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—— Abstract

A finite point set P C R? is n-universal with respect to a class G of planar graphs if every n-vertex-
graph G € G admits a crossing-free straight-line drawing with vertices being placed at points of P.
A widely studied problem in graph drawing is to identify small universal point sets.

For the class of all planar graphs the best known upper bound on the size of a universal point set
is quadratic and the best known lower bound is linear in n. One of the classical results in the area
is that every set of n points in general position (no three collinear) is n-universal for outerplanar
graphs. While some other classes are known to admit universal point sets of near linear size, we are
not aware of truly linear bounds for interesting classes beyond outerplanar graphs.

In this paper we study a specific ordered point set H (the exploding double chain) and show that
all planar graphs G on n > 2 vertices which are subgraphs of a planar graph admitting a one-sided
Hamiltonian cycle have a straight-line drawing on the initial piece H,, of size 2n — 2 in H. Let
H’ be the class of all subgraphs of planar graphs admitting a one-sided Hamiltonian cycle. It had
been conjectured that all 4-connected triangulations belong to H’. While the conjecture has been
disproved, it is still true that H,, is n-universal for a large class H of planar graphs. We show that
all bipartite plane graphs and all cubic plane graphs belong to H' C H. Remarkably, however, not
all 2-trees are in H’'.

Lines 173

1 Introduction

Given a family G of planar graphs and a positive integer n, a point set P C R? is called an
n-universal point set for the class G or simply n-universal for G if for every graph G € G on
n vertices there exists a straight-line crossing-free drawing of G such that every vertex of G
is placed at a point of P. It is a widely studied and fundamental open problem in geometric
graph theory (compare also the entry [16] in the Open Problem Garden) to determine, given
a class of graphs G, (the asymptotics of) the minimum size fg(n) of an n-universal point set
for G. If G is the class of all planar graphs we simply write f(n) := fg(n).

Schnyder [20] showed that for n > 3 the [n — 1] x [n — 1]-grid forms an n-universal point
set for planar graphs, even if the combinatorial embedding of the planar graph is prescribed.
This shows that f(n) < n? = O(n?). Asymptotically, the quadratic upper bound on f(n)

* This research was supported by the German Research Foundation DFG Project FE 340/12-1. R. Steiner
was funded by DFG-GRK 2434 Facets of Complexity.
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2 Linear size universal point sets

remains the state of the art. However, the multiplicative constant in this bound has been
improved, see [4, 5]. The current upper bound is f(n) < $n* + O(n) by Bannister et al. [4].
For several subclasses G of planar graphs, better upper bounds are known: A classical result
by Pach et al. [18] is that every outerplanar n-vertex graph embeds straight-line on any
set of n points in general position, and hence fou-p1(n) = n. Near-linear upper bounds of
fg(n) = O(n polylog(n)) are known for 2-outerplanar graphs, simply nested graphs, and for
the classes of bounded pathwidth [3, 4]. Finally, for the class G of planar 3-trees (also known
as apollonian networks or stacked triangulations), an upper bound of fg(n) = O(n*/?logn)
has been proved by Fulek and Téth [12].

As for lower bounds, the trivial bounds n < fg(n) < f(n) hold for all n € N and all
planar graph classes G. The best lower bound f(n) > 1.293n — o(n) from [19] has been shown
using planar 3-trees, we refer to [6, 14, 8, 9] for earlier work on lower bounds.

It seems that in order to improve the quadratic upper bound on f(n) to o(n?), the
considered point sets should be not too uniformly distributed. Indeed, Choi, Chrobak and
Costello [7] recently proved that point sets chosen uniformly at random from the unit square
must have size 2(n?) in order to be universal for n-vertex planar graphs, with high probability.

In this paper we study a specific ordered point set H (the exploding double chain) and
let H,, be the initial piece of size 2n — 2 in H (for n > 2). Throughout the paper, let H be
the class of all planar graphs G which have a plane straight line drawing on the point set H,
where n = |V(G)|. That is, H,, forms an n-universal point set for .

A graph is a POSH (partial one-sided Hamiltonian) if it is a spanning subgraph of a
planar graph admitting a one-sided Hamiltonian cycle. Our main result (Theorem 2.1) is
that every POSH is in H. We let H' := {G : G is POSH}.

