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Abstract

We study linear dissipative Hamiltonian (DH) systems with real constant coeflicients
that arise in energy based modeling of dynamical systems. In this paper we analyze
when such a system is on the boundary of the region of asymptotic stability, i.e., when it
has purely imaginary eigenvalues, or how much the dissipation term has to be perturbed
to be on this boundary. For unstructured systems the explicit construction of the real
distance to instability (real stability radius) has been a challenging problem. In this paper,
we analyze this real distance under different structured perturbations to the dissipation
term that preserve the DH structure and we derive explicit formulas for this distance in
terms of low rank perturbations. We also show (via numerical examples) that under real
structured perturbations to the dissipation the asymptotical stability of a DH system is
much more robust than for unstructured perturbations.

Dissipative Hamiltonian system, port-Hamiltonian system, real distance to instability, real
structured distance to instability, restricted real distance to instability.
AMS subject classification. 93D20, 93D09, 65F15, 15A21, 65L80, 65105, 34A30.

1 Introduction

In this paper we study linear time-invariant systems with real coefficients. When a physical
system is energy preserving, then a mathematical model should reflect this property and
this is characterized by the property of the system being Hamiltonian. If energy dissipates
from the system then it becomes a dissipative Hamiltonian (DH) system, which in the linear
time-invariant case can be expressed as

& =(J - R)Qz, (1.1)

where the function z — 27 Qz, with Q = Q7 € R™" positive definite, describes the energy
of the system, J = —JT € R™" is the structure matriz that describes the energy flux among
energy storage elements, and R € R®" with R = R” > 0 is the dissipation matriz that
describes energy dissipation in the system.

Dissipative Hamiltonian systems are special cases of port-Hamiltonian systems, which
recently have received at lot attention in energy based modeling, see, e.g., [3, 8, 19, 21, 22,
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26, 25, 27, 28, 29]. An important property of DH systems is that they are stable, which in the
time-invariant case can be characterized by the property that all eigenvalues of A = (J — R)Q
are contained in the closed left half complex plane and all eigenvalues on the imaginary axis
are semisimple, see, e.g. [20] for a simple proof which immediately carries over to the real case
discussed here.

For general unstructured systems & = Ax, if A has purely imaginary eigenvalues, then
arbitrarily small perturbations (arising e.g. from linearization errors, discretization errors, or
data uncertainties) may move eigenvalues into the right half plane and thus make the system
unstable. So stability of the system can only be guaranteed when the system has a reasonable
distance to instability, see [2, 5, 11, 12, 14, 31], and the discussion below.

When the coefficients of the system are real and it is clear that the perturbations are
real as well, then the complex distance to instability is not the right measure, since typically
the distance to instability under real perturbations is larger than the complex distance. A
formula for the real distance under general perturbations was derived in the ground-breaking
paper [23]. The computation of this real distance to instability (or real stability radius) is an
important topic in many applications, see e.g. [10, 17, 18, 24, 30, 32].

In this paper, we study the distance to instability under real (structure preserving) pertur-
bations for DH systems and we restrict ourselves to the case that only the dissipation matrix
R is perturbed, because this is the part of the model that is usually most uncertain, due to
the fact that modeling damping or friction is extremely difficult, see [10] and Example 1.1
below. Furthermore, the analysis of the perturbations in the matrices @, J is not completely
clear at this stage.

Since DH systems are stable, it is clear that perturbations that preserve the DH structure
also preserve the stability. However, DH systems may not be asymptotically stable, since they
may have purely imaginary eigenvalues, which happens e.g. when the dissipation matrix R
vanishes. So in the case of DH systems, we discuss when the system is robustly asymptotically
stable, i.e. small real and structure-preserving perturbations Ag to the coefficient matrix R
keep the system asymptotically stable, and we determine the smallest perturbations that
move the system to the boundary of the set of asymptotically stable systems. Motivated from
an application in the area of disk brake squeal, we consider restricted structure-preserving
perturbations of the form Ar = BABT, where B € R™" is a so-called restriction matriz of
full column rank. This restriction allows the consideration of perturbations that only affect
selected parts of the matrix R. (We mention that perturbations of the form BABT should
be called structured perturbations by the convention following [13], but we prefer the term
restricted here, because of the danger of confusion with the term structure-preserving for
perturbations that preserve the DH structure.)

Example 1.1 The finite element analysis of disk brake squeal [10] leads to large scale differ-
ential equations of the form

MG+ (D+G)¢+ (K +N)g=f,

where M = MT > 0 is the mass matrix, D = DT > 0 models material and friction induced
damping, G = —GT models gyroscopic effects, K = K7 > 0 models the stiffness, and N
is a nonsymmetric matrix modeling circulatory effects. Here ¢ denotes the derivative with
respect to time. An appropriate first order formulation is associated with the linear system



2= (J — R)Qz, where

N G K+ 1IN [ b iN (M o077

This system is in general not a DH system, since for N # 0 the matrix R is indefinite. But
since brake squeal is associated with the eigenvalues in the right half plane, it is an important
question for which perturbations the system is stable. This instability can be associated with
the restricted indefinite perturbation matrix

_[Do 0 1IN
R+AR.—[O 0:|+[%NH 0},

and this matrix underlies further restrictions, since only a small part of the finite elements is
associated with the brake pad and thus the perturbations in N are restricted to the coefficients
associated with these finite elements.

In the following || - || denotes the spectral norm of a vector or a matrix while || - || » denotes
the Frobenius norm of a matrix. By A(A) we denote the spectrum of a matrix A € R™", where
R™" is the set of real n x r matrices, with the special case R® = R™!. For 4 = AT € R™",
we use the notation A > 0 and A < 0 if A is positive or negative semidefinite, respectively,
and A > 0 if A is positive definite. The Moore-Penrose of a matrix R™" is denoted by AT, see
e.g. 9].

The paper is organized as follows. In Section 2 we study mapping theorems that are
needed to construct the minimal perturbations. The stability radii for DH systems under
perturbations in the dissipation matrix is studied in Section 3 and the results are illustrated
with numerical examples in Section 4.

2 Mapping Theorems

As in the complex case that was treated in [20], the main tool in the computation of stability
radii for real DH systems will be minimal norm solutions to structured mapping problems.
To construct such mappings in the case of real matrices, and to deal with pairs of complex
conjugate eigenvalues and their eigenvectors, we will need general mapping theorems for maps
that map several real vectors x1, ..., x, to vectors yi, . .., ym. We will first study the complex
case and then use these results to construct corresponding mappings in the real case.

For given X € C™P, Y € C™P, Z € C™*, and W € C™*, the general mapping problem,
see [16], asks under which conditions on X, Y, Z, and W the set

S={AeC"|AX =Y, A"Z =W}

is non-empty, and if it is, then to construct the minimal spectral or Frobenius norm elements
from S. To solve this mapping problem, we will need the following well-known result.

Theorem 2.1 [4] Let A, B,C be given complex matrices of appropriate dimensions. Then
for any positive number p satisfying

o[ 4002 1)
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there exists a complexr matriz D of appropriate dimensions such that

[ 5=
Furthermore, any matriz D satisfying (2.2) is of the form

D=—KA"L + u(I — KK™27(1 — LL7)'/2,
where K = (21— AT A)12BH | [ = (21— AA")=12C and Z is an arbitrary contraction,
ie., | Z] < 1.
Using Theorem 2.1 we obtain the following solution to the general mapping problem.

