Parallelly Sliced Optimal Transport
on Spheres and on the Rotation Group

Michael Quellmalz! Léo Buecher!? Gabriele Steidl!
May 22, 2024

Abstract

Sliced optimal transport, which is basically a Radon transform followed by one-
dimensional optimal transport, became popular in various applications due to its ef-
ficient computation. In this paper, we deal with sliced optimal transport on the sphere
S%! and on the rotation group SO(3). We propose a parallel slicing procedure of
the sphere which requires again only optimal transforms on the line. We analyze the
properties of the corresponding parallelly sliced optimal transport, which provides in
particular a rotationally invariant metric on the spherical probability measures. For
SO(3), we introduce a new two-dimensional Radon transform and develop its singular
value decomposition. Based on this, we propose a sliced optimal transport on SO(3).

As Wasserstein distances were extensively used in barycenter computations, we de-
rive algorithms to compute the barycenters with respect to our new sliced Wasserstein
distances and provide synthetic numerical examples on the 2-sphere that demonstrate
their behavior for both the free and fixed support setting of discrete spherical measures.
In terms of computational speed, they outperform the existing methods for semicircular
slicing as well as the regularized Wasserstein barycenters.

1. Introduction

Optimal transport (OT) deals with the problem of finding the most efficient way to transport
probability measures. The Wasserstein distance is a metric on the space of probability
measures and has received much attention [55,67, 75|, e.g., for neural gradient flows [4, 26,
35,45] in machine learning. Since OT on multi-dimensional domains is hard to compute,
there exist different modifications that allow an efficient computation, such as the entropic
regularization that yields the Sinkhorn algorithm [7,21,42,55]. Sliced OT on Euclidean
spaces utilizes the Radon transform to reduce the problem to the real line |16, 53,62, 67|,
where OT possesses an analytic solution that can be computed efficiently. The notion of
sliced OT can be generalized to other Radon-like transforms [43]. Specific geometries have
been considered such as spheres [13,58], manifolds with constant negative curvature [15], or
separable Hilbert spaces [33].
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In this paper, we are interested in sliced OT on special manifolds. A slicing approach on
Riemannian manifolds based on eigenfunctions of the Laplacian was proposed in [66]. OT
on the sphere has been intensely studied, e.g., the computation of Wasserstein barycenters
[69, 70], the regularity of optimal maps [48|, isometric rigidity of Wasserstein spaces [29] a
connection with a Monge-Ampeére type equation 32,50, 78|, or a variational framework [20].
Sliced OT was generalized to spheres in two different ways: Bonet et al. [14] introduced a
slicing along semicircles to reduce the OT problem to one-dimensional circle, see Figure 1
right. This requires only OT computations on circles which was examined in [23]. The
respective sliced Wasserstein distance is a metric in the space of probability measures on
the 2-sphere [58]. Note that Radon transforms on such semicircles have been considered
before in [30, 38|, providing an extension of the Funk-Radon transform [28,34, 39,49, 60].
A second approach [58] of sliced spherical Wasserstein distances is based on the vertical
slice transform [40, 64, 79]. This yields a family of measures on the unit interval instead
of the circle and is therefore faster to compute than the first approach. However, this
vertical slicing approach provides only a metric for even measures on the 2-sphere, i.e. the
same values are taken on the upper and lower hemisphere. This is a serious restriction for
practical applications.

In this paper, we generalize the vertically sliced OT from even measures to arbitrary
probability measures by constructing a so-called parallelly sliced OT, see Figure 1 for an
illustration. We provide a method for spheres S%~! in general dimensions d. The key
advantages are that the respective sliced Wasserstein distance is a rotationally invariant
metric on the spherical probability measures, and that it is faster to compute than the
semicircular sliced Wasserstein distance since we project on intervals instead of circles. Our
numerical tests indicate a speedup between 40 and 100 times. In Theorem 3.7, we prove
estimates between the spherical Wasserstein distance and its parallelly sliced version.

Figure 1: Our proposed parallel slicing (left): each red circle is projected to a single point
on the blue line segment. The vertical slicing [58| can be regarded as special case
that keeps the blue line direction fixed. Semicircular slicing from [13] (right): each
red semicircle is projected to one point on the blue circle.

Furthermore, we consider OT in the group SO(3) of three-dimensional rotation matrices,
which has applications in the synchronization of probability measures on rotations [11]. A
Radon transform along one-dimensional geodesics of SO(3) was proposed in [37,72|, but, for
the purpose of OT, we require slicing along two-dimensional submanifolds of SO(3). There-
fore, we develop a new two-dimensional Radon transform on SO(3), including its singular
value decomposition and adjoint operator. This paves the way to prove that the corre-



sponding sliced Wasserstein distance fulfills the metric properties on the set of probability
measures on SO(3).

Barycenter computations with respect to Wasserstein distances and their sliced variants
are of increasing interest [16,55,62]. Therefore, we deal with barycenters with respect to
our new sliced Wasserstein distances and describe their computation both in the free and
fixed support discrete setting, as well as so-called Radon Wasserstein barycenter. As proof
of the concept, we give numerical examples of barycenter computations on the 2-sphere. We
compare our approach with the semicircular slicing [13] as well as the entropy-regularized
Wasserstein barycenter computed with PythonOT [27].

Outline of the paper. We provide the basic preliminaries on OT and the manifolds S¢~*
and SO(3) in Section 2. The parallel slice transform for functions and measures, and the
corresponding parallelly sliced Wasserstein p-distances are introduced in Section 3. In Sec-
tion 4, we generate sliced Wasserstein distances on SO(3) based on our new two-dimensional
Radon transform on SO(3). Barycenter computations are examined in two different ways,
namely sliced Wasserstein barycenters and Radon Wasserstein barycenters in Section 5. In
the former case, we deal both with free and fixed discretization. In Section 6, we demon-
strate by synthetic numerical examples the performance of our barycenter algorithms on the
2-sphere. In particular, we compare our parallel slicing approach with the slicing method
of Bonet et al. [14]. Here some theoretically expected phenomena are illustrated. Finally,
conclusions are drawn in Section 7. The appendix contains technical proofs.

2. Preliminaries

In this section, we provide the notation and necessary preliminaries on OT, in particular on
the interval, and harmonic analysis on the unit sphere on R

2.1. Measures and OT

Let X be a compact Riemannian manifold with metric d: X x X — R, and let B(X) be

the Borel o-algebra induced by d. We denote by M(X) the Banach space of signed, finite

measures, and by P(X) the subset of probability measures on X. The pre-dual space of M (X)

is the space of continuous functions C'(X). Let Y be another compact manifold and 7: X — Y

be measurable. For u € M(X), we define the push-forward measure Typ == poT~1 € M(Y).
The p- Wasserstein distance, p € [1,00), of u,v € P(X) is given by

WP (u,v) = min / dP(z,y) dm(x,y), (1)
mell(p,v) Jx2

with II(p,v) == {mr € M(X xX) : 7(B x X) = u(B),n(X x B) = v(B) for all B € B(X)}.

It defines a metric on P(X). The metric space PP(X) := (P(X), W)) is called p- Wasserstein

space and, in case p = 2, just Wasserstein space. The p-Wasserstein distance is a special

case of the more general optimal transport (OT) problem, where dP(x,y) can be replaced

by a more general cost function c(z,y). For A € Ay == {X € [0, 1] | Zf\il Ai = 1}, the



Wasserstein barycenter of p; € P*(X), i € [M] := {1,..., M}, is the minimizer

M
BaryW (pi, M), == argmin > N, W2(v, 1), (2)
veP(X) 1

=

see [3]. The Wasserstein barycenter of absolutely continuous measures is unique [41].

OT on the Interval If X is the unit interval 1 := [—1, 1] with the distance d(z,y) = |z — y|,
the OT between two probability measures p, v € P(I) can be computed easily [55,67,75] using
the cumulative distribution function F,(x) = p([—1,z]), = € I, which is non-decreasing and
right continuous. Its pseudoinverse, the quantile function F,, ' (r) := min{z € I | Fj,(x) > r},
r € [0,1], is non-decreasing and left continuous. The p-Wasserstein distance (1) between
v € PP(I) now equals Wy(u,v) = |[F;8 — F ooy If 1 € Pac(l), where Pac(I)
denotes the probability measures that are absolutely continuous with respect to the Lebesgue
measure, then the OT plan 7 in (1) is uniquely given by

v

7= (1d,T"")yp with TH"(z):=F,; (F,(z)), z€cl

Based on the OT map TV, the Wasserstein space PP(I) can be isometrically embedded
into L% (T) with w € Pac(I) [8,44,54], where L% (I) consists of all p-integrable functions with
respect to w. For a reference measure w € Pac(I), the cumulative distribution transform

(CDT) is defined by CDT,,: PP(I) — LE(I) with
CDTy[pl(z) = (T“" —1d)(z) = (F, ' o F,)(z) —w, =z €L (3)

The CDT is in fact a mapping from PP(I) into the tangent space of PP(I) at w, see [5, § 8.5].
Due to the relation to the OT map, the CDT can be inverted by u = CDT [h] = (h+1d) 4w
for h = CDTy[p]. If 1, w € Pac(l) possess positive density functions f,, and f,,, then, by the
transformation formula for push-forward measures, f,, can be recovered by

Ju@) = (971 @) fulg™ (@) with g(z) = CDT[)(2) +2, zel  (4)

For p1; € P(I) and an arbitrary reference w € Py (1), the Wasserstein barycenter (2) has the
form [44]

M
Baryy (i, M)M, = CDT,! (Z A CDTw[m]> : (5)
=1

Sliced OT Given another compact space D with a probability measure up and a slicing
operator Sy : X — R for all ¢ € D, we define the sliced p- Wasserstein distance

SW2 (1, ) = /D WE((Sy) it (Si) ) duun (1), (6)

Sliced Wasserstein distances on the Euclidean space X = R? with the slicing operator Sgd =

(ap,-) for ¢ € D = S%! are well known [16,62,67]. Sliced OT is closely related with the
Radon transform )
Ry P(RY) = P(R), s (S )up.

