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Abstract

The double Fourier sphere (DFS) method uses a clever trick to transform a func-
tion defined on the unit sphere to the torus and subsequently approximate it by a
Fourier series, which can be evaluated efficiently via fast Fourier transforms. Similar
approaches have emerged for approximation problems on the disk, the ball, and the
cylinder. In this paper, we introduce a generalized DFS method applicable to various
manifolds, including all the above-mentioned cases and many more, such as the rota-
tion group. This approach consists in transforming a function defined on a manifold
to the torus of the same dimension. We show that the Fourier series of the transformed
function can be transferred back to the manifold, where it converges uniformly to
the original function. In particular, we obtain analytic convergence rates in case of
Holder-continuous functions on the manifold.

Keywords Double Fourier sphere method - Approximation on manifolds - Fourier
series

Mathematics Subject Classification 41A65 - 42B05 - 42C10 - 65T50

1 Introduction

Approximation on manifolds Throughout the mathematical literature, there is con-
siderable interest in approximating functions defined on manifolds, cf. e.g., [12, 20,
29, 48]. The problem of representing and numerically manipulating such functions
arises in various areas as application including weather prediction [9, 10, 31], protein
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docking [39], active fluids in biology [2], geosciences [21, 24], and astrophysics [22,
43].

One method to tackle this problem is atlas-based; smooth charts relate local patches
on the manifold to Euclidean space, where well-known approximation theory can be
applied. The local approximations are subsequently combined to a global approxima-
tion. In case of overlapping patches, one is faced with the issue of suitably blending
them. Doing so might require the solution of non-linear equations [48], incorpo-
rating tangent space projections [11, 12], or partition-of-unity methods [30]. With
non-overlapping patches, e.g. in computer-aided design, non-linear smoothness con-
ditions or complicated patch-stitching methods [8] might be required.

Another approach to approximating functions on manifolds is the ambient approx-
imation method, cf. e.g., [29, 37]. Here, a function on an embedded submanifold is
extended into some subset of the ambient space, usually a tubular neighborhood of the
manifold [29, sect. 3.1]. The extended function can then be approximated in R¢ and
restricted to the submanifold again. By Whitney’s embedding theorem [28, thm. 6.15],
any manifold can be embedded into R¥ for sufficiently large d, thus this approach is
applicable to general manifolds. However, the ambient approximation method entails
the solution of an approximation problem in a space of possibly higher dimension.

One advantage of both of the previously mentioned methods is their generality; they

are applicable to any manifold, even if there is little information on the underlying
geometry, see, e.g., [37, 48]. However, often the manifold of interest is actually well-
known and relatively simple. In such situations, approximation bases distinctly tailored
to the manifold can be used instead. As a prominent example, the spherical harmonics
[32] are well-suited for various applications and allow for an efficient computation
[15, 27, 35, 45, 47].
DFS methods The double Fourier sphere (DFS) method represents functions defined
on the sphere by transforming them to a torus and subsequently considering the two-
dimensional Fourier series of the transformed functions. Thus, one can take advantage
of the efficiency of the FFT to approximate spherical functions. The classical DFS
method was originated in 1972 by Merilees [31] and found various applications since,
e.g.,[4,9, 14, 17, 36, 38, 41, 49, 51, 52]. Recently, we have shown analytic approxi-
mation properties of the classical DFS method [33]. Further DFS methods have been
invented for other geometries such as the disk [50], the cylinder [19], the ball [3],
and two-dimensional axisymmetric surfaces [34]. The software Chebfun [16] uses
DFS methods for computing with functions and solving differential equations on the
sphere, the disk, and the ball.

In this paper, we introduce a unified approach to all these DFS methods and show its
analytic convergence properties. To this end, we define a generalized DFS method that
contains as special cases all the above-mentioned manifolds. Starting with a function
f: M — C on a d-dimensional submanifold M of Rd/, the fundamental idea is to
apply a coordinate transformation ¢ : T — M with certain smoothness and symmetry
properties to obtain a (2 -periodic) function f= f o ¢ defined on the d-dimensional
torus

T.=R?/ (27 Z%).

W Birkhauser



A double Fourier sphere method... Page3of40 23

In particular, we construct a one-to-one connection between f and the transformed
function f: T¢ — C, which admits certain symmetries and can be represented by a
d-dimensional Fourier series.

Due to the imposed symmetry properties of ¢, we can relate linear combinations
of the Fourier basis e n € Z4, on the torus T¢ to an orthogonal basis on the
manifold M. Thus, we can approximate the original function f by a series expansion
on M that is based on the Fourier series of f on the torus. Therefore, the numerical
computation and evaluation of this series expansion can be performed efficiently by
employing the FFT.

We prove that our generalized DFS method transfers certain smoothness classes
on the manifold M to the respective ones on the torus. Accordingly, the DFS series
representation of a Holder-continuous function on M exhibits convergence rates com-
parable to those of Fourier series of functions in the corresponding Holder space on
the torus T¢. We derive explicit upper bounds on the respective constants, depending
on the smoothness class of the function f, the dimension d of the manifold M, and
the dimension d’ of its ambient space.

The generalized DFS method combines aspects of the three approximation
approaches mentioned above: While not being atlas-based, it does depend on trans-
forming functions from a manifold to a subset of the Euclidean space, where the
well-known theory of Fourier series can be applied. Our proof of the approximation
rates relies on an extension of f into the ambient space Rd/, but the DFS method
itself does not require the construction of such extensions. To avoid the complications
of combining various patches, the method instead depends on a transformation that
does not necessarily capture the topology of the manifold properly. As a consequence,
the basis functions on the manifold might be non-smooth on a set of measure zero,
such as the poles of the sphere. However, the method still ensures fast uniform conver-
gence of the respective series expansion when used to approximate sufficiently smooth
functions.

Note that the generalized DFS method differs from the approach of Fourier con-
tinuation [7, 25], which works in the case of a full-dimensional submanifold with
sufficiently smooth boundary. Then the function is extended to the surrounding of the
manifold such that this continuation is smooth with compact support and can therefore
be approximated well by a Fourier series on a larger, rectangular domain.

Outline of this paper In Sect. 2, we define Holder spaces and related function spaces
on the torus and embedded submanifolds. In Sect. 3, we introduce the generalized DFS
method and present some of its basic properties. Section4 is dedicated to proving that
the generalized DFS method preserves Holder spaces and to providing upper bounds
on the corresponding semi-norms. In Sect. 5, we develop the series approximation of
functions on a manifold via the DFS method. Section 5.1 is concerned with the Fourier
series of DFS functions and the corresponding series on the manifold, for which we
need to incorporate considerations on the symmetry properties of DFS functions. In
Sect. 5.2, we study sufficient conditions for the absolute convergence of the previously
introduced series and show bounds on the speed of convergence. Section 6 considers
various manifolds to which the DFS method can be applied. Besides the well-known
cases of the disk, the sphere, the cylinder, and the ball, we also consider the rotation
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group, higher-dimensional spheres and balls, as well as products of manifolds that
themselves admit DFS methods.

2 Function spaces on embedded manifolds and on the torus

In this section, we give an overview of the notation used throughout the paper. Let
d,d e N.We write [d]:={1, 2, ..., d}. For x € C¢, we denote by

d

k=" |x;| and |lx||:=

j=1

the 1-norm and the Euclidean norm, respectively. For k € Ny, we set
Bi:={B e N§ | |B| < k).

Definition 2.1 (Function spaces in R?). Let k € Ny and let U ¢ R? and V C e,
where U is assumed to be open if £ > 0. We define the differentiability space of order
k by

ckw,v)

DA f exists and is bounded
=1 f:U—->V

and continuous for all 8 € B,f

with the norm

I fllck vy := max sup H Dﬂf(x)H.
ﬂeB,‘f xeU

For 0 < o < 1, the (k, o)-Holder space is

ckew, vy
Df f(x) — DB f(y)
Ayt | owwn = s L ol _
x.yeU, x#y x — yll
BeBy. |BI=k

with the norm

I fllckew, vy == I fllckw vy + | flerew,vy -
Finally, we set the Lipschitz space of order k
Lip“(U, V)
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DA f(x) —DF £ (y)|
= fecku, vy | Ifl .« = sup <0
Lip(@.v) x,yeU, x#y lx — yll
BeB{. |Bl=k

with the norm

”f”Lipk(U,V) = ”f”Ck(U,V) + |f|Lipk(U,V) .

All three spaces, equipped with the given norms, are Banach spaces. We denote the
space of smooth functions with bounded partial derivatives by

C®WU, V)= ﬂ ckw, V).
kENo

The corresponding function spaces on the torus T¢ = R? /(2 Z%) are obtained by
restricting the function spaces on R? to 27 -periodic functions:

Definition 2.2 (Function spaces on T¢). Let X’ be any of the function spaces C¥, C*¢,
Lip* or C* from Definition 2.1, and let V C C? . We define the respective function
space on the torus T¢ by

XM Vy={f e XRL, V)| fQrel +) = f(-) forall j € [d]},

where e/ denotes the jth unit vector for j € [d].

When considering scalar-valued functions in either of the previous definitions, i.e.,
when we have V = C, then V is usually omitted.

Definition 2.3 (Function spaces on embedded manifolds). Let Ml C R be a smooth
embedded submanifold with or without corners. For f: Ml - C,wecall f*: U — C
anextension of f if U is an open setin R? withM c U c R? and we have f* |M = f.