Theorem 2.1 motivates the study of H’. This class of planar graphs seems to be quite
large, e.g., the smallest 4-connected triangulation which is known not to be POSH has
113 vertices [2]. On the positive side we show that every bipartite plane graph is POSH
(Section A, sketched in Section 3). In Section B we use the construction for bipartite graphs
to show that cubic plane graphs are POSH. Section 4 gives an overview of the proof method.
The appendix also contains a negative result in Section C, namely that not all 2-trees are
POSH. We conclude with some conjectures and open problems in Section 5.

2 The point set and the embedding strategy

In this section we introduce an ordered point set H and a class H' of planar graphs and
show that for every m > 2 the initial part H,, of size 2n — 2 is n-universal for the class H’.

A sequence Y = (y;)i>o of real numbers satisfying y1 = 0, y2 = 0, and y;+1 > 2y; + yi—1
for all i > 2 is called exploding. Note that if & > 1+ /2, then y; = o = 0 and y; = o’ =3 for
i > 3 is an exploding sequence. Given an exploding sequence Y let P(Y') = (p;)i>0 be the
set of points with p; = (i,v;) and let P(Y) = (g;)i>0 be the set of points with ¢; = (i, —v;),
i.e., the reflected point set, and note that p; = ¢; and py = ¢o. Let H(Y) = P(Y) U P(Y)
and H,(Y) = {pi, ¢i|]1 <1i <n} so that |H,(Y)| = 2n — 2. Figure 1 illustrates Hg(Y").

Let H = H(Y) for some exploding sequence Y. For two points p and ¢ let H(p, ¢) be the
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set of points of H in the open right half-plane of the directed line p§. Note that?

(Pr)k<i U (Pr)k>i U (qe)e<y if 0>
H(piyq5) = (0r)k<i U () e<i if i=j
(Pr)k<i U(qe)e<i U (qe)es; if i<

Moreover, if i < j then H(g;, q;) = H(ps, ¢;)\{¢:} andifi > j then H(p;,p;) = H(p:, ¢;)\{p, }-

These sidedness informations characterize the order type of H. A point set A = {p;, ¢;|i > 1}
is an exploding double chain if it has the order type of H.

In the context of graph drawing an exploding double chain was previously used by Loffler
and Té6th [15]. They show that every planar graph with n vertices has a 1-bend drawing on
a subset S, of H with |S,,| = 6n — 10. Note that our result about bipartite graphs implies a
better bound. Since subdivision of n — 2 edges is enough to make any planar graph bipartite,
a subset of size 4n — 6 = 2(n +n — 2) — 2 is large enough. Universality for 1-bend and 2-bend
drawings has been studied by Kaufmann and Wiese [13], they show that every n element
point set is universal for 2-bend drawings of planar graphs.

D6 6
D5 e Q5
P4 e e (4
P3e +G3 T
P2 « G2
Yy
-~ P1eq1

Figure 1 An example of a point set Hg in a rotated coordinate system (p; = ¢; for i = 1,2).

A plane graph G has a one-sided Hamiltonian cycle with reverse edge vu if it has a
Hamiltonian cycle (vq,vs,...,v,) such that u = vy, v = v, and wwv is incident to the outer
face. Moreover, for every j = 2,...,n in the restriction G[v,...,v;,v;11] of G the edges
vj—1v; and vj4q1v; are consecutive in the rotation of v;. A more pictural reformulation of
the second condition is that in the embedding of G for every j either all the back-edges v;v;
with ¢ < j are drawn inside the closed bounded region D whose boundary is the Hamiltonian
cycle or they are all drawn in the closed region outside of the cycle. We let V; be the set of
vertices v; which have a back-edge v;v; with ¢ < j — 1 drawn inside D and Vo =V \ V7.

In the context of cartograms Alam et al. [1] conjectured that every plane 4-connected
triangulation has a one-sided Hamiltonian cycle. Later Alam and Kobourov [2] found a plane
4-connected triangulation on 113 vertices which has no one-sided Hamiltonian cycle.

Recall that H’ is the class of POSH graphs, i.e., of plane graphs which are spanning
subgraphs of plane graphs admitting a one-sided Hamiltonian cycle. Our interest in this
class is motivated by the following theorem.

