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Abstract

The notion of the shell of a Hilbert space operator, which is a useful generalization
(proposed by Wielandt) of the numerical range, is extended to operators in spaces
with an indefinite inner product. For the most part, finite dimensional spaces are
considered. Geometric properties of shells (convexity, boundedness, being a subset of
a line, etc.) are described, as well as shells of operators in two dimensional indefinite
inner product spaces. For normal operators, it is conjectured that the shell is convex
and its closure is polyhedral; the conjecture is proved for indefinite inner product
spaces of dimension at most three, and for finite dimensional inner product spaces
with one positive eigenvalue.
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1 Introduction

Let H € €™ be a Hermitian matrix. Define the sesquilinear form (indefinite inner
product) associated with H by

[z,y]ln =y Haz, r,y eC”,
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where y* denotes the conjugate transpose of the vector y. For a matrix A € C", let

Wy(A) = {% v ecCt v,vly # 0} cc, (1.1)
" Su(A) = {(%“UTLH [A[Z: fﬁﬂ v e, [v,v]y # 0} CCxR (1.2)

When H = I,, these reduce to the (classical) numerical range W(A) and the Davis-
Wielandt shell S(A) of the matrix A, which have been studied extensively; see [9, Chapter
1], [3, 4, 10, 2]. These concepts are useful in studying matrices or operators because of the
interesting interplay between the algebraic properties of the matrix A and the geometrical
properties of the sets Wy (A) and Sy(A). For example, the following properties are well
known when H = I,; see [9, Chapter 1].

(1) W(aA+ 8IL,) = aW(A) 4+ {8} for any «, 3 € C.

(2) W(U*AU) = W(A) for any unitary matrix U.

(3) W(A) is convex.

(4) W(A) ={\} if and only if A = AI.

(5) W(A) C R if and only if A is Hermitian.

(6) W(A) is a line segment if and only if «A 4 (I is Hermitian for some «, f € C with
a # 0.

(7) If A is normal, then W (A) is the convex hull of the eigenvalues. The converse is true
if n <4.

Many of these properties have been extended to Wy (A) in [14]; see also [11, 12]. The
purpose of this paper is to develop corresponding results for Sy (A) for a general H.

Since Wg(A) is the image of Sy(A) under the projection (z,7) — z, one expects that
Su(A) can tell more about A than Wy (A). In fact, in the classical case, we have the
following intriguing result; see [3].

(8) S(A) is a polyhedron, i.e., the convex hull of a finite number of points in C x R, if
and only if A is normal.

Studying possible extensions of this result for general Sy(A), and additional geometric
properties of Sg(A) for matrices A that are normal with respect to the sesquilinear form
[-,], is one of the main objectives of our study.

The paper is organized as follows. In Section 2, we give some preliminary definitions
and notations; we also describe some general approaches for our study and some related



concepts. In Section 3, we prove results relating algebraic properties of A and geometrical
properties of the set

SH(A) = {([A“’ vu - [Av A”]H) Lvech, v,y > o} ,

[v,vlg = [v, v]g

closely related to Sy(A). In Sections 4 and 5, we study whether one can extend property
(8) to the general case. It is shown by examples that Sj;(A) need not be closed nor
bounded, even if A is assumed to be normal with respect to [-, -]z, or in short H—normal,
see (2.5) for the definition. We prove that for an H—normal A, in the following two cases:
(a) n < 3; (b) H is invertible with only one positive eigenvalue, the set S;;(A) is convex
and its closure is either the whole of C x R = R'*3 or the intersection of finitely many
closed halfspaces. We conjecture that this property is valid for all H—normal operators in
finite dimensional indefinite inner product spaces. In Section 6, several results of previous
sections are extended to operators on infinite dimensional inner product spaces. Section
7 contains a Maple program that we used in the initial stage of our project to compute
examples of shells, and to formulate and check conjectures.

Throughout the paper, we denote by H a fixed n x n Hermitian matrix which is not
negative semidefinite. In various sections, we may assume additional hypotheses about H.
We use Conv(S) to denote the convex hull of the set S. For a given matrix (or vector) X,
XT and X* stand for the transpose and the conjugate transpose, respectively. Diagonal
matrices with entries hq,...,h, on the main diagonal are written as diag (hy,...,h,). A
complex number z is written z = Re(z) +ilm(z), where Re(z) and Im(z) are real. Finally,
we denote by R, R*, R, and C the sets of real numbers, positive real numbers, nonnegative
real numbers, and complex numbers, respectively.

2 Preliminaries

Let

S5(A) = {([Av, v]g, [Av, Av]g) 1 v e, [v,v]g = —1}
and

SH(A) = {([Av, v]g, [Av, Avly) : v e, [v,v]g = 1}.
Then

S (A) = Sp(A) US;(A),
We always assume that the sets of vectors v such that [v,v]g = 1 (resp., [v,v]g = —1) is
not empty when considering S;;(A) (resp., Si(A)). All the sets Sg(A), Sir(A) and S (A)
will be referred to as the Davis- Wielandt shells of A with respect to H in our study. Since
S, (A) = 8*,,(A), we focus only on S};(A). We will often identify C x R with R*3 via
(a +ib,c) — (a,b,c) in (1.2), and in analogous formulas for S;(A) and S;;(A). Also, it
will be convenient to represent Si;(A) in matrix notation:

Sh(A)



= {(x* <w> x, x* (HA;—ZAH) x, x*A*HAx) cxeC", x*Hr = 1} .

If H is invertible, the H-adjoint of A is denoted by Al which is uniquely defined by
the relation

[Au, v] = [u, AMy] u,veC” (2.1)
and it can be expressed explicitly in terms of A and H by
A= H1AH. (2.2)
A matrix A is called H—selfadjoint, H—unitary, or H—normal if
A=AM AHA =T, or AANM = AFA (2.3)
respectively. In view of (2.2), the three equalities (2.3) are equivalent, respectively, to
HA=A*H, A*HA=H or A*HA=HAH 'A*H. (2.4)

In the case when det H = 0, relation (2.1) does not determine a unique H-adjoint of A
and of course formula (2.2) does not make sense anymore. However, one can introduce
H-—selfadjoint and H—unitary matrices using the first two relations in (2.4).

The notion of H-normality introduced in [14] is a little bit more delicate. A matrix A
is called H-normal if

A"HA = HAH"YA*H, (2.5)

where H=U denotes the MoorePenrose pseudoinverse of H, which is uniquely defined by
the conditions

HAAgEE = g g = . HEYH = HHY = Praggen,
and where Prangenr stands for the orthogonal projection onto RangeH .
We start with some useful facts:

Proposition 2.1 Let A € C™*™.
(a) If r > 0 and t € R, then

' rcost rsint 0
Sh(re"A) =S4 (A) | —rsint rcost 0

0 0 r?
(b) If X € C, then
10 A+
SHA+ ) = (Re(\),Im(\), |A*) +SH(A) | 0 1 i(A—N)
0 0 1
(c) Let T be any invertible n x n matriz. Then
SH(A) = Sty (THAT). (2.6)



Proof. To check (c), just replace Tx by y in the following chain of equalities:
Sty (THAT) = {(#*T*HATw, o*T*A*HATz) : 2*T*HTz =1}
= {(y"HAy, y"A*HAy): y"Hy =1} = S} (A).

