S;aq(R). Then A9 = ¢ and we obtain

RAT0) = (T (Ryo A0 = [ pllalis(lel) do = sy / " () dr

= p<r>|r|d—1 b [ Maptr)
R

— S (Mo, = LM, AT

i) This part follows directly from (17) and part i) applied to T = F; ' [RqF]. O

11



Under the assumptions of Proposition 3.1, we can apply part ii) of Proposition (4.5),
therefore we can consider (17) as a generalization of (13) to regular distributions. The
following theorem establishes conditions such that the pairs of functions (F, f) fulfill the
slicing property (9). Indeed, it includes functions F' for which the Fourier transform
of R4F is not regular, as the already mentioned function F(z) = 2", r > —1, from
Example 3.4 or positive definite functions R4 F having just a positive measure as Fourier
transform. To prove the theorem, we need the following lemma, which can be shown
following the lines of [50, Thm. 5.20].

Lemma 4.6. Let € L%OC(Rd) be slowly increasing. If ® is continuous in z € R?, then

q)(z) = lim <(I)790d,m,z>a (18)

m—00

where qm . (x) = (m/ﬂ')d/Qe_m”m_sz,

Theorem 4.7. Let F: [0,00) — R such that both RqF and
fi=(FioRjo Fy)[RaF]
are regular, slowly increasing functions. If f € C(R) and F' is continuous in ||z||, then

F(llzl) = Eentgy_, f(I{z, ) (19)

Proof. For m € N, we use the above Schwartz function ¢4, ., which has the Fourier

—27i{z,0) n—72||v

transform @g . (v) = e e I#/m " Since RyF is continuous in | z|| and slowly
increasing, we obtain by Lemma 4.6 that

(RaF, ¢am,z) = lm ((F [RaF), Gm.:)-

= lim
m—0o0 m—00

F([l=[1)

By Lemma 4.4, we realize that
(Afo FrOf = (Afo Filo (FroRS o Fy Y [RaF] = (Af o RY) o Fy  [RaF) = Fy ' [RaF),
so that

F(lzl) = Tim (450 Fr ), Gams) = Im By, , [ F (Gam el

= lim
m—0oQ
where for any ¢ € S¥~! and r € R,

—27i(rg,z) e*ﬂz |72 /m

(@d,m,z)&(r) = @d,m,z(rf) =¢€ = 9271,m,(§,z) (T)

It follows that
F(llal) = lim [Bewag, , (f, 01m 0)] (20)

Since f is continuous slowly increasing and even, we obtain again by (18) that

n%ggQ(fv (pl,m,(z,£)> = f(<27§>) = f(‘<z7§>’)

12



It remains to show that we can interchange the limit and integration in (20). Since f
is slowly increasing, there exist & € N, ¢ > 0 and R > 0 such that |f(r)| < c|r|* for all
r > R. We choose R large enough so that r» < 2r2 — k for all » > R and |f(r)| < c|r|*
forall r > R — 7]

For any r,s € R, the convexity of | - |* implies that
Ir+ 5% = 13(2r) + %(23)\’C < %]27‘]’“ + %|23\k = 2P L(|r|* 4 |s]F). (21)

Setting ©q m = @m0, we split up the integral
(ot = UG+ shiprn)] < [ 16+ )am(r)]dr
-/ e n () dr + [ 15+ Slern(rar
r|<

[r|>R

Using that ¢1,,, is positive and its integral is one, we estimate the first part

/H . [f(r + 8)lprm(r) dr < max [f(r + s)| Prm(r) dr < max [f(r + s)|.

Ir|<R Ir|<R Ir|<R

For the second part, we have by (21) for all |s| < ||z]| that

/ £+ ) prm(r) dr < 251 / (Irl + [s1F)1m(r) dr
[r|>R [r|>R

D
< 2kl <|s|k + 2/ rkgol,m(r) dr>

R
ok—1 <|s|k+2(m/7r)1/2/ (2mrktt —krk_l)e_mr2 dr)
R
_ ok—1 (| k 12 [k —mr2|™
c2 (|5| +2(m/m) [ re L%)

= 2kt (]8]k + 2Rk(m/7r)1/Qe*mR2) .

