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[A5] Michael Karow.
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[A6] Michael Karow.
Eigenvalue Conditon Numbers and a Formula of Burke, Lewis and Overton.
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[A7] Michael Karow, Daniel Kressner, Francoise Tisseur.
Structured Eigenvalue Condition Numbers.
SIAM J. Matrix Anal. Appl. 28(4):1052-1068, 2006.

The content of these papers is summarized on the following pages. Let me first explain the
concepts which are mentioned in the title of this habilitation.

Following Hinrichsen and Pritchard [18, 19] we study the variation of the spectrum,
σ(A), of a matrix A ∈ C

n×n under perturbations of the form

A A∆ := A + B∆C, (1.1)

where B ∈ C
n×l, C ∈ C

q×n are fixed matrices and ∆ is an element of a subset ∆ of C
l×q.

It is assumed that ∆ is closed, connected and contains the zero matrix. The size of a
perturbation ∆ ∈ ∆ is measured by a norm ‖ · ‖ on Cl×q.

(a) The structued pseudospectrum (also called spectral value set) of the triple (A, B, C)
with respect to the perturbation class ∆, the underlying norm ‖ · ‖ and the pertur-
bation level δ > 0 is defined as

σ∆(A, B, C; δ) := {s ∈ C; s ∈ σ(A∆) for some ∆ ∈ ∆ with ‖∆‖ < δ}.

∗Matheon, Technische Universität Berlin, D-10623 Berlin, Germany, (karow@math.TU-Berlin.de).

1
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Hence, σ∆(A, B, C; δ) is the set of eigenvalues of all matrices A∆ with ∆ ∈ ∆ and
‖∆‖ < δ.

(b) Let λ ∈ C and let the eigenvalues ν1, . . . , νn of Ã ∈ Cn×n be ordered such that

|ν1 −λ| ≤ |ν2 −λ| ≤ . . . ≤ |νn −λ|. Then we set dm(Ã, λ) := |νm −λ|. Now suppose
that λ is an eigenvalue of A ∈ C

n×n of algebraic multiplicity m. Then we define the
structured Hölder condition number of λ of order γ > 0 by

condγ
∆

(A, B, C, λ) := lim
δց0

sup
‖∆‖ ≤ δ

∆ ∈ ∆

dm(A∆, λ)

‖∆‖γ
. (1.2)

(c) Let Cg be an open and non-empty subset of C. Then Ã ∈ C
n×n is called Cg-stable

if σ(Ã) ∈ C. The structured stability radius of a Cg-stable matrix A ∈ C
n×n is

defined as

r∆(A, B, C, Cg) := inf{‖∆‖; ∆ ∈ ∆, A∆ is not Cg-stable}.

Though stability radii are not mentioned in the title of this habilitation the paper
[A2] contains some results on these quantities.

(d) The µ-value of M ∈ C
q×l is defined as

µ∆(M) := [ inf{‖∆‖; ∆ ∈ ∆, 1 ∈ σ(∆ M)} ]−1. (1.3)

We also define a µ-value of second kind by

µ̃∆(M) := inf{‖∆‖; ∆ ∈ ∆, rank(M + ∆) < min{l, q} }.

If l = q then µ̃∆(M) is the structured distance of M to the set of singular matrices,
and we have µ̃∆(M) = µ∆(M−1)−1.

Stability radii have been introduced by Hinrichen and Pritchard [18], structured pseudospec-
tra as defined above have been introduced by Hinrichsen and Kelb (under the name ’spectral
value sets’) [17]. In that papers the usage of the structure matrices B and C was motivated
by applications in linear system theory: consider a linear system

ẋ(t) = Ax(t) + Bu(t), y(t) = Cx(t). (1.4)

Then by introducing the feedback law u(t) = ∆y(t) one obtains a closed loop system ẋ(t) =
A∆ x(t), with A∆ given by (1.1). This point of view has been extended in [A2], see Section
3. The matrices B, C can be used to model a lot of structured perturbations. For instance,
perturbations in the class of companion matrices of matrix polynomials can be written as 1




0 I
. . .

I
A0 + ∆0 A1 + ∆1 . . . An−1 + ∆n−1


 =




0 I
. . .

I
A0 A1 . . . An−1




︸ ︷︷ ︸
A

+




0
...
0
I




︸︷︷︸
B

ˆ
∆0 . . . ∆n−1

˜

︸ ︷︷ ︸
∆

Furthermore, perturbations of the form

A A(∆1, . . . , ∆m, δ1, . . . , δr) := A +

m∑

j=1

Bj∆jCj +

r∑

j=1

δjEj , δj ∈ C,

1Here and in the sequel I denotes the identity matrix of appropriate dimension.



