
ON THE NUMBER OF POINTS OF SOME KUMMER CURVES

OVER FINITE FIELDS

FLORIN NICOLAE

Let l be a prime number and let k = Fq be a finite field of characteristic p 6= l
with q = pf elements. Let n ≥ 1. The curve

Cn : yl = x(xln − 1)

is smooth of genus gn = ϕ(ln+1)
2 = ln(l−1)

2 over k. Let Fn/k be the function field of
Cn, let PFn denote the set of places, and let DivFn denote the group of divisors of
Fn/k. The absolute norm N(P) of a place P ∈ PFn is the cardinality of its residue
class field. It holds N(P) = qdeg P, with a natural number deg P ≥ 1, the degree
of P. The Zeta function of the curve Cn is a meromorphic function in the complex
plane, defined for Re s > 1 by

ζCn(s) =
∏

P∈PFn

1

1 − 1
N(P)s

=
∑

A∈DivFn, A≥0

1

N(A)s
.

Denoting for m ≥ 0 by Am the number of positive divisors of degree m it holds

ζCn(s) =

∞
∑

m=0

Am

qms
.

The power series

ZCn(t) :=

∞
∑

m=0

Amt
m

is convergent for |t| < q−1 and represents a rational function

ZCn(t) =
LCn(t)

(1 − t)(1 − qt)
,

where LCn(t) = qgn t2gn + . . . + 1 is a polynomial with coefficients in Z of degree
2gn. For r ≥ 1 let Nr be the number of Fqr -rational points of the projective closure
of Cn. Since the plane curve Cn has only one point (0 : 1 : 0) at infinity, it holds

N1 = N + 1

where N is the number of solutions (x, y) in k of the equation

yl = x(xln − 1).

Let |X | denote the number of elements of a finite set X .

Lemma 1. If B(x) ∈ k[x] is a polynomial with a simple root x1 ∈ k:

B(x) = (x− x1)B1(x), B1(x) ∈ k[x], B1(x1) 6= 0,
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then the number of solutions in k of the equation

yl = B(x)

is

N =
1

l

l−1
∑

j=0

|Aj |,

where for 0 ≤ j ≤ l − 1

Aj := {(x, y) ∈ k × k | yl = ξjB1(ξ
jxl + x1)},

ξ a generator of the cyclic multiplicative group k∗.

P r o o f: I) The case q ≡ 1( mod l). Let χ be a character of k∗ of order l such that

χ(ξ) = ω = e
2πi

l .

Put χ(0) := 0. It holds

N = q +
l−1
∑

r=1

∑

c∈k

χr(B(c)) = q +
l−1
∑

r=1

∑

c∈k

χr((c− x1)B1(c)) =

= q +

l−1
∑

r=1

∑

c∈k

χr(c− x1)χ
r(B1(c)) =

= q +

l−1
∑

r=1

∑

0≤i,j≤l−1

∑

c∈A,χr(c−x1)=ωi,χr(B1(c))=ωj

ωi+j =

= q +

l−1
∑

r=1

l−1
∑

s=0

ωs ·
∑

0≤i,j≤l−1, i+j≡s( mod l)

|A(r)
i,j |,

where

A := {c ∈ k | B(c) 6= 0}, A(r)
i,j = {c ∈ A | χr(c− x1) = ωi, χr(B1(c)) = ωj}.

For 1 ≤ r ≤ l − 1 let r−1 denote the representative in 1, . . . , l− 1 of the class r̂−1

in the multiplicative group of non-zero residues modulo l. It holds

A
(r)
i,j = A

(1)
r−1i,r−1j

hence
l−1
∑

r=1

l−1
∑

s=0

ωs ·
∑

0≤i,j≤l−1, i+j≡s( mod l)