N
o

Due to the growth of the exponential, we can find mq such that 2RF(m/m)1/2e"mR* < 1
for all m > mg. Now let s = (2,&). Then we have |s| < ||z]| and for m > my it follows

[(fy p1m.s)| < max |f(r+ s)| 4+ c257s|™ + 2R" 01 i (R)

IrI<R

< max |f()] 4+ 2F(||z|™ +1).
e 7(0)]+ 2 (=] + 1)

This bound is independent of £ and m, therefore we can apply Lebesgue’s dominated

convergence theorem to (20) and finally obtain (19). O

The conditions in Theorem 4.7 on R4F are fulfilled if F' is continuous on (0, 00), slowly
increasing, and F(r)r?~! is bounded for 7\ 0.

The following two examples show applications of Theorem 4.7.

13



Example 4.8. For the Riesz kernel F'(xz) = |z| from Ezample 3.4, the Fourier transform
of RqF does not exist in the classical sense, but as a tempered distribution. We utilize
Pdm = Pdmo from Lemma 4.6. Set f = (Fi o R o F; )[RaF], see (17). Let ¢ €
Sead(R). Since Ryt — @@(O)@dm € S(RY) as well as all its first order derivatives vanish
at 0, Wendland [50, Thm. 8.16] yields

(fy) = < YR4F], Ra) = (F7 RaF), Ratd — 1(0)pam) + ¥(0)(F [RaF], Pam)

L EIULEIC PRy
_ e b4 600) [ el o) da (22)

Wy

The limit for m — oo of the last term vanishes when we apply Lemma 4.6 to RqF = || - ||
and z =0, i.e.,

—m?||z]|? /m

Since Ggm(T) =e

Rab(@) = d(0)¢am(@) [ dlz]) = $Oprmllzl) |
R B4 Kase R ”deH
:wd_l/ooo d(r) — 7f§+2()01m( r) pA=1 gy — Wil / d(r £2)@1,m(r) dr.

Then we have

gy = Tt /&(r)—w(om,m(r) o
R

TWqg MmM—00 7“2

Employing (22) backwards for dimension 1, we finally obtain

Wd—1W1
2wq

(f) = (FIRIFrYR F, ) = T4 / el (a

Therefore, we have f(x) = %]m\ for x € R, which gives an alternative proof of (14).
Both f and F are slowly increasing and continuous functions, so the assumptions of
Theorem 4.7 are satisfied.

Example 4.9. We consider the fundamental solution, also known as Green’s function,
of the Helmholtz operator, namely for some kg > 0

d—2
F(r) = 1 <27ror> H% (kor), forall r>0,

where H,gl) 1s the Hankel function of the first kind and order a. We have

o(x)
FalRqF li d
(Fa[RaF), ) = B ) Tl — R = O

14



see [25]. The significance of this example is that the forward simulation of a scattering
problem can be done via the convolution with R4F, cf. [12]. By [25], RqF is indeed a
regular tempered distribution on R?. However, the asymptotic form |Hy(r)| ~ \/2/(7r)
for r — oo, see [29, 10.2.5], shows that RqF ¢ L'(R%), so we are not in the setting of
Theorem 3.1. Let 1) € Spaq(R). We obtain with transformation to polar coordinates that

) w(lel)
(REFMRF), ) = (Fa[RaF), Rayp) = ;{% ra Am2[[2]2 — kZ — i d

Wa-1 |, P(r)|r|
— 111m 3

— dr.
ie
By Theorem 4.7, we have

(f.0) = (ARGF M RaF), ) = (RyF;  AdPalF], Filv])

‘r|d ! —2mirs
;1\1‘1(1) Ry w(s)e dsdr

= wWg_1 ;1{‘1(1)/ /R 47727“2 — k(% — igzp(s) cos(2mrs) dsdr.

In particular, for d = 2 we have

Wdl

(f, ) —27r21{1(1)/ /47r2r2 o igi/}(s) cos(2mrs) dsdr.