Theorem 2.2 Let X € C™P, Y € C™P, Z € C™F, and W € C™F. Then the set
S:={AeC" |AX =Y, A"z =W},

is non-empty if and only if XHW =YHZ YXI1X =Y, and WZ1Z = W. If this is the case,
then

S= {YXT +wzh! —wzh" xxt+ (1 - zZHR(1 - xXT) ( Re (C”’m} . (23)
Furthermore, we have the following minimal-norm solutions to the mapping problem AX =Y
and AHZ =W :

1) The matriz
G.=vxt+wzh" - wzh" xxt (2.4)

is the unique matriz from S of minimal Frobenius norm

IGllr = /I XT3 + W 213 — trace(W 21 (W 2D P X XT) = inf || A]lr

2) The minimal spectral norm of elements from S is given by

_ i TR
pi=max {|[Y X', [W2]} = int || A]. (2.5)
Moreover, assume that rank(X) = r1 andrank(Z) =ro. If X = USVH and Z = UsvH
are singular value decompositions of X and Z, respectively, where U = Uy, U] with
Uy € C™"™ and U = [Uy, U] with Uy € C™"™2, then the infimum in (2.5) is attained by
the matrix
F=vxt+wzh" - wzh"xxt + (1 - zzHO,cUH (1 - xX1), (2.6)
where
~ 1 1
C = —-KU{YXYU)L+u(I-KK")?2P(I—-1"1)2,
~ H
K = |1 - (vxh"zz4 (v xhon) 3 (0 v xtoy|

L = (,ﬂ] - (7{1(YXT)(YXT)HI71)_é (ﬁff(WZT)HUz) :

and P is an arbitrary contraction.



Proof. Suppose that S is non-empty. Then there exists A € C™™ such that AX =Y and
A" Z = W. This implies that X#W = YHZ. Using the properties of the Moore-Penrose
pseudoinverse, we have that YXTX = AXXTX = AX =Y and WZ'Z = AHZZ1Z =
Az =w.
Conversely, suppose that X7W = YHZ YX'X =Y, and WZ'Z = W. Then S is
non-empty, since for any C' € C™™ we have
A=vxtywzh - )

WZHY ' XXT4+ (I -2z -XXT) eS.

In particular, this proves the inclusion “O” in (2.3). To prove the other direction “C”, let
X = USVH and Z = USVH be singular value decompositions of X and Z, respectively,
partitioned as in 2), with ¥; € R™" and il € R™"2 being the leading principle submatrices
of ¥ and f], respectively. Let A € § and set

(2.7)

A=t =| 4 g2 .

Agr Ago

where A € Crur2, A € Crim=rz2 A9 € C*" "2 and A9y € C"1™MTT2 . Then HA”F =
| All - and ||A|| = ||A]|. Multiplying UAU¥ X = AX =Y by U from the left, we obtain

[An A12:||:21V1H:|:|:A11 A12}[U1H]X: @H _ Q{{Y
Ao Az 0 Ao Agp Uy’ Ul URY |’
which implies that R R

Ay =UfYyvisT! and Ay =UF YWzt (2.8)

Analogously, multiplying UAHUHZ = AHZ = W from the left by UM, we obtain that

4 10 112 A5 - - 158
A As 0 A Az UH U, Uy W
This implies that

A11 = (i;l)H‘/}IHWHUl and A12 = (i;l)H‘ZHWHUQ. (29)

Equating the two expressions for A;; from (2.8) and (2.9), we obtain
~ e H ~
offyvisi = E)" viwo,

which shows that X”W = YH Z. Furthermore, we get

Uiy xty, oHwzH U,

| Ofyvisyt &) Vs U, 0
Uy Xty Ago

— e 2.10
ufywviz? Aoy (2.10)

Thus, using XU, UH = X1, ZIU,UH = 71, and U, U = XX, we obtain

A = UAUH = 08y Xt Ul + O,08y xto,uH + 0,08 (W zH ! UyUE + Uy AgpUH
— D0y XU (1 - 00y Xt ol + 0,08 (5207 (1 — U0 + Uy AgoUH
= vyxt+wzh" —wzh"xxt + (1 - 22N 0,40,U7 (1 — x X1, (2.11)



1) In view of (2.10) and using that XTU; = 0 and U (Z1)# = 0, we obtain that
2

UHy xtU . o 2
! ! F T WZH Us | + [ Az %

~ 2
Al% = ||A = 2
1AlF = [[Allp H 0y xto,

—~ 2 ~ 2 -~
= [|U*Y XU [ + [UWZNHU || — |UE W ZDH UL + || Asel
= Y X5+ W27 — trace (W2H(W2H " XXT) + Azl

Thus, by setting Az = 0 in (2.11), we obtain a unique element of & which minimizes the
Frobenius norm giving

o A4l = IV X+ [ 2 — e (0 2007 210 x1).
€
2) By definition of u, we have

po= max{ VX', [wz'|}

- ={|

Then it follows that for any A € S, we have ||A|| = ||A| > p with A as in (2.7). By
Theorem 2.1 there exists matrices A € S with ||A]| < y, i.e., infaes [|A|| = p. Furthermore,
by Theorem 2.1 this infimum is attained with a matrix A as in (2.11), where

YXTU1

3 H T H H
Hy xt, ||| H [ UBy xtu, UFwZh) U, ] H}

~ 1 1
Ay = -K (U{I(YXT)HUl) L+ - KK®?P(I - LAL)?,
1 H
K = {(;ﬂ[ - U{I(YXT)HZZT(YX*)Ul) . (UQHYXTUI)} :

L = (MQI—CAI{{(YXT)(YXT)H@)% (OFwzh"vs)

and P is an arbitrary contraction. Hence the assertion follows by setting C' = Agy. O

The special case p = k = 1 of Theorem 2.2 was originally obtained in [15, Theorem 2].
The next result characterizes the Hermitian positive semidefinite matrices that map a given
X € C"™ to a given Y € C™™, and we include the solutions that are minimal with respect
to the spectral or Frobenius norm. This generalizes [20, Theorem 2.3] which only covers the
case m = 1.

Theorem 2.3 Let X, Y € C™™ be such that rank(Y) = m. Define
S={HeC"|H"=H>0,HX=Y}.

Then there exists H = HH > 0 such that HX =Y if and only if X?Y = YHX and
XHY > 0. If this holds, then
H:=vHx) 'vH (2.12)

is well-defined and Hermitian positive-semidefinite, and
S = {I?Jr (In—XXT) KK (In—XXT)‘ Ke@"’”}. (2.13)

Furthermore, we have the following minimal norm solutions to the mapping problem HX =Y :



1) The matriz H from (2.12) is the unique matriz from S with minimal Frobenius norm
min { |H||p | H € S} = |[Y(X"Y)" YH|
2) The minimal spectral norm of elements from S is given by
min { |H|| | H € 8} = |Y(X"y) 'Y

and the minimum is attained for the matriz H from (2.12).

Proof. If H € S, then XY = XA X = (HX) X = Y#X and XHY = XHHX > 0,
since H = H > 0. If X HX were singular, then there would exist a vector v € C™ \ {0}
such that v X# HXv = 0 and, hence, Yv = HXv = 0 (as H > 0) in contradiction to the
assumption that Y is of full rank. Thus, X7Y > 0. B

Conversely, let X?Y = YH#X > 0 (which implies that also (X7Y)~™! > 0). Then H
in (2.12) is well-defined. Clearly HX =Y and H = Y(YHX)_lYH > 0, which implies that
HeS. Let

H=H+(I-XX"NKIK(I-xx"ecH

be as in (2.13) for some K € C™". Then clearly H? = H, HX =Y and also H > 0, as it is
the sum of two positive semidefinite matrices. This proves the inclusion “2” in (2.13). For
the converse inclusion, let H € S. Since H > 0, we have that H = A" A for some A € C™".
Therefore, HX =Y implies that (A7 A)X =Y, and setting Z = AX, we have AX = Z and
AHZ =Y. Since rank(Y) = m, we necessarily also have that rank(Z) = m and rank(X) = m.
Therefore, by Theorem 2.2, A can be written as

A=ZX"+(YzZHH —(vZNIXXT + (1 - zZNhO(I — XXT) (2.14)
for some C' € C™™. Note that
(YZNIXXT = (ZOWAYHXXT = (ZYWHZzH zXT = (zZ2YHWH 22Xt = ZXT, (2.15)
since (ZZNWH = ZZ" and YH X = ZH Z. By inserting (2.15) in (2.14), we obtain that
A=YzZWH 4 (1-2zzNhCI - XX,
and thus,

H = A"A=(zhvzH" + (1 - XxxXHhCH (1 -2z vzHH
+(YZNI - Z2ZNCI — XXY) 4+ (I - XXNCH(I — 221 — 2z C(I — XXT)
= (YZOh(vzZH? (1 - xx"cH (1 - zzNhI - zzh oI — XXT), (2.16)

where the last equality follows since
(YZNI -2z =Y (2" - 222" =Y (2" - Z") = 0.
Setting K = (I — ZZ")C in (2.16) and using

2N = (zMz2) 121 (zM 2) 2T = (ZM2) "t = (v x) !



proves the inclusion “C” in (2.13).
1) If H €S, then XY =YX > 0 and we obtain

H=YYIX)"'y" 4 (1 - XX"K{K(I - XXT), (2.17)

for some K € C™". By using the formula | BBH + DDH |, = | BBH|%+2| DB|%+| DA D|>
for B=Y(Y"X)"%/?2 and D = K(I — XXT), we obtain

2
(3 = Y (VT X) 7Y 2l K (1= X XY (VX073 bl (F = XX ETR (1 - XX

Hence, setting K = 0, we obtain H = Y (Y#X)~'Y# as the unique minimal Frobenius norm
solution.