Summary 3

can be written as A(∆1, . . . , ∆m, δ1, . . . , δr) = A + B∆C with

∆ = diag(∆1, . . . , ∆m, δ1I, . . . , δrI), (1.5)

B = [B1, . . . , Bm, E1, . . . , Er],

C = [CT
1 , . . . , CT

m, I, . . . , I︸ ︷︷ ︸
r times

]⊤.

The µ-values (of first kind) for perturbations of the form (1.5) have been introduced by
Doyle, see e.g. [32, 44] and the references therein. The connection of pseudospectra and
stability radii with µ-values is as follows. Let G(s) = B(sI−A)−1C be the transfer function
of the linear system (1.4). Then

σ∆(A, B, C, δ) = σ(A) ∪ {s ∈ C \ σ(A); µ∆(G(s)) > δ}, (1.6)

r∆(A, B, C, Cg) = [ sup
s∈∂Cg

µ∆(G(s))]−1 if A is Cg-stable. (1.7)

This follows from the definition of µ and the equivalence

s ∈ σ(A∆) ⇔ 1 ∈ σ(∆ G(s)),

which holds for all s ∈ C \ σ(A). In the case that B = C = I we have

σ∆(A, I, I, δ) = {s ∈ C; µ̃∆(sI − A) < δ}, (1.8)

r∆(A, I, I, Cg) = inf
s∈∂Cg

µ̃∆(sI − A) if A is Cg-stable. (1.9)

The relationship of spectral value sets and µ-values with eigenvalue condition numbers is
explained in the paper [A4]. In order to make the formulas (1.6)-(1.9) useful one needs
computable formulae for µ-values. Here are some basic results.

(i) Let ‖ ·‖α,β denote the operator norm on Cl×q subordinate to the vector norms ‖ ·‖α

and ‖ · ‖β, i.e.

‖∆‖α,β = max
x∈Cq\{0}

‖∆x‖β

‖x‖α
. (1.10)

Then the µ-value of M ∈ Cq×l with respect to unstructured perturbations and the
underlying norm ‖ · ‖ = ‖ · ‖α,β satisfies

µCl×q(M) = ‖M‖β,α.

(ii) Let σ1(X) ≥ σ2(X) ≥ . . . denote the singular values of the matrix X in decreasing
order. Furthermore, let ℜX and ℑX denote the real and imaginary part of X. If
the underlying norm is the spectral norm then for any M ∈ Cq×l, [1, 34]

µCl×q(M) = σ1(M), µRl×q(M) = inf
γ∈(0,1]

σ2

([
ℜM −γ ℑM

γ−1 ℑM ℜM

])
.

If additionally l = q =: n then

µ̃Cn×n(M) = σn(M), µ̃Rn×n(M) = sup
γ∈(0,1]

σ2n−1

([
ℜM −γ ℑM

γ−1 ℑM ℜM

])
.

(1.11)

The problem of computing µ-values with respect to the classes (1.5) has been addressed by
Doyle and coworkers [13, 32, 44]. In [A2] and [A3] we derive computable formulae for µ with
respect to other important perturbation classes.
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2. Content of [A1]. The paper [A1] deals with the convexity of the joint numerical
range F(A) of an m-tuple of Hermitian matrices A = (A1, . . . , Am), Ak ∈ Cn×n, A∗

k = Ak.
By definition,

F(A) = { (x∗A1x, . . . , x∗Amx)⊤; x ∈ C
n, ‖x‖2 = 1} ⊂ R

m.

Before discussing the content of [A1] in detail let me briefly explain the relationship between
numerical ranges and µ-values with respect to block diagonal perturbations and the spectral
norm, ‖ · ‖2. Let

∆ = { diag(∆1, . . . , ∆m); ∆j ∈ C
lj×qj},

where lj , qj are fixed numbers with
∑

lj = l and
∑

qj = q. Furthermore, let γ =
(γ1, . . . , γm) ∈ Rm

+ , M = [Mjk]j,k≤m ∈ Cq×l with Mjk ∈ Clj×qk , Mγ = [(γj/γk) Mjk]j,k≤m

and Dγ = diag(γ1I, . . . , γmI). Then for all γ ∈ Rm
+ and all ∆ ∈ ∆, ∆Mγ = D(∆M)D−1.