Noting that

r —r 2

47 2
= —1F0(1; —; — 57

Am2r2 — k% —ie k(Q) +ie ( b7 kgtie )’

where F' is the hypergeometric function, we have by [10, 8.19(19)] that

: 0
(f.0) = %ﬁgg/'w <—ﬂ%+wwwﬁé>@,

where G denotes the Meijer-G function defined by

aip,.. ) / =) [ (1 —a; + ) 5 ds
bl? "’ H] m+1 b +3) H] n-l—lF( _S) ’

where L is a certain loop in the complex plane,

(-

see [14, Sect. 9.3]. Aside from its poles, the G function has a jump discontinuity along
the positive real axis due to taking the main branch of z°. We obtain

0
07 07 §> dS,

(f, ) = 4J1%/‘¢ @P%+EW
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and the integrand depends continuously on € > 0. Assuming the limit and the integral
can be interchanged, we obtain
=G5 | —1k2s? .
f(s) 4ﬁG1,3< 1Ros 0,07%

Conversely, we can verify that f indeed fulfills (10) using from [3/] the integral formula
2.24.2 and the relation 8.4.23.1, in particular for s > 0,

1 d—3
F(s) = i/o Fts)(1 — )" at
1

1
_ 21 112,,.2
= 4773/2/0 G173< Tkgus

1 29
_ L 22 1,900

0 _1 1
0’0’5>(1—u) 2y 2 du
0,0>

where Ko is the modified Bessel function of the second kind and the relation of the G
functions with different orders follows directly from its definition.

%’O ZLGZO _1p2.2
0,0,2,0 qr 02 470

[ i
Ko(lk‘os) = ZH(EI) (k‘os),

4

1
o

4.4. Slicing of positive definite functions

By M(R%), we denote the set of finite Borel measures on R? and by M (R?) the subset
of positive measures. The space M (R?) with the total variation norm || - ||y is a Banach
space. Actually, it can be seen as a subspace of &’ (]Rd) in the following sense, see, e.g.
[31, Sect. 4.4]: by Riesz’ representation theorem, it can be identified with the dual space
CH(RY) =2 M(R?) via the isometric isomorphism p + T}, given by

(T, ) :—/ odp  forall ¢ e Co(RY).
Rd

Since S(R?) is a dense subspace of (Co(RY), || - |le), every pu € M(R?) can be actually
identified with a linear functional 7}, on the Schwartz space, which is also continuous
with respect to the convergence in S(RY) by

(T o)) < llpllevliellos = lullrviello for all ¢ € S(RY)

with [|-[|o from (15). Thus, 7, € S'(R%), i.e., every measure from M (R?) corresponds to a
tempered distribution, but not conversely. The Fourier transform F;: M(R%) — Cy(R%)
of measures is an injective, linear transform defined by

Filpl = [ e o). (23

16



Note that Fy[u| is also known as the characteristic function of p. If p is absolutely
continuous with respect to the Lebesgue measure with density ® € L'(R9), then (23)
becomes (11). If T}, is the tempered distribution associated to the measure y, then it
holds for all ¢ € S(R?) that

(FdTu, o) = (T, Fap) =/ fdgod,u:/ / o(2)e” 2@V dg dp(v)
Rd R JRd

= [ pFilulde = (T ),

so that Fal), = T]‘-d[/d‘

If we want to sample from a measure, we are only interested in positive, bounded mea-
sures, therefore we consider probability measures. The Fourier transform of positive
measures is related with so-called positive definite functions. A continuous (not neces-
sary radial) function ®: R? — C is called positive definite if for all N € N, all pairwise
distinct x; € R?, and all a; €C,j7=1,...,N, it holds

N N
ZZ@ ap®(z; — zx) > 0.

7=1 k=1

Positive definite functions are bounded, more precisely ||®||oc = ®(0). Functions F' such
that the radial functions RqF are positive definite in every dimension d € N were char-
acterized by Schoenberg via completely monotone functions [41]. A well-known example
of such a function is the Gaussian function. Bochner’s theorem [4] relates the Fourier
transform of positive measures with positive definite functions.

Theorem 4.10 (Bochner). Any positive definite function ®: R? — R is the Fourier
transform of a positive measure and conversely. If ®(0) = 1, then it is the Fourier trans-
form of a probability measure, i.c., there exists i € M, (R?) such that ® = Eomp [e_2”i<"”>].

Using the above relations of measures and tempered distributions, we obtain the follow-
ing one-to-one correspondence between positive definite radial functions and their sliced
versions.

Corollary 4.11. Let F: [0,00) — R such that R4F is positive definite. Then f =
flef(i_l[RdF] is positive definite on R, fulfills the slicing formula (3), and is L%J
times continuously differentiable on (0,00). Conversely, for every even, positive definite
function f on R, the radial function RqF given by (3) is positive definite on RY.