2) Let H € S be of the form (2.17) for some K € C™". Since Y (Y7 X)~'Y# > 0 and
(I — XXDKHK( — XX1) >0, we have

lYYEX) Y H ) < |\v(yHEx)"'vH 4 (1 - XXDKPK(T - XXT)].
This implies that

Y(YIX) "'y H ) < inf |[YOYHX)'YH 4+ (1 - XXD)KPK(I - XXT)|| = inf || H].
KeCnmn HeS
N (2.18)

One possible choice for obtaining equality in (2.18) is K = 0 which gives H = Y(Y# X))y # ¢
8 and | H| = [V (v X)"YH | = win | 7] 0

Having presented the complex versions of the mapping theorems, we now adapt these for
the case of real perturbations. Here, “real” refers to the mappings, but not to the vectors
that are mapped, because we need to apply the mapping theorems to eigenvectors which may
be complex even if the matrix under consideration is real.

Remark 2.4 If X ¢ C™P, Y € C*P, Z € C¥F, W € C™* are such that rank([X X]) = 2p
and rank([Z Z]) = 2k (or, equivalently, rank([Re X Im X]) = 2p and rank([Re Z Im Z]) =
2k), then minimal norm solutions to the mapping problem AX =Y and A?Z = W with

A € R™™ can easily be obtained from Theorem 2.2. This follows from the observation that
with AX =Y and A" Z = W we also have AX =Y and A¥Z = W and thus

AReX ImX] =[ReY ImY] and Af[ReZ ImZ] = [ReW ImW].

We can then apply Theorem 2.2 to the real matrices X = [ReX ImX], Y = [ReY ImY],
Z =[ReZ ImZ], and W = [ReW ImW]. Indeed, whenever there exists a complex matrix
A € C™™ satisfying AX =Y and A” Z = W, then there also exists a real one, because it is
easily checked that the minimal norm solutions in Theorem 2.2 are real. (Here, we assume
that for the case of the spectral norm the real singular value decompositions of X and Z are
taken, and the contraction P is also chosen to be real.)

A similar observation holds for solution of the real version of the Hermitian positive
semidefinite mapping problem in Theorem 2.3.

Since the real version of Theorem 2.2 (and similarly of Theorem 2.3) is straightforward in
view of Remark 2.4, we refrain from an explicit statement. The situation, however, changes
considerably if the assumptions rank([Re X Im X]) = 2p and rank([Re Z Im Z]) = 2k as in



Remark 2.4 are dropped. In this case, it seems that a full characterization of real solutions
to the mapping problems is highly challenging and very complicated. Therefore, we only
consider the generalization of Theorem 2.3 to real mappings for the special case m = 1 which
is in fact the case needed for the computation of the stability radii. We obtain the following
two results.

Theorem 2.5 Let z, y € C" be such that rank([y y]) = 2. Then the set
S:={H|HeR" H =H >0, Hz =y}

is non-empty if and only if xy > |xTy| (which includes the condition xy € R). In this case
let
X :=[Rezx Imz| and Y :=[Rey Imy].

Then the matriz B )
H=Y (Yix) v¥ (2.19)

is well defined and real symmetric positive semidefinite, and
S = {f[ (- XxXNHK( - xXT) ) KeRv KT =K > 0} . (2.20)
1) The minimal Frobenius norm of an element in S is given by
min {||H] | H e S} = |y (v7x)"'vT|

and this minimal norm is uniquely attained by the matriz H in (2.19).

2) The minimal spectral norm of an element in S is given by
min {|H]|| # €S} = [y (v7x) v

and the matriz H in (2.19) is a matriz that attains this minimum.

Proof. Let H € S,i.e. H = H >0 and Hx = y. Since H is real, we also have HX =Y.
Thus, by Theorem 2.3, X and Y satisfy X#Y = YH#X and Y#X > 0. The first condition
is equivalent to (Rez)” Imy = (Rey)” Im z which in turn is equivalent to 2y € R and the
second condition is easily seen to be equivalent to z'y > |zTy|. Conversely, if 27y = yHz
and 2%y > |2Ty|, then YT X > 0 and hence

He=y (¥Tx)"'yT

is positive semidefinite. Moreover, we obviously have HX =Y and thus Hx = y. This
implies that HeS.

The inclusion “D” in (2.20) is straightforward. For the other inclusion let H € S, i.e.,
HT" = H >0 and Hx =y, and thus HX =Y. Then, by Theorem 2.3, there exist L € C™"
such that

H = H+(I-xxHo"rLa - xxh

H+(I-XX" (Re(L¥)Re(L) + Im(L)? Im(L)) (I - XXT),



where for the last identity we made use of the fact that H is real. Thus, by setting K =
(Re(LT)Re(L) +Im(LH)Im(L)), we get the inclusion “C” in (2.20). The norm minimality in
1) and 2) follows immediately from Theorem 2.3, because any real map H € S also satisfies
HX =Y. O

Theorem 2.5 does not consider the case that y and ¢ are linearly dependent. In that case,
we obtain the following result.

Theorem 2.6 Let z,y € C", y # 0 be such that rank[y y| = 1. Then the set
S={H|HeR"™ H'=H >0, Hr =y}
is non-empty if and only if xy > 0. In that case

H
- vy
H == 2.21
o (221)
is well-defined and real symmetric positive semidefinited. Furthermore, we have:

1) The minimal Frobenius norm of an element in S is given by

. _ ly?
mln{||HHF’ HGS}— i

and this minimal norm is uniquely attained by the matriz H in (2.21).

2) The minimal spectral norm of an element in S is given by

- _ vl
min {||H||| H € 8§} = 1y

and the matriz H in (2.19) is a matriz that attains this minimum.

Proof. If H € S, i.e., H' = H > 0 and Hz = y, then by Theorem 2.3 (for the case m = 1),
we have that zHy > 0. Conversely, assume that x and y satisfy 2y > 0. Since y and §
are linearly dependent, there exists a unimodular o € C such that ay ist real. But then
also yy! = (ay)(ay)? is real and hence the matrix H in (2.21) is well defined and real.
By Theorem 2.3, it is the unique element from § with minimal Frobenius norm and also an
element from S of minimal spectral norm. O

Remark 2.7 Note that results similar to Theorem 2.5 and Theorem 2.6 can also be obtained
for real negative semidefinite maps. Indeed, for z,y € C™ such that rank[y y] = 2, there exist
a real negative semidefinite matrix H € R™" such that Hx = y if and only if /1y = y/x
and —zfy > |2Ty|. Furthermore, it follows immediately from Theorem 2.5 by replacing y
with —y and H with —H that a minimal solution in spectral and Frobenius norm is given by
H = [Rey Imy| (Rey Imy]”[Rex Im x])_l [Rey Imy]. An analogous argument holds for
Theorem 2.6. Therefore, we will refer to Theorem 2.5 and Theorem 2.6 also in the case that
we are seeking solutions for the negative semidefinite mapping problem.

