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The double Fourier sphere (DFS) method uses a clever trick to transform
a function defined on the unit sphere to the torus and subsequently approxi-
mate it by a Fourier series, which can be evaluated efficiently via fast Fourier
transforms. Similar approaches have emerged for approximation problems
on the disk, the ball, and the cylinder. In this paper, we introduce a gener-
alized DFS method applicable to various manifolds, including all the above-
mentioned cases and many more, such as the rotation group. This approach
consists in transforming a function defined on a manifold to the torus of the
same dimension. We show that the Fourier series of the transformed function
can be transferred back to the manifold, where it converges uniformly to the
original function. In particular, we obtain analytic convergence rates in case
of Hölder-continuous functions on the manifold.
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1. Introduction

Approximation on manifolds Throughout the mathematical literature, there is con-
siderable interest in approximating functions defined on manifolds, cf. e.g., [11, 19, 27,
45]. The problem of representing and numerically manipulating such functions arises in
various areas as application including weather prediction [8, 9, 29], protein docking [37],
active fluids in biology [2], geosciences [20, 23], and astrophysics [21, 41].
One method to tackle this problem is atlas-based; smooth charts relate local patches on

the manifold to Euclidean space, where well-known approximation theory can be applied.
The local approximations are subsequently combined to a global approximation. In case
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of overlapping patches, one is faced with the issue of suitably blending them. Doing
so might require the solution of non-linear equations [45], incorporating tangent space
projections [10, 11], or partition-of-unity methods [28]. With non-overlapping patches,
e.g. in computer-aided design, non-linear smoothness conditions or complicated patch-
stitching methods [7] might be required.
Another approach to approximating functions on manifolds is the ambient approxima-

tion method, cf. e.g., [27, 35]. Here, a function on an embedded submanifold is extended
into some subset of the ambient space, usually a tubular neighborhood of the manifold
[27, § 3.1]. The extended function can then be approximated in Rd and restricted to
the submanifold again. By Whitney’s embedding theorem [26, thm. 6.15], any manifold
can be embedded into Rd for sufficiently large d, thus this approach is applicable to
general manifolds. However, the ambient approximation method entails the solution of
an approximation problem in a space of possibly higher dimension.
One advantage of both of the previously mentioned methods is their generality; they

are applicable to any manifold, even if there is little information on the underlying
geometry, see, e.g., [35, 45]. However, often the manifold of interest is actually well-
known and relatively simple. In such situations, approximation bases distinctly tailored
to the manifold can be used instead. As a prominent example, the spherical harmonics
[30] are well-suited for various applications and allow for an efficient computation [14, 25,
33]. However, these algorithms show difficulties in the numerical evaluation of associated
Legendre functions, cf. [43], and their performance does not reach that of the fast Fourier
transform (FFT) on the torus, cf. [38, ch. 5 & 7].

DFS methods The double Fourier sphere (DFS) method represents functions defined
on the sphere by transforming them to a torus and subsequently considering the two-
dimensional Fourier series of the transformed functions. Thus, one can take advantage of
the efficiency of the FFT to approximate spherical functions. The classical DFS method
was originated in 1972 by Merilees [29] and found various applications since, e.g., [4, 8,
13, 16, 34, 36, 39, 46, 48, 49]. Recently, we have shown analytic approximation properties
of the classical DFS method [31]. Further DFS methods have been invented for other
geometries such as the disk [47], the cylinder [18], the ball [3], and two-dimensional
axisymmetric surfaces [32]. The software Chebfun [15] uses DFS methods for computing
with functions and solving differential equations on the sphere, the disk, and the ball.
In this paper, we introduce a unified approach to all these DFS methods and show its

analytic convergence properties. To this end, we define a generalized DFS method that
contains as special cases all the above-mentioned manifolds. Starting with a function
f : M → C on a d-dimensional submanifold M of Rd′ , the fundamental idea is to apply a
coordinate transformation ϕ : Td → M with certain smoothness and symmetry properties
to obtain a (2π-periodic) function f̃ = f ◦ ϕ defined on the d-dimensional torus

Td := Rd/(2πZd).

In particular, we construct a one-to-one connection between f and the transformed
function f̃ : Td → C, which admits certain symmetries and can be represented by a
d-dimensional Fourier series.
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Due to the imposed symmetry properties of ϕ, we can relate linear combinations of the
Fourier basis ei⟨n,·⟩, n ∈ Zd, on the torus Td to an orthogonal basis on the manifold M.
Thus, we can approximate the original function f by a series expansion on M that is
based on the Fourier series of f̃ on the torus. Therefore, the numerical computation and
evaluation of this series expansion can be performed efficiently by employing the FFT.
We prove that our generalized DFS method transfers certain smoothness classes on

the manifold M to the respective ones on the torus. Accordingly, the DFS series repre-
sentation of a Hölder-continuous function on M exhibits convergence rates comparable
to those of Fourier series of functions in the corresponding Hölder space on the torus Td.
We derive explicit upper bounds on the respective constants, depending on the smooth-
ness class of the function f , the dimension d of the manifold M, and the dimension d′ of
its ambient space.
The generalized DFS method combines aspects of the three approximation approaches

mentioned above: While not being atlas-based, it does depend on transforming func-
tions from a manifold to a subset of the Euclidean space, where the well-known theory
of Fourier series can be applied. Our proof of the approximation rates relies on an ex-
tension of f into the ambient space Rd′ , but the DFS method itself does not require
the construction of such extensions. To avoid the complications of combining various
patches, the method instead depends on a transformation that does not necessarily cap-
ture the topology of the manifold properly. As a consequence, the basis functions on
the manifold might be non-smooth on a set of measure zero, such as the poles of the
sphere. However, the method still ensures fast uniform convergence of the respective
series expansion when used to approximate sufficiently smooth functions.

Outline of this paper In Section 2, we define Hölder spaces and related function spaces
on the torus and embedded submanifolds. In Section 3, we introduce the generalized
DFS method and present some of its basic properties. Section 4 is dedicated to proving
that the generalized DFS method preserves Hölder spaces and to providing upper bounds
on the corresponding semi-norms. In Section 5, we develop the series approximation of
functions on a manifold via the DFS method. Section 5.1 is concerned with the Fourier
series of DFS functions and the corresponding series on the manifold, for which we
need to incorporate considerations on the symmetry properties of DFS functions. In
Section 5.2, we study sufficient conditions for the absolute convergence of the previously
introduced series and show bounds on the speed of convergence. Section 6 considers
various manifolds to which the DFS method can be applied. Besides the well-known cases
of the disk, the sphere, the cylinder, and the ball, we also consider the rotation group,
higher-dimensional spheres and balls, as well as products of manifolds that themselves
admit DFS methods.
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2. Function spaces on embedded manifolds and on the torus

In this section, we give an overview of the notation used throughout the paper. Let
d, d′ ∈ N. We write [d] := {1, 2, ..., d}. For x ∈ Cd, we denote by

|x| :=
d∑

j=1

|xj | and ∥x∥ :=

√√√√ d∑
j=1

|xj |2

the 1-norm and the Euclidean norm, respectively. For k ∈ N0, we set

Bd
k := {β ∈ Nd

0 | |β| ≤ k}.

Definition 2.1 (Function spaces in Rd). Let k ∈ N0 and let U ⊂ Rd and V ⊂ Cd′ ,
where U is assumed to be open if k > 0. We define the differentiability space of order k
by

Ck(U, V ) :=

{
f : U → V

∣∣∣∣∣ D
βf exists and is bounded

and continuous for all β ∈ Bd
k

}
with the norm

∥f∥Ck(U,V ) := max
β∈Bd

k

sup
x∈U

∥∥Dβf(x)
∥∥.

For 0 < α < 1, the (k, α)-Hölder space is

Ck,α(U, V ) :=

f ∈ Ck(U, V )

∣∣∣∣∣∣∣∣ |f |Ck,α(U,V ) := sup
x,y∈U, x̸=y
β∈Bd

k , |β|=k

∥∥Dβf(x)−Dβf(y)
∥∥

∥x− y∥α
< ∞


with the norm

∥f∥Ck,α(U,V ) := ∥f∥Ck(U,V ) + |f |Ck,α(U,V ) .

Finally, we set the Lipschitz space of order k

Lipk(U, V ) :=

f ∈ Ck(U, V )

∣∣∣∣∣∣∣∣ |f |Lipk(U,V ) := sup
x,y∈U, x̸=y
β∈Bd

k , |β|=k

∥∥Dβf(x)−Dβf(y)
∥∥

∥x− y∥
< ∞


with the norm

∥f∥Lipk(U,V ) := ∥f∥Ck(U,V ) + |f |Lipk(U,V ) .

All three spaces, equipped with the given norms, are Banach spaces. We denote the
space of smooth functions with bounded partial derivatives by

C∞(U, V ) :=
⋂

k∈N0

Ck(U, V ).
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The corresponding function spaces on the torus Td = Rd/(2πZd) are obtained by
restricting the function spaces on Rd to 2π-periodic functions:

Definition 2.2 (Function spaces on Td). Let X be any of the function spaces Ck, Ck,α,
Lipk or C∞ from Definition 2.1, and let V ⊂ Cd′ . We define the respective function space
on the torus Td by

X (Td, V ) := {f ∈ X (Rd, V ) | f(2πej + ·) = f(·) for all j ∈ [d]},

where ej denotes the j-th unit vector for j ∈ [d].

When considering scalar-valued functions in either of the previous definitions, i.e.,
when we have V = C, then V is usually omitted.

Definition 2.3 (Function spaces on embedded manifolds). Let M ⊂ Rd′ be a smooth
embedded submanifold with or without corners. For f : M → C, we call f∗ : U → C an
extension of f if U is an open set in Rd′ with M ⊂ U ⊂ Rd′ and we have f∗∣∣

M = f . For

k ∈ N0, we call f∗ a Ck-extension of f , if it is an extension of f and f∗ ∈ Ck(U). Then,
the Ck-extension seminorm of f∗ is

|f∗|∗Ck(M) := sup
β∈Bd′

k

∥∥Dβf∗∥∥
C(M)

. (1)

We define the differentiability space of order k on M by

Ck(M) :=

f : M → C

∣∣∣∣∣∣ ∥f∥Ck(M) := inf
Ck-extensions

f∗ of f

|f∗|∗Ck(M) < ∞

 (2)

and write C∞(M) :=
⋂

k∈N0
Ck(M).

Analogously, for 0 < α < 1, we call f∗ a Ck,α-extension of f , if it is an extension of f
and f∗ ∈ Ck,α(U). The Ck,α-extension seminorm is then given by

|f∗|∗Ck,α(M) := |f∗|∗Ck(M) + sup
ξ,η∈M, ξ ̸=η

β∈Bd′
k , |β|=k

∥∥Dβf∗(ξ)−Dβf∗(η)
∥∥

∥ξ − η∥α
. (3)

Finally, we define the (k, α)-Hölder space on M by

Ck,α(M) :=

f : M → C

∣∣∣∣∣∣ ∥f∥Ck,α(M) := inf
Ck,α-extensions

f∗ of f

|f∗|∗Ck,α(M) < ∞

. (4)

3. The generalized DFS method

We define a generalization of the classical DFS method to other manifolds in a way that
covers generalizations from the literature, such as ball and cylinder, and yields results
analogous to those we presented in [31] for the sphere.
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The classical double Fourier sphere (DFS) method transforms a function defined on
the sphere S2 := {x ∈ R3 | ∥x∥ = 1} to the torus T2 and subsequently represents it via a
Fourier series. Thereby, a function f : S2 → C is concatenated with the DFS coordinate
transform

ϕS2 : T2 → S2, (x1, x2) 7→ (cosx1 sinx2, sinx1 sinx2, cosx2),

which covers the sphere twice. The transform ϕS2 is smooth, and the transformed func-
tion f ◦ ϕS2 has a convergent Fourier series for sufficiently smooth f , see [31]. Further-
more, we have ϕS2(x1, x2) = ϕS2(x1 + π,−x2) for (x1, x2) ∈ T2, so that the transformed
function is block-mirror-centrosymmetric (BMC), cf. [46, § 2.2], as illustrated in Figure 1.

Figure 1: Left: Topographic data f(ξ) of the earth. Right: DFS function f ◦ ϕS2(x).