Hence the matrices ∆M and ∆Mγ have the same eigenvalues. This yields µ∆(M) =
µ∆(Mγ) ≤ ‖Mγ‖2. Hence, the quantity

µ̄∆(M) = inf
γ∈Rm

+

‖Mγ‖2

is an upper bound for µ∆(M). The computation of µ̄∆(M) is a convex optimization problem
which can be solved by standard methods. In general, µ̄∆(M) can be a very conservative
bound for µ∆(M) [42]. However, it turns out that µ̄∆(M) = µ∆(M) for m ≤ 3. The proof
of this fact uses the characterization of both quantities by numerical ranges [13, 14, 15]. For
c > 0 let Ac = (Ac

1, . . . , A
c
m), where Ac

j ∈ C
l×l are Hermitan matrices such that

x∗Ac
jx = ‖

m∑

k=1

Mjkxk‖
2
2 − c2 ‖xj‖

2
2,

for all x = [x⊤
1 , . . . , x⊤

m]⊤, xj ∈ C
lj . Then one can show that

µ̄∆(M) = inf{c > 0; The numerical range F(Ac)
does not meet the nonnegative orthant [0,∞)m}

(2.1)

and

µ∆(M) = inf{c > 0; There exists a nonnegative vector p ∈ R
m

with p⊤y < 0 for all y ∈ F(Ac) }
(2.2)

If for all c > 0, F(Ac) is convex or the boundary of a convex set then the conditions on the
right hand side of (2.1) and (2.2) are equivalent. However, for any Hermitian A1, A2, A3 ∈
Cn×n we have that 1. F(A1) is an interval, 2. F(A1, A2) is convex (Hausdorff-Töplitz
Theorem), 3. F(A1, A2, A3) is a (possibly degenerated) ellipsoid for n = 2 and F(A1, A2, A3)
is convex for n > 2, see e.g. [15]. This yields µ̄∆(M) = µ∆(M) for m ≤ 3. On the other
hand if m ≥ 4 then it is easy to find Hermitian matrices Aj ∈ C

n×n, j = 1, . . . , m, such
that F(A1, . . . , Am) in non-convex. This explains why we can have µ∆(M) < µ̄∆(M) if ∆
is a set of matrices with more than 3 blocks.

Motivated by the facts displayed above we invesigate in [A1] the convexity of joint
numerical ranges for m ≥ 4 and provide a new proof of convexity for m ≤ 3. For A =
(A1, . . . , Am) and η = (η1, . . . , ηm) ∈ Rm let

Aη =
m∑

k=1

ηkAk.

Furthermore, let λ̄η denote the maximum eigenvalue of Aη and let Eη = {v ∈ C
n; Aηv =

λ̄η v} be the associated eigenspace. The main results of the paper [A1] are the statements
below.
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(i) The map Rm ∋ η 7→ λ̄η is the support function of the convex hull of F(A). The
intersection of F(A) with the supporting hyperplane Hη = {y ∈ Rm; y⊤η = λ̄η},
‖η‖2 = 1, is the numerical range F(V ∗

η A1Vη, . . . , V ∗
η AmVη), where Vη is a matrix

whose columns form an orthonormal basis of Eη.
(ii) Suppose that F(A) is not a singleton and that the eigenvalue λ̄η has constant

multiplicity for η ∈ Rm \ {0} (i.e. the dimension of Eη is independent of η). Then
the following holds.
(a) The spheres Sη = {v ∈ Eη; ‖v‖2 = 1}, ‖η‖2 = 1, are pairwise disjoint. The

union of these spheres, M :=
⋃

‖η‖2=1 Sη, is a real analytic submanifold of Cn.

(b) The boundary ∂F(A) of F(A) is both a real analytic submanifold of Rm and
a convex surface. Let fA(x) = (x∗A1x, . . . , x∗Amx)⊤, ‖x‖2 = 1, denote the
numerical range map. Then ∂F(A) = fA(M), and to any y ∈ ∂F(A) there

exists a unique η such that Sη = f−1
A (y). Hence M

fA7→ ∂F(A) is a sphere
bundle over ∂F(A).

(c) If RM = C
n then F(A) = ∂F(A). If RM 6= C

n then F(A) is convex. (The
proof of the latter statement uses homotopy theoretic methods.)