For k € No, we call f* aC¥-extension of f, if it is an extension of f and f* € CK(U).
Then, the C¥-extension seminorm of f* is

}f*|2’<(M) = Sup ”Dﬂf*”caw)' M
,BeB,f/

We define the differentiability space of order kK on M by

CkM:={ f: M — C| | fllkqp = inf |f*|;}k(M)<oo )
Ck—;,);tergsjipons
[0)

and write C%° (M):= [.cxy, CF(MD).
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Analogously, for0 < o < 1, wecall f*a Ck-®_extension of f,if itis an extension
of f and f* € C5%(U). The CK*-extension seminorm is then given by

|DB (&) — DB f* ()|

£.neM, E£n & —nll*
BB . |BI=k

|f*|zk,a(M) = |f*|zk(M) + ©)

Finally, we define the (k, «)-Holder space on M by

M= f: M— C|llflcraqp:=  inf |f*|gk,a(M)<oo @
Ck*“jgxt?cn;1ons
(&)

3 The generalized DFS method

We define a generalization of the classical DFS method to other manifolds in a way
that covers generalizations from the literature, such as ball and cylinder, and yields
results analogous to those we presented in [33] for the sphere.

The classical double Fourier sphere (DFS) method transforms a function defined
on the sphere S%:={x € R3 | ||x|| = 1} to the torus T? and subsequently represents
it via a Fourier series. Thereby, a function f: S? — C is concatenated with the DFS
coordinate transform

P2 : T — Sz, (x1, x2) > (cos xj sinxp, sin x1 Sin x», COS X2),

which covers the sphere twice. The transform ¢g is smooth, and the transformed
function f o ¢s2 has a convergent Fourier series for sufficiently smooth f, see [33].
Furthermore, we have ¢« (x1, x2) = ¢s2(x1 + 7, —x2) for (x1, x2) € T2, so that the
transformed function is block-mirror-centrosymmetric (BMC), cf. [49, sect. 2.2], as
illustrated in Fig. 1.

Because the restriction of ¢ to (—m, ] x (0, ) U {(0, 0), (0, 7)} is bijective,
there is a one-to-one connection between BMC-functions on the torus and functions
on the sphere without its poles. This makes it possible to relate the Fourier expansion
of a transformed function f o ¢s to a series expansion of f defined directly on the
sphere, see [33].

The core concept of our generalization of this method is to transform a function
defined on a d-dimensional manifold to a function on the torus T¢. The transformed
function can then be represented via a Fourier series, which allows for fast numerical
computations by the FFT on the torus. To ensure similar properties as in the classical
case, we impose smoothness and symmetry assumptions on the transform.

Definition 3.1 Letd,d’ € Nand let M C R4 be a d-dimensional smooth embedded
submanifold with or without corners. We call a surjective function

¢: T > M

W Birkhauser
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Fig.1 Left: Topographic data f (&) of the earth. Right: DFS function f o ¢ (x)

a generalized DF'S transform of M if it fulfills the following smoothness and symmetry
assumptions: We say ¢ has the smoothness properties of a DFS transform if ¢ €
C>°(T¢) and for all p € N and [ € [d"], it holds that

[D* e “cmrd) =1 (5)

We say that ¢ has the symmetry properties of a DFS transform if, firstly, for some
integer p € No, shift vectors S* € {0, n}d, i € [p], and reflection maps

M:T¢ > T, M (x):=M'x, iecl[p], (6)

associated to some diagonal matrices M’ e 74%d with diagonal entries in {—1, 1}, the
map ¢ is invariant under the symmetry functions

stT? T s (x):=S"+ M (x), i€lp), (7

i.e.,¢o st = ¢ forall I C [p], where the repeated composition of functions is written
as

shinized. Oiefi, in,..) S i=s"T0 (s’2 o ) , {iy, i2, ...} C [pl,

with the convention that the empty composition is the identity. Secondly, for the
symmetry properties to be satisfied, there must exist a rectangular set D C T¢ of
representatives of T¢ /., where ~ is the equivalence relation x ~ y <= y €
sTx)y| I [ pl}, and disjoint measurable subsets D1, Dy C D such that

(i) D° = D{ and ¢[D-] is closed,
(ii) the restriction ¢>| DD, D1UD; — M is a bijection on the disjoint union
D{UD»,
(iii) the inverse (¢| Dl)_l : M\ ¢[D>] — D is continuous, and

) Birkhauser
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(iv) the Jacobian V¢ (x) has full rank for all x € Df.

The set D being “rectangular” is to be understood as it being the Cartesian product of
connected subsets of T, i.e., it can be identified with a rectangle in RY. We always
assume p to be chosen minimally and call it the symmetry number of ¢.

For f: M — C, we define the generalized DFS function (with respect to ¢) of f
by

f:’]Td—>M, fi=fo¢.

The matrix—vector product (6) of M’ and x € T can be performed with any
representative of x in RY since the matrix M’ only has integer entries. The addition
of shifts S’ and the reflections M! are, as functions on the torus, self-inverse and
commute, so we do not need to consider the order of compositions. We have sl =
> el S’ + M/ (-), and ~ as defined above is indeed an equivalence relation on T,
Because D is a set of representatives of T¢ /., properties (i) and (ii) together with the
invariance assumption on ¢ imply that the symmetry functions s*, i € [p], are unique
up to compositions.

Remark 3.2 We consider the class of smooth submanifolds with corners because the
finite Cartesian product of smooth manifolds with corners is again a smooth manifold
with corners, whereas the same is not true for smooth manifolds with boundary, as their
product might lack a smooth structure in the right sense, cf. [28, p. 29]. Thus, choosing
this class of manifolds allows us to generate DFS methods on product manifolds, such
as the cylinder, in Sect. 6.4. As the set of corner points or the boundary of such manifold
might be empty, cf. [28, p. 26 & p. 417], we usually write “with or without corners”.

Remark 3.3 The bound in (5) is somewhat arbitrary and arises from the specific appli-
cations. We could instead allow for any uniform bound on the partial derivatives, i.e.,
considerdg € C°(T?) with d;[’]I‘d] = M and some C > 0 such that ||D“¢~>1 ey < C
forall u € Ng and [ € [d']. The results in this paper can then be applied to a function
f: M — C by transforming it to the scaled manifold C~'M.

The next lemma provides some basic properties of generalized DFS transforms: as
¢ is surjective, a right inverse always exists and can be chosen canonically by (ii) in
Definition 3.1. This inverse has certain regularity properties due to (iii) and (iv).

Lemma3.4 Let M C R? be a smooth embedded submanifold with or without corners
that has generalized DFS transform ¢: TY — M. Let p, D, Dy, D>, and s', i € [p],
be as in Definition 3.1. Then ¢ evenly covers ¢[D7] in the sense that

sSIDHNs' (DY) =@, 1, J Cplwithl #J. (8)

Furthermore, ¢ D2] and M\@[D{] have measure zero in M and Td\( U,C[p] st (D?))
has measure zero in T. The inverse of ¢|DIUD2 is continuous on M\¢[D>] and
smooth in the manifold interior of M without ¢[D-], ie., for any & € M\¢[D;]
in the manifold interior of M, there exists a neighborhood U of & in M such that
(d)]DlUDz)_l |U € C*®(U). We call ¢[ D3] the set of singularities.

W Birkhauser
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Proof For (8), one can show that s’ (x) # x for all x € D° and non-empty I C [p].
Furthermore, for x, y € D with s’(x) = y for some I C [p], we must have x = y,
as D is a set of representatives of T¢ /., with ~ as in Definition 3.1. Thus, we have
sl(DYND° =@ forall I C [p]. Clearly, for any I C [p] the set sT(D) is also a set
of representatives of T /~ and, since slisa diffeomorphism, st (D°®) is open. Thus,
we can use the same arguments to show that s (D°) N5/ (D°) = @ forall I, J C [p]
with I # J, this is (8).

The boundary of a rectangular subset of T is a set of measure zero in T¢. Thus, (i)
in Definition 3.1 implies that D, C D \ D} C 9D is a set of measure zero in T,
In particular, ¢[ D3] and M\¢[D]] C ¢[0D] have measure zero in M since ¢ is
smooth, cf. [28, thm. 6.9]. Furthermore, we have for all I, J C [p] with I # J that
s'(D$) C s’ (D) and s/ (D$) Ns' (D) = ¥, where we used (8) and the fact that s’ (D)
and s’ (D) are rectangular. Since D is a set of representatives of T /., we obtain that

'Jl“‘\( U s’(Df)> = J ('m\s' o)) c | s' @b,

IC[p] I1C[p] IC[p]

are sets of measure zero in T¢.

The continuity of (¢| DO D2)71 in M\ @[ D;] follows immediately form (ii) and (iii)
in Definition 3.1. For the smoothness in the manifold interior, we observe that, by (i),
the set M\ ¢[ D] is open in M and thus a smooth submanifold with boundary of RY .
Since homeomorphisms preserve manifold boundaries, (iii) implies that ¢[D7] is the
manifold interior of M\¢[D-], in particular ¢[D7] is a smooth submanifold without
boundary of RY . Similarly D7 is open in T? and thus a smooth manifold without
boundary. By (iv), V¢ (x) has full rank for all x € D7, thus we can apply the inverse
function theorem [ D" ‘We obtain that ¢ D is alocal diffeomorphism,

- 1s smooth, in the sense that coordinate representations

are infinitely differentiable, and can thus be extended to a function defined on an open
neighborhood of ¢[D7] C RY that has continuous partial derivatives of all orders.