Proof. Bochner’s Theorem 4.10 implies that 7 YR4F] € M (RY). Since a measure
p € M(R?) is positive if and only if (i1, ¢) > 0 for every non-negative function ¢ € S(R?),
see [31, Sect. 4.4], also R4F,; ' [R4F] is a positive measure and again by Bochner’s theorem
f is a positive definite function on R. The slicing identity follows from Theorem 4.7

17



by identifying measures with distributions, since both R4F and f are continuous and
bounded and are therefore slowly increasing. By Theorem 2.2 the function F' is L%J
times continuously differentiable on (0, o).

The converse follows analogously. O

For odd dimension d, [49, Thm. 7] shows that any radial positive definite function F is [ £
times differentiable if R4F € L'(R?). In comparison, Corollary 4.11 gives one derivative
less, but only requires R4F being positive definite without further assumptions on F'.
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A. Proof of Theorem 2.1

Let € R? with ||z| = r. Denote by U, an orthogonal matrix such that U,z = ||z||es,
where ey is the first unit vector. Then, it holds

<$7€> = <TUE€1a€> = T<Ugel’§> = T<€17 Ux£>
and consequently

Benagy, [f ({2 O] = Benagy, [ (r[{er, Un)])]
= Benagy, [F(rlten, D] = Egnr g, [f (r[€1])]-

We write &€ = &eq + /1 — €2(0,&.4) with & € [~1,1] and &o.g = (&2, ...,&) € ST2
Applying [2, (1.16)], which holds for d > 3, we obtain

1
Bentyy, [f([{z,)])] = Wa—1 Jsd-1 f(rlér]) dSe1()
1 1 d—3
= W1 /_1 -2 f(r‘fl‘)de—Q(&:d)(l—§%)T d&;
! 1
_ Wg—2 42 % _ . . . %
- i /1f(r!t!)(1 12)%5 at d/o Fol - . O

B. Proof of Theorem 2.2

To prove Theorem 2.2 we need some technical lemmas.

Lemma B.1. For all0 < h <s and 0 <t < s—h, it holds

1 2\ 3 2 \z 1 2\ 3
(S R (e
h(( 52 (s — h)? ><s—t s?

Proof. Since h < s and s > 0, we have —3s+ h = —2s — (s — h) < 0 and therefore

s—h 252 — 3sh + h? 252
2s —h) = .
2$—h(8 ) 2s—h <28—h

t<s—h=

We can multiply the inequality with ¢(2s — h) and obtain

0 < 25t —t*(2s — h) =t ((s — h)? + %) + th(2s — h) — t*(2s — h)
<t((s—h)*+s%) + (s — h)s(2s — h) — t*(2s — h).
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Multiplying the inequality with h > 0, a straightforward calculation yields

0 < ht ((s — h)* +5%) + (s — h)s(2s — h)h — h(2s — h)t?
=(s—h+t)(s—t)s? —(s—h—t)(s+1t)(s—h)%

Further, since s — ¢, s2, and (s — h)? are positive, we obtain

(s—h)+t) ((s—h)—t)s+t

0< (s—h)2 s—t s?
B 1 (s—h+t)(s—h—t) (s—h—1)?2(s*>—1?)
_s—h—t< (s —h)? (s —t)2 52 )

o () () (- 8)

Multiplying with s — h — t > 0, reordering and taking the square root yields

@‘sﬁJ@‘;J“<@‘@fmﬁ?

Finally, we rearrange the equation and divide by h > 0 to get the assertion

(020555 ) <5502 :

Lemma B.2. Let f € L ([0,00)) if v > 1 and f € Lt ([0,00)) with p > 2 if v = 1/2.
For s > 0, we define

s t2 v
I, f(s) = O(1— =) dt, 24
)= [ 10 (1- %) (24)
then it holds that
LLrs) =2 0gs), alt) = F0)P
ds v = 53 v—19 ) g — .
Proof. We show that
. Lf(s+h)—1I,f(s) 2w
)

1. First, we consider h > 0, i.e., the right-sided limit

. Lf(s+h)—1f(s / t2 v
1 ) _ - 2
A h R0 s+h)> dt (25)

W%/f ( _(sfh) ) - (1- ?))dt

We show that the first summand is zero, while the second one equals 2vs™31,_1g(s).
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1.1. Concerning the first limit, we have for h > 0 and s <t < s+ h that

_ t2 <1 52 B 2s+h
(s+h)2| = (s+h)2 (s+h)?’