(iii) Suppose m ≥ 4 and there exists an η 6= 0 such that λ̄η is not a simple eigenvalue of
Aη. Then in each neighborhood of A there exists an m-tuple of Hermitian matrices

Ã such that F(Ã) is not convex.
(iv) If m = 2, 3 then generically λ̄η is a simple eigenvalue of Aη for all η 6= 0. This com-

bined with (ii) yields that F(A) is convex for all A = (A1, A2) and A = (A1, A2, A3).

3. Content of [A2]. Ths subject of [A2] are pseudospectra, stability radii and µ-values
for coupled linear systems. The setting is as follows. Suppose we are given m linear time
invariant systems of the form

Σj : ẋj(t) = Ajxj(t) + Bju(t), yj(t) = Cjxj(t),

where Aj ∈ Cnj×nj , Bj ∈ Clj×nj , Cj ∈ Cnj×qj , j = 1, . . . , m. By introducing the couplings
uj(t) =

∑m
k=1 ∆jkyk(t), ∆jk ∈ C

qj×lj , one obtains the closed loop system

2

6
4

ẋ1

...
ẋm

3

7
5 =

0

B
B
B
B
B
B
@

2

6
4

A1

. . .

Am

3

7
5

| {z }

=:A

+

2

6
4

B1

. . .

Bm

3

7
5

| {z }

=:B

2

6
4

∆11 . . . ∆1m

...
...

∆m1 . . . ∆mm

3

7
5

| {z }

∆

2

6
4

C1

. . .

Cm

3

7
5

| {z }

=:C

1

C
C
C
C
C
C
A

2

6
4

x1

...
xm

3

7
5 .

(3.1)

For some index pairs (j, k) the coupling ∆jk may not be present. Thus in (3.1) we consider
only block matrices ∆ = [∆jk] which are elements of the class

∆I = {[∆jk]j,k≤m; ∆jk = 0 if (j, k) 6∈ I},

where I ⊂ {1, . . . , m} × {1, . . . , m} is a prescribed index set. The pairs (j, k) ∈ I can be
regarded as the oriented edges of a directed graph whose vertices are the numbers 1, . . . , m.
This is illustrated in Figure 3.1 for the case where m = 3, I = { (1, 2), (1, 3), (2, 1), (3, 2), (3, 3)}.
Observe that in the directed graph the endpoint of the edge (j, k) is the first component, j.
This orientation reflects the interconnection structure. In order to calculate pseudospectra
and stability radii for systems of the form (3.1) by means of the formulas (1.6) and (1.7) we
need to determine the quantity µ∆I

(G(s)). However, since A, B and C are block diagonal,
G(s) is also block diagonal:

G(s) = C(sI − A)−1B = diag(C1(sI − A1)
−1B1, . . . , Cm(sI − Am)−1Bm).

Thus, it is enough to calculate µ∆I
(M) for block diagonal M . In [A2] we provide formulas

for µ∆I (M) with respect to two families of norms on ∆I . The definition of these norms
presumes that the sizes of the blocks ∆jk are measured by operator norms ‖ · ‖αj ,βk

, which
are defined as in (1.10).
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Block Diagram

∆

∆

∆∆12 33

+

+∆

21

32

13

Σ2

Σ3

1Σ

Directed Graph

1

2

3(1, 2) (2, 1) (3, 3)

(1, 3)

(3, 2)

Fig. 3.1. Composite System

(i) Let R = [rjk]∈Rm×m be a nonnegative matrix, and let I := { (j, k); rjk > 0 }. We
define a weighted maximum norm on ∆I by the formula

‖∆‖ := max
(j,k)∈I

r−1
jk ‖∆jk‖αj ,βk

, (3.2)

where ∆ = [∆jk] is a matrix as in (3.1). Then, with respect to the norm (3.2) we
have

µ∆I (diag(M1, . . . , Mm)) = ̺( R diag(‖M1‖β1,α1
, . . . , ‖Mm‖βm,αm

) ), (3.3)

where ̺(·) denotes the spectral radius.
(ii) The second norm type is given by

‖∆‖ := Nα






‖∆11‖α1,β1

. . . ‖∆1m‖αm,β1

...
...

‖∆m1‖α1,βm
. . . ‖∆mm‖αm,βm





 , (3.4)

where Nα = ‖·‖α,α is an operator norm induced by a norm ‖·‖α on R
m×m. Let Z(I)

denote the set of cycles of the oriented graph whose edges are the pairs (j, k) ∈ I.
If Z(I) = ∅ then µ∆I

(diag(M1, . . . , Mm)) = 0. If Z(I) 6= ∅ then with respect to
the norm (3.4),

µ∆I
(diag(M1, . . . , Mm)) = max

γ∈Z(I)

(∏
j∈γ ‖Mj‖βj ,αj

) 1
|γ|

, (3.5)

where |γ| denotes the length of the cycle γ. See [A2] for details.

