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Abstract

We describe a method for constructing Jacobians of hyperelliptic
curves of genus g > 2, defined over a number field, with a rational
point of order some (well-chosen) integer [ > g + 1; it is based on a
polynomial identity. We show that all hyperelliptic modular curves
Xo(N) with N a prime number fit into this strategy, except for N =
37 in which case we give another explanation. Using this approach
we construct new families of genus 2 curves defined over QQ, which
contain the modular curves X((31) (and X((22) as a by-product)
and X(29), the Jacobians of which having a rational point of order
5 and 7 respectively. We also construct a new family of hyperelliptic
genus 3 curves defined over Q, which contains the modular curve
Xo(41), the Jacobians of which having a rational point of order 10.

1. Introduction

Let A be an abelian variety of dimension g defined over a number field
K. Thanks to the theorem of Mordell-Weil, the set A(K) of K-rational
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points of A turns out to be a finitely generated abelian group isomorphic to
7" ® A(K )iors, where A(K )i is the group of K-rational torsion points of
A. Tt is interesting to have a complete description of the finite groups that
occur as rational torsion groups of an abelian variety defined over a number
field. To date, this description has been essentially achieved only in the case
g = 1land K = Q by Mazur [1977], (see also [Kubert, 1976]), and in the case
g = 1 and K a quadratic field by Kamienny [1986]. Moreover, in the case
of elliptic curves (g = 1), Merel [1996] has proved the uniform boundedness
conjecture, which asserts that, given an integer d > 1, there exists a bound
B(d) depending only on d, such that for any elliptic curve E defined on a
number field K of degree d, the inequality Card E(K)is < B(d) holds.
The version of this conjecture for abelian varieties of dimension g > 2 is
still open; the only known results in this direction are that some groups
occur as rational torsion groups of (families of) Jacobians of hyperelliptic
curves of genus g > 2 [Flynn, 1990, 1991; Leprévost, 1992, 1994, 1996, 1997].

In this article, for some integers [, g such that [ > g+ 1 > 2, we explicit
in section 2 an equation involving four monic polynomials @1, @2, F} and
F5, defined over a field K of characteristic zero and whose degrees depend
on [ and g. If this equation is satisfied, and if F}F, has no multiple roots,
we show that the Jacobian of the genus ¢ hyperelliptic curve of equation
y*> = Fi(x)F3(z) has a K-rational torsion point of order dividing [. We also
provide a variant of this approach using a quadratic extension of the field
K. These methods are different from those of [Leprévost, 1992, 1994, 1996,
1997]. In section 3, we focus on hyperelliptic modular curves Xo(N) with N
a prime number (N = 23,29, 31,37,41,47,59,71). We recall that, in partic-
ular for those eight values of NV, the Q-rational torsion group of its Jacobian
Jo(N) is a cyclic group of order [ = m. We show that these curves,
except Xo(37) for which there is another explanation, fit into the strategy
described in section 2. Our intention in this article is to generalize some of
these modular curves in the following sense. In sections 4,5 and 6, we show
that the polynomial equation previously mentioned has families of solutions
inthecase g=2and [ =5o0rl=7,0or g =3 and [ = 10, and we construct
families of genus ¢ hyperelliptic curves defined over Q, whose Jacobians have
a rational point of order [. These families are different from those obtained
in [Boxall-Grant-Leprévost, 2001] in the case g = 2 and [ = 5. We further
recover the curves X((22), X((29), Xo(31) and X(41) as specialisations of
these new families. The limitation of the method is essentially a computing
power problem, and we were not able to push the computations further in
order to construct a family going through the other modular curves studied
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in section 3. It would have been interesting, for instance, to construct a fam-
ily of genus 2 curves defined over Q, whose Jacobians have a rational point
of order 11, and which contains the modular curve X((23). Such a result
would in particular be relevant to the problem of finding new examples of
imaginary and real quadratic fields with a class group having an 11-rank
> 3 and > 2 respectively. (For examples see [Leprévost, 1993].)

We made extensive use of the computer algebra systems KANT [2003],
Magma [2003] and Maple [2003] for the computations done in this article.

Aknowledgements: The authors want to thank Josep Gonzélez for useful
discussions.

