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1 Introduction

Note for non-anglophone german lecturers: Das 9. Kapitel enthält eine ausführliche
Zusammenfassung dieses Papers. Alle hauptsächlichen Schritte und Resultate sind dort
auf deutsch erläutert.

In his speech before the International Congress of Mathematicians 1900 in Paris [6], David
Hilbert presented 10 out of 23 unresolved mathematical problems he expected an advance-
ment of science from. The third of these 23 problems, the first geometrical problem, is the
problem of the decomposability of polyhedra.
But before seeing proofs for some di↵erent, yet closely related mathematical theorems in
that area, let’s ask the question: Why was this problem so important to Hilbert?

Gauss, as cited by Hilbert, wanted to find a possibility to define the volume of (at least)
polyhedra without having to use the Euclidian Theorem of the proportionality of the
volume of a tetrahedron to its base area while letting the height unchanged . He did
so because it requires the method of exhaustion i.e. the axiom of continuity which both
require a limiting process. In integration theory, a limiting process is used in the form of
the Cavalieri Principle, the idea that two bodies have same volume if all their sections with
planes parallel to some fixed plane have the same area. For polyhedra, these two assertions
are interchangeable (Cavalieri Principle is in some way an extension of Euclids Theorem
to arbitrary bodies). But if there was a possibility to find a decomposition for each two
polyhedra of same volumes into congruent polyhedra, then the definition of the volume of
a cube would su�ce to define volume for all polyhedra. With this possibility, one would
not have to use continuity or decomposition of tetrahedra into infinitely many pieces. This
would be a big advantage because the intuition of a limiting process is di�cult. It is in
some way equivalent to the comprehension of infinity which causes a lot of paradoxes and
unexpected truths (The Banach-Tarski-Paradox, the equivalence in cardinal numbers of
(1) the bounded interval [0,1] and unbounded R and (2) the natural numbers and the
rational numbers, a set without ”holes” larger than a single point, and the impossibility
to re-sort non-absolutely convergent series just to mention some examples)
Hilbert didn’t think this was possible, though, even if he was aware of the possibility of
the definition of area by decomposability in 2 dimensions. He therefore stated:

”[A proof of the impossibility] would be obtained, as soon as we succeeded in specifying
two tetrahedra of equal bases and equal altitudes which can in no way be split up into
congruent tetrahedra, and which cannot be combined with congruent tetrahedra to form
two polyhedra which themselves could be split up into congruent tetrahedra.”

The form of his citation directly gives the opportunity to di↵er two types of equidecom-
posability.

This is what we will do first in chapter 2. Chapter 3 contains the proof of the 2-
dimensional case, meant as an appetizer for the next chapters as well as, during chapter
4, a conception donor for the 3-dimensional case. In chapter 5, a term, named after Max
Dehn, a pupil of Hilbert, is defined which helps to understand the additional complexity
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of the 3-dimensional case. This chapter also contains the corresponding demonstration of
Dehn, which consists in half of the final theorem. Before being able to show the other half
as Børge Jessen rearranged Jean-Pierre Sydler’s proof in chapter 7, a better understand-
ing of the di↵erent kinds of equidecomposability is needed, which will be given in chapter
6. Finally, the last part (chapter 8) will consist in defining other related mathematical
problems to be solved and pointing at a path to the fulfilling of Gauss’ wish today.

Note: are some footnotes inserted that generally represent historical instead of mathe-
matical facts. Readers of this paper only interested in the timeless mathematical content
of this paper are requested to just leave those footnotes out. They can easily be identified
by the formula FIR(for the interested reader).

2 Decomposability(”Zerlegbarkeit”)

To define decomposability, of course we first need a definition of a polygon/ polyhedron/
polytope. Let therefore a polygon be a 2-dimensional and a polyhedron be a 3-dimensional
polytope, while polytopes can have any natural dimension (0 included). Some of the proofs
are actually true for all polytopes, then they will be proven accordingly. For the formal
definition of a polytope, please consult the beginning of chapter 7, if needed. Normally,
a rough intuitive understanding of what a polytope is, is enough to understand the first
half of the chapters.
In this paper the same definition of equidecomposability will be used as introduced by
Max Dehn [3]. He di↵ers three di↵erent kinds of equidecomposability:

2.1 Equidecomposability(”Zerlegungsgleichheit”)

Two polytopes A and B are called equidecomposable(”zerlegungsgleich”) if there exist
decompositions of A and B into polytopes A

1

, ..., An and B
1

, ..., Bn respectively, such that
Ai ⌘ Bi8i 2 Nn, where ⌘ means congruence, a symbol imported from number theory
for brevity.

2.2 Equicomplementability(”Ergänzungsgleichheit”)

Two non-equidecomposable polytopes A and B are called equicomplementable (”ergän-
zungsgleich”) if you can find congruent polytopes A

1

, ..., An and B
1

, ..., Bn (Ai ⌘ Bi8i 2
Nn), such that gluing A

1

, ..., An to A and B
1

, ..., Bn to B yields two equidecomposable
polytopes.
This definition is in contrast to the definition of equidecomposability in other papers,
where the two resulting polytopes even have to be congruent. The Dehn definition is a
generalization of this other definition. In chapter 3, it will be proven amongst other things
that it is not a proper generalization for polygons and chapter 7 will yield the same result
for polyhedra, also while proving a lot of other things. So in any space of dimension at
most 3 both definitions coincide (For dimensions 0 and 1, this is a quite trivial result).

5



2.3 Finite equality(”Endlichgleichheit”)

Two polytopes A and B are called finitely equal (”endlichgleich”)1, if they are either
equidecomposable or equicomplementable.
Note: One could equally define finite equality like we did with equicomplementability
but without the note, that the polytopes have to be non-equidecomposable.

3 The Wallace-Bolyai-Gerwien Theorem

Before we discuss Dehn’s answer to the problem, it may be an intellectual appetizer to
look at the (much easier) case in 2 dimensions. In 2 dimensions, it is possible to decompose
any polygon into parts that form any other polygon of the same area.2

If equidecomposability is an equivalence relation, this can be reduced to the fact, that
every polygon is equidecomposable to a square (of same area). The theorem then follows
from the equidecomposability of both to a square, the congruence of two squares of same
area and the transitivity of the equidecomposability relation. Actually, this is the only
part of the proof for an equivalence relation which is not trivial, reflexivity and symmetry
are quite directly to be seen.

Lemma 3.1:

The relation ”is equidecomposable to” is transitive.

Proof. To prove the transitivity of the relation, consider two arbitrary polytopes A and B
being equidecomposable as well as B and an arbitrary third polytope C. Now
- A and B divide into polytopes A

1

, ..., An and B
1

, ..., Bn (Ai ⌘ Bi8i 2 Nn) and
- B and C divide into polytopes B0

1

, ...B0
m and C

1

, ..., Cm (Ci ⌘ B0
i8i 2 Nm).

Let
B00

ij = Bi \B0
j

so every part Bi of B is cut into m (possibly empty or degenerate) parts B00
ij . We apply

this same decomposition into m parts to Ai the same way it has been done to Bi such
that the parts A00

ij ⌘ B00
ij . The B00

ij can be seen as a further decomposition of the B0
j into

n (possibly empty or degenerate) parts, too, though. We can therefore decompose the Cj

into n parts C 00
ij ⌘ B00

ij (in the same manner). As a result, we have found a decomposition
of A and C into m·n polytopes (or empty/degenerate parts, which can be neglected), such
that

A00
ij ⌘ B00

ij ⌘ C 00
ij8i 2 Nn, j 2 Nm

So A and C are equidecomposable since congruence is an equivalence relation. Hence
equidecomposability is an equivalence relation as well, because we chose A, B and C
arbitrarily.

1FIR: The name had been proposed to Dehn by Heinrich Liebmann. This is the same Liebmann as
the one who gave his name to the Liebmann theorem in di↵erential geometry on compact connected
surfaces with constant Gauss curvature.

2FIR:This theorem was first proved by William Wallace in 1807, but he did not publish his results until
1831. Bolyai, unaware of this publication, raised the question with some parts of the proof in 1832 to
be given a total proof in 1833, still independently from Wallace, by Paul Gerwien. This is why the
theorem is named after all three of them.

Note:This is not the famous Janos Bolyai, co-inventor of non-euclidean geometry but his father
Wolfgang Farkas Bolyai, a close friend of Carl Friedrich Gauss.
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3.1 Ascription to a problem on rectangles

The goal in this part of the proof will be to reduce the proof to the following

Theorem 3.2:

Any number of arbitrary rectangles with total area a2 is equidecomposable to a square
with edge length a.

Proof of ascription. As you can see in figure 3.1, it is possible to decompose any triangle
into parts that form a rectangle. The method consists in cutting the triangle into 4 parts
using one of the altitudes and its mid-orthogonal line. It is possible for every triangle
because of the intercept theorem which shows that the other two edges of the triangle are
cut in half by the mid-orthogonal line.
Together with the possibility of triangulating any

Figure 3.1: Triangle to Rectanglepolygon, theWallace-Bolyai-Gerwien-Theorem takes
the above indicated form. In order to make the
proof self-sustained, a demonstration for this well-
known geometrical result will be given here. It is a
double sweepline algorithm inspired by Dominique
Attali’s and Francis Lazarus’ course in ”Computa-
tional geometry” at ENSIMAG in Grenoble 2013:
Let there be some polygon P which is not a triangle. Firstly, it will be proven that it
has a diagonal which lies fully inside P. Consider figure 3.2 as an illustration of what is
written below. The found diagonals are marked in red.
Take an arbitrary line not intersecting P (sweepline 1). This is possible because P is
bounded. Now translate that line in the direction of P until it hits the first point A. We
can choose A as a vertex of P if the line hits more than one point at a time, if it hits 1
unique point, A is a vertex, too. So there are 2 edges departing from A. The endpoints of
these edges are called B and C. Now there are two possibilities:
Case 1: The triangle ABC

Figure 3.2: Inside diagonalis empty, meaning, there is
no other vertex of P in it.
In this case the line BC,
which is a diagonal, because
P is not a triangle, begins
inside P, so it is fully inside
if and only if it does not
cross any edge of P. It does
not cross any edge of P, be-
cause an edge is a line seg-
ment and line segments and
triangles only intersect if ei-
ther one of the endpoints of
the line segment (or both)
lie inside the triangle or the
line segment intersects two edges of the triangle. The first is impossible by assumption,
the second is impossible because two edges of a polygon do not cross each other and the
other two edges of ABC are edges of P. So in this case, BC is a diagonal fully inside P to
be found.
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Case 2: There is at least one point inside the triangle ABC. Let the point B be the
one hit by sweepline 1 before C. We choose ↵ as the minimal angle ABX, where X is a
vertex of P lying inside ABC ((angular) sweepline 2). Now the extended line segment BX
intersects AC in C’. The triangle ABC’ is now empty because of the minimality of ↵. So
the line segment AX, which lies fully inside the triangle, cannot be intersected by an edge
of P by the same reasoning as in case 1, yet it starts inside P and is therefore fully inside
P. AX is a diagonal because the only edges from A are AB and AC. So AX is a diagonal
fully inside P.
Now if there always is a diagonal lying fully inside P if P is not a triangle, it is possible
to decompose P into two parts P’ and P” which both have fewer vertices than P:
We cut P in two parts P’ and P” along the diagonal. Except the two endpoints of the
diagonal, P’ and P” do not share vertices. Yet they only have vertices that were in P
and all vertices of P are in P’ or P”, so the number of vertices of P’ and P” together is
n+2 where n is the number of vertices of P. Since P’ and P” both have to have at least
3 vertices (triangle case) to be non-degenerate polygons, P’ and P” have at most n-1
vertices.
Inductively, it follows that P can be decomposed into triangles.

3.2 Solution of the rectangle problem

Now it is time to prove Theorem 3.2 in order to end the proof.

Proof. If it is possible to decompose a rectangle into any other rectangle with the same
area, then changing all the rectangles to rectangles with edge length a (and some other
edge length we are not too much interested in) and then concatenate them along the
other edge results in a square. So this is su�cient to prove Theorem 3.2. In most cases,
this is possible with the procedure shown in figure 3.3.
We choose an edge of the rectangle a little longer

Figure 3.3: Rectangle decompositionthan a, the wanted edge length, and then construct
a right triangle with a and the other edge length b
of the initial rectangle as catheti. Now translating
this triangle along its hypotenuse until the first
point of it hits the prolongation of the other edge
of length b makes a little triangle stick out of the
figure. Cutting this triangle o↵ and gluing it into
the hole between the constructed triangle and the
edge whose prolongation was hit then yields a new
rectangle of the wanted edge lengths. Obviously, the hypotenuse and the catheti of the
hole and the little outsticking triangle are the same, since they were both created by the
same translation (cathetus lengths are x- and y-coordinate, hypotenuse length is the length
of the translation vector). Therefore the hole and outsticking triangle are congruent and
so the procedure is always working.
This method only has some little fly in the ointment. One of the edges has to be longer
than a, yet not more than twice as long. Because if the original edge length was longer
than 2a, the constructed triangle would have to be translated more than its hypotenuse’s
length, separating the polygon into a triangle and a pentagon. It would be impossible
to cut a triangle o↵ to fit this hole. Hence we still have to prove that any rectangle is
equidecomposable to some rectangle with such an edge. This is quite easy to see though.
We can always cut a rectangle in half along some edge to get two identical rectangles
which we glue together along the other edge. We can therefore always transform a (2b x
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c)-rectangle to a (b x 2c)-rectangle. Iterating this method until c is big enough or b is little
enough su�ces to extend/shrink one of the edge lengths to a length in the wanted interval
[a,2a]. Adding a sketch for this operation is not necessary since it can be accomplished by
simply applying the above method choosing a not to be the wanted common edge length
but exactly half of the edge length of the edge to shrink (2b in our example). So iterating
the procedure yields a proof for Theorem 3.2.