|A(r)
i,j | =

l−1
∑

r=1

l−1
∑

s=0

ωs ·
l−1
∑

i=0

|A(1)
r−1i,r−1(s−i)| =

=

l−1
∑

r=1

l−1
∑

s=0

ωs ·
l−1
∑

j=0

|A(1)
j,r−1s−j | =

l−1
∑

r=1

l−1
∑

j=0

l−1
∑

s=0

ωs|A(1)
j,r−1s−j | =

=

l−1
∑

r=1

l−1
∑

j=0

l−1
∑

t=0

ωrt|A(1)
j,t−j | =

l−1
∑

t=0

(

l−1
∑

r=1

ωrt)

l−1
∑

j=0

|A(1)
j,t−j | =

= (l − 1)

l−1
∑

j=0

|A(1)
j,l−j | +

l−1
∑

t=1

(−1)

l−1
∑

j=0

|A(1)
j,t−j | =
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= l

l−1
∑

j=0

|A(1)
j,l−j | −

l−1
∑

i,j=0

|A(1)
i,j | = l

l−1
∑

j=0

|A(1)
j,l−j | − |A|,

so

N = q + l

l−1
∑

j=0

|A(1)
j,l−j | − |A|.

For 0 ≤ j ≤ l − 1 it holds

A
(1)
j,l−j = {c ∈ A | χ(c− x1) = ωj, χ(B1(c)) = ωl−j} =

= {c ∈ A | ∃(t, u) ∈ k∗ × k∗ : c− x1 = ξjtl, B1(c) = ξl−jul}.
Let

Aj := {(t, u) ∈ k × k | B1(ξ
jtl + x1) = ξl−jul},

Bj := {(0, u) | ξl−jul = B1(x1)} ∪ {(t, 0) | B1(ξ
jtl + x1) = 0},

0 ≤ j ≤ l − 1. Let ρ ∈ k∗ \ {1} with ρl = 1. For 0 ≤ j ≤ l − 1 the map

gj : Aj \Bj → A
(1)
j,l−j ,

gj(t, u) := ξjtl + x1

is surjective with the fibers

g−1
j (c) = {(ρdt, ρeu) | 0 ≤ d, e ≤ l}

for c ∈ A
(1)
j,l−j and fixed (t, u) ∈ Aj \ Bj such that gj(t, u) = c consisting of l2

elements. Therefore

|A(1)
j,l−j | =

1

l2
|Aj | −

1

l2
|Bj | =

=
1

l2
|Aj | −

1

l2
|{c ∈ k | ξl−jcl = B1(x1)}| −

1

l2
|{c ∈ k | B1(ξ

jcl + x1) = 0}|,
and so

l

l−1
∑

j=0

|A(1)
j,l−j | =

1

l

l−1
∑

j=0

|Aj | −
1

l

l−1
∑

j=0

|{c ∈ k | ξl−jcl = B1(x1)}|−

−1

l

l−1
∑

j=0

|{c ∈ k | B1(ξ
jcl + x1) = 0}| =

=
1

l

l−1
∑

j=0

|Aj | − 1 − |{d ∈ k | B1(d) = 0}|.

Since
k = A ∪ {c ∈ k | B(c) = 0} = A ∪ {c ∈ k | B1(c) = 0} ∪ {x1}

it follows that

N = q + l
l−1
∑

j=0

|A(1)
j,l−j | − |A| =

= q +
1

l

l−1
∑

j=0

|Aj | − 1 − |{d ∈ k | B1(d) = 0}| − |A| =

=
1

l

l−1
∑

j=0

|Aj | =
1

l

l−1
∑

j=0

|Aj |,
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because the map

Aj → Aj , (x, y) 7→ (x, ξ−1y)

is bijective.
II) The case q 6≡ 1( mod l). Each element of k has one and only one l-th root in

k. It holds

N = q, |Aj | = q, 0 ≤ j ≤ l − 1.�

For a character ϕ of the multiplicative group k∗ let

τ(ϕ) := −
∑

c∈k∗

ϕ(c) exp(
2πi

p
Tr k/Fp

c)

be the corresponding Gauss sum. For two characters ϕ1 and ϕ2 of k∗ let

ι(ϕ1, ϕ2) := −
∑

c∈k

ϕ1(c)ϕ2(1 − c)

be the corresponding Jacobi sum. If ϕ1 · ϕ2 6= 1 then

(1) ι(ϕ1, ϕ2) =
τ(ϕ1)τ(ϕ2)

τ(ϕ1ϕ2)
.