However, these derivatives might be unbounded, thus we obtain (qb Do)q € C* only
1
locally, cf. Definitions 2.1 and 2.3. O

As in the special case of the classical DFS method, the symmetry properties of the
generalized method impose symmetry upon the DFS functions. Furthermore, func-
tions on the torus that are invariant under the DFS symmetry functions correspond to
functions well-defined on the manifold without the set of singularities. This relation-
ship is formalized in the following lemma, which will later allow us to transfer the
series approximation of transformed functions on the torus back to the manifold.

Lemma3.5 Let ¢p: T¢ — M be a generalized DFS transform with symmetry number
p and let Dy, Dy, and s', i € [p), be as in Definition 3.1. We call some function
g T¢ - Ca BMC function (of type @) if it is invariant under the symmetry functions

ie,g=gos! foralli € [p). Forany f: M — C, its DFS function f isa BMC
functzon. Conversely, if g: T¢ — C is a BMC function, then there exists f: M — C

) Birkhauser
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such that

fx)=gx), xe€ U s'[Dy].

Iclp]

All possible choices of such f coincide on M\¢[D;]. Setting f:=g o (¢|D]UD2)’1
yields the unique f that also satisfies f (x) = g(x) forx € D».

Proof By Definition 3.1, we know that ¢ is s’ -invariant for any i € [p]. Thus, any DFS
function is a BMC function. By (ii) in Definition 3.1, the transform ¢ bijectively maps
D1UD; to M. In particular, the function f:=g o (¢>|D1L.JDZ)*1 is well-defined and it is
clearly the unique choice of function whose DFS function coincides with g on D1UD;.
If g is a BMC function both f and g are invariant under the symmetry functions and
thus the equality extends to U]C[p]sl[D1 UDs]. Inversely, if fl x)=gx) = fz (x)
for x € Dy, then we have for & € ¢[ D] = M\¢p[D>] that

f1® = (frod)(@],) 7 ®) = (o) (@] ) ®) = £®).

We need the following proposition, whose proof can be found in [33, p. 7].
Proposition 3.6 Let U C R? be an openset, V. C U, and g: U — C. If g is bounded

and Lipschitz-continuous on V, then g is a-Holder continuous on 'V forall0 < o < 1
with

|glcaqyy < max {IglLipvy - 21l ) - ©)
Furthermore, if V is convex and g € C'(U), then g is Lipschitz-continuous on V with

1glLipvy = IVEllew ca) - (10)

Utilizing the smoothness (5) of the generalized DFS transform, we can immediately
conclude the following properties.

Corollary 3.7 Let¢: T¢ — Mbe a generalized DFS transform of some smooth embed-

ded submanifold with or without corners M of R4, Then, forall p € Ng andl € [d']
we have D*¢; € Lip(T?) and D*¢; € C*(T9) with

D¥1 ey < YV, (1)
D] o ay < 2V (12)

W Birkhauser
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4 Holder continuity of DFS functions

In this section, we show that the DFS transform preserves Holder-smoothness. More
precisely, it maps the function spaces C¥*1(M) and C*%(M) into the Holder space
Ck(T?). We prove respective norm bounds. In Sect. 5, we will utilize these findings
to obtain convergence rates of the series representation of the DFS function. The
results in this section only require the smoothness (5) of the DFS transform and are
straightforward generalizations of the work [33, sect. 4] on the classical DFS method.

The following technical lemma, which is proven in Appendix A, bounds the number
of summands in the multivariate chain rule for higher partial derivatives of vector-
valued functions.

Lemma4.1 Ford,d € Nandk € No, leth: U — V and g: V — C be k-times
continuously differentiable functions defined on some open sets U C R and V c R¥
respectively. Then, for any B € BZ, we have

n m;
D(goh)y =" (DVigoh) [ D ihy, (13)

i=1 j=1

for some constants depending on B, which fulfill

neNo, n < &Lt (14)
m; € Ng, m; <k, i € [n], (15)
yi € B, ienl, (16)
pij € B, i elnl, jelml, (17
tijeld], ielnl, jelm]l (18)

Theorem4.2 Let M C RY be a smooth embedded submanifold with or without
corners that admits a generalized DFS transform ¢: T¢ — M. For k € Ng and
f e CKY(M), the generalized DFS function f = f o ¢ is in C&*(T?) for all
O<a<1lIfk+d =2, wehave

k+d")!
[ Flosacooy =V (= 1 lexsian (19)

and if k +d = 1, then }ﬂca(ﬂrl) <2 ”f”cl(M). Furthermore, it holds that f €
CkL(T?) with

z (k+d")!
Hf||ck+1(vﬂ-d) S @ — 1) Il fllcr+1 oy - (20)

) Birkhauser
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Proof We first prove

(K +d —1)!

HDﬂf”C(Rd) d —1)!

Ifller oy (21)
for all ¥ € Ng with k¥’ < k+ 1 and all B € Bk,, which then also implies (20).

Let f* € C¥(U) be a C¥ -extension of f, where U C M is some open set as in
Definition 2.3. Since ¢ satisfies ¢[R?] = M C U, it can be considered as a function
¢: R? — U. Thus, we can apply Lemma 4.1 to f = f* o ¢ and obtain f € CK (R%)
and

Dﬂf — Dﬂ(f* o) = Z (D)',-f* o¢) HDﬂijd)eij

i=1 j=1

for some constants satisfying (14)—(18) for k’. This implies that for all x € R4

DPfe| = Y[ 1 0g) @) [T [D" e, ()]
i=1

j=1
K +d —1)!
| levan = G e

(l) ) Ck (M) 14 d — Ck' M) -
Since this bound holds for any C¥ -extension f* of f, we can replace | f *|Zk/ o by
Il ox o See (2), on the right hand side. This proves (21). Next, we show

~ (k + dhH!
|Dﬂf|Lip(Rd) f 0 I £ llert oy (22)

for all g € B,f. We know that D# f is continuously differentiable and by (21) for
k' =k + 1, we obtain

d
“V(Dﬂf)“C(]Rd,]Rd) = SuPd Z |(Dep+ﬂf)(x)|2
xeR p=1

(k + d)! : (k + d)!
< \/d (W ||f||ck+1(M)) =d @—1 M lean -

Together with (10) this proves (22). Combining (21) for k" = k with (22) and applying
(9), we conclude for all 8 € B,‘f that D# f is «-Holder continuous. We obtain

|Dﬂf|ca(Rd) = max {|Dﬂf|Lip(Rd)’ 2 HDﬂf“c(Rd)}

< max {f(+d) (k+d —1)!

n1 M leesan -2 =, IIfllck(M)}

W Birkhauser
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2 (k+d")!
5max{¢3 k+d’} @ — 1y Mlean

where we used that || fllcx ey < I1flck+1 - Since the right hand side is independent

of B, it follows that f is (k, a)-Holder continuous with

|f|Ckva(1rd) = sup |Dﬂf|CQ(Rd) < max {\/E

2 }(k+d)
BeBy.|BI=k

k+d | @—n M lewien-
(23)

We note that /d > 2/(k + d’) holds if k +d’ > 2 and otherwise we have d = d’ = 1
and k = 0. Thus, (23) proves the theorem. O

Theorem 4.3 Let M C R? be a smooth embedded submanifold with or without cor-
ners that admitsageneralized(é: T4 - M. Fork e N0 <« < 1, and f € ch. (M),
the generalized DFS function f = f o ¢ is in CE*(T?). Ifk + d' > 2, we have

k+d
Flosaqoey =24 K+ 1;, TIE (24)

and ifk +d’ = 1, then |f|ca(T1) < I fllce -
Proof Let f* € CK*(U) be a Ck*-extension of f. We first prove

|D)’f* ° ¢‘C“(Td) < max {\/Ed/’ 2] ’f*|z’ka(M) (25)

forally € B,fl/. For |y| = k this follows from the definition of the extension seminorm
since we have for all x, y € R? that

(770 8) @) = (B7 0 8) D] 2 | letqny 166) =4I

& 5
< | ok (Z e (x) — ¢e()’)|2>
=1

= [/ oreqn (4 1% = y12)°
b

< | |oraq Ydd lIx—yI*.

Ifd =d = 1and k = 0, this shows the claim |f|Ca(Tl) < | fllceqy in the case
k+d = 1.For|y| < k, we have D? f* € C!(U) and thus DY f*is a C' extension of
the restriction (D? f*) |M and

(D7 f* )|M||CI(M) DY f* |CI(M) = ma’,‘ ”D (D” £%) “caw)
eld’]
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= max = lexan = [ leraqn

By (23), this implies

2 d’ *
|D"f* O¢|Ca('ﬂ*d) < max {\/3, E} m |f*}ck,a(M)s

which shows (25). As in the proof of Theorem 4.2, we apply Lemma 4.1 to conclude
that f € C*(T¢) and for B € B,‘f we obtain

D f =DF (f*op) =) (D" f*og) [[D gy,
i=1 Jj=1

for some constants satisfying (14)—(18). For x, y € R?, we apply the triangle inequal-
ity and get
ID? fx) — DP f(y)| < ijl | (D? f* 0 ¢) (x) — (D¥i f* 0 ¢) (v)] ]_[;":1 Dk g, ()|
=:A
+ Z:l:] | (D7 £* 0 ¢) (v)] ‘ H;n:l DHii gy, (x) — 1_[:;1 D ¢y, (y)‘ .