» Theorem 2.1. Let G’ be a POSH and let vy, ...,v, be a one-sided Hamiltonian cycle of a
plane supergraph G of G’ on the same vertex set. Then there is a crossing-free embedding
of G’ on H, with the property that v; is placed on either p; or g;.

! In cases where i or j are in {1, 2} the following may list one of the two points defining the halfspace
with its second name as member of the halfspace. For correctness such listings have to be ignored.

EuroCG’'22



98

99

100

101

102

103

104

105

106

107

108

109

110

111

112

113

114

115

116

117

118

119

120

121

122

123

124

125

126

127

128

129

130

131

132

133

134

135

4 Linear size universal point sets

Proof. It is sufficient to describe the embedding of the supergraph G on H,. For the proof
we assume that in the plane drawing of G the sequence v, ..., v, traverses the boundary
of D in counter-clockwise direction. For each i vertex v; is embedded at v; = p; if v; € V;
and at v; = ¢; if v; € Vp.

Let G; = G[vy,...,v;] be the subgraph of G induced by {vy,...,v;}. The path A; =
v1,...,v; separates G;, the left part GL; consists of the intersection of G; with D, the right
part GR; is G; minus all edges which are interior to D. The intersection of GL; and GR;
is A; and their union is G;. The counter-clockwise boundary walk of G; consists of a path
OR; from v1 to v; which is contained in GR; and a path from v; to v; which is contained in
GL;, let OL; be the reverse of this path.

Let G; be the straight line drawing of the plane graph G; induced by placing each
vertex v; at the corresponding v;. A vertex v of G, is said to see a point p if there is no
crossing between the segment vp and an edge of G;. With induction we show:

1. The drawing of G is plane, i.e., non-crossing.
2. G; and G; have the same outer boundary walks.

3. Every vertex of dL; in G; sees all the points pj with j > i and every vertex of OR; in G,
sees all the points g; with j > i.

For ¢ = 2 the graph G; is just an edge and the three claims are immediate, for property 3
just recall that the line spanned by p; and po separates the p-side and the ¢-side of H,,.

Now assume that i € {3,...,n}, the properties are true for G,i_1 and suppose that v; € V7
(the argument in the case v; € Vo works symmetrically). This implies that all the back-edges
of v; are in the interior of D whence all the neighbors of v; belong to 0L;_1. Since v; € V;
we have v; = p; and property 3 of G;_; implies that the edges connecting to v; can be added
to G;_, without introducing a crossing. This is property 1 of G;.

Since G;_1 and G;_; have the same boundary walks and v; respectively v; belong to the
outer faces of G; and G; and since v; has the same incident edges in G; as v; in G, the outer
walks of G; and G; again equal each other, i.e., property 2.

Let j be minimal such that vjv; is an edge and note that 0L; is obtained by taking the
prefix of OL;_; whose last vertex is v; and append v;. The line spanned by v; and v; = p;
separates all the edges incident to v; in G, from all the segments Uypy with ¢ < j and vy € OL;
and k > i. This shows that every vertex of dL; in G; sees all the points pj, with k > i. For
the proof of the second part of property 3 we refer to Figure 2, it shows that the new edges
U;p; do not obstruct the visibility between vertices of OR; and any g, with k& > i. Of course
this can also be derived formally by translating the condition for a crossing between two
segments into sidedness conditions and then compare with the sidedness conditions given for
the order type of H. This completes the proof of property 3 and thus the inductive step.

Finally, property 1 for G,, implies the theorem. <

pi w\/.’ﬁk
. q]

Figure 2 Vertices from OR; see gy
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3 Plane bipartite graphs

In this section we consider bipartite plane graphs and sketch a proof that they are POSH.

The full proof can be found in Section A.

» Theorem 3.1. Every bipartite plane graph G = (V, E) is a spanning subgraph of a plane
graph G’ on the same vertex set V which has a one-sided Hamiltonian cycle, i.e., G is POSH.

Quadrangulations are the plane graphs with all faces of degree four. Equivalently they
are the maximal plane bipartite graphs. Every connected bipartite plane graph with at least
two vertices in each color class is a spanning subgraph of a plane quadrangulation. Therefore
it suffices to prove the theorem for plane quadrangulations.