The minimal norm solutions for the real symmetric mapping problem with respect to both
the spectral norm and Frobenius norm are well known, see [1, Theorem 2.2.3]. We do not
restate this result in its full generality, but in terms of the following two theorems that are
formulated in such a way that they allow a direct application in the remainder of this paper.
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Theorem 2.8 Let x,y € C"\ {0} be such that rank([z Z]) = 2. Then
S:={HcR"™| H = H Hz =y}
is nonempty if and only if 1y = y"x. Furthermore, define
X :=[Rez Imz], Y :=[Rey Imy], H:=YX +¥xH7 —(xxHhTyxt (222

1) The minimal Frobenius norm of an element in S is given by

in | H|l» = |H|l» = /2| VX% -t YXHYXNTXXT
g&gH lr=IH|p \/H |7 — trace (Y XT(Y XT) )

and the minimum is uniquely attained by H in (2.22).

2) To characterize the minimal spectral norm, consider the singular value decomposition
X =UXVT and let U = [Uy Us] where Uy € R™2. Then

min [ H]| = eyt
and the minimum is attained by
H=H— (I, - XxxYHKkvulvx'u, k" (1, - xx1), (2.23)
where K =Y XU (u21, — ULY XY XTU) Y2 and p = |V XT).

Proof. Observe that for HT = H € R™" the identity Hx = y is equivalent to HX =Y.
Thus, the result follows immediately from [1, Theorem 2.2.3] applied to the mapping problem
HX =Y. 0O

Theorem 2.9 Let x,y € C"\ {0} be such that rank([z z]) = 1. Then
S:={HcR"™| H' = H Hz =y}
is nonempty if and only if ™y = y"x. Furthermore, we have:

1) The minimal Frobenius norm of an element in S is given by

IIyH
H

and the minimum is uniquely attained by the real matrix

~ H H H H
[zl [l [l
(If = and y are linearly dependent, then H = yxx .)
2) The minimal spectral norm of an element in S is given by
llyll
in |[H|| =
Hes [l=]’
and the minimum is attained by the real matriz
yH -1
gy ey L R L
=10 [| I e |] L ey [nyu le] (2.25)
[EINTEY

if x and y are linearly independent and for H:= %—w otherwise.

11



Proof. By [1, Theorem 2.2.3] (see also [20, Theorem 2.1] and [16]) the matrices H and H
are the minimal Frobenius resp. spectral norm solutions to the complex Hermitian mapping
problem Hz = y. Thus, it only remains to show that H and H are real. Since z and z
are linearly dependent, there exists a unimodular @ € C such that ax is real. But then also
ay = H(azx) and thus 2z = (az)(az)? and yz = (ay)(ax)?
realness of H. Analogously, H can be shown to be real. O

Obviously, the minimal Frobenius or spectral norm solutions from Theorem 2.9 have either
rank one or two. The following lemma characterizes the rank of the minimal Frobenius or
spectral norm solutions from Theorem 2.8 as well as the number of their negative and their
positive eigenvalues, respectively.

are real which implies the

Lemma 2.10 Let z,y € C"\ {0} be such that 2"y = y"x and rank([z z]) = 2. IfH and H
are defined as in (2.22) and (2.23), respectively, then rank(H),rank(H) < 4 and both H and
H have at most two negative eigenvalues and at most two positive eigenvalues.

Proof. Recall from Theorem 2.8 that X = [Rez Imz], Y = [Rey Imy| and consider the
singular value decomposition

X:UZVT:U[E]VT

with U = [U; Us] € R™, U € R™2, ¥ € R22, and V € R22. If we set

_ Yy T
Y_U[YQ]V,

where Y7 € R?2 and Y3 € R"22, then

H = YXT+(YXT)T—(XXT)TYXT

izt 0|, IRED D SRR LA I ist 0], .+
Y221 0 + { 0 0 0 0
s —1vT s—-1vyT

_ oyl 2 g (2.26)

Vo2t 0

Thus, H is of rank at most four, and also H has a n — 2 dimensional neutral subspace, i.e., a
subspace V C R" satisfying zTH z =0 for all z,Z € V. This means that the restriction of H
to its range still has a neutral subspace of dimension at least

2 if rank(H)
max{0,rank(H) —2} =<{ 1 if rank(H) =
if rank(H) <

4,
3,
2

Thus, it follows by applying [7, Theorem 2.3.4] that H has at most two negative and at most
two positive eigenvalues. On the other hand, we have

H=H— (I, - xxYhKkvulvxtu, k" (1, - xx1), (2.27)

12



where K = YXTU,W, W := (u?L, — UT'Y XTY X1U;)~1/2 and p := ||[Y XT||. Then we obtain

=1 S—1
K=YXUuW =U Ylg,l VloTnw =u Y@q
YoXt 0 22
Also,
H = (I, - XXHKUTY Xt KT (I, — XX1)
_ 0 T Yli_l 0 T T[ St T] T
- U [ Y51 ]WUl U %51 o vtoow™ | o =Wl U
0 0 T
= U [ 0 Y2§_1WY1§_1WT§—1Y2T } Uur. (2.28)

Inserting (2.26) and (2.28) into (2.27), we get

~ ~ n-1lyT -1y T
H = H-H=U <L ~ <2 = ut
"RYTl —ynrtwy stwis oy
Z LT T
- U[L —LWZTWTLT]U ’

where Z := i’lYlT and L := Y,%~!. This implies that

7Z LT ]

Torr —
UTHU = [ L —LWZTWTLT

and Z are real symmetric. Let U € R" 272 he invertible such that

T o~
PN l;h 0 0 ... O L
L == =
v [ lig lsg 0 ... O ] [ 0 ]
is in row echelon form, where L= [ l(l)l ;12 } . Then
22
L 0 Z Lt L 01 [Zn O
0 U L —LWzZwTLT o ur| | 0 o0}
where R
Z LT 44
Zi1=1| 2 ~ ~ e R,
YU D —IwawTLr

This implies that rank(H) = rank(Z;;) < 4. Furthermore, by Sylvester’s law of inertia, H
and Z71; have the same number of negative eigenvalues. Thus, the assertion follows if we show
that Z11 has at most two negative eigenvalues. For this, first suppose that Lis singular, i.e.,
lo2 = 0, which would imply that rank(Z11) < 3. If rank(Z11) < 3, then clearly Z;; can have
at most two negative eigenvalues and at most two positive eigenvalues. If rank(Z11) = 3,
then we have that Z1; is indefinite. Indeed, if Z is indefinite then so is Z1;. If Z is positive
(negative) semidefinite then —LWZWTLT is negative (positive) semidefinite. In this case Z11
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has two real symmetric matrices of opposite definiteness as block matrices on the diagonal.
This shows that Z;; is indefinite and thus can have at most two negative eigenvalues and at
most two positive eigenvalues.

If L is invertible, then

I 0
0 w-tirt

is a real symmetric Hamiltonian matrix. Therefore, by using the Hamiltonian spectral sym-
metry with respect to the imaginary axis, it follows that Z1; has two positive and two negative
eigenvalues. [

In the next section we will discuss real stability radii under restricted perturbations, where
the restrictions will be expressed with the help of a restriction matrix B € R™". To deal with
those, we will need the following lemmas.

Z LT L 0 [z wT
L —LWZWTLT o L TwT |~ |wt! -z

Lemma 2.11 ([20]) Let B € R™" with rank(B) =r, let y € C" \ {0}, and let z € C™ \ {0}.
Then for all A € R™" we have BAy = z if and only if Ay = Btz and BBz = 2.

Lemma 2.12 Let B € R™" with rank(B) =r, let y € C" \ {0} and z € C"\ {0}.

1) If rank([z 2]) = 1, then there exists a positive semidefinite A = AT € R™" satisfying
BAy = z if and only if BBTz = z and y" Btz > 0.

2) If rank([z 2]) = 2. then there erists a positive semidefinite A = AT € R"™" satisfying
BAy = z if and only if BBT2 = 2z and y" Btz > |yT Bfz|.

Proof. Let A € R"", then by Lemma 2.11 we have that BAy = z if and only if
BB'z=2 and Ay= Bz (2.29)

If rank([z Z]) = 1, then by Theorem 2.6 the identity (2.29) is equivalent to BBTz = 2 and
yA Btz > 0. If rank([z 2]) = 2 then (2.29) is equivalent to

BBz z=[z% and Alyg]=[B'z B'7, (2.30)

because A is real. Note that rank([Bfz B'z]) = 2, because otherwise there would exist
a € C?\ {0} such that [BTz BzJa = 0. But this implies that [z ZJa = [BBz BBTz]a = 0 in
contradiction to the fact that rank([z z]) = 2. Thus, by Theorem 2.5, there exists 0 < A € R™"
satisfying (2.30) if and only if BBz = z and y" BTz > [T Btz|. O

The following is a version of Lemma 2.12 without semidefiniteness.