2. A polynomial equation related to torsion points of
Jacobians of hyperelliptic curves

Let K be a field of characteristic 0, g and [ integers, such that [ > g+1 > 2.
We first prove the following theorem:

THEOREM 2.1: Let P, () and F be monic polynomials with coefficients in
K, of degrees respectively I, | — (g + 1) and 2g + 2. Assume that F' has no
multiple roots. Suppose that the following polynomial equation is satisfied:

P%(z) — Q*(z)F(z) = A € K*.

Then the curve of equation y* = F(x) is hyperelliptic of genus g, and its
Jacobian has a K -rational point of order dividing | and different from 1. In
particular, if | is prime, this point is exactly of order .

Note first that if the polynomial equation is satisfied, then P and () have
no common roots.

It is obvious that, if F'is of degree 2g + 2 without multiple roots, then the
curve C of equation y? = F(x) is hyperelliptic and of genus g. Now, because
F'is a monic polynomial, the points +o0o and —oo are rational over K. (This
is satisfied if the leading coefficient of F' is a square in K as well. This latter
case is not more general than supposing F' monic in the theorem.) It follows
that the group J(C')(K) of K-rational points of the Jacobian of C' contains
the class of the rational divisor Do, = (4+00) — (—00). If the polynomial
equation P%(z) — Q*(z)F(z) = X is satisfied for some A\ € K*, it implies
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that the divisor of the function ¢(z,y) = P(x) — yQ(z) is (p) = [Dw.
This shows that the class of the K-rational divisor D, defines an element
of J(C)(K) of order dividing [. Furthermore, this point cannot be of order
one, else C' would be birational to P!, and hence of genus 0, which is excluded
(g > 1). This shows in particular, that if [ is a prime number, then the order
of the point defined by the class of D, is equal to (.

The following theorem describes a method for the construction of poly-
nomials P, and F' satisfying the equation of Theorem 2.1. Its proof is
straightforward.

THEOREM 2.2: Let QQ1,Qs, F1, Fy be four monic polynomials € Klz|, of
degrees qi,qa, f1, fo respectively. Suppose that 2q, + f1 = 2qo + fo = 1, that
f1+ fa =29+ 2, and that these polynomials satisfy the following equation:

Qi(z)Fi(z) — Q3(2) Fa(w) = 2t,

for some t € K*. Then the polynomials P(x) = Q3(x)Fi(x) —t, Q(z) =
Q1(x)Qa(z) and F(z) = Fi(z)Fy(x) are of degrees , | — (g+1), and 2g + 2
respectively, and satisfy the following equation:

P*(x) — Q*(2)F(x) =t* € K*.

Note further that P and () have no common roots. If F' has no multiple

roots, the conditions of Theorem 2.1 are satisfied, and the Jacobian of the

genus ¢ hyperelliptic curve of equation y> = F(z) has a K-rational point

of order dividing /. The case Wh?r(e ll)has the same parity as g + 1, and
—(g+

Ji=fo=g+1, where q; = qo = —5— is of special interest.

The method described above has the following variant, whose proof is straight-
forward as well:

THEOREM 2.3: Let | > g+ 1 > 2 be integers such that | has the same

parity as g + 1. Let d be an element of K \ K?, and Q, and F, be two

: , I—(g+1)
monic polynomials € K (v/d)[x], not defined over K, and of degrees —=

and g + 1 respectively. Let Q; and I, denote their conjugates with respect
to v/d — —\/d. Suppose that the following equation is satisfied:

Q3(w)Fi(z) — Qi (2)Fi(x) =t — 1 = 2uV/d,
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wheret = uv/d for somew € K*. Then the polynomials P(x) = Q3 (x) Fi(x)—
t, Q(x) = Q1(x)Q1(x), and F(x) = Fy(z)Fi(x) are elements of K|x]|, of de-
greesl, l—(g+1) and 2g+2 respectively, and satisfy the following equation:

P(z) — Q*(z)F(z) = t* = u’d € K*.

3. Hyperelliptic modular curves Xy(N) with N prime

Let N > 1 be an integer. Then the group

To(N) = {( .« ) € SLy(Z) : ¢=0mod N}
acts on the upper half-plane § = {z € C : Im(z) > 0}. Let H* =
HUQU {ico}. Then Xo(N) is the modular curve defined over Q which
corresponds to I'o(N), i.-e. Xo(N)(C) ~ $*/Ty(N). These curves have a
rational equation over Q, and classify pairs (E, E’) of generalized elliptic

curves together with a cyclic isogeny ' — E’ of degree N. Let Jy(V) be
the Jacobian of Xy(N).