The formulas (3.3) and (3.5) are the main results of [A2]. They yield a collection of corollaries
on the eigenvalues of perturbed block diagonal matrices. By specializing (3.5) to the diagonal
case we obtain a new proof of the eigenvalue inclusion theorem of Brualdi.

4. Content of [A3]. In this paper we consider µ-values for perturbations which are
self- or skew-adjoint with respect to an inner product on C

n. The inner product is defined by
a unitary matrix. The underlying norm is the spectral norm. First, we treat the Hermitian,
complex symmetric and complex skew-symmetric perturbations. For M ∈ Cn×n let Mh :=
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M−M∗

2i , Ms := M+M⊤

2 . In [A3] we show that

µHerm(M) = sup{‖Mv‖2; v ∈ C
n, ‖v‖2 = 1, v∗Mhv = 0}

=





0 if Mh is definite,
√

inft∈R λ1(M∗M + t Mh), otherwise,
(4.1)

µ̃Herm(M) = inf{‖Mv‖2; v ∈ C
n, ‖v‖2 = 1, v∗Mhv = 0},

=




∞ if Mh is definite,
√

supt∈R λn(M∗M + t Mh), otherwise,
(4.2)

µSkew(M) = sup{‖Mv‖2; v ∈ C
n, ‖v‖2 = 1, v⊤Msv = 0},

=

√
inf
t∈R

λ2

([
M∗M t Ms

t Ms M∗M

])
, (4.3)

µ̃Skew(M) = inf{‖Mv‖2; v ∈ C
n, ‖v‖2 = 1, v⊤Msv = 0},

=

√
sup
t∈R

λ2n−1

([
M∗M t Ms

t Ms M∗M

])
, (4.4)

µSym(M) = σmax(M),

µ̃Sym(M) = σmin(M),

where λ1(·) ≥ λ2(·) ≥ . . . denote the eigenvalues of a Hermitian matrix in decreasing order,
and σmax(·) and σmin(·) denote the maximum and the minimum singular value, respectively.
The functions to be extremized in (4.1)-(4.4) have the property that each local extremum is
global. By means of the formulas (4.1)-(4.4) one can compute µ∆ and µ̃∆ if ∆ is the set of
self-adjoint or the set of skew-adjoint matrices with respect to an inner product of the form

〈x, y〉Π := x•Πy, x, y ∈ C
n,

where • ∈ {∗,⊤}, Π is unitary and Π• = ±Π. By definition,

∆ ∈ C
n×n is self-adjoint with respect to 〈·, ·〉Π ⇔ ∀x, y ∈ C

n : 〈x, ∆y〉Π = 〈∆x, y〉Π

⇔ Π∆ = ∆•Π = ±(Π∆)•,

∆ ∈ C
n×n is skew-adjoint with respect to 〈·, ·〉Π ⇔ ∀x, y ∈ C

n : 〈x, ∆y〉Π = −〈∆x, y〉Π

⇔ Π∆ = −∆•Π = ∓(Π∆)•.

As an important example let us discuss the case of complex Hamiltonian matrices. These
matrices are skew-adjoint with respect to the inner product.

〈x, y〉J = x∗Jy, J =

[
0 I
−I 0

]
.

For the µ-value of second kind with respect to Hamiltonian perturbations we obtain

µ̃Ham(M) = inf{‖∆‖; det(M − ∆) = 0, ∆∗J = −J∆, ∆ ∈ C
n×n}

= inf{‖J∆‖; det(JM − J∆) = 0, (J∆)∗ = J∆, ∆ ∈ C
n×n} (4.5)

= µ̃Herm(JM)

=
√

sup
t∈R

λn(M∗M + (t/2i) ((JM) − (JM)∗)) (4.6)



8 Habilitation M. KAROW

The pseudospectra of a Hamiltonian matrix H ∈ C2n×2n with respect to Hamiltonian per-
turbations satisfy

σHam(H, δ) = {s ∈ C; µ̃Ham(sI − H) < δ},

and from (4.6) it follows that

µ̃Ham(sI − H) =





σmin(sI − H) if s ∈ iR,
√

supt∈R λn((sI − H)∗(sI − H) + itJ) otherwise.
(4.7)

It is possible to specify a finite interval on which the supremum in (4.7) is attained. This
enables us to compute σHam(H, δ) by evaluating the function s 7→ µ̃Ham(sI − H) on a grid.