4 Transferability of the 2D proof method

Having been able to prove the Wallace-Bolyai-Gerwien-Theorem constructively and so
elementarily, the question arises if there is any possibility to use the rough proof structure
or other parts of the proof to prove Hilbert’s 3rd problem. Therefore we will have a look
at the steps taken above and transfer them to 3D. The main parts of our proof for the
equidecomposability of every polygon to the square of the given area were the following:
1. Triangulation (Polygon ⇠ Triangles)
2. Rectangulation (Triangles ⇠ Rectangles)
3. Squarification (Rectangle(s) ⇠ Square)

4.1 Possibilities

First, the transitivity proof for equidecomposibility can be transferred to any dimension
or geometry since it only uses the underlying set structure. This is not a very surprising
result. It can equally be transferred to equicomplementability and therefore to finite
equality, too.
Furthermore, the Wallace-Bolyai-Gerwien-Theorem can be directly applied to (skew)
prisms. This is done by restricting the cuts of decomposition to cuts along the side edges
of the skew prism. Those cuts yield only prisms with the same height and inclination
angle but the base polygon is decomposed. By Wallace-Bolyai-Gerwien, it is possible to
decompose this polygon such that the parts can be recombined to any rectangle with the
same area. Therefore, we can decompose and recombine parts of any prism to build any
cuboid, in particular the cube, with the same volume. The process is visualized in figure
TODO8. So the theorem itself can be used to prove its 3D-equivalents 3rd main part.
Concerning the other main steps, triangulation means decomposition into triangles, which
are strictly 2-dimensional. Yet we can generalize triangles in higher dimensions through n-
simplices, which in this paper will be defined as convex hulls of n+1 points in Rn that are
not all contained in the same a�ne hyperplane. Notably, the possibility of decomposition
into simplices is a useful tool to generalize polygons and define polytopes by merging
simplices in higher dimensions. But even considering the wider definition of a polytope by
merging convex polytopes defined by hyperplanar constraints in Rn (for arbitrary n), you
can still add constraints to find some decomposition into simplices of the same dimension
as the space for any finite polytope. So this part is generalizable at least to Rn. This will
su�ce for this paper. Anyone able to prove an even wider generalization is welcome to
contact me (see front page).
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4.2 Problems

The second main step of the 2D-Theorem now is the most problematic. As you see in figure
3.1, to transform a triangle to a rectangle you first have to split it into two rectangular
triangles. The equivalent of a rectangular triangle in R3 is not easy to define though.
The most intuitive way is probably the tetrahedron Max Dehn called rectangular [2], a
tetrahedron with 3 right angles in one vertex, see figure TODO. This implies three of the
faces are rectangular and orthogonal to each other. You could even fix the last face to be
rectangular, too. But the problem of this definition is that it is impossible to achieve the
step of decomposition of a tetrahedron into such ”‘rectangular”’ tetrahedra. This is why
we use another, slightly di↵erent definition of a tetrahedron having only two right angles
between faces and only two rectangular triangle faces. It is a tetrahedron where we can
find a path of three edges whose direction vectors are orthogonal to each other. So instead
of three orthogonal edges departing from a common start point, we choose the orthogonal
edges to be consecutive (see figure TODO2). This yields a very easy decomposition of a
tetrahedron into such rectangular tetrahedra. The decomposition, demonstrated in figure
TODO3, consists in dropping perpendiculars, first from one of the points onto the opposing
face, yielding the point H, then from H to all sides of the triangle it lies inside. So we can
still accomodate the definition of a rectangular tetrahedron such that the decomposition
into rectangular tetrahedra is possible.
But the next step, one of the simplest in the 2D-case, the rectangularization of the
rectangular tetrahedron is unfortunately impossible. Our decomposition into parts that
form a rectangle was only possible in the plane, because we can decompose a rectangle into
congruent rectangular triangles, namely 2 and by cutting along the diagonal (see figure
TODO4). This is why any half of the rectangle is then equidecomposable to any of the
rectangular triangles. It is fairly easy to transfer this problem to mathbbR3. We want
to cut a cuboid into rectangular tetrahedra (def. see above) which are congruent. The
analogue to the procedure shown in figure TODO4 would be to take all possible ways along
edges from one point to the opposed point to define di↵erent simplices, a procedure known
as (TODO7 see script Computational Topology). This yields 6 = 3! simplices into which
the cuboid is decomposed. Those are rectangular tetrahedra, since the three consecutive
edges chosen to go from one point to the opposed point are orthogonal to each other (see
figure TODO5). As in figure TODO4, we can still find congruent tetrahedra using point
symmetry with respect to the cuboid midpoint M. But this is not yet all of it. What
Figure TODO5 also shows, is that the two tetrahedra defined by the edge order abc and
acb,

a
abc and

a
acb respectively, are not equal! Their volume is both

V =
abc

6

but
a
abc has a side triangle of area A = ab/2 and

a
acb has not. Therefore the two

tetrahedra cannot be congruent. In a nutshell, we can build a cuboid with rectangu-
lar tetrahedra, but we need more than one di↵erent kind. This means, when trying to
decompose and reassemble any polyhedron to form a cube, we can end up with rectan-
gular tetrahedra which cannot be transformed any further, because we don’t have the
corresponding rectangular tetrahedra to build a cuboid.

Of course, this is not a proof that the cuboidization of any rectangular tetrahedron
is definitely impossible. Merely, the direct translation of the Wallace-Bolyai-Gerwien-
Theorem is shown as impossible. It is only in chapter 5 that we will see that there have
to be rectangular tetrahedra non-equivalent to a cube.
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4.3 Results

In summary, a lot of results can be transferred from this well-known result of elementary
geometry. But, since this theorem is about 100 years older than Hilbert’s speech, it is not
very surprising that it is not possible to just extend or transfer the theorem to answer to
the question. One might suspect that Hilbert himself tried to do that before discussing
this problem openly as one of the most interesting non-solved problems in geometry with
the whole mathematical community. Yet, we already know various things:
1st: It is possible to transfer all of the underlying structures like triangles, rectangles,
etc. Most of them exist in any other dimension, some harder cases (rectangular triangles)
at least in R3.
2nd: We have already shown that all prisms (even skew prisms) are equidecomposable
to a cube. It would su�ce to show any polyhedron is equidecomposable to a skew prism.
3rd: Decomposition into an equivalent of rectangular triangles is still possible in R3. Prov-
ing that any rectangular tetrahedron (notably following our definition instead of Dehn’s)
is equidecomposable to a skew prism would already be enough.
4th: All our definitions of equidecomposability are equivalence relations. This result,
albeit plausible, is crucial in defining the algebraic structure used to solve the problem in
chapter 7.

5 The Dehn Invariant

The name of this invariant is a tribute to Max Dehn, whose already mentioned article [3]
is commonly accepted as the solution to this problem of Hilbert’s. It was the first of
the problems to be solved. In fact, the translation of Hilbert’s problems took longer
such that its first english publication [6] was even later than the publication of Dehn’s
paper on the impossibility of such a decomposition for a) any number of skew prisms, any
number of regular tetrahedra and any number of rectangular isosceles tetrahedra (these
are tetrahedra as in figure TODO1 where all three orthogonal edges have the same length,
he proved three theorems on any two of those collections of polyhedra) [2] and b) one
tetrahedron and two tetrahedra of half volume each [3]. The problem is therefore marked
as solved in this summary of the Mathematical Congress [6] already.
As you can learn from the paragraph above, it is not possible to find a way to decompose
and reassemble any polyhedron to form a cube. The reason for this is that decomposing
and reassembling a polyhedron does not change the Dehn Invariant. Yet there is more
than one di↵erent Dehn Invariant (The latter part is, counterintuitively, the less easy part
of the proof).

5.1 Definition of the Dehn Invariant

The Dehn Invariant can be written using the following notation 3:

D(P ) =
X

e is edge of P

l(e)⌦Z ✓(e)

3FIR: In fact, Dehn never used this notation. In his texts, there is an ordinary product instead of the
tensor product, which complicates writing it down. Therefore, even if derived from the edge lengths,
the formula has to contain integer values. Those satisfy certain conditions the edge lengths do, too.
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where P can be any polyhedron, l(e) 2 R>0

denotes the length and ✓(e) 2 R⇡ = R/(⇡Z)
denotes the dihedral angle of the edge e as illustrated in figure TODO9. The sign ⌦ might
not be familiar to all readers. It is the notation of the tensor product. Readers who are
comfortable with that algebraic notion may skip the next chapter.

5.2 Definition of the tensor product

The tensor product is a generalization of the ordinary product. In this paper, a general
formal definition using the correct algebraic terms would take us too far. Defining the
tensor product ⌦Z will su�ce. It is defined as a function from the product of two abelian
groups A and B into the tensor product of those two sets mapping as follows:

⌦Z : A⇥B ! A⌦Z B : (a, b) 7! a⌦Z b

The definition relies entirely on the definition of the tensor product of sets A⌦Z B. Let
A(A,B) be the free abelian group generated by the elements a⌦Z b 8a 2 A, b 2 B, i.e.

A(A,B) :=

8
>><

>>:

X

a2A1
b2B1

±a⌦Z b

��������
A

1

⇢ A,B
1

⇢ B

9
>>=

>>;

A⌦Z B := A(A,B)/ ⇠
a⌦Z b+ a⌦Z d ⇠ a⌦Z (b+ d),

a⌦Z b+ c⌦Z b ⇠ (a+ c)⌦Z b,

x ⇠ y ) x+ z ⇠ y + z

8a, c 2 A; b, d 2 B;x, y, z 2 A(A,B)

This yields implicitly that
a⌦Z b = a0 ⌦Z b0 ,if

9n 2 Z : a
0
=na

b=nb0 _ a=na0
b0=nb

the product of an abelian group’s element g 2 (G,+) with an integer being defined induc-
tively as in

1a = a

(n+ 1)a = na+ a 8n 2 Z

In summary, we get a bihomorphic, surjective function⌦Z. Even if we are only considering
groups, we have still defined some scalar multiplication with elements of Z which is why
we will rather use the word ”Z-bilinear” than bihomomorphic.

Some properties:
A⌦Z B is an abelian group with neutral element

0 := 0⌦Z 0 = a⌦Z 0 = 0⌦Z b 8a 2 A, b 2 B

In our case, we set A = R;B = R⇡. This yields:
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x⌦Z q⇡ = 0 , q 2 Q _ x = 0 8x, q 2 R

because a non-zero x can not be multiplied with any other number than 0 to become 0,
i.e. A is free of zero divisors. However, B is not. It is (for q = m

n 2 Q,m, n 2 Z)

x⌦Z
m

n
⇡ = mx⌦Z

1

n
⇡ = n

mx

n
⌦Z

1

n
⇡ =

mx

n
⌦Z ⇡ =

mx

n
⌦Z 0 = 0.

Yet the two used operations (transferring integers from the left of ⌦Z to the right and the
other way around) are the only operations you can use without changing the element so
if q /2 Q, there is no way to change that.

5.3 Intuition of the tensor product and of the invariant

But why is the tensor product a suitable notion for this problem and what makes D(P )
invariant? These are the questions answered in this chapter. One could think of the
whole problem as of the question what you can build out of a given polyhedron with a
knife devoid of width (that can only cut along straight line segments) and a glue that fits
polyhedra together so perfectly that no traces remain witnessing their former separation.
In fact, the first thing to note is that gluing is nothing else than the reverse operation of
cutting, which is why we can restrain our argumentation on why the cutting steps do not
change the Dehn Invariant. Those cutting steps can now change the following things for
the edges:
1) Nothing:
Obviously, most cuts do not cut through all edges which means for some edges, nothing
changes. Obviously again, the summand of this edge does not change.
2) Cut across the edge:
Cutting across the edge yields a cutting point where the edge is split into two edges. But
since the dihedral angles of the new edges are the same as the one of the original edge,
fixing l

1

and l
2

as the lengths of the new edges we have:

l(e) = l
1

+l
2

l(e)⌦Z ✓(e) = l
1

⌦Z ✓(e)+l
2

⌦Z ✓(e)

So the Dehn Invariant doesn’t change
3) Cut along the edge:
We will assume that the cut is not superficial, meaning it does not only separate the edge
from the rest of the polyhedron because that would just leave us with a new edge adding
Dehn Invariant 0 (since the dihedral angle of that edge is 0) to the sum and the original
edge would be unchanged. So the cut goes inside and divides the edge into 4 edges as
illustrated in figure TODO10. This yields 4 new summands who add up to the old one:

a⌦Z ✓(e) + b⌦Z ✓
1

+ b⌦Z ✓
2

+c⌦Z ✓(e) =

a⌦Z ✓(e) + b⌦Z ✓(e)+ c⌦Z ✓(e) =

l(e)⌦Z ✓(e)

But instead of changing edges that are already there, cuts can just add new edges, too.
We have to show that they do not change the Dehn Invariant, i.e. that they add up to
Dehn Invariant 0.
4) Creating new edges by cutting through a face

13



When cutting through a face, the cut and the cut face have an intersection line segment.
On this segment, two new edges are created, one on the right side of the cut and one
on the left side. May the length of the segment be a. The dihedral angles of the two
created edges, ✓

1

and ✓
2

add up to ⇡ as illustrated in figure TODO11 which shows the
plane perpendicular to the new edges. We get:

a⌦Z ✓
1

+ a⌦Z ✓
2

= a⌦Z ⇡ = a⌦Z 0 = 0

5) Creating a new edge by cutting through the inside of the polyhedron
By cutting through the inside, you get an edge at the exact place where the line segment
is at which you cut along. But this edge has only 1 (double) face it is adjacent to, which
is the cut. So the dihedral angle of this new edge is 0, adding another 0 to the Dehn
Invariant.

By going through all those cases, we have proven that the Dehn Invariant does not change
when we cut some polyhedron into smaller polyhedra, more precisely, the sum of Dehn
Invariants of the smaller polyhedra yields the one of the original polyhedron. It is therefore
invariant on equidecomposable polyhedra and even on all finitely equal polyhedra. The
reason why this all worked was that it used the bilinear property of ⌦Z. This chapter
would have worked as well with an ordinary product though. The reason why it would
not work out with a R-bilinear product lies in the last part of the last chapter. If we had
such a product, all Dehn Invariants would be 0, since 8y 2 R⇡, y 6= 0

x⌦R y =
⇡

y

yx

⇡
⌦R y =

yx

⇡
⌦R

⇡

y
y =

yx

⇡
⌦R ⇡ =

yx

⇡
⌦R 0 = 0

We have already proven in the last section that there are non-zero elements in A ⌦Z B,
but in the next section we still have to prove that some of those actually are the Dehn
Invariant of some polyhedron.

5.4 Finishing Dehn’s proof

First o↵, it will be suitable to look at the cube, since it has Dehn Invariant 0. Having 12
edges of same length a and dihedral angles of ⇡

2

each, we get

12a⌦Z
⇡

2
= 6a⌦Z ⇡ = 6a⌦Z 0 = 0

Now we just have to find another polyhedron having a Dehn Invariant that is non-zero
to prove what you could call Dehn’s Theorem:

Theorem 5.1:

There are polyhedra which can in no way be decomposed into polyhedra that can be
rearranged to form a cube.