Lemma 2.13 Let B € R™" with rank(B) = r, let y € C"\ {0} and z € C"\ {0}. Then
there exist a real symmetric matriz A € R™" satisfying BAy = z if and only if BBz = z and
y" Bz e R.

Proof. The proof is analogous to that of Lemma 2.12, using Theorem 2.8 and Theorem 2.9
instead of Theorem 2.5 and Theorem 2.6. 0O

In this section we have presented several mapping theorems, in particular for the real case.
These will be used in the next section to determine formulas for the real stability radii of DH
systems.
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3 Real stability radii for DH systems
Consider a real linear time-invariant dissipative Hamiltonian (DH) system
&= (J — R)Qxz, (3.1)

where J, R, Q@ € R™" are such that J = —J, RT = R > 0 and QT = Q > 0. For
perturbations in the dissipation matrix we define the following real distances to instability.

Definition 3.1 Consider a real DH system of the form (3.1) and let B € R™" and C € R?"
be given restrictions matrices. Then for p € {2, F'} we define the following stability radis.

1) The stability radius rg ,(R; B,C) of system (3.1) with respect to real general perturba-
tions to R under the restriction (B, C) is defined by

rap(R; B,C) = inf{HAHp ‘ A eR™, A((J - R)Q — (BAC)Q) NiR £ @} .
2) The stability radius rﬁfp(R;B) of system (3.1) with respect to real structure-preservig
semidefinite perturbations from the set
Sa(R,B) == {AeR"|AT=A <0 and (R+ BAB") >0} (3.2)

under the restriction (B, BT) is defined by
it (B B) = inf { A, ] A€ SR, B), A((J = R)Q — (BABT)Q) iR # 0}
3) The stability radius rﬁfp(R; B) of system (3.1) with respect to structure-preserving in-
definite perturbations from the set
Si(R,B) :={AeR"|AT =A and (R+ BAB") >0} (3.3)
under the restriction (B, BT) is defined by

rg (B B) =it {2, ] A€ Si(RB), A((J - R)IQ - (BABT)Q) NiR 0}
The formula for the stability radius rg 2(R; B, C) is a direct consequence of the following
well-known result.

Theorem 3.2 ([23]) For a given M € CP'™ define
pr(M) == (inf {|A | A € R™P, det(l, — AM)=0})"".
Then

. Re M —yIm M
He(M) = yeu(lofl} 72 ([ Yy IImM  ReM ]) ’

where o2(A) is the second largest singular value of a matriz A. Furthermore, an optimal A
that attains the value of ur(M) can be chosen of rank at most two.

Applying this theorem to DH systems we obtain the following corollary.
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Corollary 3.3 Consider an asymptotically stable DH system of the form (3.1) and let B €
R™" and C' € R?™ be given restriction matrices. Then

- g[S, D) o

and
rr2(R; B,C) < rp r(R; B,C) < V2rro(R; B,0), (3.5)

where M (w) :=CQ((J — R)Q — iw[n)le.

Proof. By definition, we have

rea(R B,C) = inf {||A] ( A€ R, A((J - R)Q — (BAC)Q) iR # 0}
= inf {||A| | A€ R", w e R, det (iwl, — (J — R)Q + BACQ) =0}
= inf {||[A] | A€R", weR, det (I, — BACQ((J — R)Q —iwl,)"") =0},

where the last equality follows, since (J — R)@ is asymptotically stable so that the inverse of
(J — R)Q — iwl, exists for all w € R. Thus we have

rr2(R;B,C) = inf{||A | A€R", weR, det (I, — ACQ((J — R)Q —iwl,)'B) =0}
= inf (pe(MW)) .

weR

where M(w) := CQ((J — R)Q —iwly)~ ! B. Therefore, (3.4) follows from Theorem 3.2, and
if A is of rank at most two such that |Al| = rg 2(R; B,C), then (3.5) follows by using the
definition of rg p(R; B,C) and by the fact that

HAH =1rr2(R;B,C) <rpp(R;B,C) < HAHF v/rank(A HAH2 = QTRQ(R B,C). O

To derive the real structured stability radii, we follow the strategy in [20] for the complex
case, to reformulate the problem of computing rg (R; B) or T]R (R; B) in terms of real struc-
tured mapping problems. The following lemma of [20] (expressed here for real matrices) gives
a characterization when a DH system of the form (3.1) has eigenvalues on the imaginary axis.

Lemma 3.4 [20, Lemma 3.1] Let J,R,Q € R™" be such that JT = —J, RT = R >0 and
QT =Q > 0. Then (J—R)Q has an eigenvalue on the imaginary azis if and only if RQx = 0
for some eigenvector x of JQ. Furthermore, all purely imaginary eigenvalues of (J — R)Q
are semisimple.

After these preliminaries we obtain the following formulas for the stability radii.

3.1 The stability radius T’R (R; B)

To derive formulas for the stability radius under real structure-preserving restricted and
semidefinite perturbations we need the following two lemmas.

Lemma 3.5 Let H' = H € R™ be positive semidefinite. Then x™ Hx > ‘xTHaz‘ for all
x € C", and equality holds if and only if Hx and HZ are linearly dependent.
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Proof. Let S € R™" be a symmetric positive semidefinite square root of H, i.e. S? = H.
Then using the Cauchy-Schwarz inequality we obtain that

2" Hz| = |(Sz, Sz)| < ||Sz|| - ||S|| = ViH Hz - Vol He = 2" H,

because H HZ = aH Hx = 2 Hx as H is real. In particular equality holds if and only if Sx
and ST are linearly dependent which is easily seen to be equivalent to the linear dependence
of Hr and Hz. O

Lemma 3.6 Let R,W € R™ be such that R = R >0 and WI' =W > 0. Ifx € C" is
such that rank([z 7]) = 2 and 2T WTRWz > |2TWT RWz|, set

Ap:=—RW[Rez Imz] ([Rex Imz)*WRW[Rez Im 1:])71 [Rez Imz]?WR.
Then R+ AR is symmetric positive semidefinite.

Proof. Since R and W are real symmetric and 2 WTRWz > |2TWTRWz|, the matrix
[Rex Imz|*WRW[Rez Imz] is real symmetric and positive definite and, therefore, Ag is
well defined and we have A = A£ < 0. We prove that R+ Ar > 0 by showing that all its
eigenvalues are nonnegative. Since W is nonsingular, we have that Wx # 0. Also Agr is a
real matrix of rank two satisfying AgW[Rez Imz] = —RW[Rex Imz]. This implies that

(R+Agr)W[Rex Imz] =0. (3.6)

Since rank[Rex Im x| = rank[zx Z] = 2 and since W is nonsingular, we have that W Re z and
W Im x are linearly independent eigenvectors of R+ Ag corresponding to the eigenvalue zero.

Let A1,..., A, be the eigenvalues of R and let 7y,...,n, be the eigenvalues of R + Ag,
where both lists are arranged in nondecreasing order, i.e.,

0<AM <~ <A, and g <--- <.
Since Ap is of rank two, by the Cauchy interlacing theorem [6],
Me <Mpg2 and mp < Apyo for k=1,...,n—2. (3.7)

This implies that 0 < n3 < --- < 5,, and thus the assertion follows once we show that 77y =0
and 12 = 0. If R is positive definite, then Aq,..., A, satisfy 0 < Ay < --- < A\, and, therefore,
0 <n3 <--- <. Therefore we must have n; = 0 and 12 = 0 by (3.6).