The Radon transform is often defined for functions on R? via an integral, see [52].



2.2. Sphere
Let d € N with d > 3. We define the (d — 1)-dimensional unit sphere in R? by

§7 = {z e RY| |lz|| = 1},

and denote the canonical unit vectors by e/ € RY for j € [d] := {1,...,d}. The geodesic
distance on the sphere S¥~! reads as

d(€,m) = arccos((€,m),  VEmeST, (7)

and we denote the volume of S¢~! by

27Td/2
Sd_l‘::/ dogi1 = ——— 8
‘ s TN T D (d)2) (®)
where ogi—1 is the surface measure on S?-1. Normalizing 0ga—1 yields the uniform measure
Ugi—1 = |S¥ 1 gga_1. We can write any vector £ € S as

or nesS? tel,

(T

then the surface measure on the sphere S¥~! decomposes as |6, (1.16)]

d—

doga-1(&) = dogaa(n) (1 — 12)°2 dt. (9)
For S?, we denote the bijective spherical coordinate transform by

®: [0,27) x (0,7) U{0} x {0,7} = S, (¢,0) — (cospsinf,sinpsind, cosd) .  (10)

Spherical harmonics Let n € Ny. We denote by Y, 4 the space of all polynomials f: R? —

C which are harmonic, i.e., the Laplacian Af vanishes everywhere, and homogeneous of

degree n, i.e., f(ax) = a"f(x) for all @ € R and & € R, restricted to the sphere S?1.

Setting

2n+d—-2)(n+d-—3)!
n!(d—2)! ’

Ny g = dim(Y, ) = (11)

we call an orthonormal basis {Yrﬁd | k € [Npa]} of Y, 4 a basis of spherical harmonics on
S?1 of degree n, cf. [6]. Then {Yf’d | n € Ng, k € [Ny, 4]} forms an orthonormal basis of
L?(S*™1). In particular, we can write any f € L?(S?!) as spherical Fourier series

o0 Nn,d

f = Z Z fAT]f,d Y’nk,d7 Where fAr];d = <f7 Yﬂ]j:,d>

L2(Sd-1) "
n=0 k=1 ( )

The Legendre polynomial P, 4 of degree n € Ny in dimension d > 2 is given by [6, (2.70)]

Pa(t) = (=1)" (d =3t I (11— <(i>n(1—t2)"+§’, te[-1,1].

(2n+d—3)



Up to normalization, the Legendre polynomials are equal to the Gegenbauer or ultraspherical
polynomials, see [6, (2.145)]. The normalized Legendre polynomials

_ d—2 n — n — o).
Pra(t) = || A Paate) = VETRX S %F(Z; ) Npary ()

a—3

satisfy the orthonormality relation fil ﬁmd(t) ﬁmd(t) (1—1%)"2 dt = 6 m, where § denotes
the Kronecker symbol.

2.3. Rotation Group

We define the rotation group
SO(d) ={Q e R™" | QTQ = I,det(Q) = 1}.

We are especially interested in the 3D rotation group SO(3). Every rotation matrix can be
written as the rotation around an axis n € S? with an angle w € T := R/(27Z) , i.e.,

cosw —nzsinw nosinw
Rp(w) = (1—cosw)nn' + | ngsinw cosw  nisinw | € SO(3). (13)
—ngsinw nisinw cos w

Furthermore, we consider the Euler angle parameterization
U:Tx[0,7] xT—SO(3), Y(x,s,7) =Res3(@)Re2(8)Res (7). (14)

The rotationally invariant Lebesgue measure ogo(3) on SO(3) is given by

/ £(Q) dosos(Q) = 2 / FRe(@))(1 - cos(w)) dogs (€) do,  (15)
SO(3) 0o Js2

see [36, p. 8], and the uniform measure on SO(3) is ugo(s) = (87%) ogo(3)-

The rotational harmonics or Wigner D-functions DEJ of degree n € Ny and orders k, j €
{=n,...,n} are defined by

Dy (W(a, B,7)) = e dp? (cos ) e 77, (16)
where the Wigner d-functions are given for t € [—1, 1] by
iy o EU (It arh (g
" Tooon (n—Hn+ ) (n — k)1 + )itk din=F (1 — ¢)—nts’
see [73, chap. 4]. The rotational harmonics satisfy the orthogonality relations
. ot 8772
DI*(Q)DYM (Q)d S S Y 17
Loy QP @) doso(@) = 5 i, (1)
and - 5
dj’k dj’/k i dg = On,n 18
[ dik @t sin(e) s = =18, (18)

for all n,n’ € Ny, j,k = —n,...,n, and 7,k = —n/,...,n/. The normalized rotational

harmonics
. fon 1 .
D%’k = %D%jk7 n€N07 j7k:_n7"'7n7 (19)
T

form an orthonormal basis of L2(SO(3)).



3. Sliced OT on the Sphere

We present a slicing approach for OT on the sphere X = S9! for d > 3. We define the
parallel slicing operator for a fixed ¥ € S ! by

Sdfl .

SETs L SYTE) = (€ ). (20)

We will omit the superscript of Sy if no confusion arises. The corresponding slice is the
(d — 2)-dimensional subsphere

Cp =8, () ={6eS™! | Sp(€) =t} ={€eST [ (p,&) =1}, tel,  (21)

which is the intersection of S~! and the hyperplane of R? with normal 1 and distance ¢
from the origin.

In this section, we first analyze the respective Radon transform for functions and measures
on S9!, and then show that the sliced Wasserstein distance is a metric on P(S?1).

3.1. Parallel Slice Transform of Functions

For f: S 1 — R, we define the parallel slice transform

1
oA 11 /4o f(é) ds(£)7 'l,b € Sd_lv le (_17 1)>
Usp,t) = STHVI= e (22)
5 5d,3 f(:l:'lnb)v ’l,b € Sd_lv t= il?

where ds denotes the (d — 2)-dimensional volume element on Cfp and § is the Kronecker
symbol. The second line in (22) ensures the continuity of U f if f is continuous. For fixed
W € S, the (normalized) restriction

Upf = ST UFf(p,")

belongs to the class of convolution operators [59], and is known as the spherical section
transform [63], translation [22] or shift operator [65]. The chosen normalization will become
clear in Proposition 3.5. The following proposition was shown, e.g., in [57, Cor. 3.3|.

Proposition 3.1 (Integration in t). For every f € L'(S4™1) and ¢ € S, we have Uy, €
LY(I) and

[wsiwa= [ @ dosio). (23)
I sd—1

Theorem 3.2 (Positivity). Let f € C(S%1). Then we have f(€) > 0 for all & € S if
and only if Uf(ah,t) > 0 for all p € S* and t € 1.

Proof. Let f € C(S*1). If f > 0 everywhere, then I/ f is non-negative everywhere as the
integral of a non-negative function. Conversely, let n € S9! such that f(n) = —§ < 0.

By continuity, there exists € > 0 such that f(£) < —§/2 for all & € S~ ! with d(€,n) < e.

Because all points in C,Cfs(s) have spherical distance € to 7, we conclude that

UF(n.c05(e)) = it [, 7€) 056 <00 s



There is no analogue to Theorem 3.2 for the vertical slice nor for the semicircle transform
considered in [14,58| since one can always construct a function that is negative on a small
ball and positive outside such that either transform is non-negative everywhere.

Theorem 3.3 (Singular value decomposition). For each n € Ny, let {Yrﬁd | k€ [Npa]} be
an orthonormal basis of Yy, q. Then (22) is a compact operator U : L*(S4~1) — L2 (S* x1I),
where L%Ud (S1 x 1) is the space of square integrable functions with the weighted norm g —
(Joa-179(&t)(1 — t2)B=D/2q (&, )2, with the singular value decomposition

UV (o, 1) = MG Y () Poa(t) (1= )T, Yn€No, k € [Nodl, (24)

where ﬁmd are given in (12) and the singular values are

w28 YmVaIT(d)
A = VCn+d—2)(n+d—3) (25)

Proof. The theorem basically follows from the generalized Funk—Hecke formula [10, (4.2.10)],
which states for £ € S¥71, ¢t € (—1,1), and Y4 € Ymd(Sd_l) that

1 Py a(t)
Yn d d—2 = ’ Yn .

Inserting the normalization (12) yields (24) with

IS4=2|  (s), (1) \/ n' (d—2)!

|ST-1| N, 4 dT 2n+d 2)(n+d—3)
The Legendre duplication formula F( 4y = 274, /7T'(d — 1) yields (25). Expanding
the product (11) asymptotically for n —> 00, We have
Nog=(2n+d—2 - ( )

and hence the singular values \ n.a converge to zero. Together with the orthonormality of
(12), we deduce that (24) is a smgular value decomposition. O

Theorem 3.4 (Adjoint). Let 1 < p,q < oo with1/p+1/qg=1. For 1 <p < oo, the adjoint
U LIS x ) — LI9(ST1) of U: LP(S¥1) — LP(ST! x 1) is given by

. 1
W9l) = i [ 9((E ) dosss @), (26)
and the adjoint Uy,: L(I) — LI(SYY) of Uy LP(STY) — LP(I) by

Uypg(&) = 9((&: ) (27)

for all & € S¥=1. Both adjoint operators map continuous functions to continuous functions.



Proof. Let f € LP(S%!) and g € L9(S?! x ). We have

s = [ [urtsgtsnddrew)

= e Ogd—1
B /Sd—l/H‘Sd—l‘ Vi—t2 e, f(&) g(x,t)ds(§) dt doga—1 (1)

= 444444;{444447 S Ogd—1

S O 8(0 0. 6) ) ke v)
(23) 1

D /S o T 9. 36,€)) dogies () dogus (o).