=B

The first sum can be estimated as

A< Z| (D¥i f* 0 ¢) (x) — (DY f* 0 ¢) (3)]

(5) i=1
< Zmax [\/Ed/, 2} |f*|(*:k,a(M) ”x - J’”a
(25), 1
k+d —1)! *
i @-=Dl ax[‘/‘_ld/’z} | lexaq % = ¥

Furthermore, we use (3) to bound the second sum by

B <Z|f (- H‘[D Ty, (x) — HD’L”W,-,()’)’-

j=1
By a telescoping sum, we rewrite the last sum as

m;

B <Z|f |k \Z (D @y, (x) — DHir g, (y))]‘[D"w, (x) ﬂ DX i g, (y)]-

= j=r+l1
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Thus, we have

n m;

B < Y 3 [ |oreq (D" e, (6) — DFir g, (3)]
S

)zlrl

< ZZIf ooy 2V lx =yl
12 i=1r=1

Finally, the bounds (14) and (15) yield

(k+d o
= W:Zk\/_ |f ick“(M) ”x y”
We combine the estimates on A and B to obtain

~ k+d —1)! *
[D# ) = D? f(3)] = % (26vd +max {Vad'.2}) [ £ G, e = yI”

(k +d')!
=@ -1

2V | f*[eraqy 6= ¥I1%

The last equation holds for arbitrary x, y € R4 and B e B,f, thus we have

(k+d)
|f|Ck°‘(T‘1) \/— — ! |f |C’“"(M)'

Since this holds independently of the choice of CK*-extension f* of f, we can take
the infimum over all such extensions. By the definition of the Ck’“(M)—norm in (4),
this yields (24). O

Remark 4.4 For the special case of the sphere M = S?, [33, thm. 4.3] states that
|f|ck,ot(']1'2) < (k+ 3 fllgr+i g2y for f € Ck1(S?). The corresponding result (19)
in this paper improves the estimate by the factor +/2. On the other hand [33, thm. 4.5]
states that |f~|ck,a(']r2) < (k+3I) fllgreas2) for [ € Ck(S?). Comparing this with
(24) for the sphere, we observe that the new general estimate is larger by a factor /2.
This is due to (12) not being optimal for the spherical DES transform, in fact [33, lem.
4.2] proves that the respective estimate in this special case.

5 Series expansions with the DFS method

We propose a series representation of functions with the generalized DFS method. In
Sect. 5.1, we explore properties of the Fourier series of DFS functions and define an
analogue series expansion on the manifold. In Sect. 5.2, we combine our findings from
Theorems 4.2 and 4.3 with results from multi-dimensional Fourier analysis to show
pointwise and uniform convergence of the Fourier series of DFS functions.
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Throughout this section, let M C RY be an d-dimensional smooth embed-
ded submanifold with or without corners that admits a generalized DFS transform
¢: T¢ — M. We write f = f o¢: T¢ — C for the generalized DFS function of a
function f: M — C.

5.1 Fourier series and the DFS method

Let L,(T¢) denote the Hilbert space of square-integrable complex-valued functions
on T that is equipped with the inner product

(o=@ [ e BGar. e L)

7.7

and the induced norm [|g ||, (e == (g, g)i/zz(w). As the complex exponentials '),

n € 74, form an orthonormal basis therein, we define the respective Fourier expansion.

Definition 5.1 Let g € Lo(T%) and n € Z¢. We define the nth Fourier coefficient of
g by

cn(g)i= ,ei<"")) =(Qr *d/ (x)e Hmx) qy.
ni=fe.d®) =0 ] e
Let Q;,, h € N, be an expanding sequence of bounded sets that exhausts Z¢. We define
the hth partial Fourier sum of g by

Fo,g(x):= Y ca(®)e™,  xeT,

neQ,

and the Fourier series of g by Fg:=limy,_, o Fq, g. This limit is well-defined in L>(T%)
for any choice of expanding sequence and we have Fg = g in Ly(T%). We call a
multi-series ), .74 an convergent whenever for all expanding sequences 2, 1 € N,
of bounded sets exhausting Z¢ the partial sums ), cq, dn converge as h — 0o, cf.
[26, p. 6].

The generalized DFS method represents a function f: M — C via the Fourier
series of its DFS function f: T¢ — C, i.e.,

Ffx)= )" ca(fe™¥, xeT (26)

nezd

Ultimately, we are interested in representing the function f, not its DFS function f .
Thus, the question whether we can relate the Fourier series (26) to a series defined on
M arises naturally. Choosing D and D, as in Definition 3.1, (ii), we observe that
the restriction of ¢ to D1 U D is bijective, so we could just apply its inverse to the
basis functions el n € Z4. However, this would yield some redundancies in the
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expansion since ¢! is in general not a BMC function, cf. Lemma 3.5. We account
for this by defining an orthogonal basis of BMC functions in L?(T%) consisting of
suitable linear combinations of the functions ¢!, To this end, we will also require
a suitable subset of the indices in Z¢. This way, we can obtain a respective basis on
the manifold M in the following.

From Definition 3.1, we recall the symmetry number p, the shift vectors St the
reflection maps M/, and the symmetry functions s’ defined in (7). Note that the func-
tions M! are well-defined on Z¢ by the matrix multiplication in (6). For Q C 74, we
set

M(Q):= {n e 74 | M/ (n) = <ol~€1Mi) (n) € Q for some I C [p]} ,

and M(n):=M({n}) forn € Z. For I C [p], we introduce the map

N2z > 72, Nm:=>" Y

i€l je[q, s§.=n
and we write N (n):=N'}(n). For n € Z4, we define

1, N/(n)isevenforall I C [p]withM!(n) =n

= Iipy s " (27)
0, N'(n) is odd for some I C [p] with M (n) = n.

n,n:

Note that if the reflections M act on pairwise disjoint sets of variables, then for any
I C [p], we have M!(n) = n if and only if Mi(n) = n for all i € I. In this situation,
we therefore only need to check the parity of Ni(n) foralli €[ p] to determine r,, 5.
For J C [p] and m:=M’ (n), we define

Fami=(— DN @ (28)

The next lemma will show that ry, ;, is thus well-defined for m € M(n). For I, J C
[p], we use #1 to denote the cardinality of / and we define the symmetric difference

IN:=(I\JHUU\D.
Lemma5.2 Letn € Z% and m € M(n). It holds that
ng:=#{I C [p] |IM'(n) = n} =#{I C [p] | M' (n) = m) (29)

and we have

1 N[( )
= o > =N, (30)

I1C[p],
M (n)=m
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In particular ry y, is well-defined by (27) and (28). Furthermore, we have for I, J C
[p] that

(_1)N’(n)+Nf(n) — (_I)N’M(n) 31)
and
M/ (Mj(n)> = M2 (). (32)
Proof For I C [p] and £ € [p], we have

1U{e}
(—l)NI(n)+N4(n) _ (_l)Nl(n)iNz(n) _ (_1)N1 . W, g¢r
(DN e,

This inductively yields (31). Analogously, we obtain (32) from

M’ (M¢ _ (OielU{e}M-i) (n), ¢l
( (l’l)) {(Oiel\{g}M’) (n)’ = I’

where we used that the reflections M are self-inverse and commute. By (32), we
observe that the map

{I C[plIM (n)=n}) — (I C[p]| M (n) =m)
I— IAJ

is self-inverse. In particular, this proves (29).
Next, we show (30) for the case m = n. If N/ (n) is odd for some J C [p] with
N’ (n) = n, then

Z (_l)Nl(n) — ZL Z (_1)N[(")+(—1)N1A‘,(n)

i Icipl. " ici,
M’ (n)=n M'(n)=n
1 J I
= — L+ DYDY =0 = 1
31 2ny ICXU;L *—_/0—* Q7
M’(n):n B

On the other hand, if N’ () is even for all I C [p] with M/ (n) = n, then
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Now, let m € M (n) be arbitrary. For J C [p] with M’ (n) = m, we obtain (30) by

J J 1
DNy = (DY <"> Z (=N

I1C[p],

M’(n) n
I T el
(31) n# ]
Clpl, 1C[p],
M! (n)=n M’(n) =m

Note that the right hand side is independent of J. This proves that ry, , is
well-defined. o

To construct a BMC basis, we choose an index set 2y C 74 that satisfies both
M(n) N M(m) =@ foralln,m € Q4 withn # m (33)
and
M(Qp) = (n € Z | ryn # 0} (34)
The next theorem shows the existence of such an Q4 and gives a BMC basis.

Theorem 5.3 There exists a set Qp C 74 that fulfills (33) and (34). For n € Qg, the
function

en(x):= Z Fame ™% xeT?, (35)
meM(n)
is a BMC function with
lenll7 , pay = #M(n) <27

Furthermore, the family e,, n € Qg, is an orthogonal basis of the subspace of BMC
functions in Ly(T%). For any BMC function g € L»(T%) and any finite Q C Qgp, we
have

Fru@e®) = Y @™ =Y c@e®), xeT'  (36)

neM(Q) neQ
Proof We first construct an 2 that fulfills (33) and (34). We consider the equivalence

relation n ~ m < M(n) = M(m) on the finite set {—2, —1, 0, 1, 2}¢ and choose
some set €2 of representatives of the corresponding quotient space. We then define

Qi={neQ|rpn#0}
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and

d
Qpi= U (X (n; +2sgn(nj)N0)> ,

neQ \j=1

where X denotes the Cartesian product of sets. For n, m € 74, we have M(n) =
M(m) or M(n) N M(m) = . Since the reflection maps M, i € [p], only change
signs, we have M(n) = M(m) if and only if |n;| = |m;| for all j € [m] and
M) = M(in), where i1; = sgn(n;) and m; = sgn(m ;). Thus, Q4 satisfies (33).
Furthermore, we observe that the value of r,, , only depends on which components of
n are zero and which components are odd. In particular, 7y, m = rp n forallm € M(n)
and adding even integers to Q' ensures (34).