A separating decomposition of a quadrangulation is an orientation and 2-coloring of the
edges, such that s and ¢ only have incoming edges in red and blue respectively, while each
other vertex has outgoing edges in both colors as shown in Figure 77.

Every quadrangulation admits a separating decomposition [11, 17]. The equatorial line of
the separating decomposition separates the red and blue edges which form trees rooted in s
and t respectively, see [10]. Figure 3 shows that the equatorial line is a one-sided hamiltonian
path, white vertices have red and black vertices have blue backward edges. This shows that
quadrangulations and hence bipartite graphs are POSH.

Figure 3 A quadrangulation with a separating decomposition, the equatorial line (dotted), and
the induced drawing with a one-sided hamiltonian path.

4 Plane cubic graphs
This section is devoted to sketching a proof (full proof in section B) for the following theorem:

» Theorem 4.1. Every plane cubic graph G is a spanning subgraph of a plane graph G' on
the same vertex set V which has a one-sided Hamiltonian cycle, i.e., G is POSH.

To prove this, we use Theorem 3.1 and the following lemma:

» Lemma 4.2. Let G be a cubic graph. Then G admits a matching M such that contracting
all the edges of M results in in a bipartite multi-graph.

The technique used to prove the theorem using the lemma is to do vertex splits carefully.
We distinguish between local and far splits, some of which are illustrated in figures 4 and 5.

EuroCG’'22
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Figure 4 Four cases for the local split of a vertex v.

Figure 5 Far split within the gray region of vertex v with edges to the left in the upper half-plane.

Concluding remarks

We have introduced the exploding double chain as a special point set (order type) and shown
that the initial part H,, of size 2n — 2 is n-universal for graphs on n vertices which are POSH.

» Conjecture 1. FEvery triangle-free plane graph is POSH.

» Conjecture 2. FEvery 5-connected planar triangulation is POSH.

We have shown that 2-trees and their superclasses series-parallel and planar Laman

graphs are not contained in the class H’ of POSH graphs. The question whether these classes

admit universal point sets of linear size remains intriguing.
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8 Linear size universal point sets

2. Every vertex v € {s,t} is incident to a non-empty interval of red edges and a non-empty
interval of blue edges. If v is white, then, in clockwise order, the first edge in the interval
of a color is outgoing and all the other edges of the interval are incoming. If v is black,
the outgoing edge is the clockwise last in its color (see Figure 6).

Ny e
o R

Figure 6 Edge orientations and colors at white and black vertices.

Separating decompositions of a quadrangulation @ have been defined by de Fraysseix
and Ossona de Mendez [17]. They show a bijection between separating decompositions and
2-orientations (orientations of the edges of @) such that every vertex v € {s,t} has out-degree
2) and show the existence of a 2-orientation of  with an argument related to flows and
matchings. An inductive proof for the existence of separating decompositions was given by
Felsner et al. [11], this proof is based on identifying pairs of opposite vertices on faces.

It is known that in a separating decomposition the red edges form a tree directed towards
s, and the blue edges form a tree directed towards ¢. Each of the trees connects all the
vertices v ¢ {s,t} to the respective root. Proofs for this can be found in either of [17, 11, 10].
The latter two of these sources continue to show that the edges of the two trees can be
separated by a curve which starts in s, ends in ¢, and traverses every vertex and every inner
face of Q. This curve is called the equatorial line.

If @ is redrawn such that the equatorial line is mapped to the x-axis with s being the
left end and t being the right end of the line, then the red tree and the blue tree become
alternating trees (defined below) drawn in the upper respectively lower half-plane defined by
the z-axis. Note that such a drawing of @ is a 2-book embedding, we call it an alternating
2-book embedding to emphasize that the graphs drawn on the two pages of the book are
alternating trees.

Figure 7 A quadrangulation @) with a separating decomposition S, and the alternating 2-book
embedding induced by the equatorial line of S.

An alternating tree is a plane tree T" with a plane drawing such that the vertices of T" are
placed at different points of the z-axis and all edges are embedded in the half-plane above
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the z-axis (or all below). Moreover, for every vertex v it holds that all its neighbors are on
one side, either they are all left of v or all right of v. In these cases we call the vertex v
respectively a right or a left vertex of the alternating layout.