5. Content of [A4]. In this paper we study the shape and growth of structured pseu-
dospectra for small perturbations. Thoughout the paper it is assumed that the perturbation
class ∆ is a cone, i.e. ∆ ∈ ∆ implies t∆ ∈ ∆ for all t ≥ 0. Our main result uses the the
partial fraction expansion of the rational function G(s) = C(sIn − A)−1B, i.e.

G(s) =
∑

λ∈σ(A)

(
CPλB

s − λ
+

ℓλ∑

ℓ=2

CN ℓ−1
λ B

(s − λ)ℓ

)
, (5.1)

where Pλ is the spectral projector onto the generalized eigenspace of A associated with
λ ∈ σ(A), Nλ = (A − λ I)Pλ is the eigen-nilpotent, and

ℓλ :=

{
1 if CN ℓ−1

λ B = 0 for all ℓ ≥ 2,

max{ ℓ ≥ 2; CN ℓ−1
λ B 6= 0 } otherwise.

(5.2)

We denote the leading coeffients in (5.1) by

Γλ :=

{
CPλB if ℓλ = 1,

CN ℓλ−1
λ B otherwise.

(5.3)

Note that Γλ = 0 if and only if ℓλ = 1 and CPλB = 0. Next, we introduce the sets

Lλ := { z ∈ C; zℓλ ∈ σ(∆Γλ) for some ∆ ∈ ∆ with ‖∆‖ ≤ 1 }. (5.4)

In words, Lλ is the set of roots of order ℓλ of all eigenvalues of the matrix products ∆Γλ,
where ∆ ∈ ∆ with ‖∆‖ ≤ 1. Let Cλ(δ) denote the connected component of the closure of
the pseudospectrum σ∆(A, B, C, δ) which contains the eigenvalue λ of A. The main result
of [A4] is the identity

lim
δց0

Cλ(δ) − λ

δ1/ℓλ
= Lλ, (5.5)

where the limit is taken with respect to the Hausdorff distance between non-empty compact
subsets of C. More explicitely, (5.5) states that to each ǫ > 0 there exists a δ0 > 0 such that
for all positive δ < δ0,

(1) Cλ(δ) ⊂ λ + δ1/ℓλ Uǫ(Lλ), (2) λ + δ1/ℓλLλ ⊂ U(ǫ δ1/ℓλ )(Cλ(δ)),

where Uǫ(M) = { z ∈ C; |z − s| < ǫ for some s ∈ M} is an ǫ-neighborhood of M ⊂ C. The
limit sets Lλ can be computed using µ-values. Specifically we have

Lλ = {reiφ; φ ∈ [0, 2π], 0 ≤ r ≤ r(φ)}, where r(φ) := µ∆(e−iℓλφΓλ)1/ℓλ .

If Γλ has a factorization Γλ = XY ∗ with X ∈ Cq×r, Y ∈ Cl×r then each nonzero eigenvalue
of ∆Γλ is also an eigenvalue of Y ∗∆X, and vice versa. Hence,

Lλ = { z ∈ C; zℓλ ∈ σ(Y ∗∆X) for some ∆ ∈ ∆ with ‖∆‖ ≤ 1 }. (5.6)
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As a corollary to (5.5) we obtain the following characterizations for the structured condition
number of order 1/ℓλ defined in (1.2).

cond
1/ℓλ

∆
(A, B, C, λ) = max{|w|; w ∈ Lλ}

= maxφ∈[0,2π] µ∆(e−iℓλφ Γλ)1/ℓλ

= [ max{̺(∆Γλ); ∆ ∈ ∆, ‖∆‖ = 1} ]1/ℓλ

= [ max{̺(Y ∗∆X); ∆ ∈ ∆, ‖∆‖ = 1} ]1/ℓλ ,

(5.7)

where ̺(·) denotes the spectral radius.