Proof. Dehn’s proof [2], as well as Cartier’s [1], relies on the regular tetrahedron. This one
is inspired by both of them but simplified. We have to show that a regular tetrahedron
does not have Dehn Invariant 0. Let’s have a look at its dihedral angle ⌧ . Its cosine
is 1

3

since the regular tetrahedron is a right pyramid with its apex A exactly above the
centroid. Now the centroid divides the median line 2:1 which, considering both heights on
the edge e are of same length yields the cosine (see figure TODO12).
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If ⌧ is a rational multiple of ⇡, that means an integer multiple of ⌧ is an integer multiple
of ⇡:

⌧ =
m

n
⇡ ) n⌧ = m⇡ ) sin(n⌧) = 0

Using Euler’s formula or its corollary, de Moivre’s formula we get the equations:

cos(n⌧) + isin(n⌧) = ein⌧ = (cos(⌧) + isin(⌧))n

sin(n⌧) =
nX

k=0

(nk) cos
k⌧sinn�k⌧=(in�k)

=

r
8

9

nX

k=0

2-n�k

(nk)

✓
1

3

◆k ✓8

9

◆n�k�1
2

(�1)
n�k�1

2

=

r
8

9

1

3n�1

nX

k=0

2-n�k

(nk)

✓
9 ⇤ 8

9
⇤ (�1)

◆n�k�1
2

=

r
8

9

1

3n�1

nX

k=0

2-n�k

(nk) (�8)
n�k�1

2

Summands with 2|n � k can be omitted because =(in�k) = 0. The factors in front of
the sum are never 0, therefore, for sin(n⌧) to be zero, the sum has to vanish. This is
impossible though, because the element of the sum for k = n� 1 is an odd integer , while
all other summands are even integers. This yields:
⌧ is not a rational multiple of ⇡. The regular tetrahedron of edge length b has the Dehn
Invariant

6b⌦Z ⌧ 6= 0

This also proves, as mentioned in chapter 4, that there have to be rectangular tetrahedra
non-equidecomposable to a cube, namely the ones the regular tetrahedron is decomposed
of. As it is regular, there is only one kind of rectangular tetrahedron in the decomposition.
One might think at that point, that we have already shown what we were interested
in. David Hilbert did so, along with a lot of other mathematicians of the first half of
the 20th century. But this is not yet the end. We did illustrate why it is impossible to
define volume by decomposition and defining volume for cubes by proving that the Dehn
Invariant is a necessary condition for decomposability. It is nonetheless possible to show
more: The Dehn Invariant, together with the volume are in fact even equivalent to finite
equality. This proposition is known as the Sydler Theorem or Dehn-Sydler Theorem.
In the next section, we will see a proof that would have made the second publication
[3] of Dehn nearly useless. The main part of it consists in transferring his results on
equidecomposability to finite equality, two terms which, as we will see, coincide.
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6 ”Zerlegungsgleichheit” = ”Endlichgleichheit”

Actually, this chapter was not added because it makes Dehn’s second publication rather
obvious but because Jessen uses it in its proof for the Dehn-Sydler Theorem. Originally,
the argumentation has been given in a similar way and was used by Jean-Pierre Sydler [9].
With it, we will be able to give polyhedra a suitable algebraic structure. In order to
manage the proof, a particular kind of decomposition of tetrahedra will be needed. First,
we demonstrate its possibility.

Lemma 6.1 (Delta subdivision):
Let ai 2 R, i 2 In := {i 2 N|i  n}, such that

Pn
i=1

ai = 1. Then it is possible to
decompose any polyhedron into n polyhedra, similar to the original tetrahedron with
similarity ratios ai respectively, and some number of skew prisms.
The intuitive sense of this lemma is that for every ✏ > 0, may it be as little as you want
it, every polyhedron of volume V is equidecomposable to a cube of volume V � ✏ and rest
polyhedra of total volume ✏. In a nutshell, you can form any cube of volume v < V out of
this polyhedron with some rest polyhedra. You can bail out practically the whole volume
for the cube. This is why you will have no volume problems which make the di↵erence
between equidecomposability and equicomplementability.

Figure 6.1: Delta subdivision

Proof. As figure 6.1 suggests, we proceed inductively. The case n=1 is trivial. As a
1

= 1,
it reduces to showing that any polyhedron is equidecomposable to itself.

For the induction step, let’s consider we are given a tetrahedron and numbers ai, i 2 In+1

with the prescribed properties of the lemma. This does not lead to a loss of generality
since every polyhedron can be decomposed into tetrahedra, which, after delta subdivision,
can be rearranged to polyhedra with the according similarity factors. Now we decompose
the tetrahedron three times. First, we cut one vertex o↵ the original tetrahedron, yielding
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a similar tetrahedron with similarity ratio an+1

. Cutting like this is only possible if the
new faces are parallel to the opposing face. Afterwards we will do the same with another
vertex, the cut again parallel to the opposing face and passing through the only vertex (C)
created in the last step which does not lie in this face. We have now two tetrahedra similar
to the original one and some rest polyhedron. Finally, we divide the rest polyhedron into
prisms by cutting in the plane defined by C and its two adjacent vertices in the rest
polyhedron created during the procedure.

The two resulting polyhedra are skew prisms, because:
1st: It is su�cient to prove it for one of the remaining polyhedra because the construction
is symmetric by changing an+1

to be 1� an+1

.
2nd: The length of the junction line between the triangles of one of the polyhedra passing
through C, illustrated in figure 6.1, is l(e) ⇤ (1 � an+1

), where e is its counterpart in the
original tetrahedron and l is the length function. This is true because it is part of the
second new tetrahedron.
3rd: Another junction line lies on e, so it is parallel to the other line and has the same
length, because the rest of e is part of the first new tetrahedron.
4th: Let’s consider a line segment having same length and orientation as the other two
junction lines starting at one of the endpoints of the last one, such that it overlaps it.
Since it starts inside a face of the original tetrahedron and one of the other junction lines
lies completely inside this face, it does, too. The same argumentation can be done for the
cutting plane of the third step. So it is part of the intersection of those planes, which is
the last junction line. So this line is parallel to the other two.
5th: The two base triangles are parallel because one lies on the original counterpart of
the other, which is part of the first new tetrahedron.
6th: Two parallel triangles joint by parallel lines build a skew triangular prism. To
show this, we imagine two of those junctions and the respective triangle edges, pictured
in a plane. Since the junctions do not lie in the plane of the triangles, the triangle
edges are parallel, because they lie on the intersection of their parallel planes with the
pictured plane. Therefore opposing edges in this quadrilateral are parallel, making it a
parallelogram. Consequentially, corresponding triangle edges have same length, so the
triangles are parallel and congruent.

At last, let

a0i :=
aiPn
i=1

ai
, i 2 In

)
nX

i=1

a0i = 1

For this reason, we can apply the induction hypothesis to the tetrahedron with similarity
coe�cient 1�an+1

=
Pn

i=1

ai and the coe�cients a0i, i 2 In, yielding tetrahedra similar to
the original tetrahedron with similarity coe�cients a0i(1 � an+1

) = ai, i 2 In and further
skew prisms, as the lemma states.

As finite equality is a generalization of equidecomposability, it is su�cient to prove:
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Theorem 6.2:

Finitely equal polyhedra are equidecomposable. (Notation: A
finite⇠ B , A ⇠ B )

More formal: Let A+B denote any polyhedron equidecomposable to A and B so de-
composed of tetrahedra where some can be rearranged to form A and the rest to form
B.
Then, if A,B,C,D are polyhedra of Volume V and v respectively and C and D are equide-
composable, then A+C is equidecomposable to B+D if and only if A is equidecomposable
to B.

Proof. One of the directions(() of the equivalence is trivial by considering that you can
first decompose into A and C, then both, one by one, into B and D and then into B+D.
For the main part()), let’s consider the following:

1st : n 2 N, n >

r
V + 3v

V

2nd: Apply delta subdivision to each of the 4 polyhedra with coe�cients ai =
1

n , i 2 In,
resulting in little polyhedra A’,B’,C’,D’ and skew prisms. Decompose and rearrange the
skew prisms which were part of A to form a cube R.
(1) The skew prisms obtained by decomposing B are equidecomposable to R, too .

3rd : V ol(R) = V � n
V

n3

=

V � V

n2

>
3v

n2

,

V >
V + 3v

n2

,

n2 >
V + 3v

V
,

n >

r
V + 3v

V
X

4th: R is equidecomposable to n little triangular prisms with same base and height as
C’ and some rest cube, since its volume is bigger than the one of the prisms, which is
3n v

n3 = 3v
n2 . Decompose all those prisms into C’ and a rest. Let S be a polyhedron

equidecomposable to all those rest polyhedra, the rest cube included.

5th : (2) A0 + C 0 ⇠ B0 +D0

(3) C 0 ⇠ D0

A ⇠ nA0 +R ⇠ nA0 + nC 0 + S
(2)⇠ nB0 + nD0 + S

B
(1)⇠ nB0 +R ⇠ nB0 + nC 0 + S

(3)⇠ nB0 + nD0 + S

7 Dehn-Sydler Theorem (acc. to Børge Jessen)

This chapter contains the main proof of this thesis, which is copied nearly entirely from
Børge Jessen (mainly [8], algebraic part [7]). For the other chapters of this thesis, the
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intuition about polygons and polyhedra is su�cient to understand the proofs but in this
part, due to the complexity of the subject, some more formalism is more convenient, espe-
cially because the whole proof is more algebraic and therefore more formal than the other
ones. Most of the first definitions will sound familiar or even trivial to the mathematically
experienced reader but they can help to understand the matter in a deeper sense as well.
Jessen did not prove this theorem first, he used the methods of Jean-Pierre Sydler, a Swiss
mathematician, who first came to the proof 3 years earlier in 1965 [10] with a little help of
his colleague and countryman Hugo Hadwiger [4]. Nevertheless, we will proceed the same
way Jessen did, because he simplified the proof which was hardly structured, being given
in 5 papers publicized within more than 20 years, and therefore very hard to understand.
The di↵erence between Jessen’s original papers and this chapter is that the chapter is
more extensive, giving more detailed proofs that will therefore hopefully(?) be even more
understandable.

7.1 Primal Definitions and Insights

Definition 7.1.1 A convex polyhedron P ⇢ R3 is defined as the convex hull of points
Ai 2 R3, i 2 In, where not all of the Ai lie in the same a�ne plane. The defining points
are chosen such that if you leave out any of them, the convex hull

P := Conv(A
1

, ..., An) = {x 2 R3|x =
X

i2In

↵iAi ^
X

i2In

↵i = 1,↵i � 0 8i 2 In}

changes. This can always be done, because the condition on not lying in the same plane
has an equivalence: The convex hull does not lie fully inside an a�ne plane.
Remarks:
�! Convex polytopes are defined analogously, just replace every occurrence of 3 by
the general dimension d.
�! Convex polyhedra are convex, closed, bounded sets by the definition of the convex
hull of a finite set. They are non-degenerate because not all the vertices lie in the same
a�ne plane.

Definition 7.1.2 (Vertex of a convex polyhedron) If the defining points are chosen as
mentioned in the definition of the convex polyhedron, they are called vertices of the
convex polyhedron.

Definition 7.1.3 (Diagonal and edge of convex polyhedra) Convex hulls of any pair of

vertices are called diagonals if (room-diagonals) they contain inner points M 2
�
P or

if (face-diagonals) for given i 6= j 2 In

9b 2 R, n 2 R3 : 8N 2 Conv(Ai, Aj) \ {Ai, Aj}9✏ > 0 : 8x 2 B(N, ✏) : x 2 P , n · x  b

, or edges if neither of these are the case.

Definition 7.1.4 (Face of convex polyhedra) Any two edges that share a point Ai lie
in a common a�ne plane, since their three defining points do. The intersection of this
plane with P is called a face. Since it is not important if those really are edges or
face-diagonals, one can rewrite this to the following. If for any given, di↵erent vertices
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Ai, Aj , Ak 2 P, Conv(Ai, Aj , Ak) \
�
P = ; a face F := Aff(Ai, Aj , Ak) \ P where Aff

denotes the a�ne hull.
Remark:
�! A face F does not necessarily have three vertices. Thus we count some of the faces
more than once. This should not be a problem though because the corresponding sets are
equal. The set of faces therefore contains the right number of faces.

Definition 7.1.5 A tetrahedron is a convex polyhedron that has only 4 vertices (defin-
ing parameter n = 4).
Remark:
�! This is the minimum number of vertices. Every set P = Conv(Ai, Aj , Ak) is degen-
erate. It lies fully inside an a�ne plane.

Lemma 7.1.6:

Let P be a convex polyhedron and F a face of P . Then P does not contain points on both
sides of F .

Proof. Assume there are points Q�, Q+ 2 P on both sides of the face. P is convex. Hence
Ai, Aj , Ak, Q� and Ai, Aj , Ak, Q+ build tetrahedra that are contained in P . This means
that 4Ai, Aj , Ak contains inner points of P . 

Definition 7.1.7 A closed subset P of R3 is said to be decomposed of the closed
subsets Pi, i 2 In if

P =
[

i2In

Pi

; =
�
Pi \

�
Pj 8i 6= j 2 In

Definition 7.1.8 A polyhedron is any closed subset P of R3 decomposed of a finite
number of convex polyhedra and satisfying that intrP is connected.
Remark:
�! Polytopes are defined analogously, just replace 3 by the general dimension d and
the word ”polyhedra” by ”polytopes”

Definition 7.1.9 (Face of a general polyhedron) Let P be a polyhedron. For any n 2
S2, b 2 R, let F (n, b) be the set of faces whose defining a�ne planes are Aff(Ai, Aj , Ak) =
{x 2 R3|n · x = b} for some di↵erent i, j, k and vertices Ai, Aj , Ak contained in some
convex polyhedron P is decomposed of. This equation is the general equation for a�ne
planes in R3. Thus every face is contained in some of those sets. F (n, b) is the union of
the two sets F+(n, b), F�(n, b) which regroup all faces that have their respective convex
polyhedra on the same side of the a�ne plane (see Lemma 7.1.6). Now if two faces in the
same of these sets(e.g. F+(n)) intersect in a non-finite set (i.e. an ”edge”), we will merge
them and consider their union as a single face (of the union of the two associated convex
polyhedra)which we will put in the respective set (e.g. F+(n, b)) and delete the faces(see
figure TODO14). Formally (:= is here the sign of an assignment):

F (n, b) := {F is face of Pi|F ⇢ {x 2 R3|n · x = b}, P is decomposed of P
1

, ..., Pn, i 2 In}
F+(n, b) := {F 2 F (n, b)|9Pi : F is face of Pi, (x 2 Pi ) n · x � b)}
F�(n, b) := {F 2 F (n, b)|9Pi : F is face of Pi, (x 2 Pi ) n · x  b)}
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8F, F 0 2 F+(n, b) : |F \ F 0| = 1 ) F+(n, b) := F+(n, b) \ {F, F 0} [ {F [ F})
8F, F 0 2 F�(n, b) : |F \ F 0| = 1 ) F�(n, b) := F�(n, b) \ {F, F 0} [ {F [ F})

Afterwards, if two faces in di↵erent groups intersect in a set that contains a point that
was not part of an edge of either of the associated convex polyhedra (i.e. they intersect in
a ”face”), then both the di↵erences of the sets are candidates for new faces to be inserted
into the respective set F+(n, b) or F�(n, b). In fact, their connected components are the
faces to be inserted (see figure TODO15). Formally (CC denoting the set of connected
components of some subset of R3 and Pi one of the convex polyhedra P is decomposed
of):

8F 2 F+(n, b), F 0 2 F�(n, b) : (@i 2 In, E edge of Pi : F \ F 0 ⇢ E) )
F+(n, b) := F+(n, b) \ {F} [ CC(F \ F 0)^
F�(n, b) := F�(n, b) \ {F 0} [ CC(F 0 \ F )

F (n, b) := F+(n, b) [ F�(n, b)

The last step, redefining F (n, b) as the union of F+(n, b), F�(n, b) is to be done, when all
other steps on those sets are finished. Finally, after applying all of these steps to the finite
number of all non-empty sets F (n, b) (You could, for example, iterate over the former
faces), you get the set of faces

FF :=
[

n2R3,n2R

F (n, b)

Now F = (S, n, b) is a face of the polyhedron P if S 2 F (n, b).
Remark:
�! If P is a convex polyhedron, due to convexity, all classes F (n, b) can only contain a
single face. This is why a face of a convex polyhedron is still a face of it, when we consider
it as a (general) polyhedron.