We now show that for all n € Z? the function e, as defined by (35), is a BMC
function. By (30) and the definition of M (n), we can rewrite e, as

1 I s 1 1 iM! ().«
=Y. P >N <">el<"'»>=EZ<—1)N () i{M" ().}

meM(n) 1c[pl, I1C[p]
m! (n)=m

(37)
Let £ € [p] and x € T¢. For the symmetry function s* from Definition 3.1, we have

eilms ) — oiln S HM ) _ 4ifn.SY) giln.M ()

(38)

o T T M ) (N i .,

For I C [p] it clearly holds that (Mi (n))j = 4n; and thus
(DN ) _ pyFensi= = Riensi=" N (39)

Altogether, using the definition of M (n), this implies

1 .
en(s@(x)) 3:7 n_ Z (_I)N[(li) el<M1(i‘l),SZ(x))
Ch T o

_ ni 3 (=N (N ) i (M ). )

38) 1Cip]
— L Z (_1)N1(n)+Nf(n) e1(1\44(1\/11(n)),x>
39 ni =T
1 NG (M AL
= — Y (N M) < (),
31),(32) n# ,CXU:,] an

which proves that e, is a BMC function.
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The orthonormality of the Fourier basis el p e 74 combined with (34) imme-
diately implies for all n € Q4 that

leall? ,pay = D Tam = #M@) < #P(p]) =27,
meM(n):’r

where P denotes the power set.

Next, we show the orthogonality of e,, n € Q4. Let n,m € Q4 with n # m.
Then, by (33), we have M (r) N M (m) = @. Hence, for any I, J C [p], it holds that
M/ (n) # M’ (m), which implies

<ei(M’(n),v>’ ei(MJ(m),-)> =0, 1,7 C[pl.
Lo(T?)

The bilinearity of the inner product and (37) now immediately yield (e,, e;) Ly(Td) =
0.

Let g € Ly(T¢) be a BMC function and i € [p]. We employ (38), properties of s’,
and a change of variables to obtain that for any n € Z4

@) ea(g) = / gx)e ¥ dx = /d g(s' (x)) e dx
! T

'ﬂ"l

B / g(x) e—ilns’ () gy = (—1)Ni(n)/ g(x) emiMIm).x) g

Division by (27)¢ and induction yields
1
(@) = (DN ey (9). neZ 1 Cpl. (40)

We can now show (36). Consider some finite set  C 4. It is clear from (33) and
the definition of M (£2) that

M@ = M.

neQ

where U stands for a disjoint union. For n € 2, we have

im.- 1 iM ().
> cm(g)e™?) o) 1 Y i (®) elM' (m-)

meMn) S o
1 1 M
= — Y ()N () ™M) = ¢ (g) en.
40) ny Ig[;)] 37
This shows

Fr@g =Y ca(g)en

ne

and in particular implies (36).
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We show the completeness of e,, n € Qg. Let g € L>(T?) be a BMC function
such that (g, e,) = O forall n € Q4. We need to show that ¢, (g) = O forall m € 74,
which implies g = 0. Let m € Z%. If r;p_m = 0, then there exists I C [p] with N/ (m)
odd and M/ (m) = m. By (40), we have ¢, (g) = —cm(g) and hence ¢ (g) = 0. If
rm.m 7 0, by (34), there exists n € Qg and J C [p] such that M’ (n) = m and we
obtain

1 I
0=(g.en) = — Y DN eyugy(e)
37 ny =TS
J
= H#Mmea(g) = #Mm) (DN cu(g),
29).40) nié 40) ———— 8
#0
which proves completeness. O

Remark 5.4 Instead of using a standard FFT for the expansion in the basis e,
symmetry-dependent FFT variants can be used and thereby reduce computational
cost. In one dimension, the discrete cosine transform (DCT) and discrete sine trans-
form (DST) [6] are well-known replacements of the FFT for real-valued functions with
even or odd symmetries, respectively. Similarly, computational cost can be reduced if
a Fourier series consists only of even or odd degrees [44]. Symmetry-dependent FFT
variants also exist in higher dimensions, see e.g., [1]. Such algorithms often consist of
combining one-dimensional techniques [13, 46], for example by row-column methods
[40, ch. 5.3.5].

The functions e, in the last theorem are BMC functions and thus, by Lemma 3.5,
they correspond to functions defined on the manifold M without the null set of sin-
gularities. We use this correspondence to define an analogue to the Fourier series on
ML

Definition 5.5 For n € Q4, we define the nth DFS basis function

bu®i=ea((#] p,cp,) ' ®). &M, 1)

with ey, as in Theorem 5.3. Let €25, & € N, be an expanding sequence of bounded
sets exhausting Q4. For f: M — C with f € L(T?), we define the hth partial DFS
Fourier sum of f by

Sa fE):= > cu(f)ba(€). &eM,

ne,
and the DFS Fourier series of f by S f:=1limp_.c S, f.

The basis functions b, might be non-smooth on the set of singularities ¢[D-].
Regardless, we will later show that S f converges uniformly on M provided that f is
sufficiently smooth.
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Theorem 5.6 Let f: M — C such that f € L>(T%), and let 2 C Qg be finite. Then,
the partial DFS Fourier sum Sq f is given by

S f® =Frme (6l pop) | ®). M 42)

and it is the unique function on M that satisfies

((Saf) o d)@)=1Sqf(x) =Fpe f(x). xe | s'IDIIUD. 43
IC[p]

In particular, this equality holds almost everywhere on T¢. Furthermore, Sq f is
continuous on M\@[D2] and smooth in MI°\¢[D;], where M° denotes the manifold
interior. If F f is pointwise convergent to f, then S f is pointwise convergent to f.

Proof By Lemma 3.5, the DFS function f of f is a BMC function. Thus, we obtain
by Theorem 5.3 that

Fr@f@) =) ca(fenx), xeT

neQ

Applying the inverse of ¢ | DD, 1© both sides of the equation immediately yields (42)

by the definition of b, in (41). Since Fq(q) f is the finite sum of BMC functions, and
thus a BMC function, we can apply Lemma 3.5 again to prove (43). The regularity
follows immediately form Lemma 3.4. We observe that for any expanding sequence
Qp, h € N, of bounded sets exhausting 4, the sequence M(£2;), h € N, is an
expanding sequence of bounded sets exhausting {n € Z¢ | ra.n 7 0}. Since f is
a BMC function, we have ¢, ( f ) = 0forany n € 74 with rp,n = 0 and thus the
pointwise convergence follows with (36) and (42). O

Theorem 5.7 We set g(x):= |det(Ve (x) TV (x))|"/* for x € DS. Let Ly (M) denote
the Ly-space induced by the weighted inner product

p—d_.—d

d
g0 @[5 )@

(hmmM=&ﬁ©h®( 0®. fi.fr:M>C,

where dw denotes the surface measure on M. The set by, n € Qg, forms an orthogonal
basis of L>(M) and we have for all f € L>(M) that

(f, en>L2(Td) _ <f’ bn}iz(M)

2
16412

en(f) =

3 ., nEQy. (44)
”enan(’H‘d)

In particular, the DFS Fourier series Sf of any f € Ly(M) is convergent in Lo(M)
and we have Sf = f.
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Proof By Lemma 3.4, the set Ml \ ¢[D7] has measure zero in M and by (iv) in Def-
inition 3.1, we have g(x) # 0 for all x € D7. Hence, we can apply the substitution
rule [28, prop. 15.31] for the orientable submanifold ¢[D7] C M and we obtain for

fi, fo € La(M) the isometry

i )y = @) d/n.ﬁ(x)f200dx-—(2n)d 3 /1 Fi() Fat) dx

IC[p]

— op—dy—d /;)O (fl( (x)) f2( (x)) g(x)dx = (fhfZ)iz(M) ’

g0 @ p) (@)

where we used (8) in the second equality and the s/ —invariance of DFS functions in
the third equality. Since bp = ey almost everywhere in T¢, we obtain (44). O

5.2 Convergence of the Fourier series

In this subsection, we finally obtain convergence results for DFS Fourier series on the
manifold M. Here, we closely follow the derivation in [33, sect. 5.2] and generalize it
to higher dimensions. For brevity of notation, we set ck1(M) := k(M) for k € No,
and the same for M replaced by T¢.

Lemma5.8 Letk € No, 0 <a < 1, and f € C**(M). Let cu(f), n € Z4, denote
the Fourier coefficients of the generalized DFS function f of f. Then, the series

3 el (45)

neZd

converges for all b € R with b > 2d/(d + 2k + a)).