Because the restriction of ϕS2 to (−π, π]× (0, π)∪{(0, 0), (0, π)} is bijective, there is a
one-to-one connection between BMC-functions on the torus and functions on the sphere
without its poles. This makes it possible to relate the Fourier expansion of a transformed
function f ◦ ϕS2 to a series expansion of f defined directly on the sphere, see [31].
The core concept of our generalization of this method is to transform a function defined

on a d-dimensional manifold to a function on the torus Td. The transformed function can
then be represented via a Fourier series, which allows for fast numerical computations
by the FFT on the torus. To ensure similar properties as in the classical case, we impose
smoothness and symmetry assumptions on the transform.

Definition 3.1. Let d, d′ ∈ N and let M ⊂ Rd′ be a d-dimensional smooth embedded
submanifold with or without corners. We call a surjective function

ϕ : Td → M

a generalized DFS transform of M if it fulfills the following smoothness and symmetry
assumptions: We say ϕ has the smoothness properties of a DFS transform if ϕ ∈ C∞(Td)
and for all µ ∈ Nd

0 and l ∈ [d′], it holds that

∥Dµϕl∥C(Td) ≤ 1. (5)
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We say that ϕ has the symmetry properties of a DFS transform if, firstly, for some
integer p ∈ N0, shift vectors S

i ∈ {0, π}d, i ∈ [p], and reflection maps

Mi : Td → Td, Mi(x) := Mix, i ∈ [p], (6)

associated to some diagonal matrices Mi ∈ Zd×d with diagonal entries in {−1, 1}, the
map ϕ is invariant under the symmetry functions

si : Td → Td, si(x) := Si +Mi(x), i ∈ [p], (7)

i.e., ϕ ◦ sI = ϕ for all I ⊂ [p], where the repeated composition of functions is written as

s{i1, i2, ...} := ◦i∈{i1, i2, ...}s
i := si1 ◦

(
si2 ◦ ...

)
, {i1, i2, ...} ⊂ [p],

with the convention that the empty composition is the identity. Secondly, for the symme-
try properties to be satisfied, there must exist a rectangular setD ⊂ Td of representatives
of Td/∼, where ∼ is the equivalence relation x ∼ y ⇐⇒ y ∈ {sI(x) | I ⊂ [p]}, and
disjoint measurable subsets D1, D2 ⊂ D such that

(i) D◦ = D◦
1 and ϕ[D2] is closed,

(ii) the restriction ϕ
∣∣
D1∪̇D2

: D1∪̇D2 → M is a bijection on the disjoint union D1∪̇D2,

(iii) the inverse
(
ϕ
∣∣
D1

)−1
: M \ ϕ[D2] → D1 is continuous, and

(iv) the Jacobian ∇ϕ(x) has full rank for all x ∈ D◦
1.

The set D being “rectangular” is to be understood as it being the Cartesian product
of connected subsets of T1, i.e., it can be identified with a rectangle in Rd. We always
assume p to be chosen minimally and call it the symmetry number of ϕ.
For f : M → C, we define the generalized DFS function (with respect to ϕ) of f by

f̃ : Td → M, f̃ := f ◦ ϕ.

The matrix–vector product (6) of Mi and x ∈ Td can be performed with any repre-
sentative of x in Rd since the matrix Mi only has integer entries. The addition of shifts
Si and the reflections Mi are, as functions on the torus, self-inverse and commute, so we
do not need to consider the order of compositions. We have sI(·) =

∑
i∈I S

i + MI(·),
and ∼ as defined above is indeed an equivalence relation on Td. Because D is a set of
representatives of Td/∼, properties (i) and (ii) together with the invariance assumption
on ϕ imply that the symmetry functions si, i ∈ [p], are unique up to compositions.

Remark 3.2. We consider the class of smooth submanifolds with corners because the
finite Cartesian product of smooth manifolds with corners is again a smooth manifold
with corners, whereas the same is not true for smooth manifolds with boundary, as their
product might lack a smooth structure in the right sense, cf. [26, p. 29]. Thus, choosing
this class of manifolds allows us to generate DFS methods on product manifolds, such as
the cylinder, in Section 6.4. As the set of corner points or the boundary of such manifold
might be empty, cf. [26, p. 26 & p. 417], we usually write “with or without corners”.
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Remark 3.3. The bound in (5) is somewhat arbitrary and arises from the specific
applications. We could instead allow for any uniform bound on the partial derivatives,
i.e., consider ϕ̃ ∈ C∞(Td) with ϕ̃[Td] = M and some C > 0 such that ∥Dµϕ̃l∥C(Td) ≤ C

for all µ ∈ Nd
0 and l ∈ [d′]. The results in this paper can then be applied to a function

f : M → C by transforming it to the scaled manifold C−1M.

The next lemma provides some basic properties of generalized DFS transforms: As
ϕ is surjective, a right inverse always exists and can be chosen canonically by (ii) in
Definition 3.1. This inverse has certain regularity properties due to (iii) and (iv).

Lemma 3.4. Let M ⊂ Rd′ be a smooth embedded submanifold with or without corners
that has generalized DFS transform ϕ : Td → M. Let p, D, D1, D2, and si, i ∈ [p], be
as in Definition 3.1. Then ϕ evenly covers ϕ[D◦

1] in the sense that

sI(D◦
1) ∩ sJ(D◦

1) = ∅, I, J ⊂ [p] with I ̸= J. (8)

Furthermore, ϕ[D2] and M\ϕ[D◦
1] have measure zero in M and Td \

(⋃
I⊂[p] s

I(D◦
1)
)
has

measure zero in Td. The inverse of ϕ
∣∣
D1∪̇D2

is continuous on M\ϕ[D2] and smooth in the

manifold interior of M without ϕ[D2], i.e., for any ξ ∈ M\ϕ[D2] in the manifold interior
of M, there exists a neighborhood U of ξ in M such that (ϕ

∣∣
D1∪̇D2

)−1
∣∣
U
∈ C∞(U). We

call ϕ[D2] the set of singularities.

Proof. For (8), one can show that sI(x) ̸= x for all x ∈ D◦ and non-empty I ⊂ [p].
Furthermore, for x,y ∈ D with sI(x) = y for some I ⊂ [p], we must have x = y,
as D is a set of representatives of Td/∼, with ∼ as in Definition 3.1. Thus, we have
sI(D◦) ∩ D◦ = ∅ for all I ⊂ [p]. Clearly, for any I ⊂ [p] the set sI(D) is also a set of
representatives of Td/∼ and, since sI is a diffeomorphism, sI(D◦) is open. Thus, we can
use the same arguments to show that sI(D◦)∩ sJ(D◦) = ∅ for all I, J ⊂ [p] with I ̸= J ,
this is (8).
The boundary of a rectangular subset of Td is a set of measure zero in Td. Thus, (i)

in Definition 3.1 implies that D2 ⊂ D \ D◦
1 ⊂ ∂D is a set of measure zero in Td. In

particular, ϕ[D2] and M \ ϕ[D◦
1] ⊂ ϕ[∂D] have measure zero in M since ϕ is smooth, cf.

[26, thm. 6.9]. Furthermore, we have for all I, J ⊂ [p] with I ̸= J that sI(D◦
1) ⊂ sI(D)

and sJ(D◦
1) ∩ sI(D) = ∅, where we used (8) and the fact that sI(D) and sJ(D) are

rectangular. Since D is a set of representatives of Td/∼, we obtain that

Td \
( ⋃
I⊂[p]

sI(D◦
1)
)
=
⋃
I⊂[p]

(
sI(D) \ sI(D◦

1)
)
⊂
⋃
I⊂[p]

sI(∂D),

are sets of measure zero in Td.
The continuity of

(
ϕ
∣∣
D1∪̇D2

)−1
in M \ ϕ[D2] follows immediately form (ii) and (iii) in

Definition 3.1. For the smoothness in the manifold interior, we observe that, by (i), the
set M \ ϕ[D2] is open in M and thus a smooth submanifold with boundary of Rd′ . Since
homeomorphisms preserve manifold boundaries, (iii) implies that ϕ[D◦

1] is the manifold
interior of M \ ϕ[D2], in particular ϕ[D◦

1] is a smooth submanifold without boundary

8



of Rd′ . Similarly D◦
1 is open in Td and thus a smooth manifold without boundary. By

(iv), ∇ϕ(x) has full rank for all x ∈ D◦
1, thus we can apply the inverse function theorem

[26, thm. 4.5] to ϕ
∣∣
D◦

1
. We obtain that ϕ

∣∣
D◦

1
is a local diffeomorphism, in particular the

inverse of ϕ
∣∣
D◦

1
is smooth, in the sense that coordinate representations are infinitely dif-

ferentiable, and can thus be extended to a function defined on an open neighborhood of
ϕ[D◦

1] ⊂ Rd′ that has continuous partial derivatives of all orders. However, these deriva-

tives might be unbounded, thus we obtain
(
ϕ
∣∣
D◦

1

)−1 ∈ C∞ only locally, cf. Definitions 2.1

and 2.3.

As in the special case of the classical DFS method, the symmetry properties of the
generalized method impose symmetry upon the DFS functions. Furthermore, functions
on the torus that are invariant under the DFS symmetry functions correspond to func-
tions well-defined on the manifold without the set of singularities. This relationship
is formalized in the following lemma, which will later allow us to transfer the series
approximation of transformed functions on the torus back to the manifold.

Lemma 3.5. Let ϕ : Td → M be a generalized DFS transform with symmetry number
p and let D1, D2, and si, i ∈ [p], be as in Definition 3.1. We call some function
g : Td → C a BMC function (of type ϕ) if it is invariant under the symmetry functions
si, i.e., g = g ◦ si for all i ∈ [p]. For any f : M → C, its DFS function f̃ is a BMC
function. Conversely, if g : Td → C is a BMC function, then there exists f : M → C
such that

f̃(x) = g(x), x ∈
⋃
I⊂[p]

sI [D1].

All possible choices of such f coincide on M \ϕ[D2]. Setting f := g ◦ (ϕ
∣∣
D1∪̇D2

)−1 yields

the unique f that also satisfies f̃(x) = g(x) for x ∈ D2.

Proof. By Definition 3.1, we know that ϕ is si-invariant for any i ∈ [p]. Thus, any DFS
function is a BMC function. By (ii) in Definition 3.1, the transform ϕ bijectively maps
D1∪̇D2 to M. In particular, the function f := g ◦ (ϕ

∣∣
D1∪̇D2

)−1 is well-defined and it is

clearly the unique choice of function whose DFS function coincides with g on D1∪̇D2. If
g is a BMC function both f̃ and g are invariant under the symmetry functions and thus
the equality extends to ∪I⊂[p]s

I [D1∪̇D2]. Inversely, if f̃1(x) = g(x) = f̃2(x) for x ∈ D1,
then we have for ξ ∈ ϕ[D1] = M \ ϕ[D2] that

f1(ξ) = (f1 ◦ ϕ)
(
(ϕ
∣∣
D1

)−1(ξ)
)
= (f2 ◦ ϕ)

(
(ϕ
∣∣
D1

)−1(ξ)
)
= f2(ξ).

We need the following proposition, whose proof can be found in [31, p. 7].

Proposition 3.6. Let U ⊂ Rd be an open set, V ⊂ U , and g : U → C. If g is bounded
and Lipschitz-continuous on V , then g is α-Hölder continuous on V for all 0 < α < 1
with

|g|Cα(V ) ≤ max
{
|g|Lip(V ) , 2 ∥g∥C(V )

}
. (9)

Furthermore, if V is convex and g ∈ C1(U), then g is Lipschitz-continuous on V with

|g|Lip(V ) ≤ ∥∇g∥C(U,Cd) . (10)
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Utilizing the smoothness (5) of the generalized DFS transform, we can immediately
conclude the following properties.