If N is prime, a now classical result due to Ogg [1973] asserts that Jy(IV)iors(Q)
is generated by the class of the divisor (0) — (c0), where 0 and oo are the two
rational cusps, and that the order of this group is equal to [ = m.
More precisely, for 7 € ), one defines the functions

) =q]J(1-¢)* and Ax(r)=A(NT)=¢"]](1 - ¢™)*

i>1 i>1

where ¢ = exp (2im7). Then the function ¢y = gcd(N 112) is a modular
form for I'y(V), whose divisor is precisely [((0) — (Noo

On the other hand, Ogg [1974] has also determined the 19 values of N for
which X, (V) is hyperelliptic of genus g > 2.

We focus here on the case where both properties are satisfied, namely N is
a prime such that X,(N) is hyperelliptic of genus g > 2. The corresponding
values for N are 23,29,31,37 (g = 2), 41 (9 = 3), 47 (¢ = 4), 59 (g = 5),
and 71 (g =6).

For all these values, except for N = 37, we recall in the following table the
equations of X(N) of the form y? = fy(z) obtained mainly from [Gonzalez
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Rovira, 1991] (see also [Hibino-Murabayashi, 1997] for other related ques-
tions). It turns out that, for the values N considered in this table, fy(x)
admits a factorisation

fn(x) = Fin(2) Fo n()

over Q or over a quadratic number field which is specified in the table. We
show that these curves fit into the strategy described in section 2: there are
explicit polynomials @1 x and Q2 n in Q[z], such that an equation

QI nFin — Qs yFon =2t

is satisfied for some ¢ € Q, or there is an explicit polynomial ()1 y defined
over Q(v/d) for some d € Q \ Q?, such that an equation

— -
Q?,NFLN QN Fiy=t—t= 2uv/d,

is satisfied for some u € Q*. We provide in this table the equations for
these polynomials and the values 2t or ¢ — t. In the latter case, we keep the
notations Qo n = QTJV, and Fh y = m In other words, one can express
the modular function ¢y as a function of the polynomials @)1 and Q)s.

The remaining case N = 37 is different. An equation of X (37) is [Gonzalez
Rovira, 1991]:

y? = far(x) = 2® — 42° — 402" + 3482 — 107227 + 15322 — 860.
Computations show that the divisor of the function
2p37 =y + As(z) =y + 2° — 22 — 227 + 56
is equal to

(ws7) = 3((3,1) — (+00)).
Indeed, the following equation holds:

far — A2 =2237(x — 3)%.