and further by the monotony of the power function, for 0 < h < 1, that
1 [sth 2\ 1 [sth 25 +h \"”
— ot < L
L (- k) < g [T (n 2 a
25 +1\"_ , , [
< ( ! ) o T

Ifv>1and f € Ll _([0,00)), then v — 1 > 0 and we can estimate

loc

2s+1\" ., [*th 25+ 1\" [sth R\O
() e [Toia< (B3 [T o S

If v = 1/2, we assumed that f € LP ([0,00)) with p > 2 and thus f € L ([0,00)) C
P

15c([0,00)). Then we get by Hélder’s inequality with

1 1 1
28+1 v . s+h 2S—|—1 5 a1 s+h 2 s+h 3
() e [T (B2) e ([ sora) ([T )
1 1
25+ 1\2 [ [*Th 2
) ([ o) e
1.2. Concerning the second limit in (25), we use that

d<1 tQ)V_QtQI/(l t2>v—1
ds s2) s 52 '

If v >1and f € LL _([0,00)), then the mean value theorem implies

loc

() - (- 5)
2 2

2 v—1 1 v—11 t
< sup 26%(1+ ;) s<2(145) S = <o
£€(0,h) (s+¢) (s+&) s s s

< sup
£€(0,h)

9 t2 v=1 1
201 5)  Gre

Hence t +— f(t)v2¥s~! is an h independent integrable majorant and Lebesgue’s domi-
nated convergence theorem gives

fi 07 (i) = (- 8)) = [[r0e (1-5) o

Ifv=1/2and f € L} ([0,00)) with p > 2, then

loc
11'(1_42’1?)%_( —gi)é‘g sup (S—T—:)?’(l_(sf{)Q)_é‘ <§(l—§)_é-

£€(0,h)
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Denote by ¢ = (1 — p~1)~! the Holder conjugate to p. Since p > 2 it holds ¢ < 2 and

also .
2\~ 34 s+t 2 _
(1_?) :<32> (s =1)7.

For t € (0, ), both t?s~3 and ((s 4 t)s~2)~%/2 are bounded, and (s — t)~%/? is integrable
on [0, s]. Therefore, t — t2573((s +t)s~2)"9/2(s — t)~9/2f(t) is an integrable majorant.
Hence, Lebesgue’s dominated convergence theorem yields (26).

N

2. Next, we deal with the left-sided limit

lim qu(s + h) - qu(s) — lim Il/f(s) - qu(s - h)
h 0 h h\O h

:}111{1%/03](? (( - g)y— (1— ﬁ)ulm,h](t)) dt.

Define the functions mp, m: (0,s) — R by

mh(t)::%«l—%)y_(1—ﬁ)yl[o,57h](ﬂ> and m(t)::ig(l_tz>y-

Note that for every ¢ € (0,s) we have limy_,o mp(t) = m(t).

2.1. Let 0 <t < s—h. We choose 0 < h < s/2. If v >1and f € L} _([0,00)), then the
mean value theorem implies

)I/*l t2
G-or) G-ep

2

[m(t)] = % ‘(1 - (sfh)Q)V - (1 B gy‘ S ceton)

2y(1 _

42
< sup 21/(14—
£€(0,h) (s —

t2

v—1 s b1 42
7) ooy <2t eyE)

t2
< 16v—5""1 < 16- 5" tws ™,
S

which is bounded independently of ¢ and s. Hence, Lebesgue’s dominated convergence
theorem implies

iy I ) 2 g (1)

h, 0 h
For v =1/2 and f € L ([0,00)) with p > 2 and Hélder conjugate ¢ < 2 to p, we apply
Lemma B.1 to obtain
1 2\s  Ll/s+t\3
D < w(t) = (1ff) :f( ) 27
(0] <) = - (1- ) = 1(EE! (27)

which is ¢ integrable. The claim follows again by using the Holder inequality and the
dominated convergence. 2.2. Let s —h <t < sand 0 < h <s. For v > 1, we see that
my, is integrable. For v = 1/2, we have s —t < h and consequently

1

= 11 5)} < (-5 <
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see (27). Finally, we use Lebesgue’s dominated convergence theorem again. O

Proof of Theorem 2.2. Since s — s~ ! is smooth on (0,00), the differentiability of F
in (10) depends only on the integral I(a—s), [ defined in (24). By Lemma B.2, we have
for f € L ([0,00)) if d > 5 as well as for f € LP ([0,00)) with p > 2 if v = 1/2 and
gr(t) == f(t)t** that

21/
I vf(s) = = T-191(s). (28)
Set v = (d-3)/2. We show that for each n = 0,...,|v], there exist smooth functions
705 ..., on (0,00) such that
d" d»
Tt ) =95 (* ) Zm I kgr(s).