Corollary 3.7. Let ϕ : Td → M be a generalized DFS transform of some smooth embed-
ded submanifold with or without corners M of Rd′. Then, for all µ ∈ Nd

0 and l ∈ [d′] we
have Dµϕl ∈ Lip(Td) and Dµϕl ∈ Cα(Td) with

|Dµϕl|Lip(Td) ≤
√
d, (11)

|Dµϕl|Cα(Td) ≤ 2
√
d. (12)

4. Hölder continuity of DFS functions

In this section, we show that the DFS transform preserves Hölder-smoothness. More pre-
cisely, it maps the function spaces Ck+1(M) and Ck,α(M) into the Hölder space Ck,α(Td).
We prove respective norm bounds. In Section 5, we will utilize these findings to obtain
convergence rates of the series representation of the DFS function. The results in this
section only require the smoothness (5) of the DFS transform and are straightforward
generalizations of the work [31, § 4] on the classical DFS method.
The following technical lemma, which is proven in Appendix A, bounds the number of

summands in the multivariate chain rule for higher partial derivatives of vector-valued
functions.

Lemma 4.1. For d, d′ ∈ N and k ∈ N0, let h : U → V and g : V → C be k-times
continuously differentiable functions defined on some open sets U ⊂ Rd and V ⊂ Rd′,
respectively. Then, for any β ∈ Bd

k, we have

Dβ(g ◦ h) =
n∑

i=1

(Dγig ◦ h)
mi∏
j=1

Dµijhℓij (13)

for some constants depending on β, which fulfill

n ∈ N0, n ≤ (k+d′−1)!
(d′−1)! , (14)

mi ∈ N0, mi ≤ k, i ∈ [n], (15)

γi ∈ Bd′
k , i ∈ [n], (16)

µij ∈ Bd
k , i ∈ [n], j ∈ [mi], (17)

ℓij ∈ [d′], i ∈ [n], j ∈ [mi]. (18)

Theorem 4.2. Let M ⊂ Rd′ be a smooth embedded submanifold with or without corners
that admits a generalized DFS transform ϕ : Td → M. For k ∈ N0 and f ∈ Ck+1(M), the
generalized DFS function f̃ = f ◦ ϕ is in Ck,α(Td) for all 0 < α < 1. If k + d′ ≥ 2, we
have ∣∣f̃ ∣∣Ck,α(Td)

≤
√
d
(k + d′)!

(d′ − 1)!
∥f∥Ck+1(M) , (19)

10



and if k + d′ = 1, then
∣∣f̃ ∣∣Cα(T1)

≤ 2 ∥f∥C1(M). Furthermore, it holds that f̃ ∈ Ck+1(Td)

with ∥∥f̃∥∥Ck+1(Td)
≤ (k + d′)!

(d′ − 1)!
∥f∥Ck+1(M) . (20)

Proof. We first prove ∥∥Dβf̃
∥∥
C(Rd)

≤ (k′ + d′ − 1)!

(d′ − 1)!
∥f∥Ck′ (M) (21)

for all k′ ∈ N0 with k′ ≤ k + 1 and all β ∈ Bd
k′ , which then also implies (20). Let

f∗ ∈ Ck′(U) be a Ck′-extension of f , where U ⊂ M is some open set as in Definition 2.3.
Since ϕ satisfies ϕ[Rd] = M ⊂ U , it can be considered as a function ϕ : Rd → U . Thus,
we can apply Lemma 4.1 to f̃ = f∗ ◦ ϕ and obtain f̃ ∈ Ck′(Rd) and

Dβf̃ = Dβ(f∗ ◦ ϕ) =
n∑

i=1

(Dγif∗ ◦ ϕ)
mi∏
j=1

Dµijϕℓij

for some constants satisfying (14) to (18) for k′. This implies that for all x ∈ Rd

∣∣Dβf̃(x)
∣∣ ≤

n∑
i=1

∣∣ (Dγif∗ ◦ ϕ) (x)
∣∣ mi∏
j=1

∣∣Dµijϕℓij (x)
∣∣

≤
(1),(5)

n |f∗|∗Ck′ (M)
≤
(14)

(k′ + d′ − 1)!

(d′ − 1)!
|f∗|∗Ck′ (M)

.

Since this bound holds for any Ck′-extension f∗ of f , we can replace |f∗|∗Ck′ (M)
by

∥f∥Ck′ (M), see (2), on the right hand side. This proves (21). Next, we show∣∣Dβf̃
∣∣
Lip(Rd)

≤
√
d
(k + d′)!

(d′ − 1)!
∥f∥Ck+1(M) (22)

for all β ∈ Bd
k . We know that Dβf̃ is continuously differentiable and by (21) for k′ = k+1,

we obtain

∥∥∇(Dβf̃
)∥∥

C(Rd,Rd)
= sup

x∈Rd

√√√√ d∑
p=1

∣∣(Dep+βf̃
)
(x)
∣∣2

≤

√
d

(
(k + d′)!

(d′ − 1)!
∥f∥Ck+1(M)

)2

=
√
d
(k + d′)!

(d′ − 1)!
∥f∥Ck+1(M) .

Together with (10) this proves (22). Combining (21) for k′ = k with (22) and applying
(9), we conclude for all β ∈ Bd

k that Dβf̃ is α-Hölder continuous. We obtain∣∣Dβf̃
∣∣
Cα(Rd)

≤ max
{∣∣Dβf̃

∣∣
Lip(Rd)

, 2
∥∥Dβf̃

∥∥
C(Rd)

}
≤ max

{√
d
(k + d′)!

(d′ − 1)!
∥f∥Ck+1(M) , 2

(k + d′ − 1)!

(d′ − 1)!
∥f∥Ck(M)

}
≤ max

{√
d,

2

k + d′

}
(k + d′)!

(d′ − 1)!
∥f∥Ck+1(M) ,
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where we used that ∥f∥Ck(M) ≤ ∥f∥Ck+1(M). Since the right hand side is independent of

β, it follows that f̃ is (k, α)-Hölder continuous with∣∣f̃ ∣∣Ck,α(Td)
= sup

β∈Bd
k ,|β|=k

∣∣Dβf̃
∣∣
Cα(Rd)

≤ max

{√
d,

2

k + d′

}
(k + d′)!

(d′ − 1)!
∥f∥Ck+1(M) . (23)

We note that
√
d ≥ 2/(k + d′) holds if k + d′ ≥ 2 and otherwise we have d = d′ = 1 and

k = 0. Thus, (23) proves the theorem.

Theorem 4.3. Let M ⊂ Rd′ be a smooth embedded submanifold with or without corners
that admits a generalized ϕ : Td → M. For k ∈ N, 0 < α < 1, and f ∈ Ck,α(M), the
generalized DFS function f̃ = f ◦ ϕ is in Ck,α(Td). If k + d′ ≥ 2, we have∣∣f̃ ∣∣Ck,α(Td)

≤ 2
√
d
(k + d′)!

(d′ − 1)!
∥f∥Ck,α(M) , (24)

and if k + d′ = 1, then
∣∣f̃ ∣∣Cα(T1)

≤ ∥f∥Cα(M).

Proof. Let f∗ ∈ Ck,α(U) be a Ck,α-extension of f . We first prove

|Dγf∗ ◦ ϕ|Cα(Td) ≤ max
{√

d d′, 2
}
|f∗|∗Ck,α(M) (25)

for all γ ∈ Bd′
k . For |γ| = k this follows from the definition of the extension seminorm

since we have for all x,y ∈ Rd that

|(Dγf∗ ◦ ϕ) (x)− (Dγf∗ ◦ ϕ) (y)| ≤
(3)

|f∗|∗Ck,α(M) ∥ϕ(x)− ϕ(y)∥α

≤ |f∗|∗Ck,α(M)

( d′∑
ℓ=1

|ϕℓ(x)− ϕℓ(y)|2
)α

2

≤
(11)

|f∗|∗Ck,α(M)

(
d d′ ∥x− y∥2

)α
2

≤ |f∗|∗Ck,α(M)

√
d d′ ∥x− y∥α .

If d = d′ = 1 and k = 0, this shows the claim |f̃ |Cα(T1) ≤ ∥f∥Cα(M) in the case k+d′ = 1.

For |γ| < k, we have Dγf∗ ∈ C1(U) and thus Dγf∗ is a C1 extension of the restriction
(Dγf∗)

∣∣
M and∥∥(Dγf∗)

∣∣
M

∥∥
C1(M)

≤ |Dγf∗|∗C1(M) = max
ℓ∈[d′]

∥∥Deℓ (Dγf∗)
∥∥
C(M)

≤ max
γ̃∈Bd′

k

∥∥Dγ̃f∗∥∥
C(M)

= |f∗|∗Ck(M) ≤ |f∗|∗Ck,α(M) .

By (23), this implies

|Dγf∗ ◦ ϕ|Cα(Td) ≤ max

{√
d,

2

d′

}
d′!

(d′ − 1)!
|f∗|∗Ck,α(M) ,

12



which shows (25). As in the proof of Theorem 4.2, we apply Lemma 4.1 to conclude
that f̃ ∈ Ck(Td) and for β ∈ Bd

k we obtain

Dβf̃ = Dβ (f∗ ◦ ϕ) =
n∑

i=1

(Dγif∗ ◦ ϕ)
mi∏
j=1

Dµijϕℓij

for some constants satisfying (14) to (18). For x,y ∈ Rd, we apply the triangle inequality
and get

∣∣Dβf̃(x)−Dβf̃(y)
∣∣ ≤ n∑

i=1

∣∣ (Dγif∗ ◦ ϕ) (x)− (Dγif∗ ◦ ϕ) (y)
∣∣ mi∏
j=1

∣∣Dµijϕℓij (x)
∣∣

︸ ︷︷ ︸
=:A

+
n∑

i=1

∣∣ (Dγif∗ ◦ ϕ) (y)
∣∣ ∣∣∣ mi∏

j=1

Dµijϕℓij (x)−
mi∏
j=1

Dµijϕℓij (y)
∣∣∣︸ ︷︷ ︸

=:B

.

The first sum can be estimated as

A ≤
(5)

n∑
i=1

∣∣ (Dγif∗ ◦ ϕ) (x)− (Dγif∗ ◦ ϕ) (y)
∣∣ ≤
(25)

n∑
i=1

max
{√

d d′, 2
}
|f∗|∗Ck,α(M) ∥x− y∥α

≤
(14)

(k + d′ − 1)!

(d′ − 1)!
max

{√
d d′, 2

}
|f∗|∗Ck,α(M) ∥x− y∥α .

Furthermore, we use (3) to bound the second sum by

B ≤
n∑

i=1

|f∗|∗Ck,α(M)

∣∣∣ mi∏
j=1

Dµijϕℓij (x)−
mi∏
j=1

Dµijϕℓij (y)
∣∣∣.

By a telescoping sum, we rewrite the last sum as

B ≤
n∑

i=1

|f∗|∗Ck,α(M)

∣∣∣ mi∑
r=1

(
Dµirϕℓir(x)−Dµirϕℓir(y)

) r−1∏
j=1

Dµijϕℓij (x)

mi∏
j=r+1

Dµijϕℓij (y)
∣∣∣.

Thus, we have

B ≤
(5)

n∑
i=1

mi∑
r=1

|f∗|∗Ck,α(M) |D
µirϕℓir(x)−Dµirϕℓir(y)|

≤
(12)

n∑
i=1

mi∑
r=1

|f∗|∗Ck,α(M) 2
√
d ∥x− y∥α .

Finally, the bounds (14) and (15) yield

B ≤ (k + d′ − 1)!

(d′ − 1)!
2k

√
d |f∗|∗Ck,α(M) ∥x− y∥α .

13



We combine the estimates on A and B to obtain∣∣Dβf̃(x)−Dβf̃(y)
∣∣ ≤ (k + d′ − 1)!

(d′ − 1)!

(
2k

√
d+max

{√
d d′, 2

})
|f∗|∗Ck,α(M) ∥x− y∥α

≤ (k + d′)!

(d′ − 1)!
2
√
d |f∗|∗Ck,α(M) ∥x− y∥α .

The last equation holds for arbitrary x,y ∈ Rd and β ∈ Bd
k , thus we have

∣∣f̃ ∣∣Ck,α(Td)
≤ 2

√
d
(k + d′)!

(d′ − 1)!
|f∗|∗Ck,α(M) .

Since this holds independently of the choice of Ck,α-extension f∗ of f , we can take the
infimum over all such extensions. By the definition of the Ck,α(M)-norm in (4), this
yields (24).