Definition 7.1.10 (Edge, diagonal of a general polyhedron) An edge E = (S, F, F 0) of
a polyhedron P is a non-finite connected component S of the intersection of two di↵erent
faces F, F 0, more precisely, of their sets (1st component).
Formally:

F 6= F 0 ^ S 2 CC(F
1

\ F 0
1

) ^ |S| = 1 ) E = (S, F, F 0)

Intuition:
Every edge lies between two faces. It is easy to show that this definition is also a possible
definition for all edges of a convex polyhedron, since two faces inside Aff(Ai, Aj , Ak) and
Aff(Ai, Aj , Al) respectively intersect in the edge Conv(Ai, Aj).

Definition 7.1.11 The dihedral angle of an edge E is defined as

✓(E) = arccos((E
2

)
2

· (E
3

)
2

)

Intuition:
This denotes the angle between the neighbouring faces of the edge, when measured in a
plane orthogonal to both. The second and third element of E are the neighbouring faces
and their second element is their normal n.
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Definition 7.1.12 (Length of an edge, vertex of a general polyhedron) Let E be an edge
of a polyhedron P . Then the length l(E) of E is defined as follows:

l(E) := diam(E
1

) := max
x,x02E1

k x� x0 k
2

The vertices are those x, x0 where the maximum is obtained. Formally:

(v, v0) := argmax
x,x02E1

k x� x0 k
2

) v, v0 2 V

Then V is the set of vertices. Again, vertices are counted more than once but this is
no problem and again, the definition obviously holds for convex polyhedra and their edges
E = Conv(Ai, Aj).
This yields another way of writing the length of an edge with its endpoints: l(E) =: |xx0|.
Here xx0 is a notation of the edge.

Definition 7.1.13 Two polyhedra P, P 0 are said to be congruent if there exists a special
orthogonal matrix Q 2 R3⇥3 and a translation vector t 2 R3, such that

P 0 = Q⇤̇P +̇t.

The matrix multiplication and vector addition are executed pointwise. Therefore the
notation contains a point over the sign.

Definition 7.1.14 The polyhedron group P is defined as the free abelian group gen-
erated by the polyhedra. This means for the definition, a new kind of addition will be
defined.4

Remark: The polyhedron group does not contain polyhedra but not furtherly defined
sums and di↵erences of polyhedra. Those can be imagined similar to the addition defined
in chapter 6. We will call these sums polyhedralsums.

Definition 7.1.15 The equivalence group E is a subgroup of P generated by all ele-
ments P �

P
i2In Pi where P is decomposed of Pi, i 2 In as well as all elements P � Q

where P and Q are congruent. If X � Y 2 E , X and Y are said to be equivalent.

Lemma 7.1.16:

Polyhedra P,Q 2 P are equivalent if and only if they are equidecomposable.

Proof. Assume P andQ are equidecomposable. This means, P is decomposed of polyhedra
Pi which are congruent to polyhedraQi (as always i 2 In), of whichQ again is decomposed.

4For the definition of a free abelian group, see section 5.2
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That means

P �
X

i2In

Pi 2 E

Q�
X

i2In

Qi 2 E

Pi �Qi 2 E 8i 2 In )
X

i2In

Pi �
X

i2In

Qi 2 E )

P �
X

i2In

Pi +
X

i2In

Pi �
X

i2In

Qi � (Q�
X

i2In

Qi) =

P �Q 2 E

For the other direction, we have a look on the defining elements of E :
If P is decomposed of the Pi, P is also equidecomposable to the Pi (when extending the
definition of equidecomposability to any no. of polyhedra), the same follows if P and Q
are congruent. Further the sums and di↵erences of two equidecomposable elements are
equidecomposable. For the sums, this is easy to see, for the di↵erences, this is the proof
of chapter 6, because per definition, di↵erences of two equidecomposable polyhedra are
equicomplementable. So every element of E is a di↵erence of equidecomposable polyhedra,
in other words, all equivalent polyhedra are equidecomposable.

Theorem 7.1.17:

Every polyhedron P is decomposed of tetrahedra Tij , i 2 In, j 2 Im.

Proof. Every polyhedron is decomposed of convex polyhedra, so let Pi, i 2 In be the
convex polyhedra P is decomposed of. It is su�cient to show that these convex polyhedra
are decomposed of the afore-mentioned tetrahedra, so let’s consider just one of those Pi.

Let Mi 2
�
Pi be a point in the interior of Pi. Now if you find an non-triangular face of

Pi, you add edges until they are triangulated (This is possible, see figure 3.2). This does
not change the polyhedron, since it does not change any points, it just changes our view
of those points. Pi is convex. Therefore for all neighbouring vertices C,C 0 of the now
triangulated surface of the polyhedron, 4MiCC 0 lies totally inside Pi. If we consider
all the tetrahedra Tij with the faces 4MiCajCbj ,4MiCajCcj ,4MiCbjCcj ,4CajCbjCcj

where the last triangle is a triangle on the surface of Pi, then we have our decomposition
into tetrahedra (see figure TODO7).

Definition 7.1.18 Two polyhedra are called symmetric if there is a non-special orthog-
onal matrix Q 2 R3⇥3 and a translation vector t 2 R3 such that

P 0 = Q⇤̇P +̇t.

Lemma 7.1.19:

Symmetric polyhedra are equivalent.

Proof. Let P,Q be symmetric polyhedra. Without loss of generality, P can be assumed
to be a tetrahedron A

1

A
2

A
3

A
4

, because by Theorem 7.1.17, it can be decomposed into
tetrahedra. Now we introduce some notation (see figure TODO13):
Let O be the midpoint of the inscribed sphere of P and Oi its projection onto the face
opposed to Ai 8i 2 I

4

. Then OOiOjAkAl are selfsymmetric polyhedra, namely symmetric
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with respect to the plane OAkAl, as shown in figure TODO13, that P is decomposed of.
Hence Q is decomposed of congruent polyhedra O0O0

iO
0
jA

0
kA

0
l yielding

P �
X

{i,j,k,l}=I4
i<j;k<l

OOiOjAkAl 2 E

Q�
X

{i,j,k,l}=I4
i<j;k<l

O0O0
iO

0
jA

0
kA

0
l 2 E

OOiOjAkAl �O0O0
iO

0
jA

0
kA

0
l 2 E 8i, j, k, l = I

4

)P �
X

{i,j,k,l}=I4
i<j;k<l

OOiOjAkAl +
X

{i,j,k,l}=I4
i<j;k<l

O0O0
iO

0
jA

0
kA

0
l �Q =

P �Q 2 E

Note: In order not to count polyhedra twice, i < j; k < l must be fixed, since exchanging
i and j or k and l does not change the polyhedron. There are only 6 of them, one for each
edge AkAl.

Definition 7.1.20 The volume function V ol : P ! R is defined as the only additive
function assigning its volume5 to all polyhedra. In formula this means:

V ol : P ! R :
X

i2In

±Pi 7!
X

i2In

±�(Pi)

where � is the Lebesgue measure of R3.

Some properties:
�! As �,V ol is non-injective and surjective.
�! V ol vanishes on E . This is due to the rather obvious fact, that equidecomposable
polyhedra have the same volume.
Corollary:

Definition 7.1.21 The surjective homomorphism vol : P/E ! R : [P ] 7! V ol(P ) is a
well-definition.
This is important because P/E denotes the polyhedra ”modulo equidecomposability”,
the equidecomposability classes of the polyhedra.

By our work in chapter 4, we have seen that for prisms, the volume is not only a necessary,
but also a su�cient condition. Thus we have Theorem 7.1.23, but first we have to define
what prisms mean exactly.

Definition 7.1.22 A prism R is a convex polyhedron K satisfying that you can find
d, n 2 R3, a, b 2 R such that
1) (The vertices lie on 2 parallel a�ne planes.)
every vertex c of K satisfies n · c = a(I) _ n · c = b(II)
2) (Every vertex has a translated version in the other plane)
for every vertex c that satisfies (I), you can find another vertex c0 that satisfies (II) with
c� c0 = d.
5Unfortunately, we have to use the usual volume defined by measure theory using a limiting process, since
we already proved in chapter 5 that an attempt to define volume by equidecomposability must fail for
arbitrary polyhedra
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Remarks:
�! The non-degenerate property of convex polyhedra fixes d and n to be non-orthogonal.
�! Here, a definition of a skew prism is given. Right prisms could be achieved by fixing
d = ±n, but in this proof, we don’t need to make a distinction, since all prisms, right or
skew, are equidecomposable to a cube.

Theorem 7.1.23:

If P and Q are prisms and V ol(P ) = V ol(Q), then P and Q are equivalent.

Proof. See chapter 4.

Definition 7.1.24 (Equivalence group modulo prisms) Let F denote the subgroup of
P generated by the elements of E and the prisms. Elements P,Q 2 P satisfying P�Q 2 F
are said to be equivalent modulo prisms

6.
Intuition:
Given that volume is one of the necessary conditions, that it is the only one for prisms
and finally that these can have every possible volume, equivalence modulo prisms is used
to determine other necessary conditions for arbitrary polyhedra. If there were no other
necessary conditions, there would be just one big equivalence class in the group P/F ,
”Polyhedra modulo prisms”. As we saw in chapter 5, this is not the case.

Definition 7.1.25 Let G = Ker(V ol), the Kernel of volume.
Remark:
�! E is a subgroup of G.

Lemma 7.1.26 (Algebraic Insights on the defined symbols):

1) F \ G = E
2) P/E = F/E � G/E
3) vol���F/E

is an isomorphism.

4) pG : P/F ! G/E : [P ]F 7! [P ]F \ G is an isomorphism.

5) P/F is a R-vectorspace, if we fix the scalar multiplication as distributive in sums

and as a uniform scaling for polyhedra.

Proof. 1) is equivalent to Theorem 7.1.23 as the sum of all positive prismatic summands of
an element of F \G and the sum of all negative prismatic summands of the same element
have to have the same volume and therefore are equivalent. So every element of F \ G is
a sum of elements from E , so it is itself element of E . The other direction is trivial since
E ⇢ F ,G.
3) says nothing else that every volume corresponds to an equivalence class of prisms, this
combines Theorem 7.1.23 (injectivity) with the fact that prisms can have arbitrary volume
(surjectivity).

6In the literature, this equivalence is often called ”equivalence mod 0”, since prisms have Dehn Invariant
0. This paper uses the other commonly used term, since it is less ambiguous.
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2) is a corollary of 1) and 3), which proves the existence of the first decomposition:

(I)Q 2 P ) Q = Q� P| {z }
2G

+ P|{z}
2F

2 F + G 8P 2 F : V ol(P ) = V ol(Q);

1) )(II)F/E \ G/E = {0}
(I), (II) ) 2)

5) is practically equivalent to our Delta-subdivision in chapter 6, see Lemma 6.1. It
proves (�+µ)P is equivalent to �P +µP modulo prisms. The other distributivity is part
of the definition and the neutrality of 1 as well as the associativity are trivial. Further
P/F inherits the abelian group property of P. Thus P/F satisfies all vectorspace axioms.
Finally, 4) is well-defined because of 1) and an isomorphism because of 2).

We now want to prove that P/F (or G/E) is isomorphic to some subspace of R ⌦Z R⇡

and, more importantly, that this isomorphism is the formula of the Dehn Invariant.

Definition 7.1.27 (Reminder/Generalization) The Dehn Invariant is a function
� : P ! R⌦Z R⇡(R⇡ = R/⇡Z) that satisfies, for every polyhedron P :

�(P ) =
X

e is an edge of P

l(e)⌦Z ✓(e)

Remark:
�! Prisms have Dehn Invariant 0. All of the dihedral angles in a prism add up to ⇡ with
their counterpart in the other plane and those belong to edges of the same length l(ei).
This means, if R is an arbitrary prism:

D(R) =
X

i2In

l(ei)⌦Z ⇡ =
X

i2In

l(ei)⌦Z 0 = 0.

Definition 7.1.28 The Dehn Invariant on classes mod prisms is the induced func-
tion � : P/F ! R⌦ZR⇡ that satisfies � �x = �, where x : P ! P/F is just the projection
of every polyhedral sum into its equivalence class.

7.2 Injectivity of the embedment function

It is time for us to introduce the theorem we want to prove in this chapter:

Theorem 7.2.1 (Dehn-Sydler Theorem):

Two polyhedra P,Q are equidecomposable, if and only if V ol(P ) = V ol(Q) and
�(P ) = �(Q).

It is not time to demonstrate this yet. But we can already reformulate it. Equidecompos-
able means equivalent. We know that P/E = F/E � G/E . Thus we know two polyhedra
are equivalent if and only if they are equivalent modulo prisms and they have the same
volume. Changing the condition on equivalence modulo prisms with the Dehn Invariant
is possible only if � is injective, because in this case, it is an isomorphism onto its image,
the set of possible Dehn Invariants. It should be mentioned here that the necessity part
does not require the injectivity. The well-definition of � is enough for this. � being right
unique corresponds to the necessity and � being left unique corresponds to the su�ciency
of the Dehn Invariant as additional condition. We therefore want to prove an equivalence
to the Dehn-Sydler-Theorem:
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Theorem 7.2.2:

For every linear map ⌧ : P/F ! V , where V is an arbitrary vector space over R, there
exists a linear map � : R ⌦Z R⇡ ! V such that ⌧ = � � � or equivalently, such that
⌧ � x = � ��

Remarks:
�! Essentially, this means that the diagram in figure TODO16 commutes.
�! The above condition that � is injective is obtained in the special case that V = P/F
and ⌧ = id, the identical map. In this case, � is the left inverse of �. Thus its existence
proves the injectivity. Conversely, if � is injective, you can always choose � := ⌧ � ��1 for
all elements of Im(�) and the other images of � arbitrarily to match the conditions. So
this theorem is indeed equivalent to Dehn-Sydler’s Theorem.
�! This theorem might seem overcomplicated. But this proof will end by defining �.
It is complicated enough. Thus it will be not very convenient to go back out of the
proof afterwards and conclude why � might be injective and what that has to do with the
Dehn-Sydler-Theorem.
Before we finally get to prove lemmas for this important theorem, we have to fix a
notation that will allow us to think of our basic components, the rectangular tetrahedra
in a quantified way.