Example: Figure 5 shows the limit sets Lλ for perturbations of the form

A A∆ =

[
ℜ(λ I + M) + ∆ −ℑ(λ I + M)

ℑ(λ I + M) ℜ(λ I + M)

]
= A + B∆C,

where λ ∈ C \ R, ∆ ∈ Rn×n and

A =

[
ℜ(λ I + M) + ∆ −ℑ(λ I + M)

ℑ(λ I + M) ℜ(λ I + M)

]
, B =

[
I
0

]
∈ R

2n×n, C =
[
I 0

]
∈ R

n×2n

and M = Mjk, j = 1, 2, k = 1, 2, 3, where

M1k =

[
0 Zk

0 0

]
, M2k =



0 Zk 0
0 0 Zk

0 0 0




with

Z1 =

[
1 − 2i 2 − 3i
−i 4 − 3i

]
, Z2 =

[
4 − 5i 1 − i
3 − 3i −i

]
, Z3 =

[
3 − 2i 2
1 − 2i 5 − i

]
.
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0

1

2

3 M
11

−4 −2 0 2 4
−4
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21
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−1

0
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−2 0 2
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22

−2 0 2
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−1

0

1

2

3 M
13

−4 −2 0 2 4
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−3
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−1

0

1
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3
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23

Fig. 5.1. Some limit sets Lλ.
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6. Content of [A5]. Suppose the matrix Γλ defined in (5.3) has rank 1, i.e. Γλ = xy∗,
x ∈ Cq, y ∈ Cl. Then (5.6) and (5.7) yield,

Lλ = { z ∈ C; zℓλ ∈ K∆(x, y)}, (6.1)

cond
1/ℓλ

∆
(A, B, C, λ) = max{|w|; w ∈ K∆(x, y)}1/ℓλ , (6.2)

where

K∆(x, y) := { y∗∆x; ∆ ∈ ∆, ‖∆‖ ≤ 1}.

In [A5] we investigate the sets K∆(x, y) for the case that ∆ is a vector space over R. Then
K∆(x, y) is a convex subset of C. As is well known a convex set is uniquely determined by
its support function. The support function of K∆(x, y) is given by

s∆(z) = max{ℜ(z̄ξ); ξ ∈ K∆(x, y) }

= max{〈∆, zyx∗〉; ∆ ∈ ∆, ‖∆‖ ≤ 1 }, (6.3)

where

〈F, G〉 := ℜtr(F ∗G) (6.4)

denotes the inner product between the matrices F and G. If |z| = 1 and ∆0 ∈ ∆ is
a maximizer for (6.3) then x∗∆0y is a boundary point of K∆(x, y). Let P∆ : C

l×q →
Cl×q denote the orthogonal projection onto ∆ with respect to the inner product (6.4).
Furthermore, let ‖ · ‖′ denote the dual to the norm ‖ · ‖, i.e. ‖M‖′ = max{〈M, ∆〉; ∆ ∈
Cq×l, ‖∆‖ = 1}. For instance, the dual to the Frobenius norm is the Frobenius norm, and
the dual to the spectral norm is the Schatten-1-norm. The basic result of [A5] is the identity

s∆(z) = ‖P∆(z yx∗)‖′, z ∈ C, (6.5)

which holds whenever the map P∆(·) is a contraction with respect to the norm ‖ · ‖. The
latter condition trivially holds if ‖ · ‖ is the Frobenius norm.

If ∆ is a vector space over C then it follows from (6.5) that

s∆(z) = ‖P∆(yx∗)‖′ |z|, z ∈ C.

Hence in this case K∆(x, y) is a disk of radius ‖P∆(yx∗)‖′ about 0. However, many im-
portant perturbation classes ∆ are only vector spaces over R. In [A5] we discuss the cases
that ∆ is the set of real matrices, the set of Hermitian matrices, the set of real symmetric
matrices or the set of real skew-symmetric matrices. The underlying norm is either the
Frobenius norm or the spectral norm. For these cases (with one exception2) we obtain that
the support function is of the form

s∆(z) =
√

a |z|2 + ℜ(b z2), a ≥ 0, b ∈ C, |b| ≤ a.

This is the support function of the ellipse

Ea,b =
{

eiφ/2
(√

a + |b| ξ1 +
√

a − |b| ξ2 i
)

; ξ1, ξ2 ∈ R, ξ2
1 + ξ2

2 ≤ 1
}

, φ = arg(b).

It follows that K∆(x, y) = Ea,b and cond
1/ℓλ

∆
(A, B, C, λ) = (

√
a + |b|)1/ℓλ . We derive for-

mulae for the constants a and b in terms of x and y. For instance, if ∆ = Rl×q and the
underying norm is the spectral norm then

a =
1

2

[
‖x‖2

2 ‖y‖
2
2 +

√
(‖x‖4

2 − |x⊤x|2)(‖y‖4
2 − |y⊤y|2)

]
, b =

1

2
(x⊤x)(y⊤y).