The cusp (0) corresponds to the point (3, 1) on the equation of the curve, and
the cusp (00) to the point +oo. The explanation of this different behaviour
comes essentially from the fact that the hyperelliptic involution is not the
Atkin-Lehner involution in the case N = 37 (see [Lehner-Newman, 1964]).
Actually, Ogg has proved (see [Ogg, 1974], p. 450) that N = 37 is the only
case where Xo(N) is hyperelliptic and its hyperelliptic involution does not
belong to the subgroup of Aut(X(NV)) defined by automorphisms of .
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N |1 fn(x) = Fin(x)Fyn(2), Q1N (2), Q2 n() and Q%,NFLN - Q3 ~nFan
Flgg(l') —$3—l'+1
Fzgg(x) = $3 — 81’ +3x—7
23 | 11 | Q103(z) = x4 — 1723 + 912% — 1432 — 40
Q2’23( ) = .T — ].3[L' +45ﬂ? — 9z — 82
Q%,23F1,23 - Q%,23F2,23 = 2%23°
Frog(z) = 2% 4+ (1 + v29)2 + (1323 4 5 4 1/29
FQ,QQ( )—l’ +( \/E)Q@‘F(%)l"l‘g)—@
29 | 7 Q1,29( ) = 22 (H—xﬁ) (1—32\/E>
Q2,20(7) = (T\@)UE (L5Y29)
Q3 29 F120 — Q2 29f220 =2 29\/_
Fl,gl( ) = .T —17x — 27
F2731( )_ZE +4ZL‘ +3ZL‘+1
3115 | Quai(z )—$_2
Q2,31( ) =T —
Qi i — Q2,31F2,31 = —2%31
Fy(z) = 2t 4+ 22% — (6 — VA1)22 — (21 — 3v/41)z — (3 —L
Fyui(x )_x +22° — (6 + V41)2? — (21 + 3v/41)x — (31 + 24
41 | 10 Q1,41( ) 41‘ _ (5-1-\/7)‘r + 29-1—3\/7
Qa1(x) = 2 — (= f)w?g gf
Qi Fra — Q2,41F2,41 = 2241V41
Fig(z)=a° —a* + 28+ 2% —2x + 1
Fya7(z) = 2° — bat 4 52® — 1522 4 62 — 11
Qra7(z) = 2% — 1728 + 11227 — 3552° + 5462°
47 | 23 —388x* 4 14923 + 29222 — 7402 + 36
Q2.47(x) = 2° — 152 + 8427 — 20725 + 17225
+1202* — 28323 + 26622 — 662 — 194
QlurFrar — Q3 yrFoar = 2°47°
F1’59(£U) = 333 + 25(72 +1
Fyso(x) = 29 + 228 — 427 — 212° — 4425 — 602* — 6123 — 4622
—24x — 11
59 | 29 | Qs0(z) = o3 — T2'2 + 2211 4 70210 — 682° — 2762% + 16127
+64425 4+ 2102° — 808x* — 72722 — 20222 + 332z + 720
Q250(z) = 1% — 72% + 4% + 6327 — 992° — 1662°
+3062* + 18322 — 19422 — 3122 + 166
Q7 50F150 — Q3 59Fh50 = 2°59°
Fin(z) =27 + 42 4+ 52° + 2% — 323 — 222 + 1
Fon(x) = x’ — 725 — 11a* + 523 + 1822 + 4o — 11
Q171(x) = ' — 8213 + 7o' + 8221 — 132210 — 41427 + 61028
71 | 35 +15332"7 — 13662°% — 38292° + 13132* + 52072% + 33822
—3100x — 612

Q%,71F1,71 — Q%’71F2771 = 22713

Qa71(z) = 2 — 6213 — 52! + 762! — 8210 — 40827 + 22® 4 123127
+484x5 — 2049x° — 1575x* + 118522 + 157022 + 5002 — 310
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In the next two sections, we focus on the case of genus 2 curves (which are
automatically hyperelliptic) whose Jacobians have a rational point of prime
order [=5or [ =7.

4. Two new families of genus 2 curves whose Jacobians
have a rational point of order 5

Using the method described in the theorems of section 2, we construct here
two new families of genus 2 curves defined over QQ, whose Jacobians have a
rational point of order 5. With the notations of Theorem 2.2, the conditions
20 + f1 = 2¢2 + fo = 5 and f1 + fo = 6 imply that (f1, f2) = (1,5)
or (3,3). We do not suppose here a priori that the genus 2 curve we are
looking for has a rational Weierstrass point, because this case has been
treated extensively in [Boxall-Grant-Leprévost, 2001]. As a consequence,
we consider here (f1, f2) = (3,3) and (q1,¢2) = (1,1). More precisely, we
first show the following result:

THEOREM 4.1: Let a and b be two parameters. The curve Cyyp5 defined by
the equation

v = (2" + (a — 2)2* + (2b — 2a + 1)z + a — 3b)(2® + ax® + 2bz + b)

is generically of genus 2 and its Jacobian has a Q(a,b)-rational point of
order 5. Furthermore, this family contains the modular curves Xo(22) and

Xo(31).

Let Q1 = x — u; and Q3 = = — uy be elements of Q[z], and let F} and F,
be two monic polynomials of degree 3 defined over Q. Suppose that these
polynomials satisfy the equation

One may first suppose u; = 0 (change x into x + uy), and, because uy # 0
(otherwise x? would divide the left hand side of the previous equation,
what is impossible), one may further suppose that us = 1 (change z into
usx). It is easy to check that the polynomials we are looking for are F} =
3+ (a—2)2* + (20 — 2a+ 1)z +a — 3b and Fy = 2° + ax? + 2bx + b. They
satisfy the equation:

ZL’2F1 — (.T — 1)2F2 = —b.
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One easily checks that the curve of equation y? = F| F;, defines generically a
genus 2 curve over Q(a, b), whose Jacobian has a rational point of order 5,
thanks to Theorems 2.1 and 2.2. The family C, ;5 contains the curve X(31),
which corresponds to the choice of the parameters (a,b) = (5,%). Finally,
one shows that the genus 2 curve X(22) (see [Gonzalez Rovira, 1991] for an
equation of this curve) corresponds to the choice of the parameters (a, b) =

7 11
(=3 %)
Using Theorem 2.3, one can construct another family: a priori Q1 = z —
(v +wv/d), but again, we can assume that v = 0 and w = 1 (since w # 0),

so Q1 = x—+/d. The equation Q?F, —@2F1 = 2u+/d for a non-zero u yields
Fy = (2° + a2® + be + ad) + 2(2® + ax + b — d)V4d,
and with these notations

Q2F, — Q1 Fy = 4d(b — d)Vd,

F(z) = F(z)F(z) = 25+ 2a2°+ (a® + 2b — 4d)z* — 2a(3d — b)x®
+(b* + 8d* — 8bd — 2a*d)x* + 2ad(4d — 3b)x
—d(4b* + 4d* — 8bd — a*d).

There are now two cases to consider. First, if @ = 0, then one finds the curve
Ch,a0,5 With equation
y? = 2% 4+ 2(b — 2d)x* + (8d* — 8db + b?)x? — 4d(b — d)?.

Obviously, its Jacobian is isogeneous to a product of elliptic curves. We
do not further consider this family (see however [Howe-Leprévost-Poonen,
2000] for some results with split Jacobians).

Now, if @ # 0, one can assume that a = 1 (change x into ax, b into ba?, and

d into da?), and one obtains the following result:

THEOREM 4.2: Let b be a parameter and d an element of Q\Q?. The curve
Ch.a15 defined by the equation

yi= 254225+ (20 —4d + 1)zt + 2(b — 3d)a?
+(b? 4 8d? — 8bd — 2d)x? — 2d(3b — 4d)x — d(4b? — 8bd + 4d* — d)
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is generically of genus 2 and its Jacobian has a Q(b,d)-rational point of
order 5.

The curves C, 5 and Cp 415 define families of genus 2 curves in the sense
that their Igusa invariants [Igusa, 1960] are non-constant, as one easily
checks. As a consequence, the specialisation of the parameters in these fam-
ilies of curves provides infinitely many genus 2 curves defined over Q, whose
Jacobians have a QQ-rational point of order 5. Finally, one proves, with the
techniques described in [Leprévost, 1995], that the Jacobians of these fam-
ilies are generically absolutely irreducible.

5. Two new families of genus 2 curves whose Jacobians
have a rational point of order 7

Again, using the method described in the theorems of section 2, we construct
here two new families of genus 2 curves defined over Q, whose Jacobians
have a rational point of order 7. With the notations of Theorem 2.2, the con-
ditions 2¢; + f1 = 2go+ fo = 7 and f1+ fo = 6 implies that (f1, f2) = (1,5) or
(3,3). The first case corresponds to the situation where the genus 2 curve
has a rational Weierstrass point. The methods of [Leprévost, 1991a] and
[Leprévost, 1991b] would apply, and we prefer here to consider the latter
case, where (f1, fo) = (3,3) and (q1,q2) = (2,2).

One first applies Theorems 2.1 and 2.2, and one may assume that ; =
2% 4 qo and Qs = 22 + = + po. Let Dy, as, ar, ag, b, by and by be as follows:

Dy = 3¢®>—6poqo+ qo+3ps®—2py,

2Doay = 2qp° —6poqo® +9q° +3q0 +6po>q — 240 g0 — 8o
+15 po® — 2 po®,

Doar = po (390> —6poqo+2po—3q —2+3ps?),

—2Dgay = qo* +3q0> —6p0 00® +30” —12po ¢o® +12po*¢0* + o

+21 po2gp — 10 po®qo — 6 po go + 5 po* + 3 po* — 12 py?,

2Dob; = 2q®> —6poqo® —3q° — g0+ 6po°q0 + 3 Do — 2po°,

Doby = —=9pgqo* +6po*q0 —3po g0 — po® +4 90* + 2 ¢,

2Doby = —2qo*> +3po*q0 — 3 q0° + 12 po*q0® — 6 po*q0 — 10 py qo°

+3 qo* + po*.