Definition 7.2.3 8a, b 2]0, 1[, let ↵,� 2]0, ⇡
2

[ be well-defined by sin2 ↵ = a, sin2� = b.
We denote T (a, b) any tetrahedron ABCD, in which the edges |AB| = cot↵, |BC| =
cot↵ cot�, |CD| = cot� are orthogonal. See figure TODO17.

Remarks:
�! There are many of these tetrahedra but all of them are equivalent, since they are
either congruent or symmetric.
�! The definition is symmetric in a and b. Hence the tetrahedra T (a, b) and T (b, a) are
equivalent polyhedra.

Definition 7.2.4 Let ↵ ⇤ � 2]0, ⇡
2

[ denote the angle that satisfies sin2(↵ ⇤ �) = ab.

Remark:
�! The operator ⇤ is clearly associative and commutative but no inverse or neutral
elements are to be found.

Calculations concerning T (a, b):
1st : Since CD is orthogonal to AB,BC, the face ABC is orthogonal to both faces
ACD,BCD, which means the dihedral angles of BC and AC are right angles. Analo-
gously, AB is orthogonal to BC,CD so the dihedral angle of BD is right, too.
2nd : The length of AD can be determined by iterating the Pythagorean theorem:

|AD|2 = |AC|2 + |CD|2 = |AB|2 + |BC|2 + |CD|2 = cot2↵+ cot2↵ cot2� + cot2�

=
cos2↵ sin2� + cos2↵ cos2� + sin2↵ cos2�

sin2↵sin2�
=

(1� a)b+ (1� a)(1� b) + a(1� b)

ab

=
1� ab

ab
= cot2(↵ ⇤ �).

3rd : AB is orthogonal to the rectangular triangle4BCD. Its dihedral angle can therefore
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be computed easily, it can be found in B:

cot ✓(AB) =
|BC|
|CD| =

cot↵ cot�

cot�
= cot ↵

cot injective on ]0,⇡2 [(===========) ✓(AB) = ↵.

Analogously, CD is orthogonal to 4ABC and therefore ✓(CD) = �.
4th : We want to calculate the dihedral angle of AD. Therefore we need the heights hB, hC
from B,C onto the edge AD. The heights are calculated using the area formula of the
rectangular triangles ACD,ABD. Then we can use cosine formula in the (orthogonally
projected) triangle we see in figure TODO18:

|AD|hB = 2A4ABD = |AB||BD| ) hB =
|AB||BD|

|AD| .

|AD|hC = 2A4ACD = |AC||CD| ) hC =
|AC||CD|

|AD| . Therefore we need

|AC|2 = |AB|2 + |BC|2 = cot2 ↵ (1 + cot2 � ) =
cot2 ↵

sin2 �

|BD|2 = |CD|2 + |BC|2 = cot2 � (1 + cot2 ↵ ) =
cot2 �

sin2 ↵
.

The edge BC must be projected along AD onto an orthogonal plane EAD ? AD. If
� 2]0, ⇡

2

[ denotes the angle of AD with BC, ⇡
2

� � is the angle with its orthogonal plane.
Then the projection of BC on this plane has a length of cos(⇡

2

� �)|BC|, as you can see
in figure TODO19. The cosine formula states:

h2B + h2C � 2hBhCcos ✓(AD) = |BC|2cos2(⇡
2
� �) = |BC|2sin2� with

� := arccos

 
#    „
AD · #    „

BC

|AD||BC|

!
= arccos

(
#    „
AB +

#    „
BC +

#    „
CD) · #    „

BC

|AD||BC| = arccos
|BC|
|AD|

) cos2 ✓(AD) =

✓
h2B + h2C � |BC|2sin2�

2hBhC

◆
2

=
(|AB|2|BD|2 + |AC|2|CD|2 � |BC|2(|AD|2 � |BC|2))2

4|AB|2|AC|2|BD|2|CD|2

=
(cot2 ↵ cos2 � + cos2 ↵ cot2 � � cos2 ↵ cos2 � (cot2 (↵ ⇤ �)� cot2 ↵ cot2 � ))2

4cot2 ↵ cot2 � cos2 ↵ cos2 �

=
(sin2 � + sin2 ↵ � cos2 (↵ ⇤ �) + cos2 ↵ cos2 � )2

4sin2 ↵ sin2 �

=
(b+ a� (1� ab) + (1� a)(1� b))2

4ab
=

(2ab)2

4ab
= ab = sin2(↵ ⇤ �)

= cos2(
⇡

2
� ↵ ⇤ �)

) ✓(AD) =
⇡

2
� ↵ ⇤ �, since cos2 is injective on ]0,

⇡

2
[

5th : The Dehn Invariant of T (a, b) can now be computed:

�(T (a, b) = |AB|⌦Z ↵+ |CD|⌦Z � + |AD|⌦Z (
⇡

2
� ↵ ⇤ �) + (|AC|+ |BD|+ |BC|)⌦Z

⇡

2
= cot↵⌦Z ↵+ cot� ⌦Z � � cot(↵ ⇤ �)⌦Z ↵ ⇤ �

6th : The volume of T (a, b) is easy to compute since AB,BC,CD are orthogonal:

V ol(T (a, b)) =
1

6
|AB||BC||CD| = cot2 ↵ cot2 �

6
=

cot2 (↵ ⇤ �)
6

� cot2 ↵

6
� cot2 �

6
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Note that both formulas can be written in the form f(a, b) = v(a) + v(b)� v(ab), which
means that the polyhedral sums T (a, b) + T (ab, c) and T (a, c) + T (ac, b) have same Dehn
Invariant and volume. This is due to the fact that

f(a, b)+ f(ab, c) = v(a)+ v(b)� v(ab)+ v(ab)+ v(c)� v(abc) = v(a)+ v(b)+ v(c)� v(abc)

is symmetric in b and c. Now that would mean, if our theorem was right, these two would
be equivalent. This is the statement of the first of the three needed geometrical lemmata.

7.3 3 geometrical lemmata

Lemma 7.3.1:

The elements T (a, b) + T (ab, c), T (a, c) + T (ac, b) 2 P are equivalent.

Proof. We already showed, that the total volume of the sums is equal.
Since P/E = F/E � G/E , we only have to show that the

Figure 7.3.1:two are equivalent modulo prisms.
First, any quadrilateral pyramid like the one in figure
7.3.1 is equivalent to a prism. These are the polyhedra
OPQRS, where |OP | = |PQ|, #   „

QS = 2
#    „
PR (The point U is

not a vertex but the midpoint of OS). We will only need
the result in the case that

#    „
PR is orthogonal to 4OPQ,

which is why 7.3.1 shows such a pyramid. But this is not
necessary for the equivalence to a prism.
Secondly, we consider two tetrahedra T (a, b) = ABCD and T (a, c) = ABEF (see
figure 7.3.2). Since in both triangles 4BCD and 4BEF , two of the angles are ↵, ⇡

2

,
we can arrange the tetrahedra such that B,D,E and B,C, F lie together on two lines
that intersect at B. CDEF is a chordal quadrilateral, because the angles in opposed
vertices add up to ⇡. Its circumcircle’s midpoint is G, which is the midpoint of DF by
Thales’ Theorem (Thal). Thus ACDEF lie on a common sphere with midpoint H. H
lies on a perpendicular line to 4BEF through G. Let I be the projection of H onto
the plane containing 4ACF and J the projection onto the plane of 4ADE. Then J
has the same distance to A,D,E. Hence it is the circumcenter of 4ADE. This yields
^AJD = 2^AED = 2� by the Central Angle Theorem (CAT). Analogously, ^AIF =
2(⇡ � ^ACF ) = 2� and I is the circumcenter of 4ACF . Since G and H have the same
distances to both planes H was projected onto and we know the distance of G to them, we
also know |HI| = |DC|

2

= cot�
2

, |HJ | = |EF |
2

= cot �
2

. Let M be the antipodal point of A on
the circle around J and K the antipodal point of A on the sphere around H. This means J
is the midpoint of AM and H the midpoint of AK. Then by proportionality,

#       „
KM = 2

#    „
HJ ,

and because D,K lie on the same sphere |HD| = |HK|. Hence DHJKM is a polyhedron
equivalent to a prism. Further we know |AD| = cot(↵ ⇤ �),^AMD = �, |MK| = 2|HJ | =
cot � with MK orthogonal on 4AMD(and so on AD,DM) and AD ? DM . All of this
follows either by similarity of 4AHJ and 4AMK or by CAT/Thal in the circle around
J . With ^AMD = � and |AD| = cot(↵ ⇤ �), we obtain |DM | = cot(↵ ⇤ �)cot �:
AD,DM,MK are orthogonal, consecutive edges of ADMK that have the lengths
|AD| = cot(↵ ⇤ �), |DM | = cot(↵ ⇤ �)cot �, |MK| = cot �. Thus ADMK = T (ab, c).
Let’s consider the polyhedra AHICD and FHICD. First,

#    „
DC = 2

#   „
HI because G and

H have the exact same projection vector onto the plane ABCF . Additionally, |HA| =
|HD| = |HF |. So both of the considered polyhedra are quadrilateral pyramids as in figure
7.3.1 and therefore equivalent to a prism.
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Figure 7.3.2:

Finally, consider the polyhedron ABFIHDJ . It is equivalent to the polyhedral sum
ABCD + AHICD + FHICD + ADMK �DHJMK. Now three of the summands are
equivalent to prisms, such that ABFIHDJ is equivalent modulo prism to ABCD +
ADMK = T (a, b) + T (ab, c). But ABFIHDJ is symmetric in c and b. Consider that
if we changed b and c, C and E as well as D and F would just change places, while A
and B would stay where they are. The definition of H,G was done such that both stay
invariant under this transformation, too. 4ACF and 4ADE would be interchanged,
therefore I and J are interchanged, too. But ABFIHDJ would become ABDJHFI,
which is the exact same polyhedron. Of course two polyhedra with the same vertices are
not necessarily the same polyhedron, but in this case, the combinatorics are all the same.
There is no edge nor face of this polyhedron that would vanish when changing b and c.
Convince yourself in figure 7.3.2. If ”[]” denotes equivalence classes modulo prisms, we
gain:

[T (a, b) + T (ab, c)] = [ABDFIHDJ ] = [ABDJHFI] = [T (a, c) + T (ac, b)]

Reminder:
By �T (a, b), we denote any tetrahedron similar to a tetrahedron T (a, b) in the ratio
� 2 R>0

.
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Lemma 7.3.2:

For arbitrary a, b, c 2 R>0

, the two polyhedral sums

aT

✓
a+ b

a+ b+ c
,

a

a+ b

◆
+ bT

✓
a+ b

a+ b+ c
,

b

a+ b

◆
(I) and

aT

✓
a+ c

a+ b+ c
,

a

a+ c

◆
+ cT

✓
a+ c

a+ b+ c
,

c

a+ c

◆
(II) are equivalent.

Proof. Let OABC be a tetrahedron with three orthogonal concurrent edges OA,OB,OC
as in figure TODO1 with side lengths |OA| =

p
bc, |OC| =

p
ba, |OB| =

p
ac.

We decompose this tetrahedron

Figure 7.3.3:into two by cutting along the plane
throughO orthogonal toAB. This
plane passes through C, because
#    „
OC is orthogonal to

#    „
AB =

#    „
OB�

#    „
OA (see figure ??). Let H be the
new vertex of both of the polyhe-
dra. Then we make some calcula-
tions:

|AB|2 = |OA|2 + |OB|2 = c(a+ b)

|OH||AB| = 2A4OAB = |OA||OB|

) |OH| = |OA||OB|
|AB| =

c
p
abp

c(a+ b)

=

r
abc

a+ b
,

|CH|2 = |OC|2 + |OH|2 = ab+
abc

a+ b
= ab

a+ b+ c

a+ b

|AH|2 = |OA|2 � |OH|2 = bc� abc

a+ b
=

b2c

a+ b
,

|BH| = |AB|� |AH| =
p

c(a+ b)� b

r
c

a+ b
= a

r
c

a+ b

sin2(^OHC) =
|OC|2

|CH|2 =
ab(a+ b)

ab(a+ b+ c)
=

a+ b

a+ b+ c

sin2(^AOH) =
|AH|2

|OA|2 =
b2c

bc(a+ b)
=

b

a+ b

sin2(^BOH) =
|BH|2

|OB|2 =
a2c

ac(a+ b)
=

a

a+ b

cot2(^OHC) =
|OH|2

|OC|2 =
abc

ab(a+ b)
=

c

a+ b

|AH| = b

r
c

a+ b
= b cot(^OHC)

|BH| = a

r
c

a+ b
= a cot(^OHC)
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Now consider that the edges CO,OH
and either of HA or HB are or-
thogonal, consecutive edges, and
you will see that the two polyhe-
dra, we decomposed OABC into,

are the polyhedraOAHC = bT
⇣

a+b
a+b+c ,

b
a+b

⌘
, OHBC =

aT
⇣

a+b
a+b+c ,

a
a+b

⌘
. It all comes down

to the fact that OABC is equiv-
alent to (I) and, again, symmet-
ric in c and b, which is why it is
also equivalent to the sum, when
you exchange b and c. But when
exchanging b and c, (I) becomes
(II). Hence

(I) ⇠ OABC ⇠ (II)

Lemma 7.3.3:

For three angles ⌘, ⇣, ⇠ 2]0, ⇡
2

[ that
sum up to ⇡, there exists a cuboid
R with diagonalsAB,CD,EF,GH,
such that the dihedral angles at
the edge AB of the six pairwise
symmetric tetrahedra of the type
�T (a, b) into which R is decom-
posed by the planesABCD,ABEF,ABGH
are ⌘, ⇣, ⇠(see figure 7.3.4).

Proof. The proof relies nearly totally on the figure.
Let’s consider a hexagon, such that opposing edges are

Figure 7.3.4: Projected
cuboid

parallel and of same length and such that the triangles
built from the barycenter of the hexagon and every edge
have the angles ⌘, ⇣, ⇠ in the barycenter. As you can see in
the figure, each of the 3 di↵erent edges appears 4 times:
twice on the boundary of the hexagon and twice as an
internal edge from the barycenter to one of the boundary
points. We draw every second internal edge as a dashed
line, such that no two dashed lines enclose one of the
angles ⇠, ⌘, ⇣(see figure 7.3.4). Those dashed lines, given
an orientation from inside to outside, will be denoted by the vectors a, b, c. It is easy to
see, that a+ b+ c = 0.
Our approach will be as follows: We will prove that we
can find some vectors na, nb, nc orthogonal to the plane in
which we see the hexagon, such that if we exchange a, b, c
with a + na, b + nb, c + nc and duplicate the barycenter
withA = 0 2 R3, B = na + nb + nc, the resulting polyhe-
dron ABCDEFGH is a cuboid. This result then proves
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the lemma. The coordinates of the points are:

A = 0

B = na + nb + nc

C = a+ na

E = b+ nb

G = c+ nc

D = b+ nb + c+ nc

F = a+ na + c+ nc

H = a+ na + b+ nb

To prove that ABCDEFGH is a cuboid can be traced back to proving that a+na, b+
nb, c+ nc are orthogonal. Hence it follows the quadratic system:

a · b+ ||na||2||nb||2 = (a+ na) · (b+ nb)
!