Statements (a) and (b) follow from the definitions of S} (re®A) and S} (A + AI) upon
simple algebraic manipulations. O
Thus, the transformation

(A, H) — (T "AT, T*HT) (2.7)

preserves shells. This transformation also preserves the classes of H—selfadjoint, H—unitary,
and H-normal matrices:

Lemma 2.2 Let H € C"*" be Hermitian and possibly singular and let T € C™*™ be invert-
ible. Then A € C"*" is H-normal (resp H—selfadjoint, or H-unitary) zf and only zfA is
H-normal (resp., H —selfadjoint, or H ~unitary), where A=T"'AT and H = T*HT.

Proof. We verify the lemma only for the H-—normal matrices. First we note that the
Moore-Penrose pseudoinverse of H equals H=' = 7= H=U(T~1)*, Therefore, on account

of (2.5),
HAHSVA*H = T*HTT'ATT 'HEYW(T ) T* AT ) T*HT
= T*HAHUYA*HT = T*A*HAT = A*HA,
which completes the proof. O

Theorem 2.3 Assume that the positive semidefinite matriz H is singular, and denote by P
the orthogonal projection along the kernel of H. If A is H-normal, then PAP (considered
as a linear transformation on (Ker H)*) is PHP-normal, where PHP stands for the
restriction of H to (Ker H)*, and

SE(A) = S;HP(PAP>'

Proof. Applying transformation (2.7), we can assume that

| A Ap | Hi 0O
a[A 2] w10

where H; is a positive definite matrix. Then PAP = Ay, PHP = H;, and HY =
-1
{ H(l) 8 ] . Condition (2.5) now gives A2 = 0 and

ATlHlAll = HlAHHflAilHl,



which means that PAP is PH P-normal. Finally,

HiA;; O

A= | it ]

} A HA - { Af HiAyn 0 }

0 0
and the result follows. O
For Hermitian matrices A;,..., A, € C"*", we denote by W(A,...,A,) their joint
numerical range:
W(Ay, ..., A) ={(z"Az,...,2"Ayx) eRP : x € C", 2"z = 1}
and by o(Ay,...,A,) their joint spectrum:
o(Ay,...,A) ={(a1,...,ay) ERY: Ajx = ayx,..., Ayx = ayz for some = # 0}.

The next proposition, which is easy to verify, shows the connection between Sj;(A) and
the joint numerical range, whose study can be reduced to the 2 x 2 case by compression.

Proposition 2.4 Let HA = F + iG, where F' and G are Hermitian, and K = A*HA.
Then

SH(A) = {(a+ib,c) ca,b,c €R, (a,b,c,1) € [U tW(F,G,K,H)] },

t>0

and
W(F,G,K,H) = U WX FX, X'"GX, X"KX, X"HX).

XeC™? x*X=I,

Since the 2 x 2 case may be used to study the general case, it is useful to have a complete
description of this low dimension case. Recall that a subset S of a real linear space has
affine dimension m if S — vy spans an m — 1 dimensional subspace for some (any) vy € S.

Proposition 2.5 Let A € C**? and let m be the dimension of the real subspace spanned
by the set

(H, HA+ A"H, i(HA — A*H), A*HA}. (2.8)

Then S (A), regarded as a subset of R*™3, has affine dimension m — 1. In particular, if
m =1, then 8};(A) is a singleton. If m > 1, then one of the following conditions holds.

(a) H is positive definite; m = 2 and S#(A) is a nondegenerate closed line segment,
equivalently, A is H-normal and not a (complex) scalar multiple of Iy; m = 4 and
SH(A) is an ellipsoid without interior in all other cases.

(b) H # 0 is positive semidefinite and singular; m = 4 and S;(A) is a paraboloid without
interior.



(c) H is indefinite; m = 2 and S;;(A) is a (closed or open) half line or a straight
line; m = 3 and S} (A) is a one-component hyperbola with interior, an open two-
dimensional half plane, or a two-dimensional plane; m = 4 and S} (A) is a one-
component hyperboloid without interior.

Proof. The proposition follows from [13, Theorem 2.1], which describes the joint numerical
ranges of a p-tuple of 2 x 2 Hermitian matrices with respect to a sesquilinear form in C2.
We need only to make the following observations that take into account the special form
of the matrices HA+ A*H, i(HA — A*H), and A*HA.

(a) By Proposition 2.1, we may assume H = I5. It is easy to see that m = 1 if A = \I,
A€ C,m=2if A# Al and is normal, and m = 4 in all other cases.

(b) Assume that H = L0 } , and write A = [ CCL Z

0 0
if b =0, and m = 4 in all other cases.

} . One easily verifies that m = 1

(c) We assume that H = (1) _(1) }, and write A = { CCL 2 . To compute the dimen-
sion m of the span of the set in (2.8), we may assume that a = —d > 0; otherwise, we may

replace A by a matrix of the form (A — nl) for some suitable p,n € C with |u| = 1. We
may further assume that b > 0; otherwise replace (H, A) by (D*HD, D*AD) = (H, D*AD)
for a suitable diagonal unitary matrix D. Assume first that a = 0. Then the four matrices
(2.8) take the form

8] [0 5] Lt 50 [ 2

It is easy to see, using the fact that the complex numbers b — ¢ and (b + ¢) are linearly
independent over R if and only if b% # |c|?, that m = 2 if b = |¢|* and m = 4 if b* # |c|*.
Assume now that a # 0. Then (2.8) takes the form

Y vl I P S B et i

If b+ ¢ =0, then clearly m = 2. If b+ ¢ # 0, then

RO A RO Y A

B 0 a(b+¢)+r(b—-7)
_{a(b+c)+7“(b—c) 0 }’

where r = (=b? + |c|?)/(4a), s = (|¢|* + b*)/2. If the complex numbers
a(b+7¢)+r(b—¢) and i(b+7) (2.9)

are linearly independent over R, then m = 4; otherwise, m = 3. A simple calculation shows
that (2.9) are linearly independent over R if and only if 2a # £(b* — |c[*)/]b + ¢|. 0
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3 Geometrical properties of shells

In this section we study geometric properties of shells: convexity, degeneracy (being a
singleton, or a subset of a line), boundedness.

We start with the problem of convexity. For the 2 x 2 case, this can be easily sorted
out using the general description of shells of 2 x 2 matrices in Proposition 2.5.

Proposition 3.1 Let A € C**2. Then S§(A) is convex if and only if the matrices
H,(HA+ A*H),i(HA — A*H), and A*HA are linearly dependent.