For n = 0, we obtain that rg = ca/s. Assume the assertion holds for n < |v|. For
k= () ,n, we have g € L}, ([0,00)) withp >2if v =1/2and p=1if v > 1. Also
v— Lyj —n =1, so that (28) yields

dn+1 n

WF(S) = Z <T;g(3)lukgk( ) +ri(s )2I;Iy k—19k+1(8 ))

k=0

n+1 2
—Z( )+ rpas >83>Iy_kgk<s>, M= =0. (20)

Hence F'is |v] times differentiable. Moreover, the parameter integrals Iy, k =0,..., V]
are absolutely continuous, which follows from Lemma B.2 for k£ > 1 and from the deﬁm—
tion of Iy. Hence, also the |v|-th derivative of F' is absolutely continuous.

If d is odd, it holds |v| = |(d-2)/2| and we are done. If d is even, then |v| = (d=4)/2 and
v —|v| =1/2. For f € L{ ([0,00)) and p > 2, we obtain by (29) and Lemma B.2 that
the |v] + 1 th derivative of F' also exits and is absolutely continuous. This finishes the
proof. O

C. Proof of Theorem 4.1

To prove the theorem, we need several auxiliary lemmata.
Lemma C.1. For ¢ € S(R) with ¥(0) = 0, the function

(x)/xif x #0,

Vivl() = {u/(o) ifz=0.
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is in S(R) and the respective map V: {1p € S(R) | ¥(0) = 0} — S(R) is continuous with
HVW}]Hn < anHanJrl; where

Ui M m\ <= m!
R L b= (D T

=0

Proof. Since ¥(0) = 0, we see that V[¢)] is continuous. We note that if a function
¢ € C(R) is differentiable on R\ {0} and lim,_,o ¢/(x) exists, then it is differentiable in 0.
Part 1: We show by induction that for m > 1 the m-th derivative of V'[¢/] is continuous
and can be represented as

am m!
o V@) =27 1Z¢“ 1)+mn o forall zeR\{0}.  (31)

For m = 1 we have for x # 0

iV[w](m‘)— d ¢(x) _ ¢(x)z —p(x) _ e 1Z¢l) l+11!

dx dz =z x2

By L’Hospital it holds

Since V[1)] is continuous on R and lim,_o V1]’ (z) is finite, we have V[]'(0) = () (0)/2.

In particular, the derivative is continuous.

Now assume, that (31) holds for all derivatives less or equal m and all derivatives less or
equal m are continuous. We can compute the derivative

dm+1

—m— § : mm‘
dxm—&-lv[w](x) = ( ! 77/) l) H_ [T >
d m m! |
— gl <§ :w l+ml!> m+1 m2§ :w(l l+m’rZ‘

With the calculation

l+m m!
dx Z¢ m

_ Z¢(l+1)( ) l+m ‘ + Zw D () l— 1 )l+m i 711!1)!

=0
= Zw(lﬂ)( )zt l+m + Z o l+1 )l+1+m i
=0
- w(m“)(x)xm(—l)?m@ = D (@), (32)

m)!
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we obtain that

qm+1 —m— m L e o (m+1
iV Wl(@) =2 Lyp(mt) (z) QZW) 1y lu)
m+1
S ( )bHm+1 (m+1)!
= Z O (z )T7

which shows (31). Since v is a Schwartz function, it is clear that CﬁCmTJS:J/[g/J](ac) is
continuous on R\ {0}. Now we use again L'Hospital and (32) to obtain

qm+1 ‘ m+1 w(l (2)x ( 1)l+(m+1) (m;'rl)!
iy gt ¥ WI(@) = limy T2
. % ;7;—‘61 Qj)(l)($)a7l(—1)l+(m+l) (m;!»l)! i w(m+2)(l.)xm+l B ¢(m+2)(0)
250 %m(m-ﬁ-l)-*-l 250 (m+ 1)zm+l  om+41

This yields that V[i)] € C™*}(R) and this induction is finished. Part 2: Next we show
that V[¢] is a Schwartz function and that V' is continuous. Let x € R and m € N be
fixed. We use the Taylor expansion with the Lagrange reminder,