== 0

a · c+ ||na||2||nc||2 = (a+ na) · (c+ nc)
!

== 0

c · b+ ||nc||2||nb||2 = (c+ nc) · (b+ nb)
!

== 0

,

||nb||2 = � a · b
||na||2

||nc||2 = � a · c
||na||2

||na||2
2

= �(a · b)(a · c)
c · b .

Analogously,

||nb||2
2

= �(a · b)(b · c)
c · a

||nc||2
2

= �(c · b)(a · c)
a · b

This system has a solution whenever a · b, c · b, a · c 2 R<0

, so in the case of ⇠, ⌘, ⇣ 2]0, ⇡
2

[.

So we have proved that it is possible to lift the points out of the plane such that we get
a cuboid ABCDEFGH, whose projection is our image. The projection goes orthogonal
to AB, which is why AB is mapped to a point. Now we decompose that cuboid with the
cutting planes through ABCD,ABEF,ABGH. The six obtained polyhedra are projected
onto the 6 triangles we can see in figure 7.3.4. This is due to the fact that the cutting
planes are projected to the lines CD,EF,GH in the figure. As the line of sight is parallel
to AB, the projection goes into an orthogonal plane to AB. The angles ⇠, ⌘, ⇣ showed
in the figure are therefore just the dihedral angles of the edge AB inside the respective
tetrahedra.

7.4 2 algebraical lemmata

The algebraical part of Jessen’s proof was sourced out into a separate paper [7]. It presents
the facts in the most general case possible. This will not be our priority here. Neither
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will it be the brevity. Our priority will be the simplicity of the proof. It is thanks to
Mr. Hüttenhain that parts of this proof have reached this final simplicity. If anyone is
interested in more general, shorter proofs and their relevance in other algebraic areas like
homological algebra, reading of the original article is strongly recommended. Note that
none of the proofs below, neither the ones in the paper of Jessen and his collaborators [7]
would be possible without the axiom of choice.

Lemma 7.4.1:

Let A be a commutative group and V be a vectorspace over R. Then the functions
F : A2 ! V defined by a function f : A ! V by the equation

F (a, b) = f(a+ b)� f(a)� f(b) (1)

are the only ones that satisfy the conditions

F (a, b) = F (b, a) (↵)

F (a, b) + F (a+ b, c) = F (b, c) + F (a, b+ c) (�)

Proof. Functions F defined by a function f in the way indicated satisfy those conditions.
This is a trivial result since it can just be tested by plugging (1) into the conditions (↵), (�).
For an analog of this part of the proof, see the paragraph before section 7.3.
The more di�cult part is the other direction. Let therefore be F any function fulfilling the
above conditions (↵), (�). Setting b = 0 in (�) yields F (a, 0) = F (0, c) = F (0, 0) 8a, c 2 A.
Let now W := A⇥ V with the addition:

(a, x) + (b, y) = (a+ b, x+ y + F (a, b)). (⇤)

(↵) yields that this addition is commutative while (�) can be used to prove its associativity.
Its neutral element is 0W = (0,�F (0, 0)) and the inverse element of (a, x) is (�a,�x �
F (a,�a)� F (0, 0)):

(a, x) + (b, y) = (a+ b, x+ y + F (a, b)) = (b+ a, y + x+ F (b, a)) = (b, y) + (a, x)

((a, x) + (b, y)) + (c, z) = ((a+ b) + c, (x+ y) + z + F (a, b) + F (a+ b, c))

= (a+ (b+ c), x+ (y + z) + F (b, c) + F (a, b+ c)) = (a, x) + ((b, y) + (c, z))

(a, x) + (0,�F (0, 0) = (a, x� F (0, 0) + F (a, 0)) = (a, x)

(a, x) + (�a,�x� F (a,�a)� F (0, 0))

= (a� a, x� x� F (a,�a)� F (0, 0) + F (a,�a)) = (0,�F (0, 0))

Hence (W,+) is an abelian group.
One possible homomorphism from (W,+) into (A,+) is now the simple projection � :
(a, x) 7! a. Now if we find a subgroup S of W , that is mapped bijectively by � onto A,
then we can define f by f(a) = x :, (a, x) 2 S. Then, for arbitrary a, b 2 A, 9x, y 2
V : (a, x), (b, y) 2 S and we have (a + b, x + y + F (a, b)) 2 S. Thus F (a, b) = x + y +
F (a, b)�x� y = f(a+ b)� f(a)� f(b). Hence the statement is equivalent to finding such
a subgroup S.
First, note that there is a subgroup of S, namely S

0

= {0W } that is mapped bijectively
onto the subgroup A

0

= {0} of A. As we will see later, the existence of S follows from the
following statement:

Let S
1

be a subgroup of W which is mapped bijectively by � onto a proper subgroup
A

1

of A and let a 2 A \ A
1

. Then there exists an element x 2 V such that the extended
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subgroup S
2

= S
1

+Z(a, x) of W is still mapped bijectively mapped bijectively by � onto
another subgroup of A, namely A

2

= A
1

+ Za.

Proof of the statement. Of course, � maps S
2

onto A
2

. The non-trivial part is the injec-
tivity of � when extended to S

2

. In other words, we have to show that whenever for some
element (a

1

, x
1

) 2 S
1

and n 2 Z, we have a
1

+ na = 0, we also have (a
1

, x
1

) + n(a, x) =
0W . a

1

+ na = 0 means that na 2 A
1

(I), and if n(a, x) 2 S
1

, then obviously
(a

1

, x
1

) + n(a, x) = 0W because there are no other elements (0, x) in S
1

(S
1

is mapped bi-
jectively onto A

1

). Now there is a number q � 0 which satisfies that na 2 A
1

, q | n (II).
Actually, Bézout’s identity proves this existence in the case that there is an n 6= 0 with
(I). If there is some non-zero integer n to meet condition (I), �n fulfills (I), too, so there
is some n 2 N to do so. Because of the well-order of N, the following is a well-definition:
Let q 2 N be the smallest positive integer such that it satisfies (I). Then assume there
is b 2 N with q - b, ba 2 A

1

. In this case, Bézout’s identity states there are n,m 2 Z,
such that gcd(q, b)a = (nq +mb)a = n(qa) +m(ba) 2 A

1

, which is a contradiction to the
definition of q because gcd(q, b) < q for q - b and q was minimal. Therefore such an integer
b cannot exist in this case.
In the case that there is no n 6= 0 fulfilling (I), setting q = 0 in (II) yields a correct
result.
Now if q = 0, then we can choose an arbitrary x, since the condition n(a, x) 2 A

1

is
reduced to 0 2 A

1

.
If q > 0, we have

q(a, x) =

 
qa, qx+

q�1X

i=1

F (a, ia)

!

Now there has to be an element (qa, y) 2 S
1

, which is why q(a, x) 2 S
1

is equivalent to:

qx+
q�1X

i=1

F (a, ia) = y ,

x =
1

q

 
y �

q�1X

i=1

F (a, ia)

!

Hence x obviously exists. It can be calculated with the formula above.

Now we will see why this statement proves that there is a subgroup S mapped bijectively
by � onto A. The approach below was found by Mr. Hüttenhain.
Consider the set T of subgroups G of W mapped bijectively by � onto a subgroup of A.
Let ”⇢” induce a partial order on T . Now a maximum of T can only be such an S because
of the statement. Since it is in T , it is isomorphic to some subgroup of A, but since it is
maximal, it cannot meet the conditions of the statement, so it has to be isomorphic to a
non-proper subgroup of A, which can only be A.
Hence, we have to prove T admits a maximum and this is done by Zorn’s Lemma. Zorn’s
Lemma requires that every totally ordered subset of T has an upper bound in T .
Let X be such a subset. We want to prove that

U :=
[

G2X
G 2 T.
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U obviously is such an upper bound in our order relation. Now we have to prove two
things: Firstly we have to demonstrate that U is a subgroup of W . Secondly, we have to
find a subgroup of A, onto which U is projected bijectively by �.
1st : Let a, b 2 U , then there are X

1

, X
2

2 X with a 2 X
1

, b 2 X
2

. Since X is totally
ordered, we have X

1

⇢ X
2

_X
2

⇢ X
1

. In both cases, one of the sets has to contain both
a, b and therefore a+ b, since it is a group. Since U contains the set that contains a+ b it
itself contains a+ b, too. The proof, that U contains all inverse elements goes analogously.
Thus U is a subgroup of W .
2nd :

Claim: A⇤ =
[

G2X
�(G) is such a subgroup.

Clearly, U is mapped onto A⇤. Only the injectivity has still to be shown. Let I be the
Kernel of �, restricted to U . Then I\G = {0W }, because this is the Kernel of �, restricted
to G, and � maps G bijectively onto a subgroup of A.

I = I \ U = I \
[

G2X
G =

[

G2X
(I \G) =

[

G2X
{0}

= {0}

Hence � is also injective on U , which is therefore e↵ectively an element of T bounding
X from above. By Zorn’s Lemma, it follows that T has a maximum S isomorphic to A.
This is equivalent to the existence of a function f satisfying (1).

Lemma 7.4.2:

Let V be a vector space over R. Then the functions F : R2 ! V defined by a function
f : R ! V satisfying

f(ab) = bf(a) + af(b) (2)

through the equation
F (a, b) := f(a+ b)� f(a)� f(b) (1)

are the only functions to satisfy the equations

F (a, b) = F (b, a) (↵)

F (a, b) + F (a+ b, c) = F (b, c) + F (a, b+ c) (�)

F (ac, bc) = cF (a, b) (�)

Proof. This proof is similar to the one of Lemma 7.4.1. Again, plugging in the condition
(1), sometimes with the use of condition (2), into the equations (↵), (�), (�) proves one
part of the theorem. In the other part, we also get F (a, 0) = F (0, c) = F (0, 0) by setting
b = 0 into equation (�). But this time, since we can set c = 0 in (�), we get F (0, 0) = 0.
A := R has more structure in this proof, therefore we can give W := R⇥ V ring structure
by defining

(a, x) + (b, y) = (a+ b, x+ y + F (a, b)) (⇤)
(a, x)(b, y) = (ab, bx+ ay) (⇤⇤)
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Proof that W is a ring. We already know (W,+) is an abelian group, see the proof of
Lemma 7.4.1 for this result. The multiplication is clearly commutative and has the unity
1W = (1, 0):

(1, 0)(a, x) = (1a, 1x+ a0) = (a, x)

(a, x)((b, y)(c, z)) = (a, x)(bc, bz + cy) = (abc, abz + acy + bcx) = (ab, bx+ ay)(c, z)

= ((a, x)(b, y))(c, z)

(a, x)((b, y) + (c, z)) = (a, x)(b+ c, y + z + F (b, c)) = (a(b+ c), a(y + z + F (b, c)) + (b+ c)x)

= (ab+ ac, ay + az + aF (b, c) + bx+ cx)

= (ab+ ac, ay + bx+ az + cx+ F (ab, ac)) = (ab, ay + bx) + (ac, az + cx)

= (a, x)(b, y) + (a, x)(c, z)

Remark: �! W is not a field, not even an integral domain. It is (0, x)(0, y) = (0, 0) =
0W .

Analogously, the projection � : W ! R is a ring homomorphism and the existence of the
function f is equivalent to a subring S of W mapped bijectively onto A = R (equation
(⇤⇤) yields f(ab) = ay + bx = af(b) + bf(a).). We can easily define A

0

:= Z1 ✓ A,S
0

:=
Z1W ✓ W , then again we have found a subring S

0

of W mapped bijectively onto a proper
subring A

0

of A. The approach of Mr. Hüttenhain, presented in the proof of Lemma 7.4.1
can easily be extended to a ring by exchanging every occurrence of the word ”group” with
the word ”ring” and, in the proof that U is a subring of W , adding a proof analogous to
the closure of the addition for the closure of the multiplication. Therefore the existence
of f follows from this very similar statement:

Let S
1

◆ S
0

be a subring of W mapped bijectively by � onto a proper subring A
1

◆ A
0

of A and let a 2 A\A
1

. Then there exists an element x 2 X such that � maps the subring
S
2

= S
1

[(a, x)] of W bijectively onto the subring A
2

= A
1

[a] of A.

Proof of the statement. The restriction of � to S
1

is an isomorphism of S
1

onto A
1

. This
isomorphism extends to an isomorphism of the polynomial ring S

1

[t] onto the polynomial
ring A

1

[t] by the element-wise mapping of all coe�cients of the polynomial. For an ar-
bitrary element P 2 A

1

[t], let P̄ 2 S
1

[t] denote the corresponding polynomial in S
1

[t]
mapped onto P by the isomorphism. Now, A

2

consists of all P (a) and S
2

consists of
all P̄ ((a, x)) and �(P̄ ((a, x))) = P (a). This means that the restriction of � to S

2

is a
well-defined, surjective function. To prove injectivity, we have to show that

P (a) = 0 ) P̄ ((a, x)) = 0

If a is transcendental over A
1

, then P (a) = 0 ) P = 0 ) P̄ = 0, so we can use any x.
So assume x is algebraic over A

1

.
Let Q 6= 0 be the polynomial of lowest degree, such that Q(a) = 0. For an arbitrary
x we have (a, x) = (a, 0) + (0, x), since F (a, 0) = 0. Hence, by Tailor’s formula, since
(0, x)2 = 0W ,

Q̄((a, x)) = Q̄((a, 0)) + Q̄0((a, 0))(0, x).

Now the left hand side of this equation has to be 0 and, since Q(a) = 0, Q̄((a, 0)) =
�(0, z) for some z 2 V . Further Q0 6= 0 is a polynomial of degree less than Q, yielding
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b := Q0(a) 6= 0 ) Q̄0((a, 0)) = (b, y), y 2 V . So the equation above can be written as

(0, z) = (b, y)(0, x)

= (0, bx) ,

x =
1

b
z.

So we have found what x has to be, but we don’t know if this x fits for all polynomials
P with P (a) = 0. We know, though, that dP = QR for some d 2 A

1

\ {0}, R 2 A
1

[t]
by division with remainder of P by Q: dP = QR + r, but since r has degree less than
Q and dP (a) = Q(a)R(a) + r(a) gives r(a) = 0, we can only have r = 0. In S

1

[t], the
corresponding formula is of the form (d, u)P̄ = Q̄R̄, where u 2 V . This becomes, with
(pa, px) := P̄ ((a, x)):

(d, u)P̄ ((a, x)) = 0W ,

(dpa, dpx + pau) = (0, 0)
d 6=0(=)

pa = 0, dpx + pau = 0
pa=0,d 6=0(=====)

pa = px = 0 ,
P̄ ((a, x)) = 0W

This now proves the injectivity of �, restricted to S
2

.