In general, the shell is not convex, also for matrices of size larger than 2:

Example 3.2 Let

1 00 000
H=|0 -1 0, A=1]2 00
0 01 000
Then HA = F +iG, where
010 0 ¢ 0 —4 0 0
F={100|, G=|—-i 0 0], and A'HA= 000
000 000 000

Setting # = [z; x5 x3]7; we note that z*Hz = 1 if and only if |z1]? — |zo]? + |32 = 1. A
simple calculation shows that

Si(A) = {(2Re (T1z2), 2Im (T722), —A|21[*) + [a|* — |waf* + Jas|* = 1}

This set is not convex, for instance if we take the cross-section where —4|z]*> = —16. In
this case |za|> = |z1|> + |23 — 1 > 3, and therefore the cross section of Sj;(A) is

{(2Re (T7zp), 2Im (T1ws), —16) : |2o]* > 3} = {(q,r, —16) : ¢° +7° > 48},
which is not convex.
Sufficient conditions for convexity are given in the following theorem.

Theorem 3.3 Let HA = F +iG be such that F,G are Hermitian. Then S} (A) is convex
if any one of the following two conditions holds.

(a) The four matrices H, F,G, A*HA are linearly dependent.

(b) n > 3, and the span of {H, F,G, A*HA} contains a positive definite matriz.

Proof. The result follows from [13, Theorem 3.2 (a) and (b)]. 0

We say that a set in R¥ is polyhedral if it is the intersection of finitely many closed half
spaces; R¥ itself will also be considered a polyhedral set. Clearly, every polyhedron is a
polyhedral set; a polyhedral set is a polyhedron if and only if it is bounded. Also, every
polyhedral set is convex.



Theorem 3.4 Let A € C"*", K = A*HA, and HA = F + iG be such that F and G
are Hermitian. Suppose there exists an invertible T such that T*HT = diag(hy, ..., hy),
T*FT = diag(fi,..., fn) and T*GT = diag(gi,...,9n). Then

W(F,G,K,H) = Conv{(f;,g;,h;(f; +¢3),h;) : 1 < j <n}

15 a polyhedron, and thus

SH(A) = {(a—i—ib,c) ca,b,c €R, (a,b,c,1) € [U tW(F,G,K,H)]}

t>0

1s the intersection of an affine space with a convexr polyhedral cone, which is a polyhedral
set.

Proof. The assertion on W(F,G, K, H) is well known; see [1]. The assertion on S}, (A)
follows readily from Proposition 2.4. 0
Matrices with degenerate shells are characterized as follows.

Theorem 3.5 Let A € C*". Then:

(a) Si(A) is a singleton if and only if the matriz HA is a (complex) scalar multiple of
H.

(b) Sj(A) is a subset of a line if and only if HA = uH + vG and A*HA = rH + sG
for some u,v € C, r,s € R, and some Hermitian G which is not a scalar multiple
of H; equivalently, the matrices H, HA+ A*H, i(HA — A*H), A*HA span a two

dimensional real subspace.

Proof. The result follows from [13, Theorem 3.5]. O
For boundedness of shells, we have the following result.

Theorem 3.6 The shell S};(A) is bounded if and only if the kernel of H is A—invariant
(this condition is obviously satisfied if H is invertible) and EITHER H is positive semi-
definite OR H 1is indefinite and there exists o € C such that HA = aH.

Proof. The “if” part. Applying transformation (2.7), we can assume that

_ | Aun O | H O
el ][0

where H; is invertible. Then

which is clearly bounded if H; is positive definite, or if H;A;; = aH; for some a € C.
The “only if” part. If S;;(A) is bounded, then so is the set

W;(A> = {[A’va}H HEORS (Cnu [qu]H = 1}
The boundedness of Wt (A) is characterized in [11, Theorem 2.3], implying the result. O
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4 Normality and polyhedral shells: Semidefinite case

The purpose of this section is to study whether Property (8) in Section 1 can be extended to
the general case when H is positive semidefinite. First, consider the case when H is positive
definite. Without loss of generality, one can assume that H = I,,. We fix A € C"*" along
with its representation A = F' +iG, where F' and G are Hermitian matrices. Furthermore,

SH(A) and Sp(A) are the same as W(F, G, A*A).

Lemma 4.1 Ifa+1ib, a,b € R, is an eigenvalue of A, then (a,b,a*+b*) € W(F,G, A*A),
and the inequality a® + b* < ¢ holds for every (a,b,c) € W(F,G, A*A).

Proof. Let U be a unitary matrix, such that U*AU is of the upper triangular form with
a +ib lying in the (1,1) position and let u be the first column of U. Then (a,b, a® + b?) =
(u*Fu,u*Gu,u*A*Au) € W(F,G, A*A).

Now, suppose v € C" is a unit vector such that v*Av = a+1b, then Av = (a+ib)v+ dw
for some d > 0 and some unit vector w € C" satisfying v*w = 0. It follows that v*A*Av =
a’> + b+ d? > a® + b 0

The following two results have been established in [1].

Lemma 4.2 [f(ay,aq,a3) is a vertex point of W(Ay, As, A3), then (ay,as,a3) € o(Aq, Az, A3).

Corollary 4.3 If W(Ay, Ay, A3) is a polyhedron, then

W(Al, A27 Ag) = Conv (O'(Al, Ag, Ag))

The next theorem was essentially proved in [3, 4] using a different approach.

Theorem 4.4 Let A= F +iG. The following are equivalent:
(a) W(F,G, A*A) is a polyhedron in R3.
(b) W(F,G,A*A) = Conv (o(F,G, A*A)).

(c) A is normal.

Proof. Implication (¢) = (a) follows from Theorem 3.4. Implication (a) = (b) follows
readily from Corollary 4.3. To prove implication (b) = (c¢), suppose W (F,G, A*A) =
Conv (o(F,G, A*A)). Then W (F,G, A*A) is a polyhedron. We claim that every eigenvalue
of A is reducing. Suppose S = {a; +ib; : 1 < j < k} are the distinct eigenvalues of A. By
Lemma 4.1, we have

Conv{(a;,bj,a? +b3): 1 < j <k} CW(F,G,A*A) C Conv (0(F, G, A*A)).

77
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Hence Conv{(a;,b;,a; +3) : 1 < j < k} = Conv (o(F,G,A*A)). Since the function
f(x,y) = 2”4y is strictly convex on R"?, and all the points (a;, b;, a5+b7) lie on its graph,
we see that each point (a;, bj, a5+b?) is a vertex of the set Conv{(a;,b;,a3+b7) : 1 < j < k}.
By Lemma 4.2, we see that each a; +ib; is a reducing eigenvalue of A. Hence A is normal.
0

If H is only positive semidefinite, we have the following result, extending Davis’ theorem

(statement (8) of Section 1).

Theorem 4.5 Let H € C™™ be positive semidefinite and singular. Then the following
statements are equivalent for A € C"*" :

(a) SH(A) is a polyhedron;
(b) S#(A) is a polyhedral set;
(¢) A is H-normal.