Proof If « < 1, we can apply Theorem 4.3 to obtain f € CK*(T9). By [26, p. 87,
this immediately implies the convergence of (45) for all b > 2d/ (d + 2k + oz)). If
o = 1, we choose 0 < ¢ < 1 such that b > 2d/(d +2k+1— 5)). Theorem 4.2

then yields f € CK1=¢(T?) and the convergence of (45) follows as before. O

Theorem 5.9 Let k € No and 0 < o < 1 such that 2 (k + ) > d. For f € ck (M)
the Fourier series F f converges uniformly to the DFS function f and for Q C 74, it
holds that

neZd\Q

Furthermore, the DF'S Fourier series S f converges to f uniformly on M. For Q C Q,
we obtain

Ilf - SQfHC(M) < Z |Cn(f)‘.

neZd\M(Q)
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Proof We apply Lemma 5.8 for b = 1 > 2d/(d + 2 (k + &) ) and obtain that the
series Znezd|cn(f )| is convergent. Thus, we conclude by [40, thm. 4.7] that the

Fourier series Ff converges to f uniformly on T¢. For x € T¢ and Q@ C Z4, we
obtain

|f<x>—Fgf(x>|=\Zcn<f>ei<"*">—Zc,,u?)e“""‘> < Y fea(He™.

neZd neQ neZd\Q

Theorem 5.6 now directly yields the second statement. O

We prove explicit bounds on the speed of convergence for the special cases of
rectangular and circular partial Fourier sums [26, p. 7 f.]. The proof of the following
technical lemma, which is based on [23, Thm. 3.2.16], is found in Appendix A.

Lemma5.10 Letk e No,0 <@ < 1,and g € Ck’“(Td). Then, we have for all £ € Ny

d_
3 lea(g)] = 29 ab e o (37000) o )

neZd 2t <|n|<2¢+!

Theorem 5.11 Letk € Ny, 0 < o < 1 such that2 (k + «) > d and let [ € cke (VD).
We define the circular partial DFS Fourier sums Kj, f:=Sgq, f, h € N, associated
with Qp = {n € Q¢ | |n| < h}. It holds that

d_p_
1Lf =K Fllcan < Maare I fllchaqn 72754 @7)

where

d
27+k+1—\_0lj dk+2 o (k d)H!
My aai= _ kA ikt d 2 (48)
(1 =227k (@’ — 1)

and Ml,l,o,a:zﬁﬂ‘” 7%/(1 — 2%_“). Here, | -| denotes rounding down to an integer.

Proof By Theorem 5.9, we can bound the left-hand-side by the sum over the remaining
Fourier coefficients. We observe that M(2;,) = {n € 74 | In| < h, rpa # 0}. This
yields

o
“f - th”C(M) = Z |Cn(f)’ = Z Z |Cn(f)’
neZ4, \n|>h {=|log, h] nezd, 2t<|n|<2t+!

Ifa < 1,weapply Theorem4.2toget f € CK%(T¢) and thus we obtain by Lemma 5.10
that

o0

||f _ th”C(M) < nd—a dk+% 7 |f|ck,a(Td) Z 2K<%*(k+a)).
{=|log, h|
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Since d/2 — (k + o) < 0 and olloga hl > py /2, we can evaluate the geometric sum

o0 ) loga hi(§—k—a)  skta—? ;4 —k—a
Z 2K<7*(k+oz)) _ 2 _ < 2 h?
t=[log, h) I 2327k 128k

Theorem 4.3 yields that, if k+d’ > 2, we have | fcka(pe) < 2+/d <’;,+dl§§ I1f ek s

and, if k +d’ = 1, we have |f|c0a(’ﬂ‘1 Il £ Il co.e vy - Thus, we overall obtain (47). In
the case of @« = 1, we use Theorem 4.2 to deduce f e Ch1=5(T9) forany 0 < ¢ < 1.
Choosing ¢ small enough, we have d/2 —k — 1 4+ ¢ < 0 and obtain, by the same
arguments as before, that

ok+1—e—§ j4—k—1+e

d—(1—e) jk+3 _1—¢| F
|/ =Kt lleqn =270 d™ 20 Flesie oy =—— 2 Ik—1+e

By (19), we have | flex.1-c(pa) < V/d ’;,,*"1): I f ikt ifk+d' > 2andifk+d' =

we have | f |co.1- —e(rly < < 2| flleo. LMD - Since the rest of the expression on the r1ght-
hand-side of the last inequality is continuous in &, we can pass to the limit ¢ — 1 and
finally obtain (47) fora = 1. O

Remark 5.12 An analogue to Theorem 5.11 still holds for the rectangular partial
Fourier sums Sq, f, h € N, associated with Q@ = {n € Qy | |nll < h}. In
Appendix A, we show that in this situation, the bound (46) and therefore the constant
in (48) for k + d’ > 2 can be improved to

5HkHI=lal g o (k+d)'
(1 — 25 k=ay (@ — 1!

rect _
Md,d’,k,a -

6 The DFS method for specific manifolds
We present some application examples of the general DFS method. Furthermore, the

DFS methods on the disk, ball, and cylinder from the literature are reviewed in the
context of our generalized description, where we can now state the DFS basis functions.

6.1 The interval

A “toy example” of our general framework is the following generalized DFS method
on the one-dimensional manifold M = [—1, 1] C R. We can easily show that

¢r-1.1: T' — [~1, 1], x > cosx (49)

is a generalized DFS transform of M with symmetry number p = 1 and symmetry
function sl(x) = —x, x € T!. Restricted to D :=[0, 7], the map ¢ 1j is bijective
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with its continuous inverse given by the arccosine. The derivative Ve_1 1(x) =
sin(x) is non-zero in D} = (0, 7). We set Dy:=0.

We have M(n) = {n,—n} and N'(n) = 0 for all n € Z, thus we can set
Q(—1,11:=Np. For n € Ny and £ € [—1, 1], we obtain by Definition 5.5 that

. ginarccoss | o—inarccosé — o (£ p #0
bn(§) = en((¢[—1,11|[o,n]) (5)) - {eiOarccosE = Ty(%), n=0.

Here, T,, denotes the nth Chebyshev polynomial of the first kind defined by
T, (&):=cos(n arccos &), Eel[-1,1].

Asin Theorem 5.7, the transform ¢[_1 1) induces a weighted Hilbert space Zz(— 1, 1),
where the inner product of fi, f> € L2(—1, 1) is given by

i Ry cn= / fl(é)h(s)

— | A A = (fi, f .
Jioe - F1(0) 2(0)dx = (f1, f2) 1,1y
The Chebyshev polynomials 7, n € No, form an orthogonal basis of this space. The
nth partial Chebyshev expansion of f € L(—1, 1) coincides with the DFS Fourier
sum Syo,....n) f forall n € Np.

Remark 6.1 Our framework of generalized DFS methods of a d-dimensional manifold
M relies on transforming a function from M to T¢ and subsequently expanding it with a
Fourier series. In contrast, some DFS-like methods discussed in the literature, namely
for the unit disk [50], the cylinder [19], and the ball [3], use coverings where some
variables are on the interval [—1, 1] instead of the torus T'. This also fits into our
approach, since the connection between the one-dimensional Chebyshev series and
a DFS Fourier series easily extends to the multivariate case, where we get mixed
Fourier—Chebyshev series.

6.2 The hyperball
We define the d-dimensional closed unit ball
BY:={u € R? | [|u| < 1}.

Let d > 2. A parameterization of B is given by the spherical coordinates

' | pcos(r; )]_[z_l1 sin(Ag), j <d
E(p.2) = (&(p, l))j o §ilp.d) = P Z 1ISH1(M) i—d

for p € [0,1] and A € [O, 71972 x [-7, 7). Extending the domain of the angular
variables A, j € [d — 2], to [, 7] and substituting the radial variable p by cos x1,
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we obtain a generalized DFS transform ¢pa of B“. For j € [d], the jth component of
¢pa in x € T is given by

‘_ cos(xl)cos(x]url)I—[i,‘:2 sin(xy), j<d
(¢Bd (x))j._ {cos(xl) ]_[?:2 sin(xy), j=d. (50)

We check the requirements of Definition 3.1 for ¢gs. The smoothness properties of
¢pa are obvious. The symmetry number is p = d and symmetry functions are given
by

sl(x) = (—X1,X2, ..., X4), X € ’]I‘d,
s2(x) = (x; + 7, X2 + 7T, X3, ooy Xa), xeT?, (51)
sl(x) = (x]5""xl'72a_xi717xi +7Taxi+]""axd)9 X ETd? 3 S l Ed'

These symmetry functions together with the sets

D1 =1[0,7/2) x (0, 7)? 72 x (=7, 7],
d—1

Dy = J (10.7/2) x (0.7)77% x (0.7} x (0}~ ) U {/2) x {0},
j=2

understood as subsets of T¢ via the canonical identification of points in R¢ with their
equivalence classes in T, satisfy (i) to (iv) in Definition 3.1. To show (iii), we note
that the arccosine is continuous and for x € Dp, we have cos(x1) = ||¢]Bd (x) || # 0
as well as sin(x¢) # O forall £ € {2, .., d — 1}. Therefore, (50) yields for x € D and
Jj € [d — 1] that

(¢Bd (x))j

cos(xq) ]_[fzz sin(xg)

(#5:(x)),

d—1 _. ’
cos(x1) nezz sin(xg)

cos(xjy1) = and sin(xy) =

which inductively implies that the inverse of ¢pa | Dy is continuous. Furthermore, we
have |det Vgpa (x)| = sin(xy) cos?=1(x)) I—[‘j?;; sind_/(xj) # 0 for x € D7, which
is (iv). For n € Z% we have

M) = {m e 7| mj ==n;jfor j <dandmy = ng},
N'(n) = 0,N*(n) = nj 4+ ny, and N’ (n) = n; forall 3 < i < d. Since the reflections
M" act on pairwise disjoint sets variables, we observe that r, , = 0 if and only if
N'(n) is odd for some i € [d] with M'(r) = n, i.e., if and only if n; + ny is odd or

ni—1 = 0 and n; is odd for some 3 < i < d. We define

QBd::{n € Ng_l X 7Z | ny+noisevenand (n;—; #0Qorn;isevenforall 3 <i < d)}.
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Letn € Qpa. We set I,:={i € {3,....d} | ni—1 # 0} and Jp:=I, if n; = 0 and
Jn:=I, U {1} otherwise. Then the map I +— M/ (n) is bijective from J, into M(n).
By (28), we have r,, \j1 ;) = (—DON'® ., forall I C [d]. Since N!(n) = 0, this
yields for I C I, that

1 .
Tn MV (n) = Tn M (n) = (_1)N ) — 1_[(_1)"1'

iel
Furthermore, for x € T¢ and j € [d — 1], it holds that

Q% (1Yt e = 2cos(njx;), njyqiseven
2i sin(njxj), nj+1 is odd.