Remark 4.4. For the special case of the sphere M = S2, [31, thm. 4.3] states that
|f̃ |Ck,α(T2) ≤ (k + 3)! ∥f∥Ck+1(S2) for f ∈ Ck+1(S2). The corresponding result (19) in this

paper improves the estimate by the factor
√
2. On the other hand [31, thm. 4.5] states

that |f̃ |Ck,α(T2) ≤ (k + 3)! ∥f∥Ck,α(S2) for f ∈ Ck,α(S2). Comparing this with (24) for the

sphere, we observe that the new general estimate is larger by a factor
√
2. This is due

to (12) not being optimal for the spherical DFS transform, in fact [31, lem. 4.2] proves
that the respective estimate in this special case.

5. Series expansions with the DFS method

We propose a series representation of functions with the generalized DFS method. In
Section 5.1, we explore properties of the Fourier series of DFS functions and define an
analogue series expansion on the manifold. In Section 5.2, we combine our findings
from Theorems 4.2 and 4.3 with results from multi-dimensional Fourier analysis to show
pointwise and uniform convergence of the Fourier series of DFS functions.
Throughout this section, let M ⊂ Rd′ be an d-dimensional smooth embedded subman-

ifold with or without corners that admits a generalized DFS transform ϕ : Td → M. We
write f̃ = f ◦ ϕ : Td → C for the generalized DFS function of a function f : M → C.

5.1. Fourier series and the DFS method

Let L2(Td) denote the Hilbert space of square-integrable complex-valued functions on
Td that is equipped with the inner product

⟨g, h⟩L2(Td) := (2π)−d

∫
[−π,π]d

g(x)h(x) dx, g, h ∈ L2(Td)

and the induced norm ∥g∥L2(Td) := ⟨g, g⟩1/2
L2(Td)

. As the complex exponentials ei⟨n,·⟩,

n ∈ Zd, form an orthonormal basis therein, we define the respective Fourier expansion.
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Definition 5.1. Let g ∈ L2(Td) and n ∈ Zd. We define the n-th Fourier coefficient of
g by

cn(g) :=
〈
g, ei⟨n,·⟩

〉
L2(Td)

= (2π)−d

∫
[−π,π]d

g(x) e−i⟨n,x⟩ dx.

Let Ωh, h ∈ N, be an expanding sequence of bounded sets that exhausts Zd. We define
the h-th partial Fourier sum of g by

FΩh
g(x) :=

∑
n∈Ωh

cn(g) e
i⟨n,x⟩, x ∈ Td,

and the Fourier series of g by Fg := limh→∞ FΩh
g. This limit is well-defined in L2(Td)

for any choice of expanding sequence and we have Fg = g in L2(Td). We call a multi-
series

∑
n∈Zd an convergent whenever for all expanding sequences Ωh, h ∈ N, of bounded

sets exhausting Zd the partial sums
∑

n∈Ωh
an converge as h → ∞, cf. [24, p. 6].

The generalized DFS method represents a function f : M → C via the Fourier series
of its DFS function f̃ : Td → C, i.e.,

Ff̃(x) =
∑
n∈Zd

cn(f̃) e
i⟨n,x⟩, x ∈ Td. (26)

Ultimately, we are interested in representing the function f , not its DFS function f̃ .
Thus, the question whether we can relate the Fourier series (26) to a series defined on
M arises naturally. Choosing D1 and D2 as in Definition 3.1, (ii), we observe that the
restriction of ϕ to D1 ∪ D2 is bijective, so we could just apply its inverse to the basis
functions ei⟨n,·⟩, n ∈ Zd. However, this would yield some redundancies in the expansion
since ei⟨n,·⟩ is in general not a BMC function, cf. Lemma 3.5. We account for this by
defining an orthogonal basis of BMC functions in L2(Td) consisting of suitable linear
combinations of the functions ei⟨n,·⟩. To this end, we will also require a suitable subset
of the indices in Zd. This way, we can obtain a respective basis on the manifold M in
the following.
From Definition 3.1, we recall the symmetry number p, the shift vectors Si, the reflec-

tion maps Mi, and the symmetry functions si defined in (7). Note that the functions Mi

are well-defined on Zd by the matrix multiplication in (6). For Ω ⊂ Zd, we set

M(Ω) :=
{
n ∈ Zd | MI(n) =

(
◦i∈IMi

)
(n) ∈ Ω for some I ⊂ [p]

}
,

and M(n) := M({n}) for n ∈ Zd. For I ⊂ [p], we introduce the map

NI : Zd → Z, NI(n) :=
∑
i∈I

∑
j∈[d], Sij=π

nj

and we write Ni(n) := N{i}(n). For n ∈ Zd, we define

rn,n :=

{
1, NI(n) is even for all I ⊂ [p] with MI(n) = n

0, NI(n) is odd for some I ⊂ [p] with MI(n) = n.
(27)
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Note that if the reflections Mi act on pairwise disjoint sets of variables, then for any
I ⊂ [p], we have MI(n) = n if and only if Mi(n) = n for all i ∈ I. In this situation, we
therefore only need to check the parity of Ni(n) for all i ∈ [p] to determine rn,n. For
J ⊂ [p] and m := MJ(n), we define

rn,m := (−1)N
J (n) rn,n. (28)

The next lemma will show that rn,m is thus well-defined for m ∈ M(n). For I, J ⊂ [p],
we use #I to denote the cardinality of I and we define the symmetric difference

I∆J := (I \ J) ∪̇ (J \ I) .

Lemma 5.2. Let n ∈ Zd and m ∈ M(n). It holds that

n# := #{I ⊂ [p] | MI(n) = n} = #{I ⊂ [p] | MI(n) = m} (29)

and we have

rn,m =
1

n#

∑
I⊂[p],

MI(n)=m

(−1)N
I(n). (30)

In particular rn,m is well-defined by (27) and (28). Furthermore, we have for I, J ⊂ [p]
that

(−1)N
I(n)+NJ (n) = (−1)N

I∆J (n) (31)

and
MI
(
MJ(n)

)
= MI∆J(n). (32)

Proof. For I ⊂ [p] and ℓ ∈ [p], we have

(−1)N
I(n)+Nℓ(n) = (−1)N

I(n)±Nℓ(n) =

{
(−1)N

I∪{ℓ}(n), ℓ ̸∈ I

(−1)N
I\{ℓ}(n), ℓ ∈ I.

This inductively yields (31). Analogously, we obtain (32) from

MI
(
Mℓ(n)

)
=

{(
◦i∈I∪{ℓ}Mi

)
(n), ℓ ̸∈ I(

◦i∈I\{ℓ}Mi
)
(n), ℓ ∈ I,

where we used that the reflections Mi are self-inverse and commute. By (32), we observe
that the map

{I ⊂ [p] | MI(n) = n} → {I ⊂ [p] | MI(n) = m}
I 7→ I∆J

is self-inverse. In particular, this proves (29).
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Next, we show (30) for the case m = n. If NJ(n) is odd for some J ⊂ [p] with
NJ(n) = n, then

1

n#

∑
I⊂[p],

MI(n)=n

(−1)N
I(n) =

1

2n#

∑
I⊂[p],

MI(n)=n

(−1)N
I(n) + (−1)N

I∆J (n)

=
(31)

1

2n#

∑
I⊂[p],

MI(n)=n

(1 + (−1)N
J (n))︸ ︷︷ ︸

=0

(−1)N
I(n) = 0 =

(27)
rn,n.

On the other hand, if NI(n) is even for all I ⊂ [p] with MI(n) = n, then

1

n#

∑
I⊂[p],

MI(n)=n

(−1)N
I(n)︸ ︷︷ ︸

=1

=
n#

n#
= 1 =

(27)
rn,n.

Now, let m ∈ M(n) be arbitrary. For J ⊂ [p] with MJ(n) = m, we obtain (30) by

(−1)N
J (n) rn,n = (−1)N

J (n) 1

n#

∑
I⊂[p],

MI(n)=n

(−1)N
I(n)

=
(31)

1

n#

∑
I⊂[p],

MI(n)=n

(−1)N
I∆J (n) =

1

n#

∑
I⊂[p],

MI(n)=m

(−1)N
I(n).

Note that the right hand side is independent of J . This proves that rn,m is well-
defined.

To construct a BMC basis, we choose an index set Ωϕ ⊂ Zd that satisfies both

M(n) ∩M(m) = ∅ for all n,m ∈ Ωϕ with n ̸= m (33)

and
M(Ωϕ) = {n ∈ Zd | rn,n ̸= 0}. (34)

The next theorem shows the existence of such an Ωϕ and gives a BMC basis.

Theorem 5.3. There exists a set Ωϕ ⊂ Zd that fulfills (33) and (34). For n ∈ Ωϕ, the
function

en(x) :=
∑

m∈M(n)

rn,m ei⟨m,x⟩, x ∈ Td, (35)

is a BMC function with
∥en∥2L2(Td) = #M(n) ≤ 2p.

Furthermore, the family en, n ∈ Ωϕ, is an orthogonal basis of the subspace of BMC
functions in L2(Td). For any BMC function g ∈ L2(Td) and any finite Ω ⊂ Ωϕ, we have

FM(Ω)g(x) =
∑

n∈M(Ω)

cn(g) e
i⟨n,x⟩ =

∑
n∈Ω

cn(g) en(x), x ∈ Td. (36)

17



Proof. We first construct an Ωϕ that fulfills (33) and (34). We consider the equivalence
relation n ∼ m ⇔ M(n) = M(m) on the finite set {−2,−1, 0, 1, 2}d and choose some
set Ω of representatives of the corresponding quotient space. We then define

Ω′ := {n ∈ Ω | rn,n ̸= 0}

and

Ωϕ :=
⋃

n∈Ω′

(
d

×
j=1

(
nj + 2 sgn(nj)N0

))
,

where×denotes the Cartesian product of sets. For n,m ∈ Zd, we have M(n) = M(m)
or M(n)∩M(m) = ∅. Since the reflection maps Mi, i ∈ [p], only change signs, we have
M(n) = M(m) if and only if |nj | = |mj | for all j ∈ [m] and M(ñ) = M(m̃), where
ñj = sgn(nj) and m̃j = sgn(mj). Thus, Ωϕ satisfies (33). Furthermore, we observe that
the value of rn,n only depends on which components of n are zero and which components
are odd. In particular, rm,m = rn,n for all m ∈ M(n) and adding even integers to Ω′

ensures (34).
We now show that for all n ∈ Zd the function en, as defined by (35), is a BMC

function. By (30) and the definition of M(n), we can rewrite en as

en =
∑

m∈M(n)

1

n#

∑
I⊂[p],

MI(n)=m

(−1)N
I(n) ei⟨m,·⟩ =

1

n#

∑
I⊂[p]

(−1)N
I(n) ei⟨MI(n),·⟩. (37)

Let ℓ ∈ [p] and x ∈ Td. For the symmetry function sℓ from Definition 3.1, we have

ei⟨n,sℓ(x)⟩ = ei⟨n,Sℓ+Mℓ(x)⟩ = ei⟨n,Sℓ⟩ ei⟨n,Mℓ(x)⟩

= e
iπ

∑
j∈[d],Sℓ

j
=π

nj

ei⟨Mℓ(n),x⟩ = (−1)N
ℓ(n)ei⟨Mℓ(n),x⟩.

(38)

For I ⊂ [p] it clearly holds that
(
Mi(n)

)
j
= ±nj and thus

(−1)N
ℓ(MI(n)) = (−1)

∑
j∈[d],Sℓ

j
=π

±nj

= (−1)

∑
j∈[d],Sℓ

j
=π

nj

= (−1)N
ℓ(n). (39)

Altogether, using the definition of M(n), this implies

en(s
ℓ(x)) =

(37)

1

n#

∑
I⊂[p]

(−1)N
I(n) ei⟨MI(n),sℓ(x)⟩

=
(38)

1

n#

∑
I⊂[p]

(−1)N
I(n)(−1)N

ℓ(MI(n)) ei⟨Mℓ(MI(n)),x⟩

=
(39)

1

n#

∑
I⊂[p]

(−1)N
I(n)+Nℓ(n) ei⟨Mℓ(MI(n)),x⟩

=
(31),(32)

1

n#

∑
I⊂[p]

(−1)N
I∆{ℓ}(n) ei⟨MI∆{ℓ}(n),x⟩ =

(37)
en(x),
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which proves that en is a BMC function.
The orthonormality of the Fourier basis ei⟨n,·⟩, n ∈ Zd, combined with (34) immedi-

ately implies for all n ∈ Ωϕ that

∥en∥2L2(Td) =
∑

m∈M(n)

r2n,m︸ ︷︷ ︸
=1

= #M(n) ≤ #P([p]) = 2p,

where P denotes the power set.
Next, we show the orthogonality of en, n ∈ Ωϕ. Let n,m ∈ Ωϕ with n ̸= m.