— P0) gy I (G() e
=2 G T e

for some [§(x)] < |x].
k=l

With the representation (31), we see that

o V) = v 1

_ m-i—lzw +1 gl )( 1)l+m7+zz¢k(o)xk(_1)l+m7;'

m+1) m k _1\+m 00
Ll P (g (x)) I+m [T k() (=)™ ml
1 _—
Z m—i+1 Y (z>+2$¢ O =T
If £ > 1, we have by the binomial theorem
k l+m m)! B m k
Z Dt ﬁ Z
1= 1=
Since ¥ (0) = 0, only the first sum remains and we have
dm
dz™

- m (_1)l+m m :
VW)@ = ;w “><§z(:c>>m_l+1<,) with  |§(2)] < Jz|- (33)
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Fixing some natural number m < n, we have for x € [-1,1] \ {0} using (33), that

n am n < m ( 1)l+m
’(1+|ZL‘|) dximVW](fU) (1 + [) ;%b e —l“‘l(n;)'
n (m+1)
< (14 =) yes[ugl]w U z+1( >

<o ||w||n+12 e el ) <an.

On the other hand, if |x| > 1, we have by (31)

m

)<1+|x|>"jwvw> (1+[z])" ] @) ™ < s,

Since V[¢] is smooth all its derives are continuous, we have

m

(1 + 1l V@)

IVI¢]lln = sup  sup < |91 < oo

Thus V[¢] is a Schwartz function and the operator V' is continuous. O

Lemma C.2. The operator

W: Siad(R) = Seaa(R), W:=Vod (34)

T’

or more precisely W)(z) = V[{'|(x) = ¢'(x)/z if © # 0 and W[](0) = 4" (0) is linear
and continuous with |W{Y]|lm < am||t|lm+e for allm € N and all ¢ € Spaa(R).

Proof. If ¢ € S;aq(R), then 1) is even and 1" is odd. Therefore, ¥'(0) = 0 and V[¢/] is
well-defined by Lemma C.1. The function Wy](x) = ¢/(z)/x is again even, so that W
is well-defined and we can estimate the m norm of W[y] by Lemma C.1 as

Wl = V) lm < aml[t [lms1 < am[[$]lmra- O

Proof of Theorem 4.1 i). The directional derivative of 1) € S;,q(R) in direction
£eStlis

e o | - [12)(0) = tim LUEN =N _ ;) $0UED =w(0) _

t—0 t t—0 t

and, for x # 0, by the chain rule,

Ot o |- l2)(x) = &'(l= ||)<” R >
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Recalling the definition of V' in (30), we have the representation
de(oll-2)(@) = (&, OV(|lzll) forall xR (35)

In the following, we show inductively that for @ € N¢ there are polynomials Pals - - s Payjal
of degree < k such that for every even, smooth function ¢: R — R it holds

|

Dol | Zpak [](|z]|) for all =€ RY, (36)

where W* = WoWo...oW exactly k times, see (34). For |a| = 1, we write a = ¢; and
choose pq 1(x) = ;. By (35), it holds for all x € R? that

Dol - ll2)(x) = x

= pa1 (L)WP]([])-

Now assume (36) holds for |a| < n and choose 8 € N with |3| = n. Find some nonzero
entry [ of 8 and define o := 8 — ¢;. Since || < n, we can apply the induction hypothesis
and obtain with Lemma C.2

|af

Do - 12)@) = 0a(D* (0 o1 (&) = 0 3 pesla) W]l
\a| k /
> ( oo (@)W (2l]) + P ()ar L) <”°”””>)
El
‘0‘| |a|+1
LR SPSIE R IR
k=1
18]

= Zm, GIE DR

where we set pg1(x) = O¢Pa,1(T), Pg, 181(Z) = Pa,ja|(T)z1, and Pak(T) = OePak(x) +
Pak—1(x)x; for k =2,...,|B| — 1. This shows (36).

Let n € N. Since degpq i < k for all a € N? we can find ¢, > 0 such that

Pak(z)| <cn(T+ |lz|)" forall |af<n, k=1,...,|al.
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For any = € R?, we have by the continuity of W in Corollary C.2

ol 2], = sup 1@+ - D™D o || - ll2)]l

|a|
< sup (1] Zpak Plofl -l

oo

< CnZHWkw)]HQn X ZH%|W|’2n+2k nana]|]1/)H4n

k=1 k=1j=1

Setting by, = ncy, [[j_; a; finishes the proof. O

Lemma C.3. Let ¢ € S(RY) be a Schwartz function and Q € O(d), then ¢ o Q € S(R?)
and || o Qllm < d™||@||lm for all m € N.