Overall, we obtain by (35) the basis function

en(x) = Z Vn,m ei(m’x> = Z rn’MI(n) ei(M’(ﬂ),x>

meM(n) I1CJn
ingxg —inyxg . . .
= Z L 1_[ elfti—1%i-1 H(_l)ni e Mi-1%i-1) glldXd
I+ # T, —#y
I1Cly iel,\I iel

elmx1 | g=inix

- ' injx; 1Vl a—injiX; ingxq
Y+ Iy —# Ty ( l_[ (e + (=D e ))e

2<j=<d-1
n;#0
= 2% cos(n1x1)< 1_[ cos(njxj)) ( 1_[ isin(njxj)) eltaxd,
2<j<d-1 2<j=<d-1
n;j#0 n;j#0
nji1even nji1odd

Let p € [0, 1], 1 € [0, 71972 x [—7, ] such that (arccos(p), L) € Dy U D;. For
n € Qpa, we obtain from the definition of b, in (41) that

bu(§(p, 1)) = 2HSI20T, (o) (T cos(nj410) ) ( [TisinGr 1)) e,

Jj€ld=2] Jj€ld=2]
nj4170 njy170
nji2 even nj42 odd

For the special cases of d € {2, 3}, DFS methods of B4 already exist in the literature.
In the following, we discuss their connection to our general framework in more detail.
The disk The unit disk D:=B? can be parameterized by the polar coordinates

E(p, 1) = (pcosh, psinr),  (p,A) €[0,1] x T".
The map & is 277 -periodic in the angular variable A, thus a series expansion of a function

on the unit disk can be realized directly by a shifted Chebyshev—Fourier expansion in
polar coordinates, cf. [5, sect. 18.5]. In 1995, Fornberg [18] presented an alternative
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/2

—/2

i & r B
-7 —7/2 0 /2 T -7 —7/2 0 w/2 T

Fig. 2 Top left: A disk-shaped section f (&) of the Mona Lisa. Bottom left: f(£(p, 1)) in extended polar
coordinates. Right: DFS function f o ¢p(x)

approach; to eliminate the boundary at p = 0 via extending the domain of the radius
p to [—1, 1]. The resulting extended polar coordinates act on [—1, 1] x T! and cover
the disk twice. A DFS-like method of the disk consists of transforming functions to
the extended polar coordinates and subsequently expanding them via a Chebyshev—
Fourier series, see [50]. Substituting (o, A) = (cos x1, xp) with (x1, x2) € T2 yields
the DFS transform ¢p from (50). This substitution changes the symmetry structure:
¢p covers the disk four times instead of twice and satisfies

op(x1,x2) = ¢p(—x1,x2) = ¢p(x1 + 7, %2 +7),  (x1,x2) € T2,

which agrees with the symmetry functions from (51). This is illustrated in Fig. 2.
Letn € Qp:={n € Ny x Z | n1 + ny is even}. For (p,A) € (0, 1] x [—-7, 7] U
{(0, 0)}, we have

1, ni =0
_ Anon
bu(§(p, 1)) = e {2 Tay(p), n1#0.

The ball The three-dimensional ball B? is parameterized by the spherical coordinates

E(p,0,1) = (pcosh, pcosAsing, psinisind), (p,0,1) €[0,1] x [0, 7] x [—m, 7].

Extending the domain of the radius p to [—1, 1] and the polar angle 6 to [—m, 7],
we obtain so-called extended spherical coordinates. Functions defined on the ball
and represented in these extended spherical coordinates can then be expanded into
Chebyshev—Fourier—Fourier series, cf. [3]. The DFS transform ¢pg3 from (50) is
obtained by substituting (p, 6, A) = (cos x1, x2, x3) with (x1, x2, x3) € T3 thus cov-
ering the ball eight times.
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Let(p1 07)") € (Os l]X(O,?T)X[—JT,T[],Or(,O, 91)\) = (01 07 0),Or,0 € (Os 1]39 €
{0,7}andA = 0.Forn € Qps = {n € N(Z)XZ | n1+no is even and n3 is even if ny =
0}, we have

bn(g(p 9 )\()) — 2#{]6[2”)’!17&0} Tn (p) ein3)‘ COS(”Z@), njy is even
T ! i sin(ny0), n3isodd.

6.3 The hypersphere
We define the d-dimensional unit sphere
Shi={u e R™" | lull = 1,

which is a smooth submanifold of R? with d’ = d + 1. This subset of the ball B+!
can be parameterized by restricting the (d + 1)-dimensional spherical coordinates to
o = 1. A DFS transform of S? is obtained by restricting the DFS transform PR+
from (50) to x; = arccos(1) =0, i.e.,

Psa : ™ — C, x = ¢pa+1(0, x).
One can easily show that the DFS smoothness and symmetry properties of ¢pa+1
transfer to ¢ga, hence ¢ga is a DFS transform of S? with symmetry number p = d — 1.
By a similar derivation as for the DFS method of B+ in Sect. 6.2, we can set

Qga:={n € Ng_l X Z | ni # 0orn;4; even, foralli < d}

and we obtain for all n € Qgs and A € Dy U D5 that

bn(£(0, 1)) = 2#UEld=11in;#0) ( I1 Cos(n.,-)»j)> ( [Ti sin(n.,-)»j)> elniha

jeld—1] jeld—1]
nj;éO nj;éO
nj41 even nj4+1 odd
where
d—1
Dy =00 x (-mxl, Dr=J (0.7 x (0.7} x (037,
j=1

The classical DFS method for the case d = 2 was already discussed in the introduction.
Numerical experiments validating the proven convergence rates can be found in [33].

6.4 Product manifolds

Let ¢1 and ¢; be generalized DFS transforms of some d; -dimensional manifold M; C
R4 and some d-dimensional manifold M, C R, respectively. It is not hard to verify
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that
¢: TN x T% — My x My, x = (x1,X2) — ¢p(x) = ($1(x1), p2(x2))

defines a generalized DFS transform of the product manifold M; x M, C R+
The smoothness properties are straightforward and the symmetry properties are as
follows: For ¢ € {1, 2}, let p; denote the symmetry number, sé, i € [p¢] the symmetry
functions, and Df and Dﬁ the subsets from Definition 3.1 with respect to ¢¢. Then, for
¢, we have the sets Dy:=D| x D} and Dy:=(D{ x D3) U (D} x D}) U (D} x D3),
the symmetry number p; + p», and symmetry functions s*, i € [p; + p2], can be
chosen as

. sh(x ,X2), 1 <
st T x T2 5 T x T (x1, x2) > (51 1i)_p12) ‘_pl
(x1.85 "'(x2)), i>p1.

Setting Qy:=84, x Qg,, simple calculations yield for all n = (n, ny) € Q4 and
that

bu(§) = bn(§1) bny(§2), & = (§1.8) € M x M.

The cylinder An application of this product structure is the cylinder C:=D x [—1, 1],
where a DFS-like method was already derived in [19]. Combining our results on the
disk D and the interval [—1, 1] from the previous subsections, we see that

pc: T x T! — C, (x1,x2) = (@p(x1), P—1.1](x2))

is a DFS transform of C with symmetry number 3. For (x1, x3, x3) € T = T2 x T,
the product symmetry structure yields

@c(x1, x2, x3) = pc(—x1, X2, x3) = Pc(x1 + 7, x2 + 7T, X3) = Pc(x], X2, —Xx3).