Then, by (33), we have M(n) ∩ M(m) = ∅. Hence, for any I, J ⊂ [p], it holds that
MI(n) ̸= MJ(m), which implies〈

ei⟨MI(n),·⟩, ei⟨MJ (m),·⟩
〉
L2(Td)

= 0, I, J ⊂ [p].

The bilinearity of the inner product and (37) now immediately yield ⟨en, em⟩L2(Td) = 0.

Let g ∈ L2(Td) be a BMC function and i ∈ [p]. We employ (38), properties of si, and
a change of variables to obtain that for any n ∈ Zd

(2π)d cn(g) =

∫
Td

g(x) e−i⟨n,x⟩ dx =

∫
Td

g(si(x)) e−i⟨n,x⟩ dx

=

∫
Td

g(x) e−i⟨n,si(x)⟩ dx = (−1)N
i(n)

∫
Td

g(x) e−i⟨Mi(n),x⟩ dx.

Division by (2π)d and induction yields

cn(g) = (−1)N
I(n) cMI(n)(g), n ∈ Zd, I ⊂ [p]. (40)

We can now show (36). Consider some finite set Ω ⊂ Ωϕ. It is clear from (33) and the
definition of M(Ω) that

M(Ω) =
⋃̇
n∈Ω

M(n),

where ∪̇ stands for a disjoint union. For n ∈ Ω, we have∑
m∈M(n)

cm(g) ei⟨m,·⟩ =
(29)

1

n#

∑
I⊂[p]

cMI(n)(g) e
i⟨MI(n),·⟩

=
(40)

1

n#

∑
I⊂[p]

(−1)N
I(n) cn(g) e

i⟨MI(n),·⟩ =
(37)

cn(g) en.

This shows
FM(Ω)g =

∑
n∈Ω

cn(g) en

and in particular implies (36).
We show the completeness of en, n ∈ Ωϕ. Let g ∈ L2(Td) be a BMC function such

that ⟨g, en⟩ = 0 for all n ∈ Ωϕ. We need to show that cm(g) = 0 for all m ∈ Zd, which
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implies g = 0. Let m ∈ Zd. If rm,m = 0, then there exists I ⊂ [p] with NI(m) odd and
MI(m) = m. By (40), we have cm(g) = −cm(g) and hence cm(g) = 0. If rm,m ̸= 0, by
(34), there exists n ∈ Ωϕ and J ⊂ [p] such that MJ(n) = m and we obtain

0 = ⟨g, en⟩ =
(37)

1

n#

∑
I⊂[p]

(−1)N
I(n) cMI(n)(g)

=
(29),(40)

#M(n) cn(g) =
(40)

#M(n) (−1)N
J (n)︸ ︷︷ ︸

̸=0

cm(g),

which proves completeness.

Remark 5.4. Instead of using a standard FFT for the expansion in the basis en,
symmetry-dependent FFT variants can be used and thereby reduce computational cost.
In one dimension, the discrete cosine transform (DCT) and discrete sine transform (DST)
[6] are well-known replacements of the FFT for real-valued functions with even or odd
symmetries, respectively. Similarly, computational cost can be reduced if a Fourier se-
ries consists only of even or odd degrees [42]. Symmetry-dependent FFT variants also
exist in higher dimensions, see e.g., [1]. Such algorithms often consist of combining
one-dimensional techniques [12, 44], for example by row-column methods [38, ch. 5.3.5].

The functions en in the last theorem are BMC functions and thus, by Lemma 3.5, they
correspond to functions defined on the manifold M without the null set of singularities.
We use this correspondence to define an analogue to the Fourier series on M.

Definition 5.5. For n ∈ Ωϕ, we define the n-th DFS basis function

bn(ξ) := en

((
ϕ
∣∣
D1∪̇D2

)−1
(ξ)
)
, ξ ∈ M, (41)

with en as in Theorem 5.3. Let Ωh, h ∈ N, be an expanding sequence of bounded sets
exhausting Ωϕ. For f : M → C with f̃ ∈ L2(Td), we define the h-th partial DFS Fourier
sum of f by

SΩh
f(ξ) :=

∑
n∈Ωh

cn(f̃) bn(ξ), ξ ∈ M,

and the DFS Fourier series of f by Sf := limh→∞ SΩh
f .

The basis functions bn might be non-smooth on the set of singularities ϕ[D2]. Regard-
less, we will later show that Sf converges uniformly on M provided that f is sufficiently
smooth.

Theorem 5.6. Let f : M → C such that f̃ ∈ L2(Td), and let Ω ⊂ Ωϕ be finite. Then,
the partial DFS Fourier sum SΩf is given by

SΩf(ξ) = FM(Ω)f̃
((

ϕ
∣∣
D1∪̇D2

)−1
(ξ)
)
, ξ ∈ M (42)
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and it is the unique function on M that satisfies(
(SΩf) ◦ ϕ

)
(x) =: S̃Ωf(x) = FM(Ω)f̃(x), x ∈

⋃
I⊂[p]

sI [D1] ∪D2. (43)

In particular, this equality holds almost everywhere on Td. Furthermore, SΩf is contin-
uous on M \ ϕ[D2] and smooth in M◦ \ ϕ[D2], where M◦ denotes the manifold interior.
If Ff̃ is pointwise convergent to f̃ , then Sf is pointwise convergent to f .

Proof. By Lemma 3.5, the DFS function f̃ of f is a BMC function. Thus, we obtain by
Theorem 5.3 that

FM(Ω)f̃(x) =
∑
n∈Ω

cn(f̃) en(x), x ∈ Td.

Applying the inverse of ϕ
∣∣
D1∪̇D2

to both sides of the equation immediately yields (42) by

the definition of bn in (41). Since FM(Ω)f̃ is the finite sum of BMC functions, and thus
a BMC function, we can apply Lemma 3.5 again to prove (43). The regularity follows
immediately form Lemma 3.4. We observe that for any expanding sequence Ωh, h ∈ N,
of bounded sets exhausting Ωϕ, the sequence M(Ωh), h ∈ N, is an expanding sequence
of bounded sets exhausting {n ∈ Zd | rn,n ̸= 0}. Since f̃ is a BMC function, we have
cn(f̃) = 0 for any n ∈ Zd with rn,n = 0 and thus the pointwise convergence follows with
(36) and (42).

Theorem 5.7. We set g(x) :=
∣∣det(∇ϕ(x)⊺∇ϕ(x)

)∣∣1/2 for x ∈ D◦
1. Let L̃2(M) denote

the L2-space induced by the weighted inner product

⟨f1, f2⟩L̃2(M) :=

∫
M
f1(ξ) f2(ξ)

2p−dπ−d(
g ◦ (ϕ

∣∣
D◦

1
)−1
)
(ξ)

dω(ξ), f1, f2 : M → C,

where dω denotes the surface measure on M. The set bn, n ∈ Ωϕ, forms an orthogonal
basis of L̃2(M) and we have for all f ∈ L̃2(M) that

cn(f̃) =
⟨f̃ , en⟩L2(Td)

∥en∥2L2(Td)

=
⟨f, bn⟩L̃2(M)

∥bn∥2L̃2(M)

, n ∈ Ωϕ. (44)

In particular, the DFS Fourier series Sf of any f ∈ L̃2(M) is convergent in L̃2(M) and
we have Sf = f .

Proof. By Lemma 3.4, the set M \ ϕ[D◦
1] has measure zero in M and by (iv) in Defini-

tion 3.1, we have g(x) ̸= 0 for all x ∈ D◦
1. Hence, we can apply the substitution rule [26,

prop. 15.31] for the orientable submanifold ϕ[D◦
1] ⊂ M and we obtain for f1, f2 ∈ L̃2(M)

the isometry

⟨f̃1, f̃2⟩L2(Td) = (2π)−d

∫
Td

f̃1(x) f̃2(x) dx = (2π)−d
∑
I⊂[p]

∫
sI [D◦

1 ]
f̃1(x) f̃2(x) dx

= 2p−dπ−d

∫
D◦

1

f1
(
ϕ(x)

)
f2
(
ϕ(x)

)(
g ◦ (ϕ

∣∣
D◦

1
)−1
)(
ϕ(x)

) g(x) dx = ⟨f1, f2⟩L̃2(M) ,
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where we used (8) in the second equality and the sI–invariance of DFS functions in the
third equality. Since b̃n = en almost everywhere in Td, we obtain (44).

5.2. Convergence of the Fourier series

In this subsection, we finally obtain convergence results for DFS Fourier series on the
manifold M. Here, we closely follow the derivation in [31, § 5.2] and generalize it to
higher dimensions. For brevity of notation, we set Ck,1(M) := Ck+1(M) for k ∈ N0, and
the same for M replaced by Td.

Lemma 5.8. Let k ∈ N0, 0 < α ≤ 1, and f ∈ Ck,α(M). Let cn(f̃), n ∈ Zd, denote the
Fourier coefficients of the generalized DFS function f̃ of f . Then, the series∑

n∈Zd

∣∣cn(f̃)∣∣b (45)

converges for all b ∈ R with b > 2d/
(
d+ 2 (k + α)

)
.

Proof. If α < 1, we can apply Theorem 4.3 to obtain f̃ ∈ Ck,α(Td). By [24, p. 87], this
immediately implies the convergence of (45) for all b > 2d/

(
d+ 2 (k + α)

)
. If α = 1,

we choose 0 < ε < 1 such that b > 2d/
(
d+ 2 (k + 1− ε)

)
. Theorem 4.2 then yields

f̃ ∈ Ck,1−ε(Td) and the convergence of (45) follows as before.

Theorem 5.9. Let k ∈ N0 and 0 < α ≤ 1 such that 2 (k + α) > d. For f ∈ Ck,α(M) the
Fourier series Ff̃ converges uniformly to the DFS function f̃ and for Ω ⊂ Zd, it holds
that ∥∥f̃ − FΩf̃

∥∥
C(Td)

≤
∑

n∈Zd\Ω

∣∣cn(f̃)∣∣.
Furthermore, the DFS Fourier series Sf converges to f uniformly on M. For Ω ⊂ Ωϕ,
we obtain ∥∥f − SΩf

∥∥
C(M)

≤
∑

n∈Zd\M(Ω)

∣∣cn(f̃)∣∣.
Proof. We apply Lemma 5.8 for b = 1 > 2d/

(
d + 2 (k + α)

)
and obtain that the series∑

n∈Zd |cn(f̃)| is convergent. Thus, we conclude by [38, thm. 4.7] that the Fourier series

Ff̃ converges to f̃ uniformly on Td. For x ∈ Td and Ω ⊂ Zd, we obtain∣∣f̃(x)− FΩf̃(x)
∣∣ = ∣∣∣ ∑

n∈Zd

cn(f̃) e
i⟨n,x⟩ −

∑
n∈Ω

cn(f̃) e
i⟨n,x⟩

∣∣∣ ≤ ∑
n∈Zd\Ω

∣∣cn(f̃) ei⟨n,x⟩∣∣.
Theorem 5.6 now directly yields the second statement.

We prove explicit bounds on the speed of convergence for the special cases of rectan-
gular and circular partial Fourier sums [24, p. 7 f.]. The proof of the following technical
lemma, which is based on [22, Thm. 3.2.16], is found in Appendix A.
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Lemma 5.10. Let k ∈ N0, 0 < α < 1, and g ∈ Ck,α(Td). Then, we have for all ℓ ∈ N0∑
n∈Zd, 2ℓ≤|n|<2ℓ+1

|cn(g)| ≤ 2d−α dk+
3
2 πα 2ℓ(

d
2
−(k+α)) |g|Ck,α(Td) . (46)

Theorem 5.11. Let k ∈ N0, 0 < α ≤ 1 such that 2 (k + α) > d and let f ∈ Ck,α(M).
We define the circular partial DFS Fourier sums Khf := SΩh

f, h ∈ N, associated with
Ωh = {n ∈ Ωϕ | |n| ≤ h}. It holds that

∥f −Khf∥C(M) ≤ Md,d′,k,α ∥f∥Ck,α(M) h
d
2
−k−α, (47)

where

Md,d′,k,α :=
2

d
2
+k+1−⌊α⌋ dk+2 πα (k + d′)!