Proof. (c¢) = (a) follows from Theorem 2.3 and the property (8) of Section 1. (a) = (b)
is trivial.
(b) = (c). Without loss of generality, we let

| I 0 | A Ap
melw o) a-fan )

where A;; and Ay are k X k and (n— k) x (n — k), respectively. Arguing by contradiction,
assume A is not H-normal. If A5 = 0, then A;; is not Ip-normal. On the other hand,
ST (A1) = SF(A) (cf. the proof of Theorem 2.3), and therefore S} (Ai1), being a bounded

polyhedral set, is a polyhedron, a contradiction with Theorem 4.4.
Now suppose Ay # 0. Let ¢ > 5||A11]|, consider the level set

Sy = {v"(HA)v : v*Hv =1, v"(A*HA)v = t*},
which coincides with the projection on the first two components of the set
SHA)YN{(x1, 12,1%) € RV 1 21,29 € R}
Since Ay # 0, there exists w € C"* such that Ajpw # 0. Let x be a unit vector in

C*. Then there exists v € C such that ||[Aj2 + Ap(vw)|| =t. If v = { V];U } € C", then

v*(HA)v € §;. Thus, S; # 0. Clearly, S; is a polyhedral set. Using the Cauchy-Schwartz
inequality

lv*HAv| = |(v"H)(HAv)| < VorHovVv* A*HH Av = Vo HovVor A*HAv = t

for every v € C" satisfying v*H Av € S;, we see that the set S; is bounded, and therefore
is a convex polygon (with interior).

11



Let u = v*(HA)v be a corner point of S;. Writing v = [ ";: } , where z € CF, y € c"F,

we have
p=a*Anxr+ o Apy, v'Hv=2'z=1, and |[[Anx+ Apy|* =v"A*HAv = {2

We claim that z* A5y = 0. Suppose not, i.e., let * A5y # 0. We construct a real positive
function §(0), where 6 € (—r,r) for some r > 0, such that §(0) = 1, and

| Az + Ap(e?6(0)y)|| = t, —r<f<r, (4.1)

as follows. Letting 2*Af; Aoy = u + iw, u,w € R, a calculation shows that §(6) satisfies
the quadratic equation

((6(0))* — 1) y* A}y Aray + 26(6) ((cos B)u — (sin)w) — 2u = 0. (4.2)

(Note that Aoy # 0, because x* A9y # 0.) Since ||A112+ A1oy|| =t > 5||A11]], we see that
the product of the roots of the above equation is

—1 = 2u/[|Ayl* < =1+ 2| Anz [[Anyll/ | Awyl* < =1+ 2[|Aull/(t - [Aul) <O0.

Thus, equation (4.2) always has a positive root §(6) and a negative root. Therefore, §(9)
is a differentiable (even analytic) function of 6. Consider the curve

() = a* Apw + eiaé(e)fE*Auy, —r<f<r.
By (4.1), p(0) € Si; also p(0) = p. Since

W (u(6) — 1) /60 = (i + 67(0)) 2" Aszy,

the line {u+s(i+9'(0))z* Aoy : s € R} is the tangent to the curve p(6) at u, a contradiction
with p being a corner of S;. Thus, 2*A;2y = 0, and u belongs to the standard numerical

range W (A1;) of Ayy. So,
Sy = Conv {the corners of S;} C W (Ayy). (4.3)

Now, using the hypothesis that A5 # 0, select z € C¥, y € C"* so that z*x = 1,
x* Aoy = ||A12y||, and replacing if necessary y by py for some g > 0 we can also assume
that ¢t = ||Aj1z + Ajoy||. Then ||Apy|| >t — ||A11z|| and since ¢ > 5||Aq1]|, we have

2" Anz + 3" Argy| = |2 Aray| — 2" Ana] = (t = [[Anz]]) — [[Anl] > [[Aul-

Hence, S; contains x* Az + 2* A9y, which does not belong to W (A;j;), a contradiction
with (4.3). O

12



5 Normality and polyhedral shells: Indefinite Cases

Note that if H is indefinite, Sj;(A) fails to be a polyhedral set even for H-selfadjoint

(1) (1) } and A = [ 8 é } is an H-selfadjoint matrix, then

HA:[O 0] and A*HA:[O 0}.

matrices. Indeed, if H = [

01 0 0

Thus, letting v = (vy,v2)T € C?, we have that
SH(A) = {(|va]?, 0, 0) : Re(v1w2) =1} = {(=, 0, 0) : = > 0}
is an open half line, which is not a polyhedral set. This example also shows that S7;(A)

need not be closed or bounded for an H-normal matrix A. Nonetheless, we have the
following conjecture.

Conjecture 5.1 S} (A) is convex and the closure of Sf;(A) is a polyhedral set for every
H-normal matriz A.

Conjecture 5.1 is supported by the results of the next four subsections where we ex-
plicitly compute shells of particular H-normal matrices. In this context, we will make use
of the complete classification of H-normal matrices for the case that H is an invertible
Hermitian matrix with only one positive eigenvalue. This classification was obtained in [6].

Theorem 5.2 Let H be invertible Hermitian and let H have only one positive eigenvalue.

Furthermore, let X be H-normal. Then there exists an integer m > 0 and a nonsingular
matrix P such that

X, 0 H 0

-1 _ 1 1

PXP_[O X5 0 —Im}’

where Xy € C™™ is a diagonal matrixz for m > 0, or else Xy and I, are void, and the
pair (X1, Hy) is of one of the following forms:
type 1: X1 =X\, Hi =1, A€ C;

M O 01
type?-'Xlz[ ! ]’Hl:{l O};)\l#AQ;

| par—|

0 Ao

Az 0 1
typeS’.Xl:[O )\}’Hl_{l 0],/\€C,|z|:1,
[\ 2z r 0 01
type 4: X;1=| 0 AN z |, Hi=—|0 1 0|,
[ 0 0 A 100
where A € C and either lz|=1,reR,0<arg(z) <m, orz=1, r €iR;
A cos(¢) sin(¢p) 0 0001
0 A 0 1 0100 .
type 5: X1 = 0 0 \ 0 , H = — 00 1 0 ,AEC, 0< 9 < 7.
| 0 0 0 A 10 00
Proof. This follows directly from [6, Theorem 2], by considering X and —H. O
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5.1 Shells of some special H-normal matrices

In this subsection, we explicitly compute the shell S;;(X), where X and H have one of the
following forms:

1
1) X € €™ is an upper triangular Toeplitz matrix and H = e cvm,
1
X, 0 L
2) X = [ 01 b% } and H = € C?2 where X, Xy € C™™ are upper
2
1

triangular Toeplitz matrices.

It is easy to check that in both cases the matrix X is H-normal. In [7] and [8] it was
shown that for a large class of H-normal matrices a canonical form consisting of blocks of
the forms 1) and 2) above can be obtained. (Those H-normal matrices were called block-
Toeplitz H-normal matrices in [7]). This and the fact that blocks of the forms 1) and
2) also appear in Theorem 5.2 motivate our interest in these special H-normal matrices.
Before computing the shells, we start with a technical result.

Proposition 5.3 Letay,...,a, € R, ay # 0. Then there exists a vectorv = (v, ...,v,)T €
C"™ such that

UnUm + Up1Umi1 + -+ Opp = form=1,... n, (5.1)

if and only if cv,_or > 0 for some k < ”T_l and a; =0 forj=n—-2k+1,...,n.
Moreover, in this case v can be chosen real.