For each natural number m ≥ 1 let ζm := exp 2πi
m and let µm := {ζj

m | 0 ≤ j ≤
m− 1} be the group of complex m-th roots of unity.

Proposition 1. a) If q 6≡ 1( mod l) then N1 = q + 1.
b) If q ≡ 1( mod ln+1) then

N1 = q + 1 − Tr Q(ζln+1)/Q(ηn),

where

ηn := ι(ψln , ψ),

ψ a character of k∗ of order ln+1.

P r o o f: a) If q 6≡ 1( mod l) then k∗l = k∗, so for each element c ∈ k there exists
one and only one element t ∈ k such that tl = c, and so for each element x ∈ k
there exists one and only one element y ∈ k such that yl = x(xln − 1). This means
that N = q, hence N1 = N + 1 = q + 1. If q ≡ 1( mod l) and q 6≡ 1( mod ln+1),
then the greatest power of l dividing q − 1 is of the form lm with 1 ≤ m ≤ n. The
cyclic multiplicative group k∗ is the internal direct product of its subgroups Ulm of
order lm and U q−1

lm
of order q−1

lm . Let χ be a character of k∗ of order l, and let ρ be

a generator of the group Ulm . It holds

N = |{(x, y) ∈ k × k | yl = x(xln − 1)}| = q +
l−1
∑

r=1

∑

c∈k

χr(c(cl
n − 1)).

For 1 ≤ r ≤ l − 1 it holds

∑

c∈k

χr(c(cl
n − 1)) =

∑

d∈U q−1
lm

lm−1
∑

j=0

χr(dρj(dlnρjln − 1)) =

=
∑

d∈U q−1
lm

lm−1
∑

j=0

χr(ρjd(dln − 1)) = [

lm−1
∑

j=0

χr(ρj)] · [
∑

d∈U q−1
lm

χr(d(dln − 1))] = 0,
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since
lm−1
∑

j=0

χr(ρj) = 0,

χr being a non-trivial character of the group Ulm . It follows that N = q, and so
N1 = N + 1 = q + 1.
b) Let q ≡ 1( mod ln+1), and let ψ be a character of k∗ of order ln+1 such that
ψ(ξ) = ζln+1 , ξ a generator of the cyclic multiplicative group k∗. By lemma 1 with
x1 = 0 and B1(x) = xln − 1 it holds

N = |{(x, y) ∈ k × k | yl = x(xln − 1)}| =
1

l

l−1
∑

j=0

|Aj |,

where Aj := {(x, y) ∈ k × k | yl = ξjB1(ξ
jxl)}, j = 1, . . . , l − 1. The Aj ’s are

diagonal curves of the form:

yl − ξj(ln+1)xln+1

= −ξj .

It holds ([Da-Ha],[Li-Ni], p. 291, Theorem 6.34)

|Aj | = q −
ln+1−1
∑

r=1

l−1
∑

s=1

ψr(ξ−jln)ψsln(−ξj)ι(ψr , ψsln) =

= q −
ln+1−1
∑

r=1

l−1
∑

s=1

ζ−rjln+sjln

ln+1 ψsln(−1)ι(ψr , ψsln) =

= q −
ln+1−1
∑

r=1

l−1
∑

s=1

ζ
jln(s−r)
ln+1 ι(ψr, ψsln),

since ψ(−1) = 1. It follows that

l−1
∑

j=0

|Aj | = lq −
l−1
∑

j=0

ln+1−1
∑

r=1

l−1
∑

s=1

ζ
jln(s−r)
ln+1 ι(ψr, ψsln) =

= lq −
ln+1−1
∑

r=1

l−1
∑

s=1

ι(ψr, ψsln)

l−1
∑

j=0

ζ
jln(s−r)
ln+1 =

= lq − l
∑

1≤r≤ln+1−1, 1≤s≤l−1, l|s−r

ι(ψr , ψsln).