(1− 2
d
2
−k−α) (d′ − 1)!

for k + d′ ≥ 2 (48)

and M1,1,0,α := 2
1
2
+⌊α⌋ πα/(1− 2

1
2
−α). Here, ⌊·⌋ denotes rounding down to an integer.

Proof. By Theorem 5.9, we can bound the left-hand-side by the sum over the remaining
Fourier coefficients. We observe that M(Ωh) = {n ∈ Zd | |n| ≤ h, rn,n ̸= 0}. This yields

∥∥f −Khf
∥∥
C(M)

≤
∑

n∈Zd, |n|>h

∣∣cn(f̃)∣∣ ≤ ∞∑
ℓ=⌊log2 h⌋

∑
n∈Zd, 2ℓ≤|n|<2ℓ+1

∣∣cn(f̃)∣∣.
If α < 1, we apply Theorem 4.2 to get f̃ ∈ Ck,α(Td) and thus we obtain by Lemma 5.10
that ∥∥f −Khf

∥∥
C(M)

≤ 2d−α dk+
3
2 πα

∣∣f̃ ∣∣Ck,α(Td)

∞∑
ℓ=⌊log2 h⌋

2ℓ(
d
2
−(k+α)).

Since d/2− (k + α) < 0 and 2⌊log2 h⌋ ≥ h/2, we can evaluate the geometric sum

∞∑
ℓ=⌊log2 h⌋

2ℓ(
d
2
−(k+α)) =

2⌊log2 h⌋(
d
2
−k−α)

1− 2
d
2
−k−α

≤ 2k+α− d
2 h

d
2
−k−α

1− 2
d
2
−k−α

.

Theorem 4.3 yields that, if k+ d′ ≥ 2, we have |f̃ |Ck,α(Td) ≤ 2
√
d (k+d′)!

(d′−1)! ∥f∥Ck,α(M), and,

if k + d′ = 1, we have |f̃ |C0,α(T1) ≤ ∥f∥C0,α(M). Thus, we overall obtain (47). In the case

of α = 1, we use Theorem 4.2 to deduce f̃ ∈ Ck,1−ε(Td) for any 0 < ε < 1. Choosing ε
small enough, we have d/2−k− 1+ ε < 0 and obtain, by the same arguments as before,
that ∥∥f −Khf

∥∥
C(M)

≤ 2d−(1−ε) dk+
3
2 π1−ε

∣∣f̃ ∣∣Ck,1−ε(Td)

2k+1−ε− d
2 h

d
2
−k−1+ε

1− 2
d
2
−k−1+ε

.

By (19), we have |f̃ |Ck,1−ε(Td) ≤
√
d (k+d′)!

(d′−1)! ∥f∥Ck,1(M) if k + d′ ≥ 2 and if k + d′ = 1, we

have |f̃ |C0,1−ε(T1) ≤ 2 ∥f∥C0,1(M). Since the rest of the expression on the right-hand-side
of the last inequality is continuous in ε, we can pass to the limit ε → 1 and finally obtain
(47) for α = 1.
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Remark 5.12. An analogue to Theorem 5.11 still holds for the rectangular partial
Fourier sums SΩh

f , h ∈ N, associated with Ωh = {n ∈ Ωϕ | ∥n∥∞ < h}. In Appendix A,
we show that in this situation, the bound (46) and therefore the constant in (48) for
k + d′ ≥ 2 can be improved to

M rect
d,d′,k,α =

2
d
2
+k+1−⌊α⌋ d πα (k + d′)!

(1− 2
d
2
−k−α) (d′ − 1)!

.

6. The DFS method for specific manifolds

We present some application examples of the general DFS method. Furthermore, the
DFS methods on the disk, ball, and cylinder from the literature are reviewed in the
context of our generalized description, where we can now state the DFS basis functions.

6.1. The interval

A “toy example” of our general framework is the following generalized DFS method on
the one-dimensional manifold M = [−1, 1] ⊂ R. We can easily show that

ϕ[−1,1] : T1 → [−1, 1], x 7→ cosx (49)

is a generalized DFS transform of M with symmetry number p = 1 and symmetry
function s1(x) = −x, x ∈ T1. Restricted to D1 := [0, π], the map ϕ[−1,1] is bijective
with its continuous inverse given by the arccosine. The derivative ∇ϕ[−1,1](x) = sin(x)
is non-zero in D◦

1 = (0, π). We set D2 := ∅.
We have M(n) = {n,−n} and N1(n) = 0 for all n ∈ Z, thus we can set Ω[−1,1] := N0.

For n ∈ N0 and ξ ∈ [−1, 1], we obtain by Definition 5.5 that

bn(ξ) = en

((
ϕ[−1,1]

∣∣
[0,π]

)−1
(ξ)
)
=

{
ein arccos ξ + e−in arccos ξ = 2Tn(ξ), n ̸= 0

ei0 arccos ξ = T0(ξ), n = 0.

Here, Tn denotes the n-th Chebyshev polynomial of the first kind defined by

Tn(ξ) := cos(n arccos ξ), ξ ∈ [−1, 1].

As in Theorem 5.7, the transform ϕ[−1,1] induces a weighted Hilbert space L̃2(−1, 1),

where the inner product of f1, f2 ∈ L̃2(−1, 1) is given by

⟨f1, f2⟩L̃2(−1,1) :=
1

π

∫ 1

−1

f1(ξ) f2(ξ)√
1− ξ2

dξ =
1

2π

∫
T1

f̃1(x)f̃2(x)dx = ⟨f̃1, f̃2⟩L2(T1).

The Chebyshev polynomials Tn, n ∈ N0, form an orthogonal basis of this space. The
n-th partial Chebyshev expansion of f ∈ L̃(−1, 1) coincides with the DFS Fourier sum
S{0,...,n}f for all n ∈ N0.
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Remark 6.1. Our framework of generalized DFS methods of a d-dimensional manifold
M relies on transforming a function from M to Td and subsequently expanding it with a
Fourier series. In contrast, some DFS-like methods discussed in the literature, namely for
the unit disk [47], the cylinder [18], and the ball [3], use coverings where some variables
are on the interval [−1, 1] instead of the torus T1. This also fits into our approach, since
the connection between the one-dimensional Chebyshev series and a DFS Fourier series
easily extends to the multivariate case, where we get mixed Fourier–Chebyshev series.

6.2. The hyperball

We define the d-dimensional closed unit ball

Bd := {u ∈ Rd | ∥u∥ ≤ 1}.

Let d ≥ 2. A parameterization of Bd is given by the spherical coordinates

ξ(ρ,λ) =
(
ξj(ρ,λ)

)d
j=1

, ξj(ρ,λ) =

{
ρ cos(λj)

∏j−1
ℓ=1 sin(λℓ), j < d

ρ
∏d−1

ℓ=1 sin(λℓ), j = d

for ρ ∈ [0, 1] and λ ∈ [0, π]d−2 × [−π, π]. Extending the domain of the angular variables
λj , j ∈ [d − 2], to [−π, π] and substituting the radial variable ρ by cosx1, we obtain a
generalized DFS transform ϕBd of Bd. For j ∈ [d], the j-th component of ϕBd in x ∈ Td

is given by (
ϕBd(x)

)
j
:=

{
cos(x1) cos(xj+1)

∏j
ℓ=2 sin(xℓ), j < d

cos(x1)
∏d

ℓ=2 sin(xℓ), j = d.
(50)

We check the requirements of Definition 3.1 for ϕBd . The smoothness properties of ϕBd

are obvious. The symmetry number is p = d and symmetry functions are given by

s1(x) = (−x1, x2, ..., xd), x ∈ Td,

s2(x) = (x1 + π, x2 + π, x3, ..., xd), x ∈ Td,

si(x) = (x1, ..., xi−2,−xi−1, xi + π, xi+1, ..., xd), x ∈ Td, 3 ≤ i ≤ d.

(51)

These symmetry functions together with the sets

D1 = [0, π/2)× (0, π)d−2 × (−π, π],

D2 =

d−1⋃
j=2

(
[0, π/2)× (0, π)j−2 × {0, π} × {0}d−j

)
∪ {π/2} × {0}d−1,

understood as subsets of Td via the canonical identification of points in Rd with their
equivalence classes in Td, satisfy (i) to (iv) in Definition 3.1. To show (iii), we note that
the arccosine is continuous and for x ∈ D1, we have cos(x1) = ∥ϕBd(x)∥ ̸= 0 as well as
sin(xℓ) ̸= 0 for all ℓ ∈ {2, .., d−1}. Therefore, (50) yields for x ∈ D1 and j ∈ [d−1] that

cos(xj+1) =

(
ϕBd(x)

)
j

cos(x1)
∏j

ℓ=2 sin(xℓ)
and sin(xd) =

(
ϕBd(x)

)
d

cos(x1)
∏d−1

ℓ=2 sin(xℓ)
,
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which inductively implies that the inverse of ϕBd

∣∣
D1

is continuous. Furthermore, we have

|det∇ϕBd(x)| = sin(x1) cos
d−1(x1)

∏d−1
j=2 sin

d−j(xj) ̸= 0 for x ∈ D◦
1, which is (iv). For

n ∈ Zd we have

M(n) = {m ∈ Zd | mj = ±nj for j < d and md = nd},

N1(n) = 0, N2(n) = n1 + n2, and Ni(n) = ni for all 3 ≤ i ≤ d. Since the reflections Mi

act on pairwise disjoint sets variables, we observe that rn,n = 0 if and only if Ni(n) is
odd for some i ∈ [d] with Mi(n) = n, i.e., if and only if n1 + n2 is odd or ni−1 = 0 and
ni is odd for some 3 ≤ i ≤ d. We define

ΩBd :=
{
n ∈ Nd−1

0 × Z
∣∣∣ n1 + n2 is even and (ni−1 ̸= 0 or ni is even for all 3 ≤ i ≤ d)

}
.

Let n ∈ ΩBd . We set In := {i ∈ {3, ..., d} | ni−1 ̸= 0} and Jn := In if n1 = 0 and
Jn := In ∪ {1} otherwise. Then the map I 7→ MI(n) is bijective from Jn into M(n).

By (28), we have rn,MI(n) = (−1)N
I(n) rn,n for all I ⊂ [d]. Since N1(n) = 0, this yields

for I ⊂ In that

rn,MI∪{1}(n) = rn,MI(n) = (−1)N
I(n) =

∏
i∈I

(−1)ni .

Furthermore, for x ∈ Td and j ∈ [d− 1], it holds that

einjxj + (−1)nj+1e−injxj =

{
2 cos(njxj), nj+1 is even

2i sin(njxj), nj+1 is odd.

Overall, we obtain by (35) the basis function

en(x) =
∑

m∈M(n)

rn,m ei⟨m,x⟩ =
∑
I⊂Jn

rn,MI(n) e
i⟨MI(n),x⟩

=
∑
I⊂In

ein1x1 + e−in1x1

21+#In−#Jn

( ∏
i∈In\I

eini−1xi−1

)(∏
i∈I

(−1)ni e−ini−1xi−1

)
eindxd

=
ein1x1 + e−in1x1

21+#In−#Jn

( ∏
2≤j≤d−1

nj ̸=0

(
einjxj + (−1)nj+1 e−injxj

))
eindxd

= 2#Jn cos(n1x1)
( ∏

2≤j≤d−1
nj ̸=0

nj+1 even

cos(njxj)
)( ∏

2≤j≤d−1
nj ̸=0

nj+1 odd

i sin(njxj)
)
eindxd .

Let ρ ∈ [0, 1],λ ∈ [0, π]d−2 × [−π, π] such that (arccos(ρ),λ) ∈ D1 ∪D2. For n ∈ ΩBd ,
we obtain from the definition of bn in (41) that

bn(ξ(ρ,λ)) = 2#{j∈[d−1]|nj ̸=0}Tn1(ρ)
(∏
j∈[d−2]
nj+1 ̸=0

nj+2 even

cos(nj+1λj)
)(∏
j∈[d−2]
nj+1 ̸=0
nj+2 odd

i sin(nj+1λj)
)
eindλd−1 .
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For the special cases of d ∈ {2, 3}, DFS methods of Bd already exist in the literature.
In the following, we discuss their connection to our general framework in more detail.