Let @ be a plane quadrangulation on n vertices and let .S be a separating decomposition
of Q). Let s =wvq1,v2,...,v, =t be the spine of the alternating 2-book embedding of @ based
on S. Let QT be obtained from Q by adding v,v; and all the edges v;v;41 which do not yet
belong to the edge set of ). By construction vy, vs,. .., v, is a Hamiltonian cycle of QT and
due to the alternating property of the embedding this Hamiltonian cycle is one-sided with
reverse edge v,v; = ts. Hence @) is POSH.

It is worth noting that the Hamiltonian cycle read in the reverse direction, i.e., as
UnyUn—1,--.,01, iS again one-sided, now the reverse edge is viv,, = st.

B Plane cubic graphs: Full version

In this section we identify another large subclass of the class H and more precisely of the
subclass H' of graphs which are POSH.

» Theorem 4.1. Every plane cubic graph G is a spanning subgraph of a plane graph G' on
the same vertex set V. which has a one-sided Hamiltonian cycle, i.e., G is POSH.

We will use Theorem 3.1, therefore, we need to associate a plane quadrangulation with
G. To this end, we find a matching whose contraction results in a bipartite graph.

» Lemma 2.1. Let G be a cubic graph. Then G admits a matching M such that contracting
all the edges of M results in in a bipartite multi-graph.

Proof. Pick a partition X UY = V(G) of the vertex-set of G such that the size of the cut,
i.e., the number of edges in G with exactly one endpoint in X and exactly one endpoint in
Y, is maximized. We claim that G[X] and G[Y] are graphs of maximum degree at most
1 (and thus, a disjoint union of isolated vertices and a matching). Suppose that a vertex
v € X has at least two neighbors in G[X]. Then v has at most one neighbor in Y, and hence
moving v from X to Y increases the size of the cut by at least one, a contradiction. The
same argument works to show that G[Y] has maximum degree at most one.

Let M be the matching in G consisting of all the edges in G[X] and G[Y]. Contracting
all the edges in M transforms G[X] and G[Y] into independent sets, and hence results in a
bipartite multi-graph G /M. |

Given a cubic plane graph G we find a matching M as in Lemma 4.2 and let B be the
plane bipartite multi-graph obtained from G by contracting the edges in M. Let B’ be the
underlying simple graph of B and let (Q be a quadrangulation which has B’ as a spanning
subgraph. The proof of Theorem 3.1 shows that there is a left to right placement vy, ..., v,
of the vertices of @ on the z-axis such that for each i € [n] all the edges v;v; with j <i—1
are in one half-plane and all edges v;v; with j > i 4 1 are in the other half-plane. Delete all
the edges from ) which do not belong to B’, and duplicate the double-edges of B in the
drawing. This yields an embedding I" of B.

Vertices of degree four in B are exactly the vertices which have been obtained by
contracting edges of M. We now show how to undo the contractions, i.e., split vertices of
degree four, in the drawing I' in such a way that at the end we arrive at a one-sided 2-book
drawing I'* of G, that is, a 2-book embedding of G with vertex-sequence vy, ..., v, such that
for every j € {1,...,n} the incident back-edges v;v; with 1 < ¢ < j are all drawn either on
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10 Linear size universal point sets

the spine or on the same page of the book embedding (all above or all below the spine).
Once we have obtained such a book embedding, we can add the spine edges to G to obtain a
supergraph G of G which has a one-sided Hamiltonian path. This then shows that G is
POSH.

Let v be a vertex of degree four of B. Vertex v was obtained by contracting an edge
uw € M. Label the edges of v in clockwise order as ej, e3, €3, e4 such that in G the edges
e1,es are incident to u and ez, eq are incident to w. If the two angles Zeses and Zeseq
together take part of both half-planes defined by the x-axis, then it is possible to select two
points left and right of the point representing v in I' and to slightly detour the edges e; such
that no crossings are introduced and one of the two points is incident to e;, eo and the other
to es,eq. Addition of an edge connecting the two points completes the split of v into the
edge uw € M. Figure 8 shows a few instances of this local split.

Figure 8 Four cases for the local split of a vertex v.