If R is positive semidefinite but singular, then let k£ be the dimension of the kernel of R.
We then have k < n, because R # 0. Letting £ be the dimension of kernel of R 4+ Ap , then
using (3.7) we have that

k—2<t<k+2,

and we have n; = 0 and 7y = 0 if we show that £ = k4 2. Since W is nonsingular, the kernels
of R and RW have the same dimension k. Let x1, ...,z be linearly independent eigenvectors
of RW associated with the eigenvalue zero, i.e., we have RWax; =0 for all i = 1,...,k. Then
ApWax; =0for alli=1,...,k, and hence (R+ Ar)Wx; =0 for all i = 1,..., k. The linear
independence of x1, ...,z together with the nonsingularity of W implies that Wx1, ..., Waxg
are linearly independent. By (3.6) we have (R + Ag)W Rex =0 and (R+ Ar)WImz = 0.
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Moreover, the vectors W Rexz, W Imx, Wz, ..., Wz are linearly independent. Indeed, let
a, B,a1,...,a, € R be such that

aWRex +BWImz +a Wz + -+ apWa, = 0.

Then we have R(aW Rex + W Imz) = 0 as RWz; = 0 for all ¢ = 1,..., k. This implies
that « = 0 and 8 = 0, because RW Rex and RW Imx are linearly independent. The
linear independence of Wx1, ..., Wx; then implies that a; =0 for all ¢ = 1,..., k, and hence
W Rex, WImx, Wxq,..., Waxy, are linearly independent eigenvectors of R+Apg corresponding
to the eigenvalue zero. Thus, the dimension of the kernel of R + Ap is at least £ + 2 and
hence we must have 77 =0 and 170 =0. O

Using these lemmas, we obtain a formula for the structured real stability radius of DH
systems.

Theorem 3.7 Consider an asymptotically stable DH system of the form (3.1). Let B € R™"
with rank(B) = r, and let p € {2, F'}. Furthermore, for j € {1,2} let Q; denote the set of all
eigenvectors x of JQ such that (I, — BBY)RQxz = 0 and rank( [ RQxr RQzT ] ) =7, and let
Q:=0UQy. Then rg‘fp(R; B) is finite if and only if Q is non-empty. If this is the case, then

(B'RQz)(B'RQz)"
22 QRQx

rgfp(R; B) = min { inf

e

, inf |Y(YHX)_1YH||p} , (3.8)
p PSP

where X = BTQ[Rex Imz] and Y = BIRQ[Rez Imz].

Proof. By definition, we have
it (s B) = inf {All, | A € Su(R,B), A ((J - R)Q — (BABT)Q) Nk # 0},

where Sq(R, B) := {A € R""|AT =A <0 and (R+ BABT)>0}. By using Lemma 3.4,
we obtain that

rg‘fp(R; B) = inf{HAHp ’ A € S4(R,B), (R+ BABT)Qx = 0 for some eigenvector = of JQ}
= inf{HAHp ’ A € S4(R, B), BABTQz = —RQz for some eigenvector z of JQ}

= inf{||A||p ’ A € S4(R,B), ABTQx = —BTRQu for some x € Q}, (3.9)

since by Lemma 2.11 we have BABTQxz = —RQu if and only if ABTQz = —BTRQx and
BB'RQx = RQwr, and thus 2 € . From (3.9) and Sy(R, B) C {A € R™ |AT = A <0}, we
obtain that

ré‘fp(R; B) > inf{HAHp ‘ A=AT eR", A <0, ABTQz = —B'RQx for some z € Q} =: 0.
(3.10)

The infimum on the right hand side of (3.10) is finite if and only if Q is non-empty. The
same will also hold for rﬂ‘zdp(R; B) if we show equality in (3.10). To this end we will use the
abbreviations

0j = inf{HAHp] A=AT eR™ A <0, ABTQz = —B'RQx for some x € Qj}
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for j € {1,2}, i.e., we have o = min{p1, 02}, and we consider two cases.

Case (1): 0 = o1. If x € Qy, then BBTRQz = RQxz, and RQx and RQZ are linearly de-
pendent. But then also BfRQz and BT RQz are linearly dependent and hence, by Lemma 2.12
there exists A € R™ such that A < 0 and ABTQx = —B'RQz (and thus (—A) > 0 and
(=A)BTQz = BTRQx) if and only 2 QRQx > 0. This condition is satisfied for all z € Q.
Indeed, since R is positive semidefinite, we find that 27QRQxz > 0, and 27 QRQx = 0 would
imply RQx = 0 and thus (J— R)Qx = JQz which means that z is an eigenvector of (J—R)Qx
associated with an eigenvalue on the imaginary axis in contradiction to the assumption that
(J — R)Q only has eigenvalues in the open left half plane.

Using minimal norm mappings from Theorem 2.6 we thus have

S (R;B) > o :inf{HAH IA=AT e R, A<0, ABTQz = —B'RQz, z € Ql}

(BTRQz)(BTRQxz)7 ||\ . (BTRQx)(BTRQx)" (3.11)
N mte " QBBTRQx ze rHQRQx S
As the expression in (3.11) is invariant under scaling of z, it is sufficient to take the infimum

over all x € Q1 of norm one. Then a compactness argument shows that the infimum is actually
attained for some z € ; and by [20, Theorem 4.2], the matrix

% ._ (B'RQ®)(B'RQZ)"
. FHQRQT

is the unique (resp. a) complex matrix of minimal Frobenius (resp. spectral) norm satisfying
AT = A < 0 and ABTQx = —BTRQCE Also, by Theorem 2.6 the matrix A is real and
by [20, Lemma 4.1] we have R + BABT > 0. Thus A € Sy(R,B). But this means that
TRP(R B) =01 =o.

Case (2): 0 = 0o. If z € Qy, then BBFRQz = RQz, and Re RQz and Im RQx are
linearly independent. But then, also Re BTRQz and Im BT RQz are linearly independent,
because otherwise, also Re RQz = Re BBTRQz and Im RQz = Im BBTRQz would be linearly
dependent. Thus, by Lemma 2.12 there exists A € R™" such that A < 0 and ABTQz =
—B'RQu if and only if 27 QRQz > |2TQRQx|. By Lemma 3.5 this condition is satisfied for
all z € Q9, because R and thus QR() is positive semidefinite.

Using minimal norm mappings from Theorem 2.5 we then obtain

rt (R; B)
02 = inf {HAHp] A=AT eR™, A <0, ABT"Qz = —B'RQz, z € 92} (3.12)

Y

- inf{ HY(YHX)—lyHHp( X = BTQ[Rex Imaz], Y = B'RQ[Rex Ima], z € QQ}
= Xty

for some Z € Q, where X = BTQ[Rei ImZ] and Y = BTRQ [Re# Im Z]. Indeed, the matrix
Y (YH X))~y is invariant under scaling of x, so that it is sufficient to take the infimum over
all z € Q9 having norm one. Then a compactness argument shows that the infimum is actually
a minimum and attained for some T € 5. Then setting

Ap:=-Y(YIX)"yH,
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we have equality in (3.12) if we show that R + BAgRBT is positive semidefinite, because
this would imply that Ar € Sy(R,B). But this follows from Lemma 3.6 by noting that
BB'RQ[ReZ Im#] = RQ[Re# Imz]. Indeed, by the definition of Q, the vectors Re RQ#
and Im RQZ are linearly independent, and

R+ BARBT = R— BY (Y X)"'yH BT
— R— BB'RQRex Imz]([Rex Imz]"QRQ[Rex Ima]) '[Rex Ima]? QR(BNT BT
=R — RQ[Rez Imz|([Rez Im2]"QRQRex Imx])fl[Rex Imz]7QR.

is positive semidefinite by Lemma 3.6. This proves that rgdp(R; B)=p2=p. O

Remark 3.8 In the case that R > 0 and J are invertible, the set €2y from Theorem 3.7
is empty and hence 2 = o, because if R > 0 and if x is an eigenvector of J@ with
rank ( [ RQx RQx ] ) = 1 then, x is necessarily an eigenvector associated with the eigen-
value zero of J@Q. Indeed, if RQx and RQZT are linearly dependent, then z and x are linearly
independent, because R() is nonsingular as R > 0 and ) > 0. This is only possible if x is
associated with a real eigenvalue, and since the eigenvalues of J@) are on the imaginary axis,
this eigenvalue must be zero.