Therefore

N =
1

l

l−1
∑

j=0

|Aj | = q −
∑

1≤r≤ln+1−1, 1≤s≤l−1, l|s−r

ι(ψr , ψsln) =

= q −
l−1
∑

s=1

ln−1
∑

i=0

ι(ψs+il, ψsln).

The automorphisms σ of the abelian field extension Q(ζln+1)/Q are given by ζσ
ln+1 :=

ζs+il
ln+1 , 1 ≤ s ≤ l − 1, 0 ≤ i ≤ ln − 1. It holds

ι(ψ, ψln)σ = ι(ψs+il, ψ(s+il)ln) = ι(ψs+il, ψsln),
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hence

N = q −
l−1
∑

s=1

ln−1
∑

i=0

ι(ψs+il, ψsln) = q −
∑

σ∈Gal(Q(ζln+1)/Q)

ι(ψ, ψln)σ =

= q − Tr Q(ζln+1 )/Q(ι(ψ, ψln)).�

Proposition 2. If q ≡ 1( mod ln+1) then

LCn(t) =
∏

σ∈Gal(Q(ζln+1)/Q)

(1 − ησ
nt),

where ηn := ι(ψln , ψ), ψ a character of order ln+1 of k∗.

P r o o f: The L-polynomial of the curve Cn/k can be written in the form LCn(t) =
∏2gn

j=1(1 − αjt), where α1, . . . , α2gn are algebraic integers. For r ≥ 1 it holds ([St],

p.166, Theorem V.1.15.)

(2) Nr = qr + 1 −
2gn
∑

j=1

αr
j

Let ψ be a character of order ln+1 of the cyclic group k∗. The map

ψr : F∗
qr → C∗, ψr(x) := ψ(NFqr |Fq

(x))

is a character of order ln+1 of the cyclic group F∗
qr , and it holds ([Da-Ha],0.8)

τ(ψr) = τ(ψ)r ,

hence by (1)

ι(ψln

r , ψr) =
τ(ψln

r )τ(ψr)

τ(ψln+1
r )

=
τ(ψln )rτ(ψ)r

τ(ψln+1)r
= ι(ψln , ψ)r,

so by Proposition 1

Nr = qr + 1 −
∑

σ∈Gal(Q(ζln+1)/Q)

ι(ψln

r , ψr)
σ =

= qr + 1 −
∑

σ∈Gal(Q(ζln+1)/Q)

(ι(ψln , ψ)σ)r,

and so

{α1, . . . , α2gn} = {ι(ψln , ψ)σ | σ ∈ Gal(Q(ζln+1)/Q)}.�
Let m ≥ 1 be a natural number and let K be an algebraic number field with

ring of integers OK such that ζm ∈ OK . Let p be a prime ideal of OK not dividing

m, and let x ∈ OK not divisible by p. The number x
NK/Q(p)−1

m is congruent modulo
p to one and only one root of unity ζl

m ∈ µm. The map

(OK/p) \ {0} → µm, x mod p 7→ ζl
m

is a character of order m of the multiplicative group of the finite field OK/p called
the m-th power residue character modulo p.
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Proposition 3. Let p be a prime divisor of p in the ring Z[ζln+1 ]. Let ψ be the
ln+1-th power residue character modulo p. Identifying the finite field Fq with the
residue class field Z[ζln+1 ]/p it holds:
a) The absolute value of the complex number ι(ψln , ψ) is

|ι(ψln , ψ)| =
√
q;

b) The prime ideal decomposition of the principal ideal generated by ι(ψln , ψ) in the
ring of integers Z[ζln+1 ] is

ι(ψln , ψ)Z[ζln+1 ] = p
P

0≤u≤ln−1,1≤v≤l−1:ul+v(1+ln)≤ln+1 σ(u,v)−1

,

where σ(u, v) is, for 0 ≤ u ≤ ln −1, 1 ≤ v ≤ l−1, the automorphism of Q(ζln+1)/Q

defined by ζ
σ(u,v)

ln+1 := ζul+v
ln+1 .

c) In the ring Z[ζln+1 ] it holds

ι(ψln , ψ) ≡ 1( mod (ζln+1 − 1)ln+1).