The adjoint of Uy, can be established analogously without the outer integral. The continuity
follows from Lebesgue’s dominated convergence theorem. O
3.2. Parallel Slice Transform of Measures

We extend the definition (22) to measures as pushforward of the slicing operator (20). For
¥ € ST1 we define

Up: MEST) = M), = (Sy)gp=po S, (28)
and U: M(S?) — M(T x I) by
Up = Ty(ugi x ) with T(h,€) = (1, Sy (£)). (29)

Proposition 3.5 (Connection with adjoint). Let u € M(S*1). The transforms (29) and
(28) satisfy
Up, g) = (u,U*g)  forallge C(S¥1 x1) and

(Upp, g) = (n,Uz,g)  for all g € C(I), ¢ € ST!
with the adjoint operators from (26) and (27).

Proof. For g € C(S%"! x T), we have by the definition in (29)
Unsg) = [ al.0) dTplugr x m)(@.)
Sd-1xI
= [ L otob 6,0 dusas () du(©) = (. 1).

For g € O(I), and fixed 1 € S,

(Upp, 9) = /Hg(t) A(Sys) pu(t) :/

Sd

9. 8)) du(§) = (u.Uyg). -

The last proposition provides an alternative way of defining I/ for measures, similarly to
what was done for the Radon transform, e.g. in [12].

For absolutely continuous measures with respect to the surface measure oga-1, the
measure- and function-valued transforms coincide.



Proposition 3.6 (Absolutely continuous measures). For f € L'(S*1), we have
U[foga1] = Uf)ogi1,5 and Z/{qp[fo_sdfl] = (L(wf) o] Vi € s
In particular, the transformed measures are again absolutely continuous.

Proof. Let g € C(T x I). The first identity follows from Proposition 3.5 by

U[fogi-1],9) = (fosa-1,Ug) = " &)U g(€) doga-1(€)
1
= [ U0 000 0) dogans (8) = (U 7t 9)
The identity for i, follows analogously. O

3.3. Spherical Sliced Wasserstein Distance

For p € [1,00) and pu,v € P(S1), the parallel-sliced spherical Wasserstein distance

PSWE (1, ) = /S WUy, Uyp) ot () (30)

is the mean value of Wasserstein distances on the unit interval I. Since the geodesic distance
(7) on the sphere is rotationally invariant, i.e., d(Q&,Qn) = d(&,n) for all rotations @ €
SO(d), the spherical Wasserstein distance inherits this property, W (u, ) = W, (poQ,voQ).

Theorem 3.7 (Metric). For every p € [1,00), the sliced spherical Wasserstein distance
PSW,, is a metric on P(ST1), which induces the same topology as the spherical Wasserstein
distance Wp,. There exist constants cqp, Cqp > 0 such that

cap PSW, (1, v) < Wy(p,v) < Cqp PSWp (1, v) P<d1+1>, Yu,v € P(STh). (31)
It is rotationally invariant in the sense that for every p,v € P(S?) and Q € SO(d), we have
PSW,(u,v) =PSW,(no Q,vo Q).

The proof is given in Appendix A. Even though the Wasserstein W), and sliced Wasserstein
metric PSW,, on P (S 1) are topologically equivalent, they are not bilipschitz equivalent. As
S%1 is a compact set, the p-Wasserstein metrics for all p € [1,00) induce the same topology
on M(S41), see [67, § 5.2]. We conclude this section by mentioning another slicing approach.

Remark 3.8 (Semicircular slices). A different approach due to [13,14] uses slicing along
semicircles and maps to the one-dimensional torus T := R/(27). We mention here the
case d = 3 following [58]. We denote the components of the inverse of the bijective spherical
coordinate transform (10) by ®1(¢) = (azi(§), zen(€)), where ¥ denotes the transformation
in Euler angles (14). For ¢ = ®(ip,0) € S?, we define the slicing operator

Ay: S = T, &€ azi(¥(p,0,0)"€).
The semicircular sliced Wasserstein distance

SSWh(u,v) = /S2 WE((Ayp)stt, (Ag) ) dus2 (1)

is also a rotationally invariant metric, see [58], but an equivalence as in (31) is not known.
Furthermore, it requires solving the one-dimensional OT on the torus, which is more difficult
than on an interval, see [23,61,62]. O
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4. Sliced OT on SO(3)

We present an approach to generate sliced Wasserstein distances on X = SO(3). We denote
the angle of the rotation @ € SO(3) by

—1 + trace(Q)

Z(Q) = arccos 5 € [0, 7).
We take D = SO(3) and the slicing operator
dg:SO(3) = [0,7], Pw— Z(Q"P), VQ cS0O(3). (32)

The respective slice dél (w) can be parameterized as follows.

Proposition 4.1 (Parameterization). Let Q € SO(3) and w € [0,7]. Then
dg' (w) = {A € S0(3) | dg(A) = w} = {QRe¢(w) | € € 7},

where Re(w) is the rotation with axis & and angle w, see (13).

Proof. We have Z(Ry(w)) = w for all n € S? and w € [0,7]. Let A € SO(3). We write
Q' A in axis-angle form (13) as QT A = R¢(0) with 0 = Z(Q T A) and some & € S?. Then
we have A € dél (w) if and only if w = Z(QT A) = o, which shows the claim. O

4.1. A Two-Dimensional Radon Transform on SO(3)

Let f € L'(SO(3)). We define the Radon transform on the rotation group for any Q € SO(3)
and w € [0, 7] by

THQw) = 31— cos@)) [ F(@Re(w) dos (&) (33)

= 472

and its restriction T f(w) = 87T (Q,w). By Proposition 4.1, the domain of integration of
f is the slice dél (w). With (15), we obtain

[ r)dosow (@)= [ Tof)ds.  vf e L(S0E)
SO(3) 0

which serves as analogue to (23). By Fubini’s theorem, the last equation implies that Tq f €
LY([0,7]) and T f € L*(SO(3) x [0,7]) if f € L*(SO(3)).

Theorem 4.2 (Singular value decomposition). The Radon transform (33) is one-to-one
T: L*(SO(3)) — L*(SO(3) x [0,7])
and has the singular value decomposition
TDIF = \T FIk . yneNy, jke{-n,...,n} (34)

with the orthonormal basis DI of L2(SO(3)), see (19), the singular values

3 1
ATZ\[ —1/2 d =~ VYneN
2" T Iy

11



and the set of orthonormal functions on L?(SO(3) x [0,7]) defined by

% DI Q) sin((n + 3)w) sin(%), n#0,
70,0 . 2

V& DY@ (sin($))?. n=0,

The proof is postponed to Appendix B. Restricting 7 (-,w) to a fixed radius w, we obtain

the following injectivity result, which is of a similar structure as for the spherical cap [71] or
spherical slice transform [68] on S2.

FIk(Q,w) = (Q,w) € S0(3) x [0, 7).

Corollary 4.3 (Injectivity for fixed w). For fized w € (0,7), the Radon transform T (-,w)
is injective as operator L*(SO(3)) — L2(SO(3)) if and only if w/m = p/q where p/q is a
reduced fraction and p € N is even and q € N is odd.

Proof. As a direct consequence of Theorem 4.2 and the orthonormality of the rotational
harmonics, the restricted transformation has the eigenvalue decomposition

TDJMQ,w) = —sin((n+ 3)w)sin(§) DFH(Q),  YQ € SO(3).

(2n+1)

It is injective if and only if all eigenvalues ﬁ sin((n 4 §)w)sin(%) are non-zero. The
n-th eigenvalue is zero if and only if (n 4+ 1/2)w € 7N, i.e., there exists k¥ € N such that
w/m = 2k/(2n+ 1), the quotient of an even and an odd integer. Since this fraction can only

be reduced with an odd factor, also the reduced fraction consists of an even divided by an
odd integer. O

Theorem 4.4 (Adjoint). Let Q € SO(3). The adjoint of Tg: L*(SO(3)) — L*([0,7]) is
gwen by
T59(A) = g(dg(A)), YA €S0(3),

and the adjoint of T: L*>(SO(3)) — L?(SO(3) x [0,7]) is

_ 1
872

T(A) / 9(Q.do(A)) doso)(Q). YA €S0(3).
SO(3)

Proof. Let f € C(SO(3)), g € C([0,7]), and Q € SO(3). We have with the substitution
A = QR¢(w) and (15)

| #A(da()) doso (4) =2 [ " [ HQRe(@))g(w)(1 — cos(w)) dosa(€) dw
SO(3) 0o Js2

-/ " o (@)g(w) dw.

The second claim follows analogously by considering g € C(SO(3) x [0, 7]) and integration
over @ € SO(3). O

12



4.2. Slicing of Measures
We generalize the definition (33) to a measure p € M(SO(3)) via the pushforward of the
slicing operator (32), i.e.,

Ton = (d@)#n € P([0,7]) and

Ti = Ty(usom) x 1) € P(SOB) x [0,7]),  with T(Q,A) =(Q,dq(A)).
Proposition 4.5 (Connection with adjoint). Let Q € SO(3) and pu € M(SO(3)). Then

(Tou,g) = (1, T59), Vg€ C([0,7)),
(T, g) =1, T"g), Vg€ C(SO(3) x [0,7]).

Proposition 4.6 (Absolutely continuous measures). Let u € M(SO(3)) be absolutely con-
tinuous, i.e., there exists a density function f € L*(SO(3)) such that u = foso@)- Then

Ton= (Tqf)opx, and
T = (Tf)oso)x[o,x-

The last two propositions can be proven analogously to Propositions 3.5 and 3.6.

Theorem 4.7 (Injectivity). The Radon transform T : M(SO(3)) — M(SO(3) x [0,7]) is
mjective.

The proof, which uses the singular value decomposition, is given in Appendix B. Although
the slicing operator and therefore the transform 7 could be easily generalized to SO(d), this
does not apply for the singular value decomposition (34) as the harmonic analysis on SO(d)
becomes much more evolved for d > 3, cf. [74, Chapter IX].