The above condition about the two angles is not fulfilled if all four edges of v emanate into
the same halfspace and the clockwise numbering starting at the xz-axis is either e4, e, es, €3
or e, e3, €4, €e1. The two cases are the same up to exchanging the names of u and w, therefore,
we can assume the first one. Let vy, v, v3,v4 be the neighbors of v in left to right order. A
more important distinction is whether all v; are left of v or to the right of v. In the first case
we leave w at the former position of v and w slightly left of v while in the second case u is
slightly right of vy. Figure 9 shows the first case and Figure 10 the second. To see that in
the first case edges uvy and uww are free of crossings we can route them close to the path
vszvve and the edge vsv in the original drawing. This kind of split is a far split.

Figure 9 Far split within the gray region of vertex v with edges to the left in the upper half-plane.

A special case occurs when a vertex v of degree four has a double-edge. This either leads
to a local split (a few more cases for the complete listing of all possible local splits) or the
double-edge and two simple edges are in the same halfplane such that v; and vy are the
vertices incident to the simple edges, whence, vo = v3. We stick to the rules of the far split.
If v has edges to the left we place u to the left of v3 and connect to vy and v3 this makes
a short double-edge on the spine. The case where edges from v go to the right is again
symmetric.
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Figure 10 Far split within the gray region of vertex v with edges to the right in the upper
half-plane.

By now we have shown that starting from the drawing I' of B we can split a single vertex
v of degree four into an edge uw € M. To split all the degree four vertices we proceed as
follows. First we split all vertices which are subject to a far split. Let U be the set of vertices
of edges uw € M which are far, i.e., w stays at the position of the contraction vertex v and
u is the vertex close to either vy or vs.

We claim that every vertex has at most one neighbor in U to its left and one to its right.

Indeed if a vertex v’ has a neighbor of U to its right (see Figure 10), then v’ was the vo
of some far split and v was the leftmost neighbor of v'. The claim now follows from the
observation that v’ only has one leftmost neighbor.

It can happen that a vertex v’ which was classified as being subject of a local split looses
this property and has to undergo a far split. For example vertex vs in Figure 10 has the
neighbor v on the left but may have three neighbors to the right, the split of v generates
a fourth neighbor on the right of vo. When no further far split is possible we do all the
local splits. These local splits can not conflict with each other. This completes the proof of
Theorem 4.1.

C 2-Trees

From the positive results in sections 3 and 4 it could be expected that essentially every
“sufficiently sparse” planar graph is POSH. In this section we show that this is not true.

A 2-tree is a graph which can be obtained, starting from a K», by repeatedly selecting an
edge of the current graph and adding a new vertex which is made adjacent to the endpoints
of that edge. We refer to this operation as stacking a vertex over an edge.

From the recursive construction it follows that a 2-tree on n vertices is a planar graph
with 2n — 3 edges. We also mention that 2-trees are series-parallel planar graphs. Another

well studied class which contains 2-trees as a subclass is the class of (planar) Laman graphs.

Fulek and Téth have shown that planar 3-trees admit n-universal point sets of size
O(n3/ 2logn). Since every 2-tree is an induced subgraph of a planar 3-tree the bound carries
over to this class.

» Proposition 3.1. There is a 2-tree G on 499 vertices which is not POSH.

Throughout the following discussion we assume that a 2-tree G is given together with a
left to right placement vy, ..., v, of the vertices on the z-axis such that adding the spine
edges and the reverse edge v,v; to G we obtain a plane graph with a one-sided Hamiltonian
cycle.

For an edge e of G we let X (e) be the set of vertices which are stacked over e and S(e) the
set of edges which have been created by stacking over e, i.e., each edge in S(e) has one vertex
on e and one vertex in X (e). We partition the set X (e) of an edge e = v;v; with ¢ < j into a
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12 Linear size universal point sets

left part XL(e) = {vx, € X(e) : k < i}, a middle part XM (e) = {v € X(e) : i <k < j}, and
a right part: XR(e) = {vx € X(e) : j < k}.

» Claim 1. For every edge | XR(e)| < 2.

Suppose that | XR(e)| > 3. Each vertex in this set has all its back-edges on the same side.
Two of them use the same side for the back edges to the vertices of e. This implies a crossing
pair of edges, a contradiction.