The disk The unit disk D := B2 can be parameterized by the polar coordinates

ξ(ρ, λ) = (ρ cosλ, ρ sinλ), (ρ, λ) ∈ [0, 1]× T1.

The map ξ is 2π-periodic in the angular variable λ, thus a series expansion of a function
on the unit disk can be realized directly by a shifted Chebyshev–Fourier expansion
in polar coordinates, cf. [5, § 18.5]. In 1995, Fornberg [17] presented an alternative
approach; to eliminate the boundary at ρ = 0 via extending the domain of the radius ρ
to [−1, 1]. The resulting extended polar coordinates act on [−1, 1]×T1 and cover the disk
twice. A DFS-like method of the disk consists of transforming functions to the extended
polar coordinates and subsequently expanding them via a Chebyshev–Fourier series, see
[47]. Substituting (ρ, λ) = (cosx1, x2) with (x1, x2) ∈ T2 yields the DFS transform ϕD
from (50). This substitution changes the symmetry structure: ϕD covers the disk four
times instead of twice and satisfies

ϕD(x1, x2) = ϕD(−x1, x2) = ϕD(x1 + π, x2 + π), (x1, x2) ∈ T2,

which agrees with the symmetry functions from (51). This is illustrated in Figure 2.

Figure 2: Top left: A disk-shaped section f(ξ) of the Mona Lisa. Bottom left: f(ξ(ρ, λ))
in extended polar coordinates. Right: DFS function f ◦ ϕD(x).

Let n ∈ ΩD := {n ∈ N0 × Z | n1 + n2 is even}. For (ρ, λ) ∈ (0, 1]× [−π, π] ∪ {(0, 0)},
we have

bn(ξ(ρ, λ)) = ein2λ

{
1, n1 = 0

2Tn1(ρ), n1 ̸= 0.

27



The ball The three-dimensional ball B3 is parameterized by the spherical coordinates

ξ(ρ, θ, λ) = (ρ cos θ, ρ cosλ sin θ, ρ sinλ sin θ), (ρ, θ, λ) ∈ [0, 1]× [0, π]× [−π, π].

Extending the domain of the radius ρ to [−1, 1] and the polar angle θ to [−π, π], we obtain
so-called extended spherical coordinates. Functions defined on the ball and represented
in these extended spherical coordinates can then be expanded into Chebyshev–Fourier–
Fourier series, cf. [3]. The DFS transform ϕB3 from (50) is obtained by substituting
(ρ, θ, λ) = (cosx1, x2, x3) with (x1, x2, x3) ∈ T3 thus covering the ball eight times.
Let (ρ, θ, λ) ∈ (0, 1] × (0, π) × [−π, π], or (ρ, θ, λ) = (0, 0, 0), or ρ ∈ (0, 1], θ ∈ {0, π}

and λ = 0. For n ∈ ΩB3 = {n ∈ N2
0 × Z | n1 + n2 is even and n3 is even if n2 = 0}, we

have

bn(ξ(ρ, θ, λ)) = 2#{j∈[2]|nj ̸=0} Tn1(ρ) e
in3λ

{
cos(n2θ), n3 is even

i sin(n2θ), n3 is odd.

6.3. The hypersphere

We define the d-dimensional unit sphere

Sd := {u ∈ Rd+1 | ∥u∥ = 1},

which is a smooth submanifold of Rd′ with d′ = d+ 1. This subset of the ball Bd+1 can
be parameterized by restricting the (d + 1)-dimensional spherical coordinates to ρ = 1.
A DFS transform of Sd is obtained by restricting the DFS transform ϕBd+1 from (50) to
x1 = arccos(1) = 0, i.e.,

ϕSd : Td → C, x 7→ ϕBd+1(0,x).

One can easily show that the DFS smoothness and symmetry properties of ϕBd+1 transfer
to ϕSd , hence ϕSd is a DFS transform of Sd with symmetry number p = d − 1. By a
similar derivation as for the DFS method of Bd+1 in Section 6.2, we can set

ΩSd := {n ∈ Nd−1
0 × Z | ni ̸= 0 or ni+1 even, for all i < d}

and we obtain for all n ∈ ΩSd and λ ∈ D1 ∪D2 that

bn(ξ(0,λ)) = 2#{j∈[d−1]|nj ̸=0}
(∏
j∈[d−1]
nj ̸=0

nj+1 even

cos(njλj)
)(∏
j∈[d−1]
nj ̸=0

nj+1 odd

i sin(njλj)
)
eindλd ,

where

D1 = (0, π)d−1 × (−π, π], D2 =
d−1⋃
j=1

(
(0, π)j−1 × {0, π} × {0}d−j

)
.
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6.4. Product manifolds

Let ϕ1 and ϕ2 be generalized DFS transforms of some d1-dimensional manifold M1 ⊂ Rd′1

and some d2-dimensional manifold M2 ⊂ Rd′2 , respectively. It is not hard to verify that

ϕ : Td1 × Td2 → M1 ×M2, x = (x1,x2) 7→ ϕ(x) = (ϕ1(x1), ϕ2(x2))

defines a generalized DFS transform of the product manifold M1 ×M2 ⊂ Rd′1+d′2 . The
smoothness properties are straightforward and the symmetry properties are as follows:
For ℓ ∈ {1, 2}, let pℓ denote the symmetry number, siℓ, i ∈ [pℓ] the symmetry functions,
and Dℓ

1 and Dℓ
2 the subsets from Definition 3.1 with respect to ϕℓ. Then, for ϕ, we have

the sets D1 := D1
1 ×D2

1 and D2 := (D1
1 ×D2

2) ∪ (D1
2 ×D2

1) ∪ (D1
2 ×D2

2), the symmetry
number p1 + p2, and symmetry functions si, i ∈ [p1 + p2], can be chosen as

si : Td1 × Td2 → Td1 × Td2 , (x1,x2) 7→

{(
si1(x1),x2

)
, i ≤ p1(

x1, s
i−p1
2 (x2)

)
, i > p1.

Setting Ωϕ := Ωϕ1 × Ωϕ2 , simple calculations yield for all n = (n1,n2) ∈ Ωϕ and that

bn(ξ) = bn1(ξ1) bn2(ξ2), ξ = (ξ1, ξ2) ∈ M1 ×M2.

The cylinder An application of this product structure is the cylinder C := D× [−1, 1],
where a DFS-like method was already derived in [18]. Combining our results on the disk
D and the interval [−1, 1] from the previous subsections, we see that

ϕC : T2 × T1 → C, (x1, x2) 7→ (ϕD(x1), ϕ[−1,1](x2))

is a DFS transform of C with symmetry number 3. For (x1, x2, x3) ∈ T3 ∼= T2 ×T1, the
product symmetry structure yields

ϕC(x1, x2, x3) = ϕC(−x1, x2, x3) = ϕC(x1 + π, x2 + π, x3) = ϕC(x1, x2,−x3).

Let n ∈ ΩC := ΩD×N0 = {n ∈ N0×Z×N0 | n1+n2 is even}. In cylindrical coordinates,
we have for all (ρ, λ, z) ∈ (0, 1] × [−π, π] × [−1, 1] as well as for (ρ, λ) = (0, 0) and
z ∈ [−1, 1] that

bn(ρ cosλ, ρ sinλ, z) = 2#{j∈{1,3}|nj ̸=0} Tn1(ρ) e
in2λ Tn3(z).

6.5. The rotation group

The three-dimensional rotation group

SO(3) := {A ∈ R3×3 | det(A) = 1 and A−1 = A⊺}

can be parametrized by the Euler angles

(α, β, γ) 7→ Rz(α)Ry(β)Rz(γ), (α, β, γ) ∈ T1 × [0, π]× T1,
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where

Rz(θ) :=

cos θ − sin θ 0
sin θ cos θ 0
0 0 1

 , Ry(θ) :=

 cos θ 0 sin θ
0 1 0

− sin θ 0 cos θ

 , θ ∈ T1

describe rotations around the z-axis and the y-axis, respectively. Different conven-
tions regarding the choice and order of rotational axes exist, here we employ the zyz-
convention, cf. [40, p. 4]. The authors are not aware of any DFS method being used in
the literature to approximate functions on SO(3). However, extending the domain of
the second Euler angle β yields a generalized DFS transform of SO(3) that fits within
our framework. Because Definition 3.1 requires a submanifold of a Euclidean space, we
employ the canonical column-wise embedding

R3,3 ∋ A = (aij)
3
i,j=1 7→ (a11, a21, a31, a12, a22, a32, a13, a23, a33) ∈ R9,

which is an isometric isomorphism from R3×3 equipped with the Frobenius norm to
(R9, ∥·∥). We define a generalized DFS transform of SO(3) by

ϕSO(3)(x) := Rz(x1)Ry(x2)Rz(x3) ∈ R3×3 ∼= R9, x ∈ T3.

We need to verify that ϕSO(3) satisfies the smoothness properties of a DFS transform.
Explicit calculation of the matrix product Rz(x1)Ry(x2)Rz(x3) and component-wise
taking of partial derivatives shows that for all µ ∈ N3

0 and ℓ ∈ [9] the partial derivative
Dµϕℓ exists, where ϕℓ denotes the ℓ-th component of ϕSO(3). Let x = (x1, x2, x3) ∈ T3.
Up to translations and interchange of the variables, Dµϕℓ is either a product of cosines,
which is uniformly bounded by 1, or of the form

Dµϕl(x) = cos(x1) cos(x2) cos(x3) + sin(x1) sin(x3).

In the latter case, if sgn
(
cos(x1) cos(x3)

)
= sgn

(
sin(x1) sin(x3)

)
, we have by the triangle

inequality and the angle subtraction formula that

|Dµϕl(x)| ≤ |cos(x2)| |cos(x1) cos(x3)|+ |sin(x1) sin(x3)|
≤ |cos(x1) cos(x3)|+ |sin(x1) sin(x3)|
= |cos(x1) cos(x3) + sin(x1) sin(x3)| = |cos(x1 − x3)| ≤ 1.

Otherwise, we apply the previous argument to (−x1, x2 + π, x3) and obtain

|Dµϕl(x1, x2, x3)| = |−Dµϕl(−x1, x2 + π, x3)| ≤ 1.

This proves (5), i.e., ϕSO(3) satisfies the smoothness properties of a DFS transform.
One can also show that ϕSO(3) satisfies the symmetry properties of a DFS transform

with symmetry number p = 1, symmetry function

s1(x1, x2, x3) = (x1 + π,−x2, x3 + π), x = (x1, x2, x3) ∈ T3,
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and the subsets D1 := (−π, π]× (0, π)× (−π, π] and D2 := (−π, π]× {0, π} × {0}.
For n ∈ Z3, we have N1(n) = n1 + n3 and M(n) = {n, (n1,−n2, n3)}. We set

ΩSO(3) := {n ∈ Z× N0 × Z | n2 ̸= 0 or n1 + n3 even}.

Let (α, β, γ) ∈ D1 ∪D2. Then, the function bn, n ∈ ΩSO(3), is given by

bn
(
Rz(α)Ry(β)Rz(γ)

)
= ein1α ein3γ


1, n2 = 0

2 cos(n2β), n2 ̸= 0, n1 + n3 even

2i sin(n2β), n2 ̸= 0, n1 + n3 odd.
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A. Appendix

Proof Lemma 4.1. This is a generalization of the proof of [31, lem. 4.1] to higher dimen-
sions. The claim of the lemma clearly holds for β = 0 and all k. If β = ep for some
p ∈ [d], where ep denotes the p-th unit vector, we can apply the chain rule to get

Dβ(g ◦ h) = Dep(g ◦ h) =
d∑

ℓ=1

(
Deℓg ◦ h

)
Dephℓ,

so the claim holds for all k ∈ N with

n = d′ =
d′!

(d′ − 1)!
≤ (d′ + k − 1)!

(d′ − 1)!
.