4.3. Sliced Wasserstein Distance on SO(3)

Let p € [1,00). We define the sliced Wasserstein distance between measures u, v € P(SO(3))
by

SOSWE(j1,v) = /S oy W (T Ta) dusogs Q) (35)
which is the mean of Wasserstein distances on the interval [0, 7).

Theorem 4.8. Letp € [1,00). The sliced Wasserstein distance (35) is a metric on P(SO(3))
that is invariant to rotations, i.e., for any A € SO(3) and p,v € P(SO(3)), we have

SOSWZ(1(A-), (A-)) = SOSWE(y1, v).

Proof. The positive definiteness is due to Theorem 4.7, while the symmetry and triangular
inequality follow from the respective properties of the Wasserstein distance on [0,7]. By
definition in (35), we have

SOSWA(u(A-),v(A")) = whb (u cAo déla voAo dél) dugo(s)(Q)-
SO(3)
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Let w € [0,7]. We have B € Ao dél(w) if and only if w = dg(AT B) = dag(B), cf. (32).

Hence

SOSWH(u(A-),v(A)) = S0 WE ((da@) 41t (da@)#v) dugo(s)(AQ) = SOSWD(u,v). O

In Appendix C, we provide a relation between the sliced Wasserstein distances on SO(3)
and on S3.

5. Barycenter algorithms

There exist two approaches to compute barycenters of measures using 1D Wasserstein dis-
tances along projected measures, namely sliced Wasserstein barycenters and Radon Wasser-
stein barycenters, cf. [16]. We adapt them to our slicing in Section 5.1 and 5.2, respectively.

5.1. Sliced Wasserstein barycenters

For sliced Wasserstein barycenters, we replace in (2) the Wasserstein distance Wy by its sliced
counterpart. In particular, with the general notion of slicing in (6), the sliced Wasserstein
barycenter of given measures y; € P(X), ¢ € [M], and A € Ay, is defined by

M
Bary S (s A2y o= argmin' S A, SW3(0, ).
veP(X) ;=51

Remark 5.1. Although the different slicing approaches often yield similar barycenters, as
we will see in the numerics, they differ considerably in the extreme case of two antipodal
point measures on the sphere S?. Denote by ¢ the Dirac measure at £ € S?. The Wasserstein
barycenter Barygg of 03 and 0_ .3 with equal weights \; = Ao = 1/2 consists of the measures
v € P(S?) with support on the equator. However, all measures in P(S?) are parallelly sliced

Wasserstein barycenters Baryggsw. For the semicircular slices of Remark 3.8, we can show

that the uniform distribution on the equator is a candidate for the barycenter Bary§§w,

while ug2 is not. The details are provided in Appendix D. O

We consider two types of discretization to compute sliced Wasserstein barycenters. Free-
support barycenters are based on a Lagrangian discretization: measures are represented
by samples, and the minimization is carried out over the coordinates of those samples,
see |16, 55,62]. Fixed-support barycenters are based on a Eulerian discretization: a fixed
grid is considered for all the measures which are represented by the weights given to each
grid point, and the minimization is carried out over those weights, cf. [9,18].

5.1.1. Free-support discretization

For X = (X;)).; € XV, we note px = + Z]kvzl dx,. We consider M discrete measures
iy @ € P(X) with Y@ € XN for all i € [M]. The aim is to compute a discrete barycenter
of these measures, i.e., we want to minimize the functional

E: XN SR, X Z i SW3(kx, py ), (36)
ie[M]
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which is not convex in general, via a stochastic gradient descent, as it has been applied in the
Euclidean space X = R? in [62, sect. 3.2] and [55, sect. 10.4]. Since X is on a manifold X, the
gradient is in its tangent space T, X at x € X. By Whitney’s embedding theorem [47, thm.
6.15], we can assume X to be embedded in Euclidean space R? for sufficiently large d. If
f: D — Ris differentiable on an open set D C R with D D X, then the Riemannian gradient
of the restriction of f to X is given by V f(x) = projy, x(Vgaf(z)), where Vga denotes the
gradient in Euclidean space and projp, x the orthogonal projection to the tangent space,
see |2, sect. 3.6.1]. The gradient of the functional (36) can be expressed as follows.

Theorem 5.2. Let X be a smooth submanifold of R* and X,Y € XN consist of pairwise
distinct points Xy, k € [N]. Assume that the slicing operator Sy: X — R is differentiable
for allap € D, that (x,1) — Sy(x) is bounded on X xD, and that ¢ — VSy(x) is integrable
on D uniformly for every x € X. Furthermore, assume that Sy (1) # Sy (x2) for up-almost
every @ € D if &1 # xo. Then the gradient of the sliced Wasserstein distance between the
two measures px and py with respect to X reads

2
Vi, SWh(jux. y) = +- /D S0 (00) = 8 (Yo ooty )| VSu(X0) dun(®),  (37)
where ox : [N] = [N] is a permutation which sorts Sy(X}), i.e.,

ST,[’(XUX’,I,(I)) S S’d)(XO'X’d,(Q)) S S S’C,ZJ(XO'X’@I,(N))'

Proof. Let ¢ € D. For the sake of simplicity, we write Sy (X) == (Sp(Xk))1<k<n € RV,
The pseudo-inverse of the cumulative density function of ug ,(X) 1s written, for r € (0,1),

N
_ . 1
Fusli,,(m(r) = min {:U € RU{—o0} ‘ N Zﬂ[s¢(xk),1] (z) > 7“}
k=1

=Sy (Xffx,«pWN])) :

Then

W3 ((Syp)aix: (Sp)aiy) = W3 (15, (x): 5,0))

2
_ -1 -1
_/[01] ‘FH%(X)(T) —Fﬂ%(y)(r)‘ dr

N 1 2
= Xl (Fovaw) = o (Yoruon) |

=z

2| -

‘Sw (Xk) — Sy (YUY,wOU)_(,l¢(k)) )2 ’

k=1

is bounded and, thus, integrable with respect to ¥ on (D, up). Its gradient is given by

Vi, W3 ((Sp)prix, (Sy)pny) = [5¢ (X)) — Sy (ng,,l,oa;(}w(k))} VEy(Xk)  (38)

for up-almost every ¢ € D. Indeed, we assume that X, k € [N], are pairwise distinct, so
Sy (X}) are up-almost surely pairwise distinct, so o x 4 is up-almost surely uniquely defined,
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and constant in the neighborhood of X. Hence, (38) is integrable on D) since VS, is and the
rest is bounded by assumption. Therefore, similarly to [16], we have

SWW%MX)=/DW£((S¢)#MX,(S¢)#W) du(vp)

N
1 p
L3505 (i)
and
Vx, SWi(uy, px) = /DvXk w3 <M5¢(Y)7MS¢(X)> du(ep)
2
-5/ (84 (X0) =Sy (Yo yoryt i) | VSu(Xi) dulw). O
We discretize (37) over 9 via considering (1/1(])(1;:1 distributed according to the uniform

measure up to get a numerical approximation. This enables us to devise a stochastic gradient
descent algorithm with initialization X° € XV and whose step I € N is given by

XpH = exply (—nVE(X))

= XPxt _TIZNPZ
i=1 q=1

(39)

VS (X})

S"Pq (X/lf) - S¢q (Y(Z) h k))

O’Y(i)ﬂpq Oa’xlﬂpq(

for every k € [N], where exp: denotes exponential map, which maps a subset of the tangent
space T, X to the manifold X, and 7; > 0 is the step size, also known as the learning rate.

Remark. The last theorem can be extended to the case where both measures have dif-
ferent numbers of points. The squared Wasserstein distance between u, and p,, with
T = (%;)1<i<N € RN and y = (yj)i<j<m € RM two sorted lists of real numbers, is not any-
more ||z — yI%x but is of the shape i i (i — y;)? with the transport plan 7 € RV*M
that depends only on N and M (not x nor y). Because the matrix 7 is sparse with support

close to the diagonal % = %, we can generalize our algorithm while keeping its complexity
O((N 4+ M)log(N + M)). O

5.1.1.1. Application to PSW on the sphere We look at the stochastic gradient descent
step for the sphere with the parallel slicing operator (20). Let x, v € S%=1. The projection
to the tangential plane TS ! = {v € R? | (v, z) = 0} is

Projp, gd-1: R? = 17,8, v v — (x,v)

and we have VSy(x) = projy, sa-1(¥). As a consequence, the stochastic gradient descent
step (39) is

M P
d—1 . 2 ;
X]l:“l = eXpii —TIPrOjr, gd-1 Z N;’ Z <1pq, Xl - y® . (k)> Py
k i=1 q=1

7y (@) g OUXlﬂliq

(40)
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with the exponential map expS’ " (v) == cos(||v|))z + sin(||v\|)””7”.

The numerical complexity of this step is O(M N (log(N) + d)P) with M the number of
measures, N the number of points in each measure and P the number of directions (i.e.
of projections or slices), since the sorting has complexity O(N log(N)) and the dimension
d comes in only due to the computation of the inner product in R? and the generation of
uniform samples on S

5.1.1.2. Application to SOSW on the rotation group Let us now look at the case X =
SO(3) with the slicing operator Si°®)(R) = trace(RT4) for 1 € D = SO(3) and R €
SO(3). In order to avoid numerical instabilities due to the unboundedness of the derivative
of the arccosine, we take here a monotone transformation of the slicing operator (32) in order
to simplify computation while keeping the properties of SOSW. Drawing random directions
Y = ¥(a, 3,7) € SO(3) can be done by randomly generating Euler angles a,y ~ ujg 2, and
B = arccost with ¢ ~ uj_y 1. The gradient descent step (39) is similar to the case of the
sphere. The tangent space is TRSO(3) = {A € R¥3 | RTA = —ATR}. Utilizing that the
orthogonal projection on the set of skew-symmetric matrices is given by A — %(A —AT),
one can show similarly that the projection to TRSO(3) is given by

Projrasoe) : R2* = TrSO(3), A+ 3(A—- RA'R).
The exponential map is given by |77, 3.37]
expi®: TRSO(3) - SO(3), A — Rexp(R'A).