2The exceptional case is ∆=set of real symmetric matrices, ‖ · ‖ =spectral norm.
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7. Content of [A6]. For a square matrix M ∈ Cn×n let πΣ(M) denote the product
of the nonzero singular values of M , and let πΛ(M) denote the product of the nonzero
eigenvalues of M . For A ∈ C

n×n and λ ∈ C we define

q(A, λ) :=
πΣ(A − λ In)

|πΛ(A − λ In)|
. (7.1)

According to (1.8) and (1.11) the unstructured pseudospectrum with respect to the spectral
norm, ‖ · ‖2, satisfies

σCn×n(A, I, I; δ) = {s ∈ C; σmin(A − sI) < δ}, (7.2)

where σmin(·) denotes the minimum singular value.
Suppose that λ is a nonderogatory eigenvalue of A of algebraic multiplicity m. In [6]

Burke, Lewis and Overton proved the following expansion of the function s 7→ σmin(A−s I).

σmin(A − sI) =
|s − λ|m

q(A, λ)
+ O(|s − λ|m+1), s ∈ C. (7.3)

This identity combined with (7.2) yields that for small δ the connected component of
σCn×n(A, I, I; δ) which contains λ is approximately a disk of radius (q(A, λ)δ)1/m. Hence,
the condition number defined in (1.2) satisfies

cond
1/m
Cn×n(A, I, I, λ) = q(A, λ)1/m.

However, according to the results in [A4] we have

cond
1/m
Cn×n(A, I, I, λ) =

{
‖Pλ‖2 if m = 1,

‖Nm−1
λ ‖

1/m
2 if m > 1,

where Pλ is the eigenprojector associated with λ and Nλ = (A−λ)Pλ is the eigen-nilpotent.
Consequently,

q(A, λ) =

{
‖Pλ‖2 if m = 1,

‖Nm−1
λ ‖2 if m > 1.

. (7.4)

In [A6] we give a direct proof of (7.4) without using (7.3).

8. Content of [A7]. Let λ ∈ C be a simple eigenvalue of A ∈ C
n×n with right

eigenvector x and left eigenvector y such that y∗x = 1. If ∆ ∈ Cn×n is sufficiently small
then there is an eigenvalue λ̂(A + ∆) of A + ∆ satisfying

λ̂(A + ∆) = λ + y∗∆x + O(‖∆‖2).

Consequently, for any perturbation class ∆ ⊆ C
n×n with accumulation point 0 the struc-

tured condition number of λ satisfies

cond∆(A, λ) = lim
δց0

sup

{
|λ̂(A + ∆) − λ|

‖∆‖
; ∆ ∈ ∆, 0 < ‖∆‖ ≤ δ

}

= lim
δց0

sup

{
|y∗∆x|

‖∆‖
; ∆ ∈ ∆, 0 < ‖∆‖ ≤ δ

}
.

Hence, if ∆ is a vector space over R or C then

cond∆(A, λ) = max{ |y∗∆x|; ∆ ∈ ∆, ‖∆‖ = 1 }. (8.1)
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This is a special case of the results in [A4] and [A5]. In Section 2 of [A7] we consider the case
that A as well as its perturbations A+∆ are elements of the same smooth (real or complex)
submanifold M od C

n×n. Hence, the perturbation class under consideration is given by

∆M = {∆ ∈ C
n×n; A + ∆ ∈ M}.

In general ∆M is not a cone. Hence, the methods and results of [A4] and [A5] do not
directly apply to this class. However, in [A7] we show that

cond∆M
(A, λ) = max{ |y∗∆x|; ∆ ∈ TAM, ‖∆‖ = 1 }, (8.2)

where TAM denotes the tangent space of M at A ∈ M. Based on (8.1) and (8.2) we derive
estimates and precise formulae for structured condition numbers of matrices which are skew-
or self-adjoint or automorphisms with respect to an inner product (x, y) 7→ 〈x, y〉Π (see Sec-
tion 4 for the definition of the inner product). The sets of real and complex automorphisms
are given by

GK = {A ∈ K
n×n; 〈Ax, Ay〉Π = 〈x, y〉Π for all x, y ∈ C

n}, K ∈ {C, R}.

These sets are Lie-groups, i.e. smooth manifolds which are closed under matrix multiplica-
tion.
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