Proof. ( = ): Let [ > 0 be such that a,,—; # 0 and «,_; = 0 for j < . Then (5.1)

successively implies v,_; = 0 for j < % Suppose that [ = 2k + 1 is odd, then we have

Up = ... =0y = 0. But then (5.1) implies

0= UpUpn—2k-1 1 " + Un_gUn—k-1 T Un—k—1Un—f + -+ + Up_2k¥Up = Qp_2k_1,

i.e., a,_; = 0 which is a contradiction. Thus, [ is even, i.e., [ = 2k for some integer k£ > 0.
Then we have v, = ... =v,_r1 = 0 and U, _,v,_r = ay_9,. This implies a,,_or > 0.

( < ): Without loss of generality, we may assume that k& = 0. Otherwise, we have
Up = ... =Up_py1 = 0 and setting v; = ... = v, = 0 and w; = vy for j =1,...,n — 2k,

equation (5.1) reduces to
Wp—2k Wiy, + Wp—2k—1Wmt1 + ++ + WinWp—2k = Oy for m = L...,n— 2k7

and we can consider the analogous problem with size n—2k instead of n. Then we construct
the desired vector v by choosing v,, = /&, € R and computing v,, from (5.1) successively
as the solution of a linear equation of the form 2v,,v, = b,, for some b,, € R. O
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Theorem 5.4 Let zq,...,x, € C, e = +1, and

r1 T2 ... Ty
0 1 .
H=¢ ec™ and X = ! ecv, (5.2)
1 0 T2
T
an upper triangular Toeplitz matriz. Furthermore, let
j:m = f1$m+52xm,1+"'+§ml’1, mzl,...,n,
X = (Re(zn), Im(zn), Tm), m=1,...,n,
S = Span(Xs,..., X, 1), s1:=dim(Sy),
S3 = Span(Xa,..., X, 3), s3:=dim(S3),
S5 = Span(As,..., X, 5), s5:=dim(Ss).

Then the shell S§;(X) of X has the form given by Table 1, where “0.b.” means “on the
boundary”. In particular, S (X) is convexr and its closure is a polyhedral set.

Proof. Let v = (v, ... ,vn)T € C" be such that v,,v1 +U,,—1v2 + - - - + U1v, = € and set
Oy = UpUp + -+ + O, form=2,... n.
A simple computation shows that
V'HXv =21+ canxg + -+ - + ey, UV X"HXv=27T1+caTs+ -+ ca,Tp.
Thus, S;;(X) is the set of all points
X + e + -+ o, X)),

where oy 1= €, ag, ..., a, are such that there exists v € C" such that (5.1) holds. Applying
Proposition 5.3 and classifying the shell of X with respect to the dimensions of the vector
spaces &1, 83, and S5, and some other parameters, yields the classification of Table 1. 0O

Proposition 5.5 Letay,...,an, B1,..., 0, € R. Then there exists a vectorv = (vq, ..., v,)" €
C?" such that

VonUm + 62nflvm+1 + e+ @nervn = Qyp + Bmzv m = 17 s N (53)
Proof. Set vy, = v9, 1 = ... = v,41; = 1. Then, we determine v, ...,v; successively
from (5.3). O
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Table 1: Classification of shells of H-normals of the form (5.2)

S1 S3 Sy shell of X
3 <3 <3 RIX3
2|1 X,€85 <2 <2 plane
21X, ¢8| 2 <2 closed half space
open half space
<
2| X @S 1 X2 €8 <1 with line on boundary
open half space with
2| X @S| 1 g8 1 closed half plane o.b.
open half space with
21X, ¢8| 1 | X 2¢S| 0 [n=6 open half plane o.b.
with open half line o.b.
open half space with
21X, ¢8| 1 | X 2¢S3| 0 [n=5] e=1 open half plane o.b.
with singleton o.b.
B . open half space with
2| X g S| 1 | Xp@ S| 0 \n=5le=-1 open half plane o.b.
B open half space with
2| XS 0 0 |n=4 open half line o.b.
11X, e85 <1 <1 line
11X, ¢8| 1 <1 closed half plane
B open half plane with
L X ¢ &) 0 0 |n=4 open half line o.b.
- - open half plane with
L g &) 0 0 |n= e=1 singleton o.b.
1 X, ¢8| 0 0 In=3|e=-1 open half plane
0 0 0 |n= open half line
0 0 0 |n= e=1 singleton
0 0 0 [n=1|e=-1 empty set
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Theorem 5.6 Let zq,...,xs, € C,

r1T T2 ... XTp Tn+1 Lp+2 .- - Ton
ry . Tn+1
Xl - . ; X2 - . P
e T2 e Tpg2
T1 Tni1

upper triangular Toeplitz matrices, and

0 1
X:[)él)?], H-| -
2 1 0

2nXx2n

Then the shell S};(X) of X is a singleton, a line, a plane, or RY3. In particular, Si;(X)
18 convex and its closure is a polyhedral set.

Proof. Let oy = % and let ag,...,an, 01,...,03, € R be arbitrary. By Proposition 5.5,

there exists a vector v = (v1,...,v2,)7 € C*" such that (5.3) holds. In particular, we have
1 o1 )
VonV1 + Vap_1Vo + + -+ + UV U9, = 5 + 512 + 5 - 612 =1.
A simple computation shows
v HXv
- (al + ﬁli)J;l + -+ (an + ﬁnl)xn + (al - B1i>xn+1 + -+ (an - 6n2)x2n
- 041<LU1 + $n+1> +ooee an(mn + x2n> + 61i(.131 - 'TnJrl) ot ﬁnz<xn - x2n)7
v X*HXv
= (al + 511)571 +--+ (an + 5712):%71 + (al - ﬁlwt%n—s—l + (an - ﬁnl)j]Qn
= ()41(:2'1 + in+1) +ee O‘n(in + iQn) + ﬁll(il - i'nJrl) ot ﬁnzci.n - i'2n)7
where
T = T1Tngm + ToTpsm1 + -+ TmTps1  and  Tpym 1= T, form=1,... n.

Thus, setting

X, = (Re(xm + Zpim), Im(z, + Togm), T + in+m), m=1,....,n,

Y, = (Im(m,wm — Tm), Re(Ty — Tpam), 1(ZTm — i‘n+m)>, m=1,...,n,
we obtain that

SH(X)
1
= {5261+a2X2+-~+aan+ﬁly1+~-+6nyn: az,...,an,ﬁl,...,ﬁnema}.

Hence, the shell of X is a singleton, a line, a plane, or R'*3, depending on the dimension
of the subspace spanned by X5, ..., X, V1, ..., Vy. O
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5.2 Shells of 2 x 2 H-normal matrices

The case when H € C"*" is positive definite is covered in Theorem 3.1: S;;(A) is a straight
line segment, whenever A is H-normal. Now we express the coordinates of the vertices of
this segment in terms of eigenvalues of the matrix A.