By an analog of the approach of Mr. Hüttenhain from Lemma 7.4.1 we obtain the
wanted result, that a subring S of W , mapped bijectively by the homomorphism � onto
A = R, exists. Finally, this demonstrates the existence of a function f complying with the
restrictions.

Lemma 7.4.3:

Let (A,+, >) be an ordered commutative group, let A
+

:= {a 2 A|a > 0} and V be a
vector space over R. Let further F : A2

+

! V be a function which satisfies the equations
(↵), (�) for all a, b, c 2 A

+

. Then the function F can be extended to a function F̄ : A2 ! V
which satisfies (↵), (�) for all a, b, c 2 A.

Proof. Note: This proof is done by a distinction of cases which, although simple, is very
long. Readers with a little more background knowledge in algebra might be more comfort-
able with the (more complicated, yet shorter) proof, Jessen, Karpf and Thorup present as
an alternative in [7].
We define F̄ (a, b) as 0, whenever a, b or a+b is equal to 0. When all of them are non-zero,
we define F̄ by the following table:

a b a+ b F̄ (a, b)
+ + + F (a, b)
+ - + �F (a+ b,�b)
+ - - F (�a� b, a)
- + + �F (a+ b,�a)
- + - F (�a� b, b)
- - - �F (�a,�b)
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The commutativity (↵) of F̄ follows directly from the commutativity of F as you can
see in the table above. Hence we just have to prove (�) for the cases that not all of the
variables are positive.
Now all those formulas (�) for F̄ with variables a0, b0, c0 are equivalent to corresponding
formulas (�) for F , where the variables a, b, c are positive. The following table presents
the substitution one has to do to get the equivalent formula for F . Hence this proves the
formulas for the cases that are written down. A lot of cases can be omitted because the
combinations of positivity and negativity are impossible and/or because the formula (�)
is symmetric in a, c:

a0 b0 c0 a0 + b0 b0 + c0 a0 + b0 + c0 Substitution of parameters for (�)
+ + - + + + a := a0, b := b0 + c0, c := �c0

+ + - + - + a := a0 + b0 + c0, b := �b0 � c0, c := b0

+ + - + - - a := b0, b := a0, c := �a0 � b0 � c0

+ - + + + + a := a0 + b0, b := �b0, c := b0 + c0

+ - + + - + a := a0 + b0, b := c0, c := �b0 � c0

+ - + - + + a := �a0 � b0, b := a0, c := b0 + c0

+ - + - - + a := �a0 � b0, b := a0 + b0 + c0, c := b0 + c0

+ - + - - - a := a0, b := �a0 � b0 � c0, c := c0

+ - - + - + a := a0 + b0 + c0, b := �c0, c := �b0

+ - - + - - a := �a0 � b0 � c0, b := a0 + b0, c := �b0

+ - - - - - a := a0, b := �a0 � b0, c := �c0

- + - + + + a := �a0, b := a0 + b0 + c0, c := �c0

- + - + + - a := a0 + b0, b := �a0 � b0 � c0, c := b0 + c0

- + - + - - a := a0 + b0, b := �a0, c := �b0 � c0

- + - - + - a := �a0 � b0, b := �c0, c := b0 + c0

- + - - - - a := �a0 � b0, b := b0, c := �b0 � c0

- - - - - - a := �a0, b := �b0, c := �c0

The rest of cases, when some of the variables or sums are 0, will be done now. In the simple
case, that one of the variables is 0, (�) reduces to trivial equations like F (a, b) = F (a, b)
(this is the example for c = 0). For a + b = 0 and a + b + c = 0 you get the following
equations (b+ c = 0 is analogous to a+ b = 0):

F̄ (b, c) = �F̄ (a, b+ c) (a+ b = 0)

F̄ (a, b) = F̄ (b, c) (a+ b+ c = 0) ,
F̄ (�b� c, b) = F̄ (b, c) = �F̄ (�b, b+ c) (I)

In case of b, c or b + c being 0 this is trivial, so we just have to distinquish the same six
cases as in the first table. The next table illustrates what equation (I) becomes for F in
these di↵erent cases.

b c b+ c (I)
+ + + F (�(�b� c)� b, b) = F (b, c) = �(�F (c+ b� b, b))
+ - + �F (�b� c+ b,�(�b� c)) = �F (b+ c,�c) = �F (�(�b)� (b+ c), b+ c)
+ - - F (�b� c, b) = F (�b� c, b) = �(�F (�(�b),�(b+ c)))
- + + �F (�(�b� c),�b) = �F (b+ c,�b) = �F (�b, b+ c)
- + - F (�(�b� c)� b,�b� c) = F (�b� c, c) = �(�F (�b+ b+ c,�(b+ c)))
- - - �F (�b� c+ b,�b) = �F (�b,�c) = �F (�(�b)� (b+ c),�b)
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So in all cases
F̄ (a, b) + F̄ (a+ b, c) = F̄ (b, c) + F̄ (a, b+ c)

which finishes the proof.

Lemma 7.4.4:

In the conditions of the previous lemma, for A = R, the function F̄ satisfies the condition
(�) for all a, b, c 2 R, if and only if the function F satisfies the condition (�) for all
a, b, c 2 R>0

= A
+

.

Proof. This rather obvious result can easily seen in the first table shown here again:

a b a+ b F̄ (a, b)
+ + + F (a, b)
+ - + �F (a+ b,�b)
+ - - F (�a� b, a)
- + + �F (a+ b,�a)
- + - F (�a� b, b)
- - - �F (�a,�b)

Now if c = 0, (�) becomes F̄ (0, 0) = 0. This is trivial. If c > 0, the signs of the arguments
of F̄ do not change. Thus the fact that F̄ satisfies (�) for this kind of multiplier c, can,
by the table above, be inferred from (�) for F . As an example, if a > 0, b < 0, a + b > 0
(second line):

F̄ (ac, bc) = �F (ac+ bc,�bc) = �F (c(a+ b), c(�b)) = �cF (a+ b,�b) = cF̄ (a, b)

All other lines can be proven in an analogous manner.

Finally, it is su�cient to prove (�) for c = �1 because every multiplication with c < 0
can be decomposed into a multiplication with �1 and one with �c > 0. For c = �1, all
of the arguments change their sign. So instead of using the first line of the table, one uses
the last one and instead of the fifth, one needs to read the second and so forth. It is not
very hard to see, that in these cases the corresponding lines di↵er by exactly the three
needed minuses, one in front of F and one for every argument of F . Again we consider an
example(third line, a > 0, b < 0, a+ b < 0). All the other cases are analogues of it:

F̄ (�a,�b) = �F (�a� b, a) = �F̄ (a, b)

Lemma 7.4.5 (First algebraic lemma):
V be a vectorspace over R. Then the functions F :]0, 1[2! V defined by a function
f :]0, 1[! V by the equation

F (a, b) = f(ab)� f(a)� f(b) (1)

are the only ones that satisfy the conditions

F (a, b) = F (b, a) (↵)

F (a, b) + F (ab, c) = F (b, c) + F (a, bc) (�)
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Proof. This Lemma is a combination of Lemma 7.4.1 and Lemma 7.4.3, for the multiplica-
tive group A = R>0

and its order relation ”<”.

Lemma 7.4.6 (Second algebraic lemma):
Let V be a vector space over R. Then the functions G : R2

>0

! V defined by a function
g⇤ : R>0

! V satisfying
g⇤(ab) = bg⇤(a) + ag⇤(b) (2)

through the equation

G(a, b) := g⇤(a) + g⇤(b)� g⇤(a+ b) (1)

are the only functions to satisfy the equations

G(a, b) = G(b, a) (↵)

G(a, b) +G(a+ b, c) = G(b, c) +G(a, b+ c) (�)

G(ac, bc) = cG(a, b) (�)

Proof. Lemma 7.4.2 and Lemma 7.4.4 combined and applied to F := G yield the existence
of a function f complying with similar restrictions. We then set g⇤ := �f and get exactly
the formulation above.

7.5 Finishing the proof

Now, with both the algebraic and the geometric lemmas proven, all the needed tools are
given. It is time to prove the Dehn-Sydler Theorem. As it was already mentioned, we will
do so by proving the existence of a linear map � : R⌦Z R⇡ ! V , such that ⌧ = � � � for
every vector space V over R and every linear map ⌧ : P/F ! V .

Proof. Since � has to be linear, everything we need to find are the images of elements
1 ⌦Z ⇠ 2 R ⌦Z R⇡. It therefore su�ces to find a function � : R ! V and then set
�(⇠) = �(1 ⌦Z ⇠). This function needs some properties to well-define �, firstly it has to

be additive (�(↵) + �(�) = �(↵ + �)) and secondly periodic, since �(⇡) = �(1 ⌦Z ⇡)
!

==
0. The existence of � is therefore equivalent to the existence of a function � satisfying
�(↵) + �(�) = �(↵+ �) and �(⇡) = 0.
Similarly, it is not necessary to prove the relation ⌧ = ��� on all polyhedra. All polyhedra
can be decomposed into rectangular polyhedra, i.e. our defined �T (a, b). Additionally,
all of the considered functions are linear, such that the remaining part to prove will be
⌧([T (a, b)]) = � � �([T (a, b)]) 8a, b 2]0, 1[. In this equation, we know the formula for
�([T (a, b)]), such that we can simplify to

⌧([T (a, b)]) = �(cot↵⌦Z ↵+ cot� ⌦Z � � cot(↵ ⇤ �)⌦Z (↵ ⇤ �))
= cot↵�(↵) + cot��(�)� cot(↵ ⇤ �)�(↵ ⇤ �) (1)

Let now F (a, b) := ⌧([T (a, b)]). Then F has the following properties:

F (a, b) = F (b, a) (see Remark of Definition 7.2.3)

F (a, b) + F (ab, c) = F (a, c) + F (ac, b) (see Lemma 7.3.1)
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This means, by Lemma 7.4.5, that F is generated by means of a function f :]0, 1[! V
through F (a, b) = f(a) + f(b)� f(ab) (⇤). Lemma 7.3.2 yields, that

aF

✓
a+ b

a+ b+ c
,

a

a+ b

◆
+ bF

✓
a+ b

a+ b+ c
,

b

a+ b

◆

=aF

✓
a+ c

a+ b+ c
,

a

a+ c

◆
+ cF

✓
a+ c

a+ b+ c
,

c

a+ c

◆
,

af

✓
a+ b

a+ b+ c

◆
+ af

✓
a

a+ b

◆
� af

✓
a

a+ b+ c

◆

+bf

✓
a+ b

a+ b+ c

◆
+ bf

✓
b

a+ b

◆
� bf

✓
b

a+ b+ c

◆

=af

✓
a+ c

a+ b+ c

◆
+ af

✓
a

a+ c

◆
� af

✓
a

a+ b+ c

◆

+cf

✓
a+ c

a+ b+ c

◆
+ cf

✓
c

a+ c

◆
� cf

✓
c

a+ b+ c

◆
,


(a+ b)f

✓
a+ b

a+ b+ c

◆
+ cf

✓
c

a+ b+ c

◆�
+


af

✓
a

a+ b

◆
+ bf

✓
b

a+ b

◆�

=


(a+ c)f

✓
a+ c

a+ b+ c

◆
+ bf

✓
b

a+ b+ c

◆�
+


af

✓
a

a+ c

◆
+ cf

✓
c

a+ c

◆�

Setting G(a, b) := af
⇣

a
a+b

⌘
+ bf

⇣
b

a+b

⌘
simplifies the relation to

G(a+ b, c) +G(a, b) = G(a+ c, b) +G(a, c)

G has two further recognizable properties by definition:

G(a, b) = G(b, a)

G(ac, bc) = cG(a, b)

So G satisfies the conditions for Lemma 7.4.6. Hence there is a function g⇤ : R>0

! V
such that G(a, b) = g⇤(a) + g⇤(b) � g⇤(a + b) and g⇤(ab) = ag⇤(b) + bg⇤(a). Consider the
function g : R>0

! V defined by g(a) := 1

ag
⇤(a) 8a 2 R>0

. With it, the two equations
take the form

G(a, b) = ag(a) + bg(b)� (a+ b)g(a+ b)

abg(ab) = abg(a) + abg(b) ,
g(ab) = g(a) + g(b) (⇤⇤)

From the last equation, we can deduce that g(1) = 0. For a, b 2]0, 1[ fulfilling a + b = 1,
we can plug in the definition of G to get

af(a) + bf(b) = ag(a) + bg(b)

This inspires the definition of another function h :]0, 1[! V by h(a) = f(a)� g(a), that
satisfies:

ah(a) + bh(b) = 0 for a+ b = 1

h(a) + h(b)� h(ab) = F (a, b) (by (⇤) and (⇤⇤))
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Finally, we can define the function �:

�(⇠) =

(
0 if ⇠ 2 ⇡

2

Z
tan ⇠ h(sin2⇠) if else.

Then we achieve the requested result for ⌧([T (a, b)]):

⌧([T (a, b)]) = F (a, b) = h(a) + h(b)� h(ab) = cot↵�(↵) + cot��(�)� cot(↵ ⇤ �)�(↵ ⇤ �)

But does this definition of � really have the desired properties? �(⇡) = 0 is true by
definition. We have to check if � really is a group homomorphism from R to V . To do
this, we will first prove that � is a ⇡-periodic, odd function. The periodicity is not very
hard. It is ⇡ + ⇠ 2 ⇡

2

Z , ⇠ 2 ⇡
2

Z, so the periodicity follows from the fact, that both
functions, � is defined by, are ⇡-periodic. Analogously, �⇠ 2 ⇡

2

Z , ⇠ 2 ⇡
2

Z and both
defining functions are odd.
Now we have to distinguish 4 cases:

1st : ⇠ + ⌘ 2 ⇡Z : The case of ⇠, ⌘ 2 ⇡
2

Z is trivial, so assume ⇠, ⌘ /2 ⇡
2

Z Let n 2 Z, such
that ⇠ = n⇡ � ⌘. Then

�(⌘) + �(⇠) = �(⌘) + �(n⇡ � ⌘) = tan ⌘ h(sin2(⌘)) + tan(n⇡ � ⌘)h(sin2(n⇡ � ⌘))

= tan ⌘ h(sin2(⌘)) + tan(�⌘)h(sin2(�⌘)) = tan ⌘ h(sin2(⌘))� tan ⌘ h(sin2(⌘))

= 0

E↵ectively, the proof only used the ⇡-periodicity and oddness of �.