Remark 3.9 We mention that in the case that R and J are invertible, rgfp(R; B) is also
the minimal norm of a structure-preserving perturbation of rank at most two that moves an
eigenvalue of (J — R)@ to the imaginary axis. To be more precise, if

Sy(R,B) == {A R |AT = A, rankA <2, and (R+BAB") >0} (3.13)
and

r$ (R; B) := inf {||A||p ‘ A € 8 (R, B), A ((J — R)Q — (BABT)Q) N iR # @} ,

then we have rﬁfp(R; B) = rﬁ‘fp(R; B). Indeed, assume that A € Sy(R,B) is such that

(J — R)Q — (BABT)Q has an eigenvalue on the imaginary axis. By Lemma 3.4 we then have
(R — BABT)Qx = 0 for some eigenvector = of J@Q. Since R and .J are invertible, it follows
from Remark 3.8 that RQr and RQZ are linearly independent. Since A has rank at most
two, it follows that the kernel of A has dimension at least n — 2. Thus, let ws,...,w, be
linearly independent vectors from the kernel of A. Then BT Qz, BTQz,ws, ..., w, is a basis
of C™. Indeed, let ag,...,a, € C be such that

a1BTQz + aoBTQz + asws + - - + apwy, = 0. (3.14)
Then multiplication with BA yields
0 = a1 BABTQz + ao BABTQZ = 0y RQx + asRQT

and we obtain a; = ag = 0, because RQx and RQZ are linearly independent. But then (3.14)
and the linear independence of ws,...,w, imply a3 = -+ = a,, = 0. Thus, setting T :=
[BTQx, BTQz,ws, . ..,w,] we obtain that T is invertible and 7" AT = diag(D, 0), where

| 2#QBABTQz 2TQBABTQx _[mHQRQx T QRQx
| 2TQBABTQx 2HQBABTQz | | 2TQRQx z"QRQz |’
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Since by Lemma 3.5 we have zQRQx > |7 QRQz|, it follows that D is positive definite
which implies A € Sg(R; B) and hence r%p(R; B) > rﬁdp(R; B). The inequality “<” is trivial
as minimal norm elements from Sy(R; B) have rank at most two.

In this subsection we have characterized the real structured restricted stability radius under
positive semidefinite perturbations to the dissipation matrix R. In the next subsection we
extend these results to indefinite perturbations that keep R semidefinite.

3.2 The stability radius 1§, (R; B)

If the perturbation matrices AR are allowed to be indefinite then the perturbation analysis
is more complicated. We start with the following lemma.

Lemma 3.10 Let 0 < R=RT, Ap = Ag € R™"™ be such that Ar has at most two negative
eigenvalues. If dim (Ker(R + ARg)) = 2, then R+ Ar > 0.

Proof. Let A1,..., A\, be the eigenvalues of Ar. As Ag has at most two negative eigenvalues
we may assume that Az, Ag,..., A\, > 0 and we have the spectral decomposition

n
AR = E )\ZUZUZH
i=1
with unit norm vectors u,...,u, € R™. Since

R=R+> Nuul' >0.
=3

and Auiull + Aaugull is of rank two, we can apply the Cauchy interlacing theorem and obtain
that R+ Agr = R+ Alulu{{ + )\2u2u51 has at least n — 2 positive eigenvalues. But then using
the fact that dim(Ker(R+ Agr)) =2 weget R+ A >0. 0O

Using this lemma, we obtain the following results on the stability radius rfgfp(R; B).

Theorem 3.11 Consider an asymptotically stable DH system of the form (3.1). Let B € R™"
with rank(B) = r and let p € {2, F'}. Furthermore, for j € {1,2} let Q; denote the set of all
eigenvectors x of JQ such that BBTRQx = RQx and rank ( [ BTQx BTQz } ) =7, and let
Q=0,UQ,.

1) If R > 0, then rEfP(R; B) is finite if and only if 2 is non-empty. In that case we have

S ipoy o [ I(BIRQ)| i
TR’2(R’B)_m1n{xleI1§{;1 BTQz] ,Ilengi Y X (3.15)

and

_I.
TifF(R; B) = min{ inf (BT RQ)]|

LS S LR \/ YXH2 —t YXH(YXTHXXT
IEQl ||BHQx|| Y IIEIIQQ H HF ra'ce( ( ) ) Y

(3.16)
where X = [Re BTQx Im BTQx] and Y = [Re B'RQxz Im BTRQx] for x € Q.
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2) If R > 0 is singular and if r%p(R; B) is finite, then S is non-empty and we have

S; . . I(BTRQz)| . t
‘ (R; B) > mi nf ————— nf ||[YX 1
TR’Q( B) 2 mi {zleﬁl HB7 Q.’I?H ’ xleﬂg H H (3 7)

and

Si (p. [ I(BTRQ)| 2
g p(R; B) > min {gclené’1 BTz I161r1£2 \/||YXT||F — trace (YXT(YXT)HXXT) },
(3.18)

where X = [Re BTQz Im BTQz] and Y = [Re BITRQx Im BTRQx] for x € Qs.

Proof. By definition
r$i (R; B) = inf {HAHP ‘ A€ SR B), A((J - R)Q — (BABT)Q) NiR # @} ,

where S;(R, B) := {A = AT e R"" | (R+ BABT) > 0}. Using Lemma 3.4 and Lemma 2.11
and following the lines of the proof of Theorem 3.7, we get

r%p(R; B) = inf {||A\|p } A € Si(R,B), ABTQxz = —B'RQx for some
eigenvector z of JQ satisfying BBTRQz = RQJU}.

Since all elements of S;(R, B) are real symmetric, we obtain that

rﬂ‘zfp(R; B) > inf {||AHP‘ A=AT e R", ABTQxz = —B'RQu for some = € Q} =: o),
(3.19)
The infimum in the right hand side of (3.19) is finite if  is non-empty, as by Lemma 2.13 for
x € Q there exist A = AT € R™ such that ABTQx = —BTRQux if and only if t? QBBTRQx €
R. This condition is satisfied because of the fact that BBTRQz = RQz and R is real
symmetric. If rifp(R; B) is finite, then € is non-empty because otherwise the right hand side
of (3.19) would be infinite. To continue, we will use the abbreviations

Qgp) := inf {HAHp | A =AT e R"", ABTQz = —BTRQx for some z € Qj}

for j € {1,2}, i.e., o) = min{ggp), ggp)}, and we consider two cases.

Case (1): o) = Qgp). If x € Q, then BBTRQx = RQz and BT Qx and BT Qz are linearly
dependent. Then using mappings of minimal spectral resp. Frobenius norms (and again using
compactness arguments), we obtain from Theorem 2.9 that

ey (RiB) > o = inf{HAHp\ A=AT eR", ABTQz = —B'RQz, z € Ql}

. {||BTRQx||p} _ |BTRQz]],
= inf T = TAS
€ HB Qpr ”B Q‘T”P

for some Z := 2 € ;. This proves 2) and “ > " in (3.15) and (3.16) in the case o) = ggp).
Case (2): o = ggp). If x € Qy, then BBTRQxz = RQx and BT Qz and BTQz are linearly
independent. Using mappings of minimal spectral resp. Frobenius norms (and once more
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using compactness arguments), we obtain from Theorem 2.8 that

rng(R; B) > 952) = inf {HAH | A= AT e R™", ABTQz = —B'RQz, = Qg}
- inf{HYXTH | X = [Re BTQz Im BTQq], ¥ = [Re B'RQz Im BIRQq], z € QQ}
= VX7,

for some 7 € Qy, where X = [Re BTQz Im BT Q7] and Y = [Re BIRQZ Im BT RQZ], and

($e@B)° 2 (7)< mr{JAIE | A= AT R, ABTQr = -B'RQz, v € )

inf {QHYXT |5 — trace (YXT v xhAxxt ) ’ X = [Re BTQz Tm BT Qu,
Y = [Re B'RQz Im B'RQu], z € QQ}
= 2|V XT|% - trace (?XT(?)ZT)HXXT)

for some & € (Yo, where X = [Re BTQz Im BTQz] and Y = [Re BTRQ% Im BYRQ#]. This
proves 2) and “ > in (3.15) and (3.16) in the case oP) = Qgp).

In both cases (1) and (2), it remains to show that equality holds in (3.15) and (3.16) when
R > 0. This would also prove that in the case R > 0 the non-emptyness of {2 implies the
finiteness of rng(R; B).