By Lemma 4.2, if (a, b, c) is a vertex of S;;(A), then

(A—;A > = ax, (A;A ) =br, A"Ar=cx (5.4)
i

for some nonzero x € R2. Tt follows from the first two equalities in (5.4) that
Ax = (a +ib)x, A*z = (a —ib)x, (5.5)

and in particular, a 4 ib is an eigenvalue of A. Since A is H-normal, we have now from
(5.5) and the third equality in (5.4)

cx = A*Az = A*(a + ib)x = (a + ib)(a — ib)x = (a® + b*)x
that ¢ = a® + b?. Therefore, the shell S;;(A) is possibly a degenerate line segment
SH(A) = {t(ay,br,a] +b3) + (1 —t)(ag, ba, a3 +b3) : 0 <t <1},

where a; + ib; and ag + iby are eigenvalues of A. It can be easily shown that for a fixed H,
the shell S};(A) of an H-—normal matrix A is a line segment with vertices on a paraboloid
and this paraboloid depends on H and not on A.

Consider now the case when H has one negative and one positive eigenvalue. Since
the transformation (2.7) does not change the shell, we can use a canonical form for a
2 x 2 H-normal matrix A. This canonical form is a special case of the canonical form in
Theorem 5.2. We are then left with the following three types of blocks.

Type 1:
A0 10
T D R P e

In this case, it follows from Proposition 2.5 (see also Theorem 3.4) that Sj;(A) is a closed
half line.

Type 2:

a0 [0 1
P R R L RSV

By Theorem 5.6, Sf;(A) is a straight line.

Type 3:
Az 01
a2 2] w0 ] vee e

By Theorem 5.4, S;;(A) is an open half line.
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Finally, the case when H is singular (and therefore positive semidefinite) is reduced by
Theorem 2.3 to the 1 x 1 case. It follows that

Si(A4) = {(|#1]Re(a), |21[*Im(a), |z1[*|al®) : [21]* = 1} = (Re(a), Im(a), |al?)

is just a singleton. Note that the singleton always (i.e., for each A) belongs to the paraboloid
2= 2%+ 92

5.3 Shells of 3 x 3 H-normal matrices

In this subsection, we describe the shells of 3 x 3 H-normal matrices. Again, since trans-

formation (2.7) does not change the shell, we can start with a canonical form for a 3 x 3

H-normal matrix X. First, let us consider the case that H is nonsingular. In this case

either H or —H has at most one positive eigenvalue. Thus, a canonical form is given in

Theorem 5.2. We are then left with the discussion of the following five types of blocks.
Type 1:

)\1 0 0 &1 0 0
X = 0 )\2 0 s H= 0 &9 0 7& :t[g,
0 0 )\3 0 0 €3

where A1, A2, A3 € C, and e1,e9,e3 € {+1,—1}. In this case, the description follows from
Theorem 3.4.

Type 2:
A 000 e 00
X=10 X 0], H=]00 11|,
0 0 s 010

where \j, Ao, A3 € C, and € € {+1,—1}. Let v = (v1,v2,v3)T € C3 be a vector. Then we
obtain that

v'Hy = EV1V + @21}3 + 53’027
v'HXv = 8)\1@11}1 + )\3@21)3 + )\2@3112,
v'X"HXv = €X1 )\1611)1 + Xg)\gﬁzﬂg + Xg)\g@gvg.

Setting o + i3 := Davs, o, B € R, it follows that v*Hv = 1 if and only if ev;v; = 1 — 2a.
Hence, we have to require that o < % ife=1ora> % if ¢ = —1, respectively. Making
use of
Re(XQ)\gﬂgvg)
= (Re(/\g)Re()\g) + Im(/\g)lm()\?,))oz - (Re(/\g)lm(/\;;) - Im()\g)Re(/\g,))ﬁ,
we obtain that the shell of X has the form

SHX)={P+ar+py : a,f €ER, 2ea < e},
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where

P = (Re(\p), Im()\y), |\ %),

r = <Re()\2 + )\3 - 2/\1), Im(—2)\1 + /\2 + )\3),

2(Re(Ao)Re(Xg) + Im(Ao)Im(\s) — |>\1|2)>,

y = (Im()\g ~ M), Re(—Aa + \g), 2<Im(>\2)Re()\3) - Re(Ag)Im()\g))) .

Thus, §;;(X) is a closed half plane in both cases ¢ = 1 and € = —1 (or a nondegenerate
subset of a line, if x and y are linearly dependent).
Type 3:
A 000 e 00
X=10 X 2|, H=]00 1],
0 0 X 010

where A\, Ay, 2 € C, |2| =1, and € € {+1,—1}. Again, let v = (vy,v9,v3)T € C3. Then we
obtain that

v*Hv = €101 4 Tavs + U309,
v'HXv = 8)\161’01 + )\2(@21}3 + 63’02) + 263113,
vV X*HXv = 6X1)\1@1U1 + XQ)\Q (52223 + 531)2) + (XQZ + 5)\2)@32}3.

Setting o := vUyv; and 3 := v3v3, we find that v*Hv = 1 if and only if Tyvs + T30, = 1 — ea..
Clearly, such vectors v exist for any possible choice of « > 0 and # > 0. If § = 0, i.e.,
vy = 0, then we have to choose vy such that eae = 1, which is only possible for ¢ = 1. Thus,
the shell of X is given by

SHX) = {P+az+ By : (,0) € (B x BTHU{(1,0)}}
for the case ¢ = 1, and
SHX)={P—az+pPy : (a,0) €ER{ x RT}

for the case e = —1, where P = (Re(\2), Im()2), [A2]?), x = (Re(A1—X2), Im(A;—Xa), [A\1]?—

1A2]?), v = (Re(2),Im(2), Aoz + Z)3). We sketch S;;(X) in Figure 1 as subsets of the plane

E={P+ax+py : a,f € R}, for the cases a) e = 1 and b) ¢ = —1, assuming that z

and y are linearly independent. Note that in case a) only one point on the half line ax, is

an element of S;7(X), while in case b) the whole half line —ax is excluded from S (X).
Type 4:

AN zor 0 0 1
X=10 X 2z|, H=e¢|0 1 0|, e==£1,
0 0 X 1 00
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Case a) Case b)

Figure 1: Shells of 3 x 3 H-normal matrices of type 3

where \,z € C, |2] =1, 0 < argz < 7, and r € R. By Theorem 5.4, §;(X) is the union
of an open half plane and a singleton on its boundary. We describe S7(X) in more detail.
Let v = (v1,v2,v3)" € C3. Then

v'Hy = U3V + VU2 + 51113,
v'HXv = )\(532}1 + Vovy + 51?]3) + Z(@g'l}g + @21}3) + TUgUg,
VX HXv = MN(U301 + vy + 0103) + (A2 + A2) (U302 + Tavz) + (rA + 17X + 1)T303.