In order to avoid the computation of the matrix exponential, one could replace the expo-
nential map by a retraction, see |2, Sect. 4.1].

5.1.2. Fixed-support discretization

Fixed-support sliced Wasserstein barycenters correspond to a Eulerian discretization. As
opposed to Section 5.1.1, the support is the same, fixed set for all measures (including the
barycenter), and we minimize over the weights of the Dirac measures. We first study the
1-dimensional case of fixed-support OT.

Theorem 5.3. Let {t; | j € [N]} C R with t; < ty < ... < tn. Further, let w,v € Ay
and the discrete probability measures flyy = Zjvzl wjétj and [ty = ZN

j=1
the partial sums W = (Z?Zl wi)N_| and v = (Z?Zl v))N_, in RY as well as the vectors

vjdt;. We introduce

2N -2

Yy = (71)1,...,12)]\[,1,771,...,77]\[71) € R2N=2 gnd z = (ug(j))jzl

that us(1) < Ug2) < ... < Ugan—2)- We set

with o a permutation such

5 = |tmin{kl@p>2,01) — bmin{kloe>z03 | Jor d € [2N = 3],

and ag = agn—_9 = 0. Then the gradient of Wg(uw,,uv) in Ay with respect to w is given
almost everywhere by

N

Vi WH(pw; pv) = Projg (Gg-1()—1 — Go-1(k)) : (41)
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where projg: RN 5 H oz— x— (x, 1)1 is the orthogonal projection on the hyperplane
H={z cRY | (x,1) =0}.

Proof. The pseudo-inverse of the cumulative distribution function of fi,, is

-1 .
F,.(r) =min {s eR

N
Zwi]]'[ti7+00)(5) 2 7'} = tmin{k|ap>rys V7 € (0,1),
i=1

and analogously for v. We thus have
! P
Whlpws o) = [ 1) = B )] ar

1
P
_/ ‘tmin{k\ﬁ)kzr}_tmin{k\f)kzr}‘ dr
0
2N-3
= E ‘tmin{k\u?kZZj+1}_tmin{k|f}k2zj'+1}
Jj=1
2N-3

= E : a; Z]-‘rl )7
Jj=1

where we have ignored the segment (0, z1] on which the integrand is 0, and the segment
[zan—2,1) on which the integrand is 0 or which is empty if zon_2 = 1.
We extend the map w — Wg(pw, ) from Ay to some neighborhood in the Euclidean

p
(Zj+1 — 2j)

space RN by making it constant in the last component wy, then ﬁ WP (Hap, p1) = 0. For

k € [N — 1], since zj = Wy(;), we have

d
4o Dy o) = Qo-1(3)—1 — Ag-1(r), a.e.

Indeed, a; is almost everywhere constant with respect to wy. It is justified using the fact
that the z; are almost surely pairwise distinct. So, if Wy = zj+1, then 241 “moves” (a.s.)
with @y, such that {k' | @y > zj41} does not change. If Wy # zj41, it is obvious that
{K' | Wi > zj41} is locally constant with respect to wy. The definition of W gives a bijection
between (wj)j.v:_ll and ()5, so we obtain for any j € [N — 1]

) = 3 9T Ly = 3 )
dw; p\Hw, o) = dw; dwk ,U'wa f) ddy ,Uuu Ho
k=1 k:j
The projection onto the hyperplane H yields the Riemannian gradient in Ay . OJ

We now come to the sliced OT on X € {S?1,S0O(3)}. We consider a family X = (:cj)é\f:l €
X of points on X representing the fixed support and measures of the form

N
j=1
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with some weight vector w € Ay. Let v() € Ay for i € [M] be given probability vectors
of the measures whose barycenter we want to compute. Therefore, we minimize

M
E:AN 2R, w Y N SWE (e, 1))
=1

We have, for i € [M],

SWZ(Mw,MUu))=/H)Wﬁ((3¢)#Mw7(5¢)#ﬂv<i>)dwm(ﬂ))

N N

_ ®

= /D wy Z;Wﬂsw(mj)vzvj Osy(ay) | dun(®),
]:

and therefore

N
Vi SWyGpa, i) = [ VW > sy to: 3 1 | o)

J=1 Jj=1

As the integrand of the last equation is handled in Theorem 5.3, we can thus compute VE
and devise a stochastic gradient descent, as synthesized in Algorithm 1, where we use P
projections per descent step as above.

The complexity of the computation of the gradient (41) is O(NN log N), as we need to sort
the points (tj)é-v:l and the vector u, and all other operations are done in linear time. The
projection proja  : RY — Apn on the probability simplex can be computed in complexity
O(Nlog(N)) using the algorithm from [76], see also [19] for further numerical approaches.
Therefore, one iteration of Algorithm 1 has the arithmetic complexity O(M N (log(N)+d)P).
However, we want to point out that the number N of points of a fixed grid generally grows
with the dimension d.

5.2. Radon Wasserstein barycenters

Radon Wasserstein barycenters are obtained by first computing the 1D barycenter (5) for
every slice, stacking them together, and then applying the pseudoinverse of the respective
Radon transform, cf. [16,43]. Denoting by Z: P(X) — P(D x I) the generalized slicing
transformation, we set for fi,, € Pac(X) the Radon barycenter

Bary;%(um,)\m)%:l = zt ((Baryﬂ()\m, (qu)#ﬂm)n]\{:l)d,em)) ) (42)

where ZT is the pseudoinverse whose argument is viewed as a density function on D x I. In
general, it is not clear if the pseudoinverse yields again a nonnegative function, which then
gives a probability density. On S, it is fulfilled for the parallel slicing V by Theorem 3.2,
but not for the semicircular slicing, see [58, sect. 6.2].

The discretization is based on a fixed support. We describe the parallel slicing case Z = U
analogously to the semicircular case Z = W from [58]. Let 1, € S~1, p € [P], be the nodes
of a quadrature rule with weights w € Ap, and some grid t;, £ € [L], on the interval I.
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Algorithm 1 Fixed support sliced Wasserstein Barycenter algorithm

Require: Support X = (z;)1<j<y € XV € RVX4 weights v() € Ay, Vi € [M], step size
7 > 0, initialization w® € Ay, number P of slices
for/=1,...do
(¥g)1<q<p ¢ generate_uniform_samples_on_D(P)
for i € [M] and ¢ € [P] do
(sj)1<i<n < (Sy, (w5))1<j<n

p < argsort ((s;)1<j<nN)

t(—(S(

P j))lstN > sorted

w < cumsum (wl ( ‘)> > cumulative sum
PUIJ1<j<N-1
(4)

U < cumsum (v )
p(d) 1<j<N-1

u < concatenate(w, D)
mw < (1,...,1,0,...,0) € R2N=2
o~ argsort( )

z  (Ug(j)1<j<aN—2

mw <— (mwa(j))lngQN_g

idx_w ¢ cumsum(mw) +

idx_v < cumsum(1l — rnw) +1

a<— (‘tldx w(j) — tiax _v(j )| )1§j§2N72
ag < 0

9 < (Ag-1(k)=1 — Ag—1(k))1<k<N-1
g < cumsum_adj(g) > cumulative sum from right to left
gy =0
grad; , = (9p-1(j))1<j<N
end for
gradgy + 5 M Z _,grad;
grady, < projH(gradRN) = gradRN - \/iﬁ (gradpy, 1n)
witl projAN(wl — migrady )
end for
Output: w'*!
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We denote the density function of p,, by f*" and assume that we are given f#m(1,) for
p € [P]. Firstly, we approximate Uy, (t¢) via the singular value decomposition (24) for fixed
truncation degree D € N by

D Nnd

U'l/’ fﬂm tf Z Z )‘nd n,d 'lnbp nd(te) Zf#m(wi)mwz

n=0 j=1

Secondly, we compute the density of the one-dimensional barycenters (5) of the measures
Uy, tim- In particular, we set g(1,,-) as the density function of

M
CDT,! <Z Am CDTy (U, um]> .

m=1

Using again the singular value decomposition Theorem 4.2, we note that the Moore—Penrose
pseudoinverse [25] of U is given by

o0 Nnd

UT: Range(U) ® Range(U)T — LS4, ulg= Z Z )\u <g, dﬁn7d> Yrﬁd.
n=0 k=1

Finally, we discretize the Moore—Penrose pseudoinverse to approximate the density of the
desired barycenter Baufygd,1 by

Nna P L
ZZ L{ g,d(¢p)%zzg ¢zatﬁ 'lPZ) nd(tg)

n=0 j=1 Aod i=1 (=1

We analyze the complexity for S?. The sums over n and j constitute a nonuniform spherical
Fourier transform, and the sum over ¢ its adjoint, which can both be computed efficiently in
O(D?log(D) + P) steps, see [46] and [56, sect. 9.6]. The CDT (3) and its inverse (4) have
linear complexity and can be computed with the algorithm [44]. Therefore, we obtain an
overall complexity of O((D?log(D)+ P)LM). Since the number of points is usually P ~ D?,
the complexity grows slower than for the algorithms of Section 5.1.

6. Numerical results

In this section, we present numerical computations of sliced barycenters between two mea-
sures on the sphere. and visualize them S?. On general S¥~!, we only look at free-support
barycenters, which do not require grids that become unhandy in higher dimension, and test
their convergence behavior and execution times. We compare two notions of slicing: our
parallel slicing (20) and the semicircular slicing of Remark 3.8, each for the two different
notions of free and fixed support sliced Wasserstein barycenters from Section 5.1 and the
Radon barycenters from Section 5.2. Further, we compare the fixed-support and Radon
barycenters with the entropy-regularized version [55] of the Wasserstein barycenter (2) com-
puted with PythonOT [27]. Finally, we consider the barycenters on SO(3) in Section 6.4.
Our code is available online.!