Thus, assume that R > 0 and let A =AT e R and A = AT € R"" be such that they

satisfy
ABTQz = —-B'RQ7 and ABTQz = —B'RQz, (3.20)

and such that they are mappings of minimal spectral or Frobenius norm, respectively, as
in Theorem 2.8 or Theorem 2.9, respectively. The proof is complete if we show that (R +
BABT) > 0 and (R + BABT) > 0, because this would imply that A and A belong to the

set S;(R, B). In the case o) = Q(p) this follows exactly as in the proof of [20, Theorem 4.5]
which is the corresponding result to Theorem 3.11 in the complex case. (In fact, in this case

A and A coincide with the corresponding complex mappings of minimal norm.)

(2p ), we obtain from Lemma 2.10, that the matrices A and A are of rank

In the case o® = o
at most four with at most two negative eigenvalues. This implies that also the matrices BABT
and BABT individually have at most two negative eigenvalues. Indeed, let B; € R®»"™" be

such that [B Bj] € R™" is invertible then we can write

A0

BAB" = [B B
0 0

|5 B

and by Sylvester’s law of inertia alsoNBﬁBT has at most two negative eigenvalues. A similar
argument proves the assertion for BABT.
Furthermore, using (3.20), we obtain

(R+ BAB")Q7# = RQ7 — BB'RQZ = RQZ — RQZ =0

and
(R+ BABT)Qz = RQz — BB'RQ# = RQi — RQi =0,
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since = 2 and

rank|

& € Q, i.e., BBIRQZ = RQ7 and BB'RQi =
7] = 2, respectively, imply that

RQz. Also rank[Z 2]

j}l'
dim (Ker(R + BABT)) —2 and dim (Ker(R + B&BT)) — 2.

Thus, Lemma 3.10 implies that (R + BABT) > 0 and (R+ BABT) > 0. 0

Remark 3.12 It follows from the proof of Theorem 3.11 that in the case R > 0, the in-
equalities in (3.17) and (3.18) are actually equalities if the minimal norm mappings A and A
from (3.20) satisfy (R + BABT) > 0 and (R + BABT) > 0, respectively. In our numerical
experiments this was always the case, so that we conjecture that in general equality holds
n (3.17) and (3.18).

4 Numerical experiments

In this section, we present some numerical experiments to illustrate that the real structured
stability radii are indeed larger than the real unstructured ones. To compute the distances,
in all cases we used the function fminsearch in Matlab Version No. 7.8.0 (R2009a) to solve
the associated optimization problems.

We computed the real stability radii rg »(R; B, BT), 7'%'2(]:{; B) and rﬂ‘ng(R;B) with re-
spect to real restricted perturbations to R, as obtained in Theorem 3.2, Theorem 3.7, and
Theorem 3.11, respectlvely, and compared them to the corresponding complex distances
TQQ(R;B,BT), ’I“C2(R B) and 7" “(R; B) as obtained in [20, Theorem 3.3], [20, Theorem
4.5] and [20, Theorem 4.2], respectlvely

We chose random matrices J, R, @, B € R™" for different values of n < 14 with J? =
—J, RT = R > 0 and B of full rank, such that (J — R)Q is asymptotically stable and all
restricted stability radii were finite. The results in Table 4.1 illustrate that the stability radius
rr2(R, B, BT) obtained under general restricted perturbations is significantly smaller than
the real stability radii obtained under structure-preserving restricted perturbations, and it
also illustrates that the real stability radii may bd significantly larger than the corresponding
complex stability radii.

size n | rco(R; B, BT) | rra(R; B, BT) | 13,(R; B) | riy(R; B) | r24(R: B) | r3,(R; B)
1 0.1649 0.1649 4.8237 8.2820 15.7348 | 17.2941
6 0.2390 0.2932 6.0391 15.0695 | 32.1021 | 38.1951
8 0.0665 0.1211 3.7859 5.1034 185757 | 24.0881
9 0.1648 0.1950 8.7892 25.3983 | 118.6212 | 227.5047
11 0.1135 0.1146 1.4003 1.6289 4.0695 4.5260
13 0.1013 0.1315 4.8191 5.6550 21.6680 | 43.9863
14 0.0410 0.1071 1.3693 1.7953 4.9894 6.1504

Table 4.1: Comparison between complex and real stability radii.

Example 4.1 As a second example consider the lumped parameter, mass-spring-damper
dynamical system shown in Figure 4.1, see e.g. [32]. It has two point masses m; and ma,
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which are connected by a spring-damper pair with constants ko and co, respectively. Mass m;
is linked to the ground by another spring-damper pair with constants k; and c;, respectively.
The system has two degrees of freedom. These are the displacements wui(t) and wus(t) of the
two masses measured from their static equilibrium positions. Known dynamic forces fi(t)
and fy(t) act on the masses. The equations of motion can be written in the matrix form as

Mii+ D+ Ku = |,

where

mp O c1+cy —co ki1 + ko —ko f1 :|
M = , D = , K = , = ,
[ 0 mo } [ —C3 c2 ] [ —ka ko ] / [ f2

where the real symmetric matrices M, D and K denote the mass, damping and stiffness
matrices, respectively, and f, u, and 4 are the force, displacement, velocity, and acceleration
vectors, respectively. With the values mi; =2, mo=1,¢1 =0.1, co = 0.3, k1 =6, and ko = 3

kS
Static equilibrium =
position
W T
uy = (0 I

aw

Static equilibrium | k,
position =

W

<Ml Mass 1y

i, = i)

Figure 4.1: A two degree of freedom mass-spring-damper dynamical system.

we have M, D, K > 0 and an appropriate first order formulation has the linear DH pencil

My —(J - R)Q,
A PR PR T L

The eigenvalues of (J — R)(Q are —0.2168+2.43617 and —0.0332+1.2262i and thus the system
is asymptotically stable. Setting B = CT = [ e e ] € R*, we perturb only the damping
matrix D and the corresponding real stability radii are given as follows.

re2(R, B, BY) | 13, (R, B) | g%, (R, B)
0.0796 0.1612 0.3250

As long as the norm of perturbation in damping matrix D is less than the stability radius
the system remains asymptotically stable. We also see that the stability radii rﬁiQ(R, B) and

r%‘fQ(R, B) that preserve the semidefiniteness of R are significantly larger than rg o (R, B, BT).
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In Table 4.2, we list the values of various stability radii for mass-spring-damper system
[32] of increasing size. The corresponding masses, damping constants and spring constants
were chosen from the top of the vectors

m = [0.6857 1.7812 0.3785 0.2350 2.6719 0.7919 1.0132 1.3703)7,
c = [0.6231 1.3050 2.3721 1.5574 1.0474 1.8343 0.3242 1.7115]7

and
k =[0.2637 1.5203 0.8644 0.2485 0.7850 0.4135 2.3963 0.1022]T,

respectively, i.e., four dimensional (n = 4) DH pencil as in (4.1) is corresponding to the
first two entries of mass vector m, damping vector ¢ and spring vector k, similarly n = 6 is
corresponding to the first three entries from the vectors m, ¢ and k, and so on. The restriction
matrices B = CT = [e; ey --- enj2] € R™3 are such that only the damping matrix D in R
is perturbed. In addition to the conclusions of Example 4.1, we found that as expected,
the stability radius with respect to general perturbations decreases as the system dimension
increases, while this is much less pronounced for the stability radii with respect to structure
preserving perturbations.

size n | rro(R; B, BT) rng(R; B) r%‘f (R; B)
4 0.2827 0.3213 0.3642
6 0.1755 0.2417 0.3299
8 0.1220 0.1995 0.3221
10 0.1013 0.3221 0.9009
12 0.0772 0.2817 0.9308
14 0.0618 0.2577 0.9938
16 0.0524 0.2560 1.1537

Table 4.2: Various stability radii for mass-spring-damper system of increasing size.

Conclusions

We have presented formulas for the stability radii under real restricted structure-preserving
perturbations to the dissipation term R in dissipative Hamiltonian systems. The results
and the numerical examples show that the system is much more robustly asymptotically
stable under structure-preserving perturbations than when the structure is ignored. Open
problems include the computation of the real stability radii when the energy functional @ or
the structure matrix J, or all three matrices R, ), and J are perturbed.
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