2nd : ⇠ + ⌘ 2 ⇡
2

Z \ ⇡Z : Again, if ⇠, ⌘ 2 ⇡
2

Z, this is obvious. For the other case, we have
to prove a trigonometric formula first:

sin(2x)� sin(2y) = 2cos(x+ y)sin(x� y) ,
sin((x+ y) + (x� y))� sin((x+ y)� (x� y)) =

sin(x+ y)cos(x� y) + sin(x� y)cos(x+ y)� (sin(x+ y)cos(x� y)� sin(x� y)cos(x+ y))

The latter is true by the addition theorems. Now, since ⇠ + ⌘ 2 ⇡
2

Z \ ⇡Z :

9n 2 Z : sin2⇠ + sin2⌘ = sin2⇠ + sin2((2n+ 1)
⇡

2
� ⇠) = sin2⇠ + sin2(

⇡

2
� ⇠)

= sin2⇠ + cos2⇠ = 1

Therefore we can use the formula sin2⇠ h(sin2⇠) + sin2⌘ h(sin2⌘) = 0:

�(⇠) + �(⌘) = tan ⇠ h(sin2⇠) + tan ⌘ h(sin2⌘)

=
sin2⇠ cos ⌘ h(sin2⇠) + sin ⌘ sin ⇠ cos ⇠ h(sin2⌘)

cos ⌘ cos ⇠ sin ⇠

=
�sin2⌘ cos ⌘ h(sin2⌘) + sin ⌘ sin ⇠ cos ⇠ h(sin2⌘)

cos ⌘ sin ⇠ cos ⇠

= (sin(2⇠)� sin(2⌘))
sin ⌘ h(sin2⌘)

cos ⌘ sin(2⇠)
= 2cos(⇠ + ⌘)sin(⇠ � ⌘)

�(⌘)

sin(2⇠)

= 0, since cos((2n+ 1)
⇡

2
) = 0
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3rd : ⇠, ⌘ 2]0, ⇡
2

[, ⇠ + ⌘ 2]⇡
2

,⇡[: Let’s consider the sum of the six tetrahedra discovered in
Lemma 7.3.3. All of them are tetrahedra of the form �T (a, b), because three consecutive
edges belong to the projected cuboid and are therefore orthogonal. On every edge of
the cuboid projected into the hexagon, two of the tetrahedra meet. Their two respective
dihedral angles on that edge add up to an angle of ⇡

2

. Let c
1

, c
2

, d
1

, d
2

, ..., h
1

, h
2

denote
all such angles, where C,D, ...,H are the respective endpoints of the edge other than A,B
and such that c

1

+ c
2

= ⇡
2

, ..., h
1

+ h
2

= ⇡
2

(see figure 7.5.1). These cover two of the
three non-right dihedral angles of the tetrahedra. The third is obviously either ⇠, ⌘ or
⇣ = ⇡ � (⇠ + ⌘). Denoting the cuboid as R, you get:

�(c
1

) + �(c
2

) = 0, because of 2nd : c
1

+ c
2

=
⇡

2
0 =[R] = [ABCF +ABFG+ABGD +ABDE +ABEH +ABHC]

=|AC|�(c
1

) + |AC|�(c
2

) + |BD|�(d
1

) + |BD|�(d
2

) + |AE|�(e
1

) + |AE|�(e
2

)+

|BF |�(f
1

) + |BF |�(f
2

) + |AG|�(g
1

) + |AG|�(g
2

) + |BH|�(h
1

) + |BH|�(h
2

)

� |AB|�(⌘)� |AB|�(⇠)� |AB|�(⇣)
=� |AB|�(⌘)� |AB|�(⇠)� |AB|�(⇣) ,
�(⌘) + �(⇠) = ��(⇡ � ⌘ � �) = �(⌘ + �)

Again, we used the ⇡-periodicity and oddness of �.

4th : ⌘, ⇠, ⌘ + ⇠ 2]0, ⇡
2

[: Because of the periodicity and

Figure 7.5.1: Projected
cuboid

oddness, the values ⌘ 2 [0, ⇡
2

[ determine � uniquely. If
⌘, ⇠ 2 [0, ⇡

2

[, then ⌘ + ⇠ 2 [0,⇡[ and the first three cases
already cover up for ⌘, ⇠ 2]0, ⇡

2

[, ⌘ + ⇠ 2 [⇡
2

,⇡[. Yet the
case of ⌘ = 0_ ⇠ = 0 is obvious. Consequently, this is the
last case to examine.
Since we have ⇡ � ⇠ � ⌘ 2]⇡

2

,⇡[, ⇡
2

� ⇠, ⇡
2

� ⌘ 2]0, ⇡
2

[, we
obtain:

�(⌘ + ⇠) = ��(⇡ � ⌘ � ⇠)
3

rd

==== ��(
⇡

2
� ⌘)� �(

⇡

2
� ⇠)

2

nd

==== �(⌘) + �(⇠)

So this case can be deduced by the others, periodicity and oddness.

Finally, we have shown that � complies with the require-
ments. Now the existence of � is equivalent to the exis-
tence of �, which is in some cases the left inverse of the
Dehn Invariant on equivalence classes modulo prisms. So
this invariant is an injective map. This proves the Dehn-Sydler Theorem.

8 Outlook and Critic

While reading Jessen’s proof, one can easily be confounded by the many di↵erent notions.
This is however necessary to keep the formulas easy, which they are.

But having a look on the most important variables will help to clarify some things. What
is this map �, we are willing to find in the last part of the chapter? In the (most direct)
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case of ⌧ = id, V = P/F , it is the map that satisfies [T (a, b)] = cot↵�(↵) + cot��(�) �
cot(↵⇤�)�(↵⇤�). This means that it is the map that maps an angle ↵ to some equivalence
class of polyhedral sums that have Dehn Invariant 1 ⌦Z ↵. Note that every equivalence
class modulo prisms has an element that is a polyhedron, a rather obvious result, if you
imagine adding a cube to an arbitrary representative sum, which is so big you can easily
glue all positive summands on one of the faces and leave polyhedral holes in the opposing
edge for all negative summands. But to be precise, � is that map if that map exists.

That brings us to an interesting, unsolved problem: Is that map � surjective? This is
an interesting question because it is the question of the existence of such a ”quasicube”
having Dehn Invariant exactly 1 ⌦Z ↵. But this is not everything. Let us have a look at
the definition of �. It is defined by h, which itself is defined by the functions f, g that
are constructed with transfinite induction, their existence being proven by Zorn’s Lemma.
This now gives the opportunity to criticize multiple things:
First, it would be much nicer to have a constructive, direct manner to determine f in
terms of the function F , as it was done with � in terms of h. This is but a weak objection,
since it is possible to evaluate � at a lot of values ⇠. One can just use the image x = f(a)
or x = g(a) obtained by adding a = sin2⇠ to the subring/subgroup A

1

. The way of getting
x is in many cases constructive. Even though, the construction of a ”quasicube” having
Dehn Invariant 1 ⌦Z ↵ would only be possible for all ↵ if this part could somehow be
replaced or another proof could be found. Of course, � would have to be surjective, too.
Secondly, the whole algebraical part may be an anathema for some geometers and of
course, a purely elementarily geometric proof would be somewhat more beautiful. But I
would say that this proof shows another interesting way the already very close areas of
algebra and geometry are related.
Thirdly and latterly, it is ironic to begin with the will to prove something such that a
limiting process can be avoided and end up with a proof using the axiom of choice (AC).
Usually, I am not an antagonist of AC, but in this case, a method to avoid it should
be possible. Polyhedra are defined by a finite number of points have finitely many faces,
edges, vertices and therefore summands in the Dehn Invariant. A proof without AC would
be favourable.

In chapter 5, we did accomplish the hardly pleasing result that it is not possible to define
volume on cubes and then generalize this term by decomposability to all polyhedra. This
is a setback in the definition of volume on polyhedra without a limiting process. But it is
not proven to be impossible. Admittedly, there has to be a definition of volume not only
for cubes but for one representative of all equivalence classes in P/E . By chapter 7 this
means that for every Dehn Invariant d 2 Im(�) and for every volume v 2 R, we have to
define the volume of a polyhedron having volume v and Dehn Invariant d. For example, it
would be su�cient to define the volume on the rectangular tetrahedra �T (a, b). However,

finding an approach to give the volume formula V (�T (a, b)) = �(1�a)(1�b)
6ab an intuition

without using a limiting process will be necessary. And this is going to be a di�cult task.

Of course, as with any other solved problem, the question arises if we can generalize it
in any form. The necessity of the Dehn Invariant was generalized to R4 by Hadwiger
and to non-euclidean geometries by Dehn himself already. Jessen’s proof of the Dehn-
Sydler Theorem was also generalized to R4, by himself in a later publication. Other
generalization are not known to me, but, in my eyes, not really necessary. There is no
such intrinsic sense in the 5D equivalent of volume as there is in the cases of dimension  3,
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for example. The only thing that could be of some scientific interest in my opinion would
be the generalization of Sydler’s result to non-euclidean, especially hyperbolic, geometry
due to its close link to relativity theory.
Speaking of generalizations, there is a simple, yet similar invariant to Dehn’s Invariant
in 2D non-euclidean space I was surprised not to read in any related articles in the prepa-
ration of this thesis, namely the angle sum. In a similarly intuitive way as for the Dehn
Invariant, decompositions in 2D leave the angle sum modulo ⇡ invariant. In euclidean
space, this obviously does not present any conditions since all angle sums of polygons
are multiples of ⇡. But in non-euclidean space, this is an invariant to be. The question
is: Can you, equivalently to the euclidean 3D-case, prove that area and angle sum are
the only two conditions in non-euclidean space to be equal such that two polygons are
equidecomposable? Even if it probably isn’t too hard, I did not manage to prove this yet.

9 Zusammenfassung auf Deutsch

Im Zusammenhang mit seiner Rede vor dem Mathematikerkongress in Paris um 1900
publizierte David Hilbert [5] 23 bisher ungelöste Probleme in der Mathematik. Das Dritte
davon war das in dieser Arbeit behandelte Problem der Zerlegungsgleichheit von Polyed-
ern.
Das Problem beschäftigte bereits Gauss, der sich damit beschäftigte, weil ihn die durch
Grenzübergang erreichte Definition des Volumens durch (u.a.) das Cavalieri-Prinzip nicht
zufriedenstellte. Sein Ansatz war, zu beweisen, dass alle Polyeder zu einemWürfel gleichen
Volumens zerlegungsgleich seien. Damit würde die sehr intuitive Definition des Volumens
auf Würfeln auf allgemeine Polyeder sehr anschaulich verallgemeinert. Allerdings dachte
schon Hilbert nicht mehr, dass das möglich sein würde. Die Formulierung seines Problems
lautete:
”Ein solcher [Gegenbeweis] wäre erbracht, sobald es gelingt, zwei Tetraeder mit gleicher
Grundfläche und von gleicher Höhe anzugeben, die sich auf keine Weise in congruente
Tetraeder zerlegen lassen und die sich auch durch Hinzufügung congruenter Tetraeder
nicht zu solchen Polyedern ergänzen lassen, für die ihrerseits eine Zerlegung in congruente
Tetraeder möglich ist.”
Dieses Zitat unterscheidet bereits zwei Arten von Zerlegungsgleichheit, die in dieser Ar-
beit Zerlegungsgleichheit und Ergänzungsgleichheit genannt werden. Als Oberbegri↵ wird
der Terminus ”Endlichgleichheit” genutzt (Kapitel 2). Alle Begri↵e wurden so auch von
Max Dehn genutzt, der das Problem löste, und zwar genau in der Art, wie es vorgeschlagen
wurde, und noch im selben Jahr (Kapitel 5). Er fand u.a. heraus, dass der regelmäßige
Tetraeder zum Würfel nicht endlichgleich ist. Er tat dies, indem er eine Invariante des Zer-
legens und Zusammensetzens von Polyedern fand, die bei Würfeln 0 und beim regelmäßigen
Tetraeder ungleich 0 ist. Die Dehn’sche Invariante trägt heute seinen Namen und hat in-
zwischen die stark vereinfachte Form

D(P ) =
X

e ist Kante von P

l(e)⌦Z ✓(e)

wobei l die Länge und ✓ der Diederwinkel der Kante, also der Winkel der beiden an-
liegendenden Seitenflächen ist. ✓ wird hierbei modulo ⇡ betrachtet. Die Notation ⌦Z ist
das Tensorprodukt über Z, es ist eine Art Produkt, bei dem aber nur Skalare in Z in beide
Faktoren hinein- und aus beiden Faktoren hinausgebracht werden dürfen.
Wie ein Leser mit gutem 3-dimensionalem Vorstellungsvermögen sich vermutlich herleiten
kann, ändert sich diese Summe tatsächlich nicht, wenn man ein Polyeder in zwei Polyeder
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zerlegt, es also durch gerade Schnitte zerschneidet, oder andersherum, wenn man zwei
Polyeder zu einem einzigen zusammenfügt. Es wird im ersten Fall entweder der Winkel in
zwei geteilt (Schnitt längs Kante) oder die Kante (Schnitt durch Kante), ohne dass sich das
andere ändert, oder aber es passiert gar nichts. Auch durch Zerlegung der Seitenflächen
gewonnene zusätzliche Summanden heben sich wegen der Winkelbetrachtung modulo ⇡
zu 0 auf.

Für viele Mathematiker war das Problem damit, nicht ein Jahr nach seiner Verö↵entlichung,
gelöst. Andere machten sich daran, die Hinlänglichkeit von Volumen und Dehn’scher In-
variante als Kriterien für Zerlegungsgleichheit zu beweisen und erreichten dieses Ziel in
den 60er Jahren ( [8], [7]), wobei Jean-Pierre Sydler [10], ein Schweizer Mathematiker,
der erste war. Der vereinfachte Beweis von Børge Jessen [8] befindet sich in Kapitel 7.
Grob ausgedrückt beweist er die Injektivität der durch die Dehn’sche Invariante auf den
Klassen von zerlegungsgleichen Polyedern ”modulo Würfel” induzierte Funktion. Dabei
heißt zerlegungsgleich ”modulo Würfel”, dass die Polyeder in kongruente Polyeder und
eine beliebige Anzahl an (nicht notwendigerweise kongruenten) Würfeln zerlegt werden
können. Desweiteren sei erwähnt, dass der Beweis neben einem soliden 3-dimensionalen
Vorstellungsvermögen auch algebraische und mengentheoretische Grundkenntnisse und
das Auswahlaxiom vorraussetzt.

Zudem werden in dieser Arbeit verwandte Themen behandelt. Darunter sind das Wallace-
Bolyai-Gerwien-Theorem (Kapitel 3), das das 2-dimensionale Analogon Hilbert’s dritten
Problems darstellt, seine Relevanz für den 3-dimensionalen Fall (Kapitel 4) und der Fakt,
dass die drei in Kapitel 2 vorgestellten Definitionen von Zerlegungsgleichheit zusammen-
fallen (Kapitel 6).In Kapitel 8 werden dann einige noch ungelöste Probleme wie die Verall-
gemeinerung auf Räume der Dimension d > 4 und Kritikpunkte an den Beweisen geübt.
U.a. wird kritisiert, dass Jessens Beweis [8], weder konstruktiv, noch elementargeometrisch
ist und das Auswahlaxiom benötigt.

Wer deutsche Literatur zu diesem oder ähnlichen Themen sucht, der möge sich z.B. an
die Artikel von Hugo Hadwiger und Max Dehn halten, eine Auswahl sind [2], [3] und [4].
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