"https://github.com/leo-buecher/Sliced-0T-Sphere
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6.1. Free-support sliced Wasserstein barycenters on the sphere

For the free-support discretization of Section 5.1.1, we compute the parallelly sliced Wasser-
stein barycenter (PSB) Barygzsw with the stochastic gradient descent (40), and the semicir-
cular sliced Wasserstein barycenter (SSB) Baryggsw, see Remark 3.8, with the algorithm [14],
which uses a similar gradient descent scheme.?

The von Mises-Fisher (vMF) distribution with center 17 € S? and concentration x > 0 has

the density function

— K K(€,m) 2
= ————e"S €S- 43
1(8) 47 sinh ¢ (43)
In the first setting, we consider the sliced Wasserstein barycenters of two vMF distributions
with centers on the equator shifted by 90° and concentration x = 100, represented by

N = 200 samples each. We use 1000 iterations, P = 500 slices, a step size of 7 = 40 for the
PSB algorithm and 80 for the SSB algorithm, and we take samples of the uniform distribution
ugz as initialization X°. The computed sliced Wasserstein barycenters are displayed in
Figure 2. We observe that the SSB is slightly more extended toward the poles.

3 X

Figure 2: PSB (left) and SSB (right) of two vMF distributions. The green and orange points
represent the two input measures, and the blue points the barycenter.

In the second setting, we consider vMF distributions that are highly concentrated near
the poles with k = 400, to illustrate the observations of Remark 5.1. The resulting sliced
Wasserstein barycenters are shown in Figure 3. The PSB is seemingly uniform on the sphere,
which corresponds to the initial distribution X°. This is coherent with the observation that
all measures on the sphere are PSB of two antipodal Dirac measures. Conversely, the SSB
is supported on a ring around the equator.

The third setting is with two “croissant” measures spanning from the South Pole to the
North Pole, and rotated from each other by an angle of 120°. The resulting PSB and SSB
in Figure 4 are quite similar, which illustrates the fact that in many cases the two notions
of barycenters seem more or less to coincide.

Convergence We study the convergence of the algorithms using the same measures as in
Figure 2, but with N = 50 samples. Figure 5 shows the evolution of the loss function (36)
and the step norm, which is the L? norm of the step X! — X!, depending on the iteration.
We show the results on S¢~! for d = 3 and d = 10, where we use 7 = 20 for PSB and 7 = 50
for SSB. The two losses are rescaled so that the initial loss coincides, as they cannot be

2See the code https://github.com/clbonet/Spherical_Sliced-Wasserstein
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Figure 3: PSB (left) and SSB (right) of highly concentrated measures. The green and orange
points represent the two input measures, and the blue points the barycenter.

X x

Figure 4: PSB (left) and SSB (right) for 2 “croissants” measures. The green and orange points
represent the two input measures, and the blue points represent the barycenter.

compared in absolute value. Despite this, these loss evolutions remain difficult to compare,
as they highly depend on the chosen step size 7. However, we observed that for appropriate
step sizes 7 (i.e. that avoid oscillatory behavior around the minimizer), the PSB algorithm
converges faster on S?. On S?, both algorithms show a similar speed of convergence. This
change in dimension might be explained by the fact that a uniform measure on S*~! (which
is our initial distribution) is projected by the semicircular slicing to a uniform measure on
the circle, while the parallel slicing becomes more concentrated around 0 on the unit interval
I for larger d.

Complexity All tests were performed on an Intel Core i7-10700 with 32 GB memory. Fig-
ure 6 shows the execution time depending on the number N of points of each given measure
and the number P of slices, both for a fixed number of 20 iterations without stopping crite-
rion. We observe that the PSB algorithm is between 40 and 100 times faster than the SSB
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4 semi-circular 4 semi-circular
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Figure 5: Loss function (left) and step norm (right) on S¢~! for d = 3 (top row) and d = 10
(bottom row) depending on the number of iterations. Reported are the mean and
standard deviation (vertical lines) over 100 runs.

algorithm. This comes from the fact that the SSB requires to solve an OT problem on the
torus T, which is more difficult than on the real line. In terms of the evolution along N,
the two algorithms (PSB, SSB) have a complexity of O(PN (log(NN) +d)), which is coherent
with our observations. The dependence on P is linear, but experiments with bigger values
of P would be required to confirm this.

10! 4 ot —— d=100 Pl
ek

¥
5 L 100 4

-
-
-------
-

dammtT]

1073 N\ eemmmemme

Figure 6: Execution time of the PSB (solid line) and SSB (dashed) algorithms with 20 iter-
ations and different dimensions d.

Left: Dependence on the number N of points with P = 200 slices.
Right: Dependence on the number P of slices with N = 40 points.

The execution times barely grow with increasing dimension d of the sphere. The only parts

of the algorithm that depend on d are the inner products in R, which are well parallelized,
and the generation of uniform samples on S%~!, which explains the stronger effect for larger
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number of slices P. While in Figure 6 the relative differences are higher for the generally
faster PSB alrorithm, the absolute differences are usually larger for the SSB.

6.2. Fixed-support sliced Wasserstein barycenters

We test the fixed-support sliced barycenter algorithm from Section 5.1.2 and compare the
resulting barycenters with the free-support ones. As input measures, we take a vVMF dis-
tribution with x = 30 and a “smiley” distribution, see Figure 7. We use the gradient
descent Algorithm 1 with a grid of 150 x 50 points on the sphere, P = 100 slices, 500
iterations, the uniform distribution as initialization, and an empirically chosen step size
7 = 0.005 (1 +k/20)~/2 in the k-th iteration. We noticed that the results highly depend on
the step size.

The resulting fixed-support PSB is displayed in Figure 7, along with the free-support PSB
and SSB from Section 5.1.1 and the regularized Wasserstein barycenter from PythonOT with
regularization parameter 0.05. For the free-support sliced Wasserstein barycenters (PSB and
SSB), the two input measures are sampled N = 200 points and the resulting barycenters are
represented using kernel density estimation [31] with the density of the vMF distributions
(43) as kernel function. We notice that all barycenters look similarly.

0.0035
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0.07
0.006

0.0025
0.06

0.005
0.0020 0.05
0.004

0.0015 0.04

0.003

0.0010
0.002

0.0005 0.001

0.0000 0.000 0.00

(a) First input measure (b) Second input measure (c) Density estimation of the
free-support PSB (0.055s)

0.0030
0.0020

0.06 0.0025

0.0020 0.0015

0.0015
0.0010

0.0010

0.0005
0.0005

0.00 0.0000 0.0000

(d) Density estimation of the (e) Fixed-support PSB (107s) (f) Regularised Wasserstein
free-support SSB (15s) barycenter (3.8s)

Figure 7: Fixed-support and free-support barycenters between two input measures.
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6.3. Radon Wasserstein barycenters on the sphere

We compare the Radon PSB Barygg of Section 5.2 with the Radon SSB Barygg . For the
latter, we apply the algorithm [58]. Both use the truncation degree N = 120 in (42) and P =
29282 slices, which equals the number of points on the 121 x 242 grid on S?. Figure 8 shows
the barycenters of vMF distributions concentrated at the poles. As above, the Wasserstein
barycenter is computed with the POT library with the regularization parameter 0.05 (or
0.01 for the “smiley” test). The regularized Wasserstein barycenter is somehow “between”
the Radon PSB and SSB. Different from Figure 3, the Radon is concentrated on a ring
around the equator, which might be explained by the fact that, other than in Remark 5.1,
the measures are not Dirac measures. Furthermore, the computation of the Radon PSB
is much faster than the Radon SSB. Moreover, we compare the Radon barycenters of the
“croissant” shape in Figure 9 as well as the “smiley” in Figure 10. Again, the Wasserstein
barycenter seems to be between the Radon PSB and SSB.

. . . 0s
" 000 04
o7
1 ooss |
! 0.3 0.6
. oo | .
08 05
o075 02
06 04
007
01 03
< 0 L
~ . ~ oms N " R s
\ = B \\ ~
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0.06 ‘\; ////“ 0 ‘\\ ////“ 01
S o RN e
0.055 \\/ - \\—\/

(a) First input (b) Radon PSB ( (c) Radon SSB (89s)  (d) Wasserstein
distribution barycenter (364s)

Figure 8: First input measure (the second is the antipodal) and the Radon barycenters.

fbisiemm

(a) First input ) Second input ) Radon PSB ) Radon SSB ) Wasserstein
distribution dlstrlbutlon barycenter

Figure 9: Input measures and their Radon barycenters.

0[®|0|0 |

(a) First input ) Second input ) Radon PSB ) Radon SSB  (e) Wasserstein
distribution dlstrlbutlon barycenter

Figure 10: Input measures and their Radon barycenters.
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6.4. Sliced barycenters on the rotation group

We compute free-support sliced Wasserstein barycenters on SO(3) with the stochastic gradi-
ent descent method outlined in paragraph 5.1.1.2. Similar to the spherical setting, we start
with two given measures with N = 100 points each. Since there is no other slicing approach
on SO(3), we compare it with a Wasserstein barycenter that is obtained by computing an
optimal transport map for the 1-Wasserstein distance (1) using PythonOT and applying the
logarithm map to project it to the manifold SO(3).

We visualize a rotation @ = Ry (w) € SO(3), see (13), as the point tan(¥)n € R3, where
w € [0,7] is the angle and n € S? is the rotation axis, cf. [24, p. 1633]. The resulting
free-support barycenters between two input measures are depicted in Figure 11. In (a) and
(b), the measures are closer together, the angle between their centers is approximately 92
degree, and notions of barycenters are similar. In (¢) and (d), the input measures are almost
opposite to each other with a distance of 164 degrees, then the sliced barycenter is supported
on a curve with high clustering between the inputs, and the projected Wasserstein barycenter
is stronger localized around two locations.

