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Finding forced waiting conditions 

3 7 

Is ( { 1,2}, 7) always implied by the given sy stem 'W? 

2 7 

An algorithm f or finding f orced waiting conditions 

• Input: Jobs V, feasible waiting conditions 'W, set U c V 

• Output: A list L of jobs 

List L := [] 
while (there is ajob iE V\U that is not a waitingjob in 'W) 

begin 
insert i at the end of L 
if (some waiting condition (X,j) becomes satisfied) 

delete (X,j) from 'W 
end 

return L 

"'b( X>.c.._s7 
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First example 

U= {2, 3} 

L = [ 1, ] 

First example 

U= {2, 3} 

3 

2 7 

L = [ 1, ] => termination 

Claim: Every job not in Lu Uwaits for U= {2, 3} 
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Second example 

U= {2} 

7 

L = [ 1, ] 

Second example 

U= {2} 

2 7 

L= [ 1,3, ] 



Second example 

U= {2} 

L=[l,3,4, 

Second example 

U= {2} 

5 

I----=---' w, --·>· .6 

L=[l,3,4, ] :=::} termination with L = [ 1, 3, 4, 5, 7] 

Claim: 6 waits for U= {2} 



Correctness of the algorithm 

( U,j) is a forced wai ting condi tion <=> j .e L ( &nd e U) 
,_,_: - ___ :/. , 

Key lemma: 

There is a linear of 'W starting with all j obs j 
for which (U,j) is not a forced. waiting condition. 

==> only U and forced waitingjobs are not in L 
at termination of the algorithm 

Proof of key lemma (by contradiction) 

• o • is / is bot in a forced waiting condition with U / is in U 
. maximal initialsegmentSofgreenjobs --

must be blue _j k 
k green there is a linear-r-ea-h-. 

must be green · 
r °' R t k 

j first greenjob not in S ==> cannot occur here 

==> there is a wai ting condi tion (X, j) with X is after S in R' 
==> there is some iE X before j in R 
but all jobs before j in R are in S ==> contradicti on 

1(1 
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A Dijksta-like algorithm for positive arc weights 

Assume w.l.o.g that dwj = 0 (only one outgoing arc per OR node) 
and that waiting conditions are feasible 

set sj := 0 if there is no (w,j) EA 
for OR nodes w Eout(j ), set Sw= min{Sj+ djw 1 (j, w) EA} 

Sw t\!) 

A Dijksta-like algorithm for positive arc weights 

2 

1 
r Uvt '<AOr:Jr&.eJ 

choose OR-node w = (X,j) with rninirnum Sw and rnark w 

reduce indegree ofj by 1 
if indegree(j ) = 0 then 

set sj := rnax{Sw 1 (w,j) EA} 
for unrnarked OR nodes w E out(j ), set Sw= rnin{Sj+ djw 1 (j, w) EA} 

w 
lMOt r k 

--+---) 
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A Dijksta-like algorithm f or positive arc weights 

choose OR-node w = (X,j) with minimum Sw and mark w 
reduce indegree ofj by 1 
if indegree(j ) = 0 then 

set Sj := max{Sw 1 (w,j) EA} 
for unmarked QR nodes w E out( j ), set Sw = min { Sj + djw 1 (j, w) E A} 
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Some first observations 

jE V AND node: Si ;::: [ Sw + dwj] 
(w,j)EA 

wE 'W ORnode: s > · [s +d ] w - :mm j jw 
(j,W)EA 

} min-max system 

(oo, oo, ... , oo) ; (S1 ,„ ., S11) and (T1 ,„ ., T11) solutions 
· is a sol ution =::} (min{S1, T1 },„., min{S11, T11 }) solution 

+ There a Unique minimal solutfon S 2: 0 
, ' ' ., .. ·. :·· . " 

+ Problem is feasible iffevery < oo 

+ There is a unique maximal of jobs 

/ 
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Certificate for SOL V ABILITY E NP 

Any feasible schedule S = (S1 , ••• , Sn) is a certificate 
for SOLVABILITY E NP 

Certificate for SOL V ABILITY E coNP 

Let S = (S1 , ••• , Sn) be the unique minimal solution (maybe with oo) 

For every AND nodej, 
one can delete 
all but one incoming arcs 
without changing __J 

Then every cycle has non-negative length 

Relaxing in every AND-node 
==>relaxed problem with only min inequalities ("' OR nodes) 
==> can check Sj > K by shortest path algorithms in polynomial time 
==> relaxed problem is certificate for SOLVABILITY E coNP 
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Complexity of checking solvability 

A schedule and a tightened subproblem are polynomially 
checkable certificates for membership in NP and coNP 

SOLVABILITY E NP n coNP 
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