For k > 1 and |β| > 1, we proceed inductively: Let β+ = β + ep ∈ Bd
k for some p ∈ [d]

and β ∈ Bd
k−1. Assume that

Dβ(g ◦ h) =
n∑

i=1

(Dγig ◦ h)
mi∏
j=1

Dµijhℓij ,

for some constants that satisfy (14) to (18) for k − 1. Since g and h are k-times contin-
uously differentiable, their composition is also k-times continuously differentiable and,
by the product rule, we have

Dβ+
(g ◦ h) = Dep

(
Dβ(g ◦ h)

)
=

n∑
i=1

Dep
(
(Dγig ◦ h)

mi∏
j=1

Dµijhℓij

)
=

n∑
i=1

Dep (Dγig ◦ h)
mi∏
j=1

Dµijhℓij︸ ︷︷ ︸
=:A

+
n∑

i=1

(Dγig ◦ h) Dep
( mi∏

j=1

Dµijhℓij

)
︸ ︷︷ ︸

=:B

.
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Since by our assumptions Dγig and h are continuously differentiable for all i, we can
apply the chain rule to each summand of A and get

A =
n∑

i=1

Dep (Dγig ◦ h)
mi∏
j=1

Dµijhℓij =
n∑

i=1

d′∑
ℓ=1

(
Deℓ+γig ◦ h

)
Dephℓ

mi∏
j=1

Dµijhℓij .

Similarly, we know that Dµijhℓij is continuously differentiable for all i and j and thus,
we can simplify B by applying the product rule. This yields

B =
n∑

i=1

(Dγig ◦ h) Dep
( mi∏

j=1

Dµijhℓij

)
=

n∑
i=1

mi∑
r=1

(Dγig ◦ h) Dep+µirhℓir

mi∏
j=1
j ̸=r

Dµijhℓij .

We combine the resulting sums and relabel the constants to obtain

Dβ+
(g ◦ h) =

n+∑
i=1

(
Dγ+

i g ◦ h
) m+

i∏
j=1

Dµ+
ijhℓ+ij

,

where for all i+ ∈ [n+] and j+ ∈ [m+
i+
] there exist i ∈ [n], j ∈ [mi], and ℓ ∈ [d′] such that

γ+
i+

= eℓ + γi or γ
+
i+

= γi =⇒
(16)

∣∣γ+
i+

∣∣ ≤ k,

m+
i+

= 1 +mi or m
+
i+

= mi =⇒
(15)

m+
i+

≤ k,

µ+
i+j+

= ep, µ+
i+j+

= µij , or µ+
i+j+

= ep + µij =⇒
(17)

∣∣∣µ+
i+j+

∣∣∣ ≤ k,

ℓ+
i+j+

= ℓij or ℓ+
i+j+

= ℓ =⇒
(18)

ℓ+
i+j+

∈ [d′],

and by (14), we have

n+ =
n∑

i=1

( d′∑
ℓ=1

1 +

mi∑
r=1

1
)
= n

(
d′ +

n
max
i=1

mi

)
≤ n (d′ + (k − 1)) ≤ (d′ + k − 1)!

(d′ − 1)!
.

Thus, we have found constants that satisfy (13) to (18) for β+ and k.

Proof of Lemma 5.10. We closely follow the proof of [22, thm. 3.2.16]. We replicate
the proof here for the convenience of the reader as [22] does not explicitly provide the
constant and also uses different conventions. In particular, they work with 1-periodic
functions and with the Euclidean norm of multi-indices, as opposed to 2π-periodic func-
tions and the ℓ1-norm as in our work; this makes some small adjustments in the proof
necessary. By the Cauchy–Schwarz inequality, we obtain ∑

n∈Zd, 2ℓ≤|n|<2ℓ+1

|cn(g)|

2

≤

 ∑
n∈Zd, 2ℓ≤|n|<2ℓ+1

12

 ∑
n∈Zd, 2ℓ≤|n|<2ℓ+1

|cn(g)|2
 .
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We write ∥n∥∞ := supj∈[d] |nj |. For the first factor, it holds that∑
n∈Zd, 2ℓ≤|n|<2ℓ+1

12 ≤ #{n ∈ Zd | |n| < 2ℓ+1} ≤ #{n ∈ Zd | ∥n∥∞ < 2ℓ+1} ≤ 2ℓd+2d.

Clearly, the same bound holds when summing over {n ∈ Zd | 2ℓ ≤ ∥n∥∞ < 2ℓ+1}.
Next, we show an estimate on the second factor. Let n ∈ Zd with 2ℓ ≤ |n| < 2ℓ+1. We

choose j ∈ [d] such that |nj | = ∥n∥∞. We thus have 0 < 2ℓ

d ≤ |n|
d ≤ |nj | ≤ |n| < 2ℓ+1.

It is true that
∣∣eit − 1

∣∣ ≥ 2
π |t| for all −π ≤ t ≤ π. Therefore, we obtain∣∣∣ei〈n, π

2ℓ+1 e
j
〉
− 1
∣∣∣ = ∣∣∣eiπ nj

2ℓ+1 − 1
∣∣∣ ≥ 2

π

∣∣∣π nj

2ℓ+1

∣∣∣ ≥ 1

d
. (52)

Now, we can bound the second factor as follows

∑
n∈Zd, 2ℓ≤|n|<2ℓ+1

|cn (g)|2 ≤
d∑

j=1

∑
n∈Zd, 2ℓ≤|n|<2ℓ+1

|nj |=∥n∥∞

|cn (g)|2

≤
(52)

d2
d∑

j=1

∑
n∈Zd, 2ℓ≤|n|<2ℓ+1

|nj |=∥n∥∞

∣∣∣ei〈n, π

2ℓ+1 e
j
〉
− 1
∣∣∣2 |cn (g)|2 |nj |2k

|nj |2k
.

The factor d2 on the right-hand side can be omitted when substituting ∥n∥∞ for |n|
everywhere, since then (52) can correspondingly be estimated by 1. Using the differen-
tiation identity cn(D

kejg) = (inj)
k cn(g), cf. [38, p. 162], and the inequality 1

|nj | ≤
d
2ℓ
,

we further estimate

≤ d2k+2

22ℓk

d∑
j=1

∑
n∈Zd, 2ℓ≤|n|<2ℓ+1

|nj |=∥n∥∞

∣∣∣ei〈n, π

2ℓ+1 e
j
〉
− 1
∣∣∣2 ∣∣∣cn(Dkejg

)∣∣∣2.
If we replace |n| by ∥n∥∞, we can again eliminate the powers of d in the estimate.
Applying the translation identity ei⟨n,x⟩ cn(g) = cn

(
g(· + x)

)
, x ∈ Rd, cf. [38, p. 162],

and the linearity of Fourier coefficients, we obtain

≤ d2k+2

22ℓk

d∑
j=1

∑
n∈Zd

∣∣∣cn (Dkejg
(
·+ π

2ℓ+1
ej
)
−Dkejg

)∣∣∣2 .
Finally, we get by the Parseval identity [38, thm. 4.5]

= d2k+2 2−2ℓk
d∑

j=1

∥∥∥Dkejg
(
·+ π

2ℓ+1
ej
)
−Dkejg

∥∥∥2
L2(Td)

≤ d2k+2 2−2ℓk d sup
|β|=k

∣∣Dβg
∣∣2
Cα(Td)

∣∣ π

2ℓ+1

∣∣2α
≤ d2k+3 2−2ℓk−2α(ℓ+1) π2α |g|2Ck,α(Td) .
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Overall, this yields∑
n∈Zd, 2l≤|n|<2ℓ+1

|cn (g)| ≤ 2d−α dk+
3
2 πα 2ℓ(

d
2
−(k+α)) |g|Ck,α(Td) .

For rectangular dyadic sums in Remark 5.12, we analogously obtain∑
n∈Zd, 2ℓ≤∥n∥∞<2ℓ+1

|cn (g)| ≤ 2d−α d
1
2 πα 2ℓ(

d
2
−(k+α)) |g|Ck,α(Td) .

References

[1] R. Bernardini, G. Cortelazzo, and G. A. Mian. “Multidimensional fast Fourier transform algorithm
for signals with arbitrary symmetries.” J. Opt. Soc. Am. A 16.8 (1999), pp. 1892–1908. doi:
10.1364/JOSAA.16.001892.
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Anal. Basel: Birkhäuser, 2018. doi: 10.1007/978-3-030-04306-3.

[39] D. Potts and N. Van Buggenhout. “Fourier extension and sampling on the sphere.” In: 2017
International Conference on Sampling Theory and Applications (SampTA). 2017, pp. 82–86. doi:
10.1109/SAMPTA.2017.8024365.

[40] D. Potts, J. Prestin, and A. Vollrath. “A fast algorithm for nonequispaced Fourier transforms on
the rotation group.” Numer. Algorithms 52 (2009). doi: 10.1007/s11075-009-9277-0.

[41] J. E. Pringle. “Accretion discs in astrophysics.” Annu. Rev. Astron. Astrophys. 19.1 (1981),
pp. 137–160. doi: 10.1146/annurev.aa.19.090181.001033.

[42] L. Rabiner. “On the use of symmetry in FFT computation.” IEEE Trans. Signal Process. 27.3
(1979), pp. 233–239. doi: 10.1109/TASSP.1979.1163235.

[43] N. Schaeffer. “Efficient spherical harmonic transforms aimed at pseudospectral numerical simula-
tions.” Geochem., Geophys. Geosystems 14.3 (2013), pp. 751–758. doi: 10.1002/ggge.20071.

[44] M. Servais and G. de Jager. “Video compression using the three dimensional discrete cosine trans-
form (3D-DCT).” In: Proceedings of the 1997 South African Symposium on Communications and
Signal Processing. COMSIG ’97. 1997, pp. 27–32. doi: 10.1109/COMSIG.1997.629976.

[45] B. Sober, Y. Aizenbud, and D. Levin. “Approximation of functions over manifolds: a moving
least-squares approach.” J. Comput. Appl. Math. 383 (2021), p. 113140.

[46] A. Townsend, H. Wilber, and G. B. Wright. “Computing with functions in spherical and polar
geometries I. the sphere.” SIAM J. Sci. Comput. 38.4 (2016), pp. C403–C425. doi: 10.1137/

15M1045855.

[47] H. Wilber, A. Townsend, and G. B. Wright. “Computing with functions in spherical and polar
geometries II. the disk.” SIAM J. Sci. Comput. 39.3 (2017), pp. C238–C262. doi: 10.1137/

16M1070207.

[48] S. Y. K. Yee. “Studies on Fourier series on spheres.” Mon. Weather Rev. 108.5 (1980), pp. 676–678.
doi: 10.1175/1520-0493(1980)108<0676:SOFSOS>2.0.CO;2.

[49] S. Yin, B. Li, and X.-Q. Feng. “Three-dimensional chiral morphodynamics of chemomechanical
active shells.” Comput. Biol. Chem. 199.49 (2022), e2206159119. doi: 10.1073/pnas.2206159119.

36

https://doi.org/10.1137/17M1112728
https://doi.org/10.1175/1520-0493(1974)102<0056:FSOS>2.0.CO;2
https://doi.org/10.1175/1520-0493(1974)102<0056:FSOS>2.0.CO;2
https://doi.org/10.1073/pnas.1603929113
https://doi.org/10.1007/978-3-030-04306-3
https://doi.org/10.1109/SAMPTA.2017.8024365
https://doi.org/10.1007/s11075-009-9277-0
https://doi.org/10.1146/annurev.aa.19.090181.001033
https://doi.org/10.1109/TASSP.1979.1163235
https://doi.org/10.1002/ggge.20071
https://doi.org/10.1109/COMSIG.1997.629976
https://doi.org/10.1137/15M1045855
https://doi.org/10.1137/15M1045855
https://doi.org/10.1137/16M1070207
https://doi.org/10.1137/16M1070207
https://doi.org/10.1175/1520-0493(1980)108<0676:SOFSOS>2.0.CO;2
https://doi.org/10.1073/pnas.2206159119

	Introduction
	Function spaces on embedded manifolds and on the torus
	The generalized DFS method
	Hölder continuity of DFS functions
	Series expansions with the DFS method
	Fourier series and the DFS method
	Convergence of the Fourier series

	The DFS method for specific manifolds
	The interval
	The hyperball
	The hypersphere
	Product manifolds
	The rotation group

	Appendix
	References