» Claim 2. If for all ¢’ € S(e) we have |X(e)| > 3, then | XM (e)| < 3.

Suppose that e = v;v; with ¢ < j is in the upper half-plane and there are four vertices
x1,T2,23,24 in XM (e). One-sidednes implies that the four edges Zrv; are in the upper
half-plane. Now if x1, x2, 3, 24 is the left to right order, then the edges v;x2, v;x3, and v;x4
have to be in the lower half-plane. Now let ¢/ = v;x3 and consider the three vertices in X (e).
Two of them, say 1, y2, are on the same side of x3.

First suppose y1,y2 € X (€') are left of z3. Note that the edges of v;x2 and zov; enforce
that y1,y> are between x2 and x3. Due to the edge zov; the edges v;y1 and v;y2 are in
the lower half-plane. One-sidedness at x3 requires that y;x3 and ysx3 are also in the lower
half-plane. This makes a crossing unavoidable.

Now suppose that yi,y, € X (e) are right of 3. The edges v;z4 and z4v; enforce that
Y1, Y2 are between x3 and x4. Due to the edge x3v; the edges v;y1 and v;y2 are in the lower
half-plane. Now let y; be left of yo. One-sidedness at o requires that xsy- is also in the
lower half-plane, whence, there is a crossing between v;y; and x3y2. This completes the proof
of the claim.

Claim 2 € Claim 3

Figure 11 Illustrating the proofs of the claims.

» Claim 3. If XL(e) > 2 and x is the rightmost element of XL(e), then XL(e') < 2 for some
e’ € S(e) incident with x.

Suppose that e = v;v; with ¢ < j is in the upper half-plane and there are two vertices
x1, o2 in XL(e). We assume that xo is the rightmost element of XL(e). From one-sidedness
at v; we know that z;v; and zov; are in the upper half-plane. Now z;v; and hence also
x9v; are in the lower half-plane. All the vertices of X (z9v;) and X (zv;) are in the region
bounded by z2v;, v;v;, v;x2. Suppose that we have y1,y2 € XL(xov;) and 21, 22 € XL(z2v;).
By one-sidedness the edges from x5 to the four vertices y1, y2, 21, 22 are in the same half-plane.
If they are in the lower half-plane and y; is left of y, there is a crossing between y;x2 and
yov;. If they are in the upper half-plane and z; is left of z5 there is a crossing between z1x4
and zov;. The contradiction shows that XL(xqv)) < 2 or XL(xov;) < 2, since x = x5 this
completes the proof of the claim.
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We are ready to define the graph G and then use the claims to verify that G is not a
POSH. The graph G contains a base edge e, and there are seven vertices stacked on e, i.e.,
| X (e)| = 7. Edges in S(e) are the primary edges of G. For each primary edge €’ there are
five vertices stacked on €’. Edges introduced by stacking over a primary edge are secondary
edges. Finally, for each secondary edge e” there are three vertices stacked on e”. Note that
there are 7 -2 = 14 primary edges, 14 -5 - 2 = 140 secondary edges and 140 - 3 - 2 = 840 edges
introduced by stacking on a secondary edge. In total the number of edges is 995 = 2n — 3,
hence, the graph has 499 vertices.

Now suppose that G is POSH and let vy, ..., v, be the order of vertices on the spine of
a certifying 2-book embedding. Let v;v; with ¢ < j be the vertices of the base edge e. By
symmetry we may assume that e is in the upper half-plane. From Claim 1 we get | XR(e)| < 2
and from Claim 2 we get | XM (e)| < 3, it follows that | XL(e)| > 2. Let 1 and x5 be elements
of XL(e) such that xs is the rightmost element of XL(e). Let ¢’ = xzov; and " = x9v; and

observe that XR(e') = 0 = XR(e"”) (the argument can be found in the proof of Claim 3).

From Claim 2 applied to ¢’ and ¢” we deduce that | XM (e’)| < 3 and | XM (e”)| < 3. Hence
|XL(e')| > 2 and |XL(e)| > 2. This is in contradiction with Claim 3. We conclude that
there is no spine ordering for G which leads to a one-sided crossing free 2-book embedding.
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