With these notations, one shows the following result:
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THEOREM 5.1: The equation y* = (2*+asx®+arx+ag) (23 +bax? +byz+by)
defines generically a genus 2 curve Cy, 4, 7 over Q(py, qo) whose Jacobian has
a rational point of order 7.

Using Theorem 2.3, one can construct other families. Let Q = 2 + (u; +
le/a):x + u + vyVd. One may first assume that u; = 0 (the changement
of x into x — % does affect @, in a compatible way), and that (vo,v;) =
(1,0); (0,1); (—=1,1). The case (vg, v1) = (1,0) does not lead to any solution.

A

The case (vg,v1) = (0, 1) leads to the curve C, 47 defined by the equation
d 2 d \?2
y2:x2<x2+u—+u+d> —4d<x2—|— 4 )
u+d u+d
Obviously, its Jacobian is isogeneous to a product of elliptic curves, and we

do not further consider this family here. In the last case (vg,v1) = (—1,1)
computations show that

o 4 1)3dv/d
Q%Fl_Q12F1 _ (u+—)\/_

u—3+d
is satisfied with
_ 3 3u—1+d .2 u?—3u+3ud—2d+d? 3u?+3ud—d?+6d—u
By = 2”500 + w-3id T+ u—31d
2 u+1 ud—3u+1
+2(2% + 2755 5T + Mo .

It is then easy to prove the following result:

THEOREM 5.2: Let u be a parameter, and d an element of Q \ Q2. The
curve Cy q7 defined by the equation

2
2 _ 3 3u—1+d,.2 u?—3u+3ud—2d+d? 3u?+3ud—d?+6d—u
Yy = x” + u73+dx + u—3+d x+ u—3+d
2
_ 2 u+1 ud—3u+1
4d<x T 25 + ST )

is generically of genus 2 and its Jacobian has a Q(u,d)-rational point of
order 7. Moreover this family contains the modular curve Xy(29).

One recovers the curve Xo(29) with the choice (u,d) = (—3£,22) of the

parameters. Again, the Igusa invariants of the curves C,, 4,7 and C,, 47 are
non-constant, and the Jacobians of these families of genus 2 curves are
generically absolutely irreducible. The specialisation of the parameters in
these families of curves provides infinitely many genus 2 curves defined over
Q, whose Jacobians have a Q-rational point of order 7.
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6. A new family of hyperelliptic genus 3 curves whose
Jacobians have a rational point of order 10

The method used in this last section is similar to what has been done in the
two previous sections, and we only sketch the proof of Theorem 6.1 below.
Let

Qr= 2 +2%+q(x+q—t)—Vlx,
Fr= o'+ ({t—q+2)2° +(1+2)2° + (¢ + )z +q(t — ¢ +2qt + g — %)
+2(2” + (t+ 1 — q)x +1)\/ql.

Then the following equation holds:

_2_
Q%Fl —-Q1 = 4qt(q - t)2\/ﬁ-

With these notations, we obtain the following theorem:

THEOREM 6.1: Let q,t be parameters such that qt is an element of Q\ Q2.
The curve Cy410 defined by the equation

2
y? = <x4+(t—q—|—2)x3—l—(1+2t)x2+(q+t)x+q(t—q2+2qt+q—t2)>
2
—4qt<:132+(t—|—1 —q)x+t>

is generically of genus 3, and its Jacobian has a Q(q,t)-rational point of
order 10. Moreover this family contains the curve Xo(41).

One easily checks, that the order of the class of the divisor (+00) — (—00) is
different from 2 and 5, hence is equal to 10. The curve X(41) corresponds
to the choice (¢,t) = (g5, 35) of the parameters. Because the genus is 3, the
[gusa invariants cannot be used in this case, but the techniques described
in [Leprévost, 1992, 1994, 1996, 1997] apply and show, that the curve Cy 4 10
is not isotrivial. The specialisation of the parameters in this curve provides
infinitely many hyperelliptic genus 3 curves defined over @, whose Jacobians

have a Q-rational point of order 10.

The authors thank the FNR (project FNR/04/MAG/11) for their support.
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