Proof. For k € [d] and z € R?, the chain rule implies
|0er (9 0 Q)(2)| = [(D(p 0 Q)(2), ex)| = |<V50( (2)) - Qs en)| = (Ve 0 Q)(2), Qu)
d
< Z |aej ( |Qk’,]

Z|8e] (Qz)| < d- max |0, 0(Qz)|
j=1,nd

For 3 € N% we obtain inductively

Bloo Bl max |D? 2)].
D (poQ)(2)| <d e Iﬁ\‘D P(Q2)|

Finally, we have for m € N that

o0 Qllm = max sup |(L+ [lel)™ D7l 0 Q) ()|
<M ge

< max dl sup |[(1 4 =)™ (D%9)(Q)| = d™||lm-
[Bl<m z€R4

Therefore p o Q € S(R?). O

Lemma C.4. Let ¢ € S(RY) and &€ € S41. Then
pe: R=R, 7= p(ré)

is a one-dimensional Schwartz function and ||¢|lm < d™||@||m for all m € Ny.
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Proof. First, let £ =e; and n € Ny. we see that ¢., is smooth with

D", (r) = ()" wlrer) = DPp(rer),

where = ne; € Ng. Therefore, we obtain for m € Ny that

lpellm = sup (1 + |z1))"DPp(z1e1)| < sup |[(1+ [l2])™" D ()| < [|ollm.

z1E€ER reR4

For arbitrary ¢ € S9!, we take some @ € O(d) such that Qe; = £, then ¢ = (¢ 0 Q)e,
By Lemma C.3, we obtain ¢¢ € S(R) and

[@ellm = [[(# 0 Qes[lm < Nl 0 Qllm < d™|[@]lm- =

Proof of Theorem 4.1 ii). Since S%! is compact and ¢ is continuous, Agp(r) is
well-defined. For distinct 7, s € R, we can find ¢t € R between r and s by the mean value
theorem, such that

‘ Pe(r) — @e(s)

r—s

= loe®)| < el < dllells.

Therefore we get by Lebesgue’s dominated convergence theorem that

d R pe(s) —pe(r) .. 1 o Pe(8) — we(r)
aAdgo(r) = lim /Sd 1 —r = rdE = /S lim &5 2 de

$=T Wd—1 r—s Wd—1 d—1 ST r—Ss

1 /
— d€.
— /S ) d

Inductively, we obtain with Lemma C.4 for any r € R and n < m, that

1 ) <
1

< — l@ellm A€ < d™[[@llm-
Wd—1 Jsd-1

Clearly Agp is an even function and therefore in Spuq(R?). O

D. Riemann-Liouville Fractional Integrals and Derivatives

In this section, we briefly describe the relation between Abel-type integrals (4) and
Riemann-Liouville fractional integrals together with their inversion formula via fractional
derivatives. For more information, we refer e.g. to |39, 40].

Let a > 0. Then, for f € L*(0,00), the Riemann—Liouville fractional integral is given
by

(IS f)(s /f y*=tdt, for all s € (0,00),
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and the fractional derivative by

D2 — n a—1 dt

N6 = e (55) ] 70

where n = | +1, see [40, Thm. 2.4]. For f € L'(0,b) and F € I$(L'(0,0)), it holds
DeI%f=f and IYDYF =F.

In order to invert the transform (10) by these formulas, we set a := (d=1)/2, where d > 2.
Reparameterizing F and using the substitution t — v/£, we obtain

aF / Ft) (s — )" at
f(V1) s
s /0 i (s — ) ®dt
() (15 102

2

1
2
1
2

and consequently

P = e (P00 %))

Under the assumption f € L'(R), which is equivalent to ! (\\//) € LY(R), the transfor-

mation f — F is injective and this gives with v = 0 if d is odd and v = % if d is
even,

SR = B (D7 P )0

ch(T
= RNC I LR,
=Ty () ) P e
_ 4/s d EESRE ) )
ol (FH T - %5 (%) /0 F(t)t"! (s =) dt,
so that
- = d L%J ’ d—1 v
f(s) = ch(dT)F(l —v) <d(32)> /0 F(t)t = ( ) dt
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