The number ι(ψln , ψ) ∈ Z[ζln+1 ] is uniquely determined by the properties a), b) and
c).

P r o o f:
a): Every Jacobi sum in a finite field with q elements has absolute value

√
q.

b): By ([Ha1], p.40, (6.)) it holds

ι(ψln , ψ)Z[ζln+1 ] = p
P

σ d(−lnjσ ,−jσ)σ,

where σ runs over the set of automorphisms of Q(ζln+1), jσ mod ln+1 is defined by

ζσ−1

ln+1 = ζjσ

ln+1

and

d(−lnjσ,−jσ) =

{

0 if r(−lnjσ) + r(−jσ) < ln+1

1 if r(−lnjσ) + r(−jσ) ≥ ln+1 ,

r(x) the smallest non-negative residue of x mod ln+1. It holds
∑

σ∈Gal(Q(ζln+1)/Q)

d(−lnjσ,−jσ)σ =

=
∑

0≤u≤ln−1,1≤v≤l−1:r(−ln(ul+v))+r(−ul−v)≥ln+1

σ(u, v)−1 =

=
∑

0≤u≤ln−1,1≤v≤l−1:r(−lnv)+r(−ul−v)≥ln+1

σ(u, v)−1 =

=
∑

0≤u≤ln−1,1≤v≤l−1:ln+1−lnv+ln+1−ul−v≥ln+1

σ(u, v)−1 =

=
∑

0≤u≤ln−1,1≤v≤l−1:ul+v(1+ln)≤ln+1

σ(u, v)−1.

c): For c ∈ F∗
q it holds

ψ(c) ≡ 1 mod (ζln+1 − 1)

and

ψln(c) ≡ 1 mod (ζln+1 − 1)ln .
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Indeed, if ψ(c) = ζk
ln+1 , 0 ≤ k < ln+1, then ψ(c) − 1 = ζk

ln+1 − 1 is divisible by

ζln+1 − 1 in Z[ζln+1 ] and ψln(c) − 1 is divisible by ζln

ln+1 − 1 which is associate with

(ζln+1 − 1)ln . Then

ι(ψln , ψ) = −
∑

c∈Fq

ψln(c)ψ(1 − c) = −
∑

c∈Fq

ψ(c)ψln(1 − c) =

= −
∑

c 6=1

ψ(c) −
∑

c 6=0,1

ψ(c)(ψln(1 − c) − 1) =

= 1 −
∑

c 6=0,1

ψ(c)(ψln(1 − c) − 1) ≡

≡ 1 −
∑

c 6=0,1

(ψln(1 − c) − 1) mod (ζln+1 − 1)ln+1 ≡

≡ 1 −
∑

c 6=0,1

ψln(1 − c) +
∑

c 6=0,1

1 mod (ζln+1 − 1)ln+1 ≡

≡ 1+1+q−2 mod (ζln+1 − 1)ln+1 ≡ q mod (ζln+1 − 1)ln+1 ≡ 1 mod (ζln+1 − 1)ln+1.

Two numbers in Z[ζln+1 ] with the same absolute value and the same prime ideal
decomposition differ by a root of unity. The only root of unity in Z[ζln+1 ] which
is ≡ 1 mod (ζln+1 − 1)ln+1 is 1. The properties a), b), c) determine the number
ι(ψln , ψ) in Z[ζln+1 ]. �
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