: &

» »

(a) Sliced Wasserstein (b) Wasserstein (c) Sliced Wasserstein (d) Wasserstein
barycenter barycenter barycenter barycenter

,'i-

Figure 11: Free support barycenters on SO(3). Blue points represent the barycenter, while
green and orange points represent the two input measures, which are closer to-
gether in (a) and (b) or further away in (c) and (d).

7. Conclusions

We investigated a new approach for sliced Wasserstein distance of spherical measures and
proved that this parallel slicing provides a rotational invariant metric on P(Sd_l) that in-
duces the same topology as the Wasserstein distance. We provided numerical algorithms for
the computation of the respective sliced barycenters, both with free or fixed support, that
are considerably faster than for the semicircular slicing, while producing comparable results
in most cases, except when the input measures are highly concentrated around antipodal
points.

Extending our method to the rotation group SO(3), we proved the metric properties of
the proposed sliced Wasserstein distance based on a new Radon transform on SO(3) and its
singular value decomposition. An extensive numerical evaluation of the latter transform is
planned, but out of the scope of this paper. Further, it will be interesting to incorporate our
slicing approach into gradient flows on S¢~! for d > 2.
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A. Metric properties of the parallelly sliced Wasserstein
distance

In the following, we show bounds between the sliced Wasserstein distance PSW,, and the
spherical Wasserstein distance W), by a relation to the Euclidean case [17, Sect. 5.1].

Lemma A.1. The geodesic distance (7) on the sphere and the Fuclidean distance are related
via

T _
Proof. We first show that
V2 — 2z < arccos(z) < g 2 — 2z, Vo el (44)

For z € I, we have by [1, 4.4.2]

arccos 2 —2x,

(2) /1 L /1 ! dt>/1 L
€Tr) = —_— = —_—— —_— =
e V1I—12 e VI+ttvi—t T ), vV2—2

which is the first inequality of (44). Analogously, we have for = € [0, 1] that

1 1 1 1
arccos(z) = / Vi dt < / Vi dt =2v1 — .

Because arccos is convex on [—1,0] and arccos(—1) = 7, we obtain the second inequality of
(44) for all = € [—1,1]. The assertion follows from the fact that

1€ —nl = 1€ + Il — 2 (€, m) = V2= 2 (&, m)

and d(€&,m) = arccos({€,n)) for all £, € S¥! by (7). O

We extend a spherical measure 1 € P(S%!) to a measure ji € P(R?) that is supported
on S4~1 by setting
A(B) =pu(BNSTY),  VBe BRY.

Lemma A.2. Let pu,v € P(ST1) be spherical measures with extensions fi, v € P(R?).
Then the following inequalities between the spherical Wasserstein distance W, (u,v) and the
Euclidean Wasserstein distance W, (ji,7) on RY holds:

~ o~ ™ ~ o~
Wp(:uvy) < Wp(:uv V) < Ewp(ﬂ'a V)'
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Proof. The Euclidean Wasserstein distance on X = R? is given in (1) with d(z,y) = ||z — y||.
Any transport plan 4 € II(fi, ) is supported only on S¥~! x §%1. Hence, its restriction to
S?1 x S9! yields a transport plan in IT(u,v). Conversely, a transport plan v € II(u, v) can
be extended to R? by setting it to zero outside the sphere. Hence, we have

Wh(p,v) = inf / d(z,y)dy(z,y) = _inf / d(z,y) dy(x, y).
YE(pv) Jsd—1xgd-1 YE(fi,P) JRAxRd

The claim follows by Lemma A.1. O

Proof of Theorem 3.7. We first show (31) via applying the respective result from the Eu-
clidean space. We briefly recall sliced OT on R?, see [16], with the slicing operator Silﬁd :R? -
R, z — (1, ) for 9 € S¥~! and the sliced Wasserstein distance

RSWEr) = [ WE (S50 (S5)pv) dusin (). v € PRY,

Comparing the Euclidean sliced Wasserstein distance RSW with the spherical sliced Wasser-
stein distance (30), we see that

PSW,(u,v) = RSW, (i1, ). (45)

By [17, thm. 5.1.5], there exist constants &g, Cq, such that for all measures i, 7 € P(R?)
which are supported in a ball of fixed radius R > 0 we have

RSW,(fi, 7) < éap Wy(fi, 7) < CapR'™ 7@ 0 RSW,(fi, ) 7@ .

As 7 and [i are by construction supported in a ball of radius 1+ ¢ for any € > 0, the validity
of (31) follows by invoking (45) and Lemma A.2.

Next we prove the metric properties. The symmetry and the triangle inequality follow
from the corresponding properties of the Wasserstein distance and the p-norm on S?~!. The
positive definiteness and the equivalence to the spherical Wasserstein distance follow from
(31). The rotational invariance of PSW follows since U is rotationally invariant. O

B. Proofs from Section 4

Proof of Theorem 4.2. Let n € Ny and j,k € {—n,...,n}. Using the product identity [36,
cor. 2.11|

n

DI*(PQ)= > DI(P)DF*Q) VP,QcSO(3), (46)

l=—n

we have

TDIQ,w) = 41 1 — cos(w Z DI(Q / be’k<R£<W))dUSQ(£).

{=—n

We write & = ®(p, ) with the spherical coordinates (10). Since

R<I>(gp,19) (w) = Res (SO)ReQ (ﬁ)ReS (@)Re?’ (w)RGQ (_ﬁ)Re3 (_30) = q’(@? v, O) \P(wa -4, —80),
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we have by (16) and (46)

DJF(Rop(p,9) (w Z D} (¥ (p,9,0)) e DM (W(0, =9, =),

l=—n

cf. |73, § 4.5|. Hence, we obtain

TDIH*Q,w) = ﬁ(l — cos(w))
Zn: DIYQ Z / /Dzm (¢,19,0))e™ ™ DME (W (0, =19, —p)) dpsin(0) do.
l=—n m=—n

With the symmetry D" (Q) = DF™(QT) and (16), we sce that

TDIM@w) = 412<1—cos< )

Z DI(Q) _‘m‘”/ / e 0 dbm (cos(19))dR™ (cos(9))e™? dgsin(¥9) di.

{=—n m=—n

With the orthogonality of the exponentials and the d-functions in (18), we obtain

n

TDH*(Q,w) = (1 — cos(w)) ¥DZL’]€(Q) Z o itw

2n+1)m =
The expansion relation of the Dirichlet kernel
z": it _ sin((n + 3)w)
= sin(%)
and the half angle formula (1 — cos(w)) = 2sin(w/2)? yield
TDIHQ.w) = ——— DIN(Q) sin ((n+ L)w) sin(%),

2n+ 1)m

which implies (34). The orthogonality of F2* follows from the orthonormality (17) of the ro-
tational harmonics D%*. Using the identity (sin(%))? = (1+cos(w))/2 and the orthogonality
of the cosine, we obtain

w/4, neN

/o (sin ((n + %)@)2 (sin(%))” dw = {37/8, | :

n = 0.

Proof of Theorem 4.7. This proof uses a similar structure as [58, Thm. 3.7|. Let p,v €
M(SO(3)) such that T = Tv. For g € C(SO(3) x I), we have by Proposition 3.5

(1, T g) = (v, T"g).

We show that {7*g: g € C(SO(3) xI)} is a dense subset of C'(SO(3)), which implies u = v.
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The Sobolev space H*(SO(3)) with s > 0 is defined as the completion of C°*°(SO(3)) with
respect to the Sobolev norm

> 2s - 871'2 i
£l so@) =22 (n+3)™ D 5 =1 DI (47)
n=0 Jk=—n

Let s > 2, then H*(SO(3)) is dense in C'(SO(3)), cf. [36, Lem. 2.22|. Let f € H*(SO(3)).
Since 7T is injective on L?(SO(3)) by Theorem 4.2, we have f = T*g if and only if T f =
TT*g. In the following, we show that

g=(TT)'Tf

isin C(SO(3)x0, 7]), then we obtain f = T*g, which shows that H*(SO(3)) C 7*(C(SO(3)x
[0, 7]) and therefore the assertion.

Since 7* has the same singular functions as 7 and the conjugate singular values, we obtain
by the singular value decomposition (34) that

* 1 B
(TTH T f = Z Z 7< Ji >L2(SO(3)) Fik. (48)

n=0jk=—n

We want to show that the right-hand side of (48) converges uniformly on C(SO(3) x [0, 7]).
Let (Q,w) € SO(3) x [0,7] and N € N. Inserting A7 from Theorem 4.2, we have

Z Z AT <f’ >LQ(SO 3)) Z 2 Y <f’ Jk>L2 (S0(3)) FN@w)

n=0jk=—n"" n=0 j,k=—n
1 & n A o
<33, X () (101¥) .| D@
oo n 2 oo n
LIS S ey o), [ e S B
n=N jk=—n n=N Jk=—n

where we made use of the Cauchy—Schwarz inequality. In the last equation, the first part is
bounded by the Sobolev norm (47). For the second part, the addition theorem [36, Thm.
2.14] yields

oo n oo
9_9 ~ . 2-2s 2n+1)(n+1
NG IR D 17 (e)] I DGR} et Ul
n=N J,k=—n n=N

since s > 2. Hence, the right-hand side of (48) converges uniformly to a continuous function
on SO(3) x [0, 7], which finally implies that g is continuous. O

C. Relation of the rotation group with the 3-sphere

We show a relation of the sliced Wasserstein distance (35) with an analogue of PSW on the
sphere S?, making use of the representation of SO(3) via unit quaternions, see [51, § 2.6].
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The algebra of quaternions H consists of vectors q = (qo, q1,¢2,93) = (q0,q’) € R?*, where
q' = (1,42, q3) is called the vector part, with the standard addition and the multiplication

gor = (rogo—¢q -7, qr" +roqd +¢ x7r'), (49)

where - is the scalar product and x is the cross product in R3. The unit quaternions
{geH | ¢+ ¢} +¢5+ g3 =1} can be identified with S®. The inverse of g € S* with respect
to ¢ is q= (QO) —q1, —42, _Q3) The map

$: S* - S03), q— Rq’/MQ arccos(qo))

is surjective and satisfies ¢~!(¢(q)) = {q, —q} for all g € S3. It is a homomorphism in the
sense that ¢(qor) = ¢(q)o(r). By [36, (2.6)], the integral on SO(3) is transformed via

1
/SO<3) 5@ dosow (@ = /_1 J o ¢(q0,9')44/1 = g3 dgo dos: <mql>

24| rosla)dosia)

(50)

We denote the set of even probability measures on SO(3) by
Peven(S?) = {1 € P(S°) | u(B) = u(~B) VB € B(S)}.