Letn € Qc:=Qp x Ng = {n € Ng x Z x Ny | n1 + np is even}. In cylindrical
coordinates, we have for all (p, A,z) € (0,1] x [—m, 7] x [—1, 1] as well as for
(p,A) =1(0,0) and z € [—1, 1] that

bu(pcosh, psink, g) = 2HISLIIZOL T (o) eimh T, (7). (52)

Note that [19] considers the ordinary Chebyshev—Fourier—Chebyshev basis func-
tions T}, (p) eglnat Ty, (z) foralln € Ny x Z x Ny, whereas our DFS basis b, in (52)
contains only elements n € Q¢ since we eliminated redundancies caused by the DFS
symmetry. However, the low-rank approximation of the Fourier coefficients in [19]
also implicitly takes care of this symmetry. Similar observations also hold in the cases
of the disk and the ball in Sect. 6.2.
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6.5 The rotation group
The three-dimensional rotation group

SO3):={A € R¥3 | det(A) = 1 and A~! = AT}
can be parametrized by the Euler angles

(@ B,7) = RA(@)Ry(BR,(y), (. B,y) €T x[0,7] x T,

where
cosd —sinf 0 cosf O sind
R.(0):=|sind cos® 0], Ry@=[ 0 1 0 |, #eT!
0 0 1 —sind 0 cosf

describe rotations around the z-axis and the y-axis, respectively. Different conventions
regarding the choice and order of rotational axes exist, here we employ the zyz-
convention, cf. [42, p. 4]. The authors are not aware of any DFS method being used in
the literature to approximate functions on SO(3). However, extending the domain of
the second Euler angle g yields a generalized DFS transform of SO(3) that fits within
our framework. Because Definition 3.1 requires a submanifold of a Euclidean space,
we employ the canonical column-wise embedding

3.3 3 9
R™>"5 A = (aj); j=1 > (ai1, a2, a31, a1z, an, axn, a13, a23, a33) € R,

which is an isometric isomorphism from R3*3 equipped with the Frobenius norm to
@R, [I-ID. We define a generalized DFS transform of SO(3) by

$s0() (X): =R, (x1)Ry(x2)R;(x3) e R =R%,  x eT°.

We need to verify that ¢so(3) satisfies the smoothness properties of a DFS transform.
Explicit calculation of the matrix product R;(x1)Ry(x2) R;(x3) and component-wise
taking of partial derivatives shows that forall u € N (3) and £ € [9] the partial derivative
D" ¢y exists, where ¢, denotes the £th component of ¢so3). Letx = (x1, x2, x3) € T3.
Up to translations and interchange of the variables, D* ¢, is either a product of cosines,
which is uniformly bounded by 1, or of the form

D*¢;(x) = cos(x1) cos(x2) cos(x3) + sin(x) sin(x3).

In the latter case, if sgn (cos(x) cos(x3)) = sgn (sin(x;) sin(x3)), we have by the
triangle inequality and the angle subtraction formula that

D¢y (x)| < lcos(xa)| |cos(x1) cos(x3)| + Isin(x1) sin(x3)]

< |cos(x1) cos(x3)| + [sin(xy) sin(x3)]
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= |cos(x1) cos(x3) + sin(xy) sin(x3)| = [cos(x; — x3)| < 1.
Otherwise, we apply the previous argument to (—x1, x2 + 7, x3) and obtain
DR (x1, x2, x3)| = [-D*¢y(—x1, 32 + 7, x3)| < 1.
This proves (5), i.e., ¢so(3) satisfies the smoothness properties of a DFS transform.
One can also show that ¢)so(3) satisfies the symmetry properties of a DFS transform
with symmetry number p = 1, symmetry function

sh(xr, x2, x3) = (01 + 7, —x2, x3 + ), x = (x1, x2, x3) € T°,

and the subsets D:=(—m, 7] x (0, 7) X (—m, ] and Dy:=(—m, w] x {0, 7} x {0}.
For n € 73, we have N' (n) = ny 4+ n3 and M(n) = {n, (n1, —n», n3)}. We set

Qs03):={n € Z x Ny x Z | np # 0 or n| 4 n3 even}.
Let («, B, ¥) € D1 U D;. Then, the function by, n € Qs03), is given by

1, np, =0
bu(R:(@)Ry(B)R:(y)) = €™ "™ 12 cos(naf), na # 0, ny +n3 even
2isin(nyB), ny #0, ny + n3 odd.

A: Appendix
Proof Lemma 4.1 This is a generalization of the proof of [33, lem. 4.1] to higher dimen-

sions. The claim of the lemma clearly holds for § = 0 and all k. If 8 = e” for some
p € [d], where e” denotes the pth unit vector, we can apply the chain rule to get

d
Df(goh)=D"(goh) =Y (Dezg o h) D¢ hy,
=1
so the claim holds for all k¥ € N with

d\ @ +k=D)!
@—-N0 - @d-n

n=d =

For k > 1 and |B| > 1, we proceed inductively: Let BT = B +e” € B,f for some
peldland B € B,f_l. Assume that

n m;
DF(goh) = (D¥igoh) [[D*ih,.

i=1 j=1
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for some constants that satisfy (14) to (18) for k — 1. Since g and / are k-times con-
tinuously differentiable, their composition is also k-times continuously differentiable
and, by the product rule, we have

m;
Df (goh) =D (Dﬁ(g o h)) = Xn:De” ( ©"gon) I D“ifhzfj)
i=1 j=1

m; n

mi
_ iDeﬁ (Dyig oh) l_IDlLijhlij +Z (D}'ig o h) Dep<1—[Dﬂijhl;j> .

i=1 j=1 i=1 j=1

=A =B

Since by our assumptions D?i g and & are continuously differentiable for all i, we can
apply the chain rule to each summand of A and get

mj m;

n n d
A= ZDBP (D}’ig o h) l_[ D’Lijhgij = Z Z (De“ryig o h) De’)hg H D”‘fjhgl.j.

i=1 j=1 i=1{¢=1 j=1

Similarly, we know that D#ijh ¢;; 1s continuously differentiable for all / and j and
thus, we can simplify B by applying the product rule. This yields

m; m;

n noomi
B=Y(D?goh) D ( I1 D’Lifhg,j) =Y "> (D¥igoh) D" *irhy, []Dihy,.

i=1 j=1 i=1r=1 j=1
J#r

We combine the resulting sums and relabel the constants to obtain

+
nt m

D (gomy =Y (D"+ig o h) I1 D"ﬁhg?j,

i=1 j=1

where for all i™ € [n*]and j* € [m;’;] there existi € [n], j € [m;], and £ € [d']
such that

vi=e+yioyl =y e v <k
mlﬂ=1+miorm:§=mi ﬁ m:Cr <k,
pi e =€l wlhoo= e or o = eP + = ‘u,tﬁ <k,
G =tijor =10 TS e € ld'],
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and by (14), we have

n d mi ! _
n+=2(21+21):n<d/+r}1§1xmi> gn(d’+(k—1))§%.

i=1 (=1 r=1
Thus, we have found constants that satisfy (13) to (18) for 7 and k. O

Proof of Lemma 5.10 We closely follow the proof of [23, thm. 3.2.16]. We replicate
the proof here for the convenience of the reader as [23] does not explicitly provide the
constant and also uses different conventions. In particular, they work with 1-periodic
functions and with the Euclidean norm of multi-indices, as opposed to 2 -periodic
functions and the £{-norm as in our work; this makes some small adjustments in the
proof necessary. By the Cauchy-Schwarz inequality, we obtain

2

> lea(@)l ]| < > 12 > len ()17

neZd 2¢<|n|<2t+! neZd 2¢<|n|<2t+! neZd 2tl<|n|<2t+!

We write ||1]| := SUP je(q] |n(,~ | For the first factor, it holds that

Z 12<#nezé||n| <2y <#{n e 7| |n||o <2°F!} < 28d+24,

neZd, 2t <|n|<2tt!

Clearly, the same bound holds when summing over {r € Z¢ | 2¢ < ||n|l, < 2¢F'}.
Next, we show an estimate on the second factor. Let n € Z¢ with 2¢ < n| < 20+

We choose j € [d] such that |n| = |[r]ls. We thus have 0 < Zd—( < k’;—' < |nj| =

In| < 241 Itis true that |e" — 1| > 2 |¢| forall —7 < ¢ < . Therefore, we obtain

1

Y 2 i M 2 |(mn;
el("’zz+le]>— 1‘ = |2 — 1‘ > = ‘2£—+Jl - (53)

1

E

Now, we can bound the second factor as follows

d
> len@P <> > len ()1

neZd 2t<|n|<2t+1 =l nezd, 2t <|n|<2t+!
|nj|=lnlls
d |2k
sy )
53) J=1nezd 2t <|n|<2t+!

|nj =l

ei(n,#ﬂ) - 1‘2 [cn (g)|2 |nj %
;]

The factor d> on the right-hand side can be omitted when substituting || o for
|n| everywhere, since then (53) can correspondingly be estimated by 1. Using the
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differentiation identity ¢, (D¥¢' g) = (in ;) ca(g), cf. [40, p. 162], and the inequality
1

T < ;—e, we further estimate
J

g2+ 4
<
ST DD
J=lnezd 2t <|n|<2t!
[nj|=lnllo

57

If we replace |n| by ||, we can again eliminate the powers of d in the estimate.
Applying the translation identity e!™*) ¢, (g) = ¢, (g(~+x)), x € R?, cf. [40, p. 162],
and the linearity of Fourier coefficients, we obtain

d2k+2

d
fwzz

J=1nezd

i b4 . i 2
en (D1 (++ 757 ¢') = D's)[

Finally, we get by the Parseval identity [40, thm. 4.5]

d
— j T . j 2
— g2k+2 92tk HDkef ('—i- e]) _ Dke
; § 20+1 § Ly(Td)
2k+2 H—20k B2 T 2«
=4 ? I Izlllfk |D g|C°‘(T") |2£+1 |
<?k+3 9 =20k=2a(t+1) [ 20 |g|ék,a(w) .
Overall, this yields
_ 3 (4 —k
> len (9)] <297%d* 2 %2 (3-t+) gl ¢k (Ta) -

neZd, 2 <|n|<2t+1

For rectangular dyadic sums in Remark 5.12, we analogously obtain

d
d—a ;1 L 5—(k+a)
> len () <297 d2 7% 2 (5 ) |glcka Ty -
neZd 20 <||n| oo <2¢+!
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