Setting [ := v3v3 and « := U3vs + Vav3, we find that vectors v satisfying v*Hv = 1 can
be found for all possible values of a if § > 0. Only if § = 0, i.e., v3 = 0, then we have to
require a = 0 and |vg| = 1. Thus, the shell of X has the form

SHIX) = {P+az+ﬁy : (a,8) ERXRTU {(0,0)}},
where
P = (Re()\), —Im()\),X/\) , T = (Re(z), —Im(2),\Z + Xz) LY = (7“, 0,7A + 7\ + 1) )

(Note that = and y are linearly independent for all possible values of r € R and z € C with

2| = 1.)
Type 5:
A1 oar 0 01
X=10 X 1], H=e¢| 01 0|, e==1,
0 0 A 1 00

where A € C and r € R. By Theorem 5.4, S;;(X) is the union of an open half plane and
the singleton on its boundary.
Now we turn to the case when H is singular. By Lemma 2.2, we need only to consider
three different cases:
1 00 1 00 1 00
)VYH=|000]|, 2JH=|010|, 3H=|0 -1 0
0 00 000 0 00
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The first two cases are reduced to shells of 1 x 1 and 2 x 2 matrices by Theorem 2.3. Thus,
we consider the third case only.

Case 3: Let H, = [ (1) _(1)

if and only if it is of the form

} . It follows from the definition that A € C3*2 is H-normal

c
A= | Mg , (5.6)
x| %
where A; € €?*? is H,-normal, and moreover,
lc| = |d| and AH, [ ﬂ ~ 0. (5.7)
If c=d=0, then
- H1A1 0 % o ATHIAI 0
T T R

and therefore
Sh(A) = S, (Ay).
Since A; is a 2 x 2 H;-normal matrix, it follows from the analysis in Section 5 that S}, (A)
is a line or a half line (open or closed). In particular we have these kinds of shells if
det A; # 0, since then we have by the second relation in (5.7) that ¢ = d = 0.
Now let det A; = 0 and |¢| = |d| # 0. Setting 6 = d/¢ (note that by the first relation
n (5.7), |0] = 1) we conclude from the second relation in (5.7) that

| da OB
e o9
for some «, 3 € C. Therefore,
By (5.6), (5.7), and (5.9),
& *
Ha=| A g | ama= [Alfé“‘h 8] =0,
* ] *

and therefore, upon setting r = (x1, 29, z3)" € C3,

Si(4)

- {([g;—l —:U_Q]Al{il}—i-C[ﬂf_l x_z}[_%}xg, o>: |x1|2—|x2|2:1}.

Since z; — 220 # 0 for some choice of z; and x5 subject to |z1|* — |z2]? = 1 it follows that
S7(A) is the coordinate xy-plane.

In particular, we obtain the following conclusion from the above discussion.
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Theorem 5.7 Let A be an n X n H-normal matriz, where n < 3. Then the shell S};(A)
is a subset of a line if n =2, and a subset of a plane if n = 3. Moreover, Sj;(A) is convez,
and its closure is a polyhedral set.

Thus, Conjecture 5.1 holds true for H-normal matrices of sizes less than 4.

5.4 The case H has only one positive eigenvalue

In this subsection, we will prove Conjecture 5.1 for the case that H is an invertible Her-
mitian matrix with only one positive eigenvalue. First, let us focus on the blocks of type 5
of Theorem 5.2. These matrices have been extensively used in [15] as a counter example
for many statements on H-normal matrices that are true for the case that H is positive
definite. However, we next show that Conjecture 5.1 still holds true.

Proposition 5.8 Let A€ C, 0 < ¢ < 7, and

A cos(¢) sin(¢) 0 0001
0 A 0 1 0100

X=10 o v ool T loo0 1 0] T F
0 0 0 A 1000

Then the shell S;;(X) of X is convex and its closure is a polyhedral set.

Proof. Using Proposition 2.1(b), we assume X\ = 0. Let v = (v1, v2, v3,v4)7 € C* such that
v*Hv =1 and let be a, 3,7,9,7 € R, n > 0 such that

Vg = 0 + Zﬁ, 541]3 =7 + 2(5, VyUy = 1. (51)

Note that, on the other hand, for any choice of «, 3,7,9,7 € R, n > 0, there exists a vector
v € C* such that (5.1) and T4v; + Tavs + U3vz + Uyvg4 = € hold, for example, take

o+ i 6 e lal? — o2
042\/ﬁ7 V2 = 67 1)3:7 s U1 = ’2| ‘3|

(] V4 2’04

In the case n = 0, we must have vy = 0 and therefore, such a v € C* exists if and only if
a=0F=~=0=0. A simple computation shows that

v*H X v = Tyvq cos(@) + Tyvs sin(¢) + Davyg = (o + if3) cos(¢) + (v + id) sin(¢) + a — i3,
VX THXv =T4v4 = 1.

Thus, setting x; = (cos(¢) + 1, 0, 0), zo = (0, cos(¢p) — 1, 0), z3 = (sin(¢), 0, 0),
x4 = (0, sin(¢), 0), and x5 = (0, 0, 1), and noting that x; and z3 (x5 and x4, respectively)
are linearly dependent, we obtain that

SHIX) = {ozlxl + Ty + a3zs  (ap, a0, 03) € (RXRXRT) U {(0,0,0)}}.

Clearly this set is convex and its closure is polyhedral. 0
For the proof of the main result in this subsection, we will need the following observa-
tion.
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Lemma 5.9 Let H € C"*" be Hermitian, X € C™*", and v € C". Ifv*Hv =« > 0, then
V= \/Lav satisfies v*HvU =1 and

VHXv=a0"HX0, v'X"HXv=a0"X"HX0
Consequently, for a > 0, we have
{(U*HXU,U*X*HXU) : vE(C”,v*Hv:a} = aSH(X).

Theorem 5.10 Let H be invertible Hermitian and let H have only one positive eigenvalue.
Then the shell S;;(X) of an H-normal matriz X is convex and its closure is a polyhedral
set.

Proof. Without loss of generality, we may assume that X and H are in the form of
Theorem 5.2. If X and H are one of the blocks of type 1-5, then the result follows from
our discussion in the previous subsections or from Proposition 5.8. Hence, let us assume
that X = diag (X, X2) and H = diag (H;, —1I,,) are such that Xy € C™* m > 0, is
diagonal and such that the pair (X, Hy) is of one of the forms of type 1-5 of Theorem 5.2.
Let v = (v1,v2)T be partitioned conformably with X and H. Then

v'Hv =1 <= oiHyv; =1+ vjvs.
Thus, we obtain that the shell S;(X) of X is the set
Sh(X)
- {(U*HXU, VX HXv) : v Ho = 1}

= {(UTH1X1U1, UTXTH1X1U1) — (U;XQUQ, U;X;XQ'UQ) v Hu = 1, v = (Ul) }
%
= U ((1 + a)SH (X1) — O[S;F(XQ)). (by Lemma 5.9 with a = vjv,)

a>0

Using the results in the previous subsections and Proposition 5.8, we obtain that S;;l (X1)
consists of all the points of the form

Xo + a1 Xy + Xy + as s,
where X; € RY3 (1 = 0,1,2,3) are fixed, and (aq, s, a3) € M. Here, M stands for one
of the sets {0} x {0} x {0}, R x {0} x {0}, RT x {0} x {0}, (R x R* x {0}) U{0,0,0}, or

R xR xRT)U{0,0,0}. Moreover, we know that S;(X5) is a polyhedron, i.e., it has the
I
form

l
SHX) = {Bi+ .+ BV 52 0.) 5= 1.
=1
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Hence, S;;(X) consists of all the points of the form

(14 o) (X + a1 Xy + oy + a3 X)) — a(Bir + ...+ Bi)
= X() + CkOéle + OéOéQXQ + aa3X3 + 046121 + ...+ Oéﬁlzl,

where a > 0, (o, 0, 03) € M, Z;, =X = Y;, ; > 0,i=1,....1, Z§=1 B; = 1. Conse-
quently,

SHX) = {XO FaX + GoXs + AsXa + P12t B2 (G, e, ds) €M, G > 0}.