Theorem C.1. Let p,v € P(SO(3)) and p € [1,00). We define c: 1 — [0,7], ¢(t) =
2arccos [t| . Then

SOSW(u.0) = | W (eqtlylino ). cylly(v o) dus (@) G1)

Proof. Let € € S3, Q € SO(3) and ¢ € ¢~ 1(SO(3)). By the multiplication-invariance of ¢,
we have

dg o $(&) = £(QT4(€)) = £(6(q 2 §)).

We note that since the pushforward ¢y is bijective from Peven(S?) to P(SO(3)), and its
inverse is given by 110 ¢ € Peyen(S?). Since Z(¢p(r)) = 2arccos |rg| for any r € S, we obtain
by (49)

dg o ¢(§) = 2arccos }qg&) +q - é”{ = 2arccos |q - §| = co S¢(§).

Since ¢4 (1o ¢) = p, we obtain

1
505WH(e) 2 gy [ W (oo 0)alieo9). (g 0 (v 0 9) dosorn (@)

O 2 WE((coSp(uod). (o S ylv o 6)) dogs (). -

872 S3
The right-hand side of (51) mimics the parallelly sliced Wasserstein distance (30) on S?
between p o ¢ and v o ¢, except for the additional transformation ¢. We want to point out
that this equivalence in Theorem C.1 holds only for even measures on S?, since we always
have 1 0 ¢ € Peven(S?).
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D. Sliced Wasserstein distances for antipodal point measures

We study sliced Wasserstein barycenters of two antipodal Dirac measures p; = 4.3 and
fo = 0_,3 on the sphere S?, as presented in Remark 5.1. This case exhibits some differ-
ences between the Wasserstein distance, the parallelly sliced Wasserstein distance and the
semicircular sliced Wasserstein distance. We define the equator C' == {¢ € §? | & = 0}.

Proposition D.1. The 2-Wasserstein barycenters of the two antipodal Dirac measures py
and g are the probability measures v € P(S?) whose support is included in the equator C.

Proof. The Wasserstein barycenters of iy and ps on the sphere are the measures in P(S?)
minimizing Ew(v) = 3 W3(v, 1) + 3 W3(v, p2). Let v € P(S?). With the map zen: S* —
[0, 7], & — arccos(£3), we have

Whr.8es) = [ doa(ob, e dutep) = [ dlaen) o)

0
and similarly

W32(1,0_g3) = /OW(W — )2 d(zen)xv(t).

Hence
1

5 /07r [t2 + (7 — t)*] d(zen) gv(t).

The integrand has a unique minimizer ¢ = § and its minimum is %-. Therefore, &w (v) > T
for all v € P(S?) with equality if and only if (zen)yv(dt) = oz, ie., if v(C) =1. O

Ew(v) =

However, this observation does not apply to the parallelly sliced Wasserstein barycenters.

Proposition D.2. All probability measures on the sphere are parallelly sliced Wasserstein
barycenters of u1 and ps.

Proof. Let v € P(S?). We have
1 1
Ev(v) =3 PSW3(v, des) + 3 PSW3(v,5_gs)
1 -
— 2/ W3 (U, Uypdes) + W3 (U¢V7U¢5,e3)} duge ().
s2 b

Using that Uy 0 es = G 1e3y = 0ty and Uy = (Sy) 4 for all 9 € S?, we have

SV(V):/ / \t_<¢, >‘ d(Sy)yv(t) / \t+<¢, >‘ A(Sy)ev(t)| dug: (1)
/SQ/ 2t2+2 (1.e%) } d(Sy)pr(t) usz(dip).

Using (9) and the rotation invariance of the spherical integral, we have

1
/s2 (1,€)* dugz () = ;/_1t2dt = % Vap € S2.
Hence, we obtain
- / (6,807 + (,€)’] dusa(@) () = . 0
SRIVASE 3

33



Let us now consider the case of the semicircular sliced Wasserstein distance. Such slicing
operator is much harder to manipulate. Therefore, we did not manage to determine the semi-
circular sliced Wasserstein barycenters of 1 and us, but we can show that the observation
made in Proposition D.2 does not hold in the case of the SSW distance.

Proposition D.3. The uniform probability measure on the sphere is not a semicircular sliced
2-Wasserstein barycenter. In particular, considering x, the uniform probability measure on
the equator C, and usz the uniform probability measure on S?, we have

2 SSW3 (11, x) + 3 SSW3(k2, x) < 3 SSW3 (11, ugz) + & SSW3 (12, uge).
Proof. Recall the circle T = R/27Z. For any x € R, we note [z] = x + 27Z the equivalence

class of z and for any v € T we note 7 its representative in [0,27[. Let u € P(S?). The
semicircular sliced Wasserstein barycenters are the minimizers of the functional

1 1
Es() i= 5 SSWH(1,609) + 5 SSWH (1, 6_p9),

where
SSW3(10.000) = || Wi At Appds) dusa ()
and the slicing operator A, is given in Remark 3.8. Let 1 = ®(¢,0) € S2. Since we integrate

over §%, we can assume v ¢ {£e®}. Then we have (Ayp)u0es = 05 and (Ay)u0_es = dyg).
Therefore,

- 2
Wi Ayt Avgto) = [ = gt = [ [Ap© = aue). (2
Using spherical coordinates € = ®(«, 3), we see that

Ap (&) = azi (T(0, -0, —p) ®(a, B)) = azi (T(0, -0, —p+ ) (0, B)) = Ap(p_a.0) (2(0,8)).

Hence, with the substitution ¢ — ¢ — a;, we have
) 1 m™oe2m 2
SSW3(000) = 1= | /0 /0 (oo (®(0,8)) — 7| sin(6) dpdf du(®(a, 5))

- ﬁ /82 /07T /02” /LD(%G)(@(O,B)) — W’QSin(Q) dp df du(®(a, B))

T 2m
— i /s? /0 /0 Atp(%g)(CID(O,B)) — 7r’2 sin(6) de df d zeny p(5).

Introducing the functions

1 27 ™
F1:[0,7] = R, Br—>/ /
47T 0 0

F:[0,7] =R, B+ 1F(B)+ $Fi(r - pB),

~ 2
Ap(p0)(®(0,8)) = 7| sin(6) a0 dy,

and
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we obtain by using the symmetry that

(1) = §SSWE(u,3,0) + §SSWHp. ) = | F(B) daeny ().

Let 5 € [0,7]. We study fs(p, ) == ./Zl@(_@ﬁ)(q)((),ﬁ)). For 6§ € (0,7) and ¢ € (0,27) \ {7},

we have

fa(,0) = azi (Re2(—0)Res () 2(0, 8))
oz <|:cos(9) (1) 51(1)1(9):| |:c0 s(p) —sin(p) 0:| |:sin0(5) :|)
sin(6) 0 cos(0) * étp) COSO( ?) 1 cos(B)
)

) ( |:cos(9 cos(¢p) sin(B)—sin(0) cos(B ):| )
= azl sin(y) sin(B) .
sin(0) cos(¢) sin(B)+cos(6) cos(B)

We identify some symmetries. For ¢ € (0,27) \ {n}, and 6 € (0, 7), we have

fs2m —p,0) =21 — fg(p,0) or fg(2m —p,0) = fp(p,0).
In both cases, (f3(2m — ¢,0) — )2 = (f5(¢,0) — 7)%. Moreover, for ¢, 0 € (0,7),

falp,m—0) = fa(m —,0) and fr_g(p,0) =7 — fa(mr —¢,0). (53)

Hence, we have
1 (™ [z
:/ /Q(fﬂ(gp,e)w)Qsin(H)dOdgp and
™Jo Jo
1 [ [2 ,
Fi(n—p) =+ /O /0 fa(ip,0)? sin(0) d6 di.

Eventually, F' is given by

L2 ™2 . 2
—W/o /0 (f5(¢79)—§) sin(6) d0 dy +Z’

where, for 3, ¢, 0 € (0,7), we have

fa(p,0) = g — arctan <cos(0) cot(p) — :jiéz; cot(ﬂ)) .

Let us now focus on the two particular cases of the theorem. Let x be a measure supported
by the equator. By the symmetry (53), we have

Es(x) = / / fz(e g)Qsm(e)ded@ + 7

S (t(ggo 7Y snwaodp + 7

Since arctan (212%5))) > ¢ for any ¢,0 € (0,7), and t (t — %)2 is strictly decreasing on

[0, ], we obtain

2 (2 [2 T\ 2 2 72 2 2
< — - = in(8)déd —_— =t — = —.
w/o/o(@ 2>Sm() S0+4 2ta 73

35



For the uniform measure ugz on the sphere, we have Aypusz = ur for any ¥ € S%. From
the first equality of (52), we obtain

7T2

21
sswg(ugg,(seg)zl/ / it — 7 dt duge () = ™.
271' s2 Jo 3

2

By symmetry, we have Eg(u) = %, and therefore E5(u) > Es(x). O
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