Clearly, this set is convex. The closure of S};(X) is finitely generated (in the terminology
of [16]) and hence polyhedral ([16, Theorem 19.1]). 0

6 Infinite dimensional case

The concept of the shell makes sense also for operators in infinite dimensional Hilbert
spaces. Thus, let H be an infinite dimensional complex Hilbert space with the inner
product (x,y), and let H be a fixed bounded selfadjoint operator on H which is not
negative semidefinite. For a (linear bounded) operator A on H define

SH(A) = {([Av, v]g, [Av, Avlg) CCXR: veH, [v,v]g =1},

where [z,y|g = (Hz,y), x,y € H. Many results of Sections 2 and 3 admit straightforward
generalization to the infinite dimensional case, or parallel results for this case can be
developed. We note that H-normal operators are defined (via (2.5)) only if H has a
Moore-Penrose inverse, and therefore this hypothesis is implicitly assumed each time a H-
normal operator appears. As it is well-known, H has a Moore-Penrose inverse if and only
if the range of H is a closed subspace. Thus, the results of Section 2 (except Proposition
2.5) go over to the infinite dimensional case essentially without changes.

Next, consider the geometric properties of shells. Theorem 3.3 is obviously valid also
in the infinite dimensional case. To prove Theorem 3.5(a) in this case, assume first that
S7;(A) is a singleton. Fix v € H such that [v,v]g = 1. Then for every u € H and for every
a € C sufficiently close to zero, [v + au,v + au]g > 0. Scaling v + au appropriately, and
using the property that S;;(A) is a singleton, we obtain

(HA(v 4 au),v+ au) = (H(v + au),v + au) (HAv,v).

Letting « be real, it follows that (H Au,u) = (Hu,u) (H Av,v) by equating coefficients of
a?. Since u € H is arbitrary, we must have HA = cH, ¢ € C, as required.

For Theorem 3.5(b), first observe that if the operators H,HA + A*H, i(HA — A*H),
A*H A span a two dimensional real subspace, then S;;(A) is easily seen to be a subspace of
a line. Conversely, assume Sj;(A) C {r+tq : t € R} for some vectors r, ¢ € R**®. Applying
transformations of Proposition 2.1, we may without loss of generality assume that two out
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of the three components of ¢ are equal to zero. Say for instance, the first and the third
components of ¢ are zero (in other cases, the proof is analogous). Then with u, v, and «
as in the preceding paragraph, we have

(HA+ A"H)(v+ au),v+ au) = (H(v + au),v + au) (HA+ A*H)v,v),

(HA(v 4 au), A(v + au)) = (H(v + au),v + au) (H Av, Av).

Again, equating the coefficients of a? in both sides of each of these equalities, we obtain
that HA 4+ A*H and A*H A are scalar multiples of H, concluding the proof.

Finally, consider boundedness. Recall the definition (introduced in [14]) of the numer-
ical range with respect to the indefinite inner product induced by H:

WH(A) = {[Av,v]g v €H, [v,v]g = 1}.

Theorem 6.1 Let H be a selfadjoint operator on 'H, not negative semidefinite. Then the
following statements are equivalent for an operator A on H.:

(1) The numerical range W (A) is bounded.
(2) The shell S (A) is bounded.

(3) EITHER H is indefinite and HA = aH for some o € C, OR the properties (i) and
(i1) below are satisfied: (i) H is positive semidefinite; (ii) the linear set Range (v H)
is A*-invariant, where VH is the positive semidefinite square root of H.

Proof. (1) < (3) is proved in [11, Theorem 2.3]. (2) = (1) is obvious. Finally, (3) = (2)
follows easily, because by Douglas’s lemma [5], (i) and (ii) imply that there exists A > 0
such that A\H — A*H A is positive semidefinite. O

7 Appendix: A Maple program

Here we include a Maple program which displays a portion of the shell S};(A) that helped
us to formulate and check conjectures at the early stage of our project.
The procedures are limited to parameterization of a vector based on variables r and a.

In plotshell2 one can specify v, however, the ranges of r and « are fixed to r = —10--10

and o = —27 - 2w, but X (and correspondingly v) may have arbitrary dimensions. In
1o’

plotshell the vector v is fixed to v = m; , but one can change the ranges of r and «.

> restart;with(plots):with(linalg):

Warning, new definition for norm

Warning, new definition for trace

> # This procedure, takes a H for the hermitian
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matrix that defines the inner

product, an X for the matrix, and a V given

by the user ‘a‘ represents the magnitude

of v since we only want [v,v]=1 b is the

numerical range not divided by the norm of v

x1,x2 are the real and imaginary components of the
numerical range x3 is the second component [Xv,Xv]
This plots x1,x2,x3 parameterized by a

vector that depends on a phase alpha and a magnitude r

HOH H OH OH OH OH O H R

plotshell2 := proc (H, X, V)

local a, b, x1, x2, x3;
a:=simplify(multiply(htranspose(V),H,V));

b:=simplify(multiply (htranspose(V),H,X,V));
x1:=simplify(Re(b[1,1])/al1,1]);
x2:=simplify(Im(b[1,1])/al1,1]);
x3:=simplify(multiply(htranspose(V) ,htranspose(X),H,X,V))[1,1]
/all,1];

plot3d([x1, x2, x3],alpha = -2*Pi..2%Pi,r = -10..10); end;

V VVV VYV V VYV VYV VYV YVVYVYV

# This is a similar procedure only the v is fixed,

# but you can change the parameterization values or r
# and alpha by calling it with an rlow rhigh

# and alphalow and alphahigh

plotshell := proc(H, X, rlow,rhigh,alphalow,alphahigh)

local a, b, x1, x2, x3,V;

assume (r,real,alpha,real):
V:=matrix([[r*(cos(alpha)+I*sin(alpha))], [1]1]1);
a:=simplify(multiply (htranspose(V),H,V));
b:=simplify(multiply(htranspose(V),H,X,V));
x1:=simplify(Re(b[1,1])/al1,1]);
x2:=simplify(Im(b[1,1])/al1,1]);

x3:=simplify (multiply (htranspose(V) ,htranspose(X),H,X,V)) [1,1]
/all,1];

> plot3d([x1, x2, x3],alpha = alphalow .. alphahigh,r= rlow .. rhigh)
end;

V VVV VYV V VYV VYV YV VYVYVYV
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