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—— Abstract

We study two new parameters for finite posets motivated by the problem of efficiently determining
the set of successors of a given element. A plane map of a poset P = (X, <) is an injective mapping
of X into the Cartesian plane R%. Given two different points a and b in the plane, we say that b
dominates a if a < b coordinatewise. We say that an element x of P is tight in a plane map p if
the following holds: z < y in P if and only if u(y) dominates u(x). Note that, by definition, every
2-dimensional poset admits a map such that every element of the poset is tight. For any poset P, we
define the mapability of P, dmap(P), to be the maximum number of elements that are tight in a
single map, and we define the atlas thickness of P, at(P), to be the size of the smallest collection of
maps such that every element is tight in at least one map of the collection.

We relate these parameters to the classical notions of dimension and width: for every poset P,
we show that dim(P) < 2at(P) < width(P). On the other hand, there exists a sequence of
posets (Pn)nZI such that the atlas thickness of P, is doubly exponential in the dimension of P,.

On the computational side, we prove that it is NP-complete, for a given poset P, to compute the
mapability of P and to decide whether at(P) < 2. In contrast to the latter, we show that computing
the mapability of a poset is fixed-parameter tractable with respect to the natural parameter.
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1 Introduction

In combinatorics and in computer science there is interest in compact encodings of posets
such that the presence of an order relation between two elements can be tested efficiently.
We propose and study a new idea for such an encoding. The encoding consists of an atlas of
pages which show the elements of the poset on plane maps. We aim for a small number of
pages such that, for each element x, there is a page which shows all relations z < y.

We assume familiarity with basic notions of the theory of partially ordered sets (posets)
as used, e.g., in West’s book Combinatorial Mathematics [13]. Due to their relevance to our
topic, we nevertheless recall the definition of dimension and some related concepts. A realizer
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Navigating Posets with Few Maps

of a poset P is a collection R of linear extensions of P such that, for every incomparable pair
of elements x and y in P, there are L and L’ in R such that z <p y and y <z . This is
equivalent to saying that P is the intersection of the linear extensions in R. The dimension
of a poset P, denoted dim(P), is the minimum size of a realizer of P. It is well know that
dim(P) also equals the minimum k such that P is a suborder of R¥ with the product order,
also known as dominance order, where  <gom y if and only if z; < y; for each i € {1,...,k}.
In a poset P, a chain is a subset of P of pairwise comparable elements (that is, they are
linearly ordered), whereas an antichain is a subset of P of pairwise incomparable elements.
The width of a poset P, width(P), is the size of a largest antichain in P.

A common motivation for studying the dimension of posets is that a realizer of size k
for a poset of size n provides a data structure of size O(nk) that allows to determine the
comparability status of a pair (z,y) with k lookup operations. To improve the size of the
data structure, Nesetfil and Pudldk [12] introduced the concept of Boolean dimension. This
provides a data structure that in general is of smaller size and requires fewer lookup operations
but may need a long computation to determine the comparability status of a pair.

In this paper, we go the other direction. We are willing to use more storage but for a
given element x of a poset P, we want to find the set succp[z] = {y € P:z <p y} quickly.

Here is a first approach. Let P be a poset, and let 7 be a set of permutations of its elements
such that, for every x in P, there is a w in T such that succp[z] = {y € P : x <; y}. In this
case we say that x is tight in 7. How many permutations are needed such that all elements
of P are tight in at least one of them? The question has a simple answer. Observe that if
and y are incomparable, then at most one of x and y can be tight in a single permutation.
Hence, the tight elements of a permutation form a chain and chains of tight elements of
all permutations in 7 form a chain cover of P. From Dilworth’s theorem [13, p. 546], we
therefore get the lower bound |7 > width(P). Since, for every chain C of P, there is a linear
extension L such that all elements of C' are tight in L, we see that width(P) is the minimum
size of a family 7 and that indeed it is enough to use linear extensions in the family. A
drawback of this approach is that it would use n linear extensions just to get all elements of
a size-n antichain tight.

This motivates our second approach. A (plane) map for a poset P is an injective mapping
of the elements of P into the Cartesian plane R2.

An element x of P is tight on a map p if succpz] = {y € P : u(x) <dom p(y)}. For
example, the element b of the poset () shown in Figure 1la is tight on the map in Figure 1c
but not on the map in Figure 1b. We are interested in the following two parameters of a
poset P:

The (dominance) mapability of P, denoted dmap(P), is the maximum number of tight

elements on a single plane map for P.

Let an atlas for P be a collection of plane maps for P such that every element of P is

tight on at least one of the maps. Then the atlas thickness of P, denoted at(P), is the

minimum size of an atlas for P.

We refer to Figure 1. Figure 1a depicts a poset Q. Figures 1b and 1c show a collection of two
maps where every element of @ is tight on at least one map, since elements {a, ¢, ab, ac, bc}
are tight in the former and b is tight in the latter. As we are going to observe later, ) is the
crown poset, which has dimension 3. Hence, it is not possible to find a map where more than
five elements of @ are tight, or a collection of maps for @ with fewer than two maps. This
implies that P has mapability 5 and atlas thickness 2.

Note that, by definition, every 2-dimensional poset admits a single map such that every
element of the poset is tight.
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A ab T
ab ac be ac
b
“ g be s
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Figure 1 (a) The so-called crown poset Q. (b) A map of @ where all elements but b are tight.
(c) A map of Q where b is tight.

Now that we have introduced the notion of an atlas, we briefly return to our motivation.
Given an atlas A for P and an element x of P, we can use a simple look-up table to determine
the map in A on which z is tight. If, for each map p in A, we store the points in p(P) in a
separate priority search tree T),, we can query T}, with the quadrant [p(z)1,00] X [p(z)2, o0]
(see paragraph “Notation” on page 4) to determine the set succp[z] in O(] succp|x]| +1og | P|)
time [11]. The total space consumption of the priority search trees is O(at(P) - |P|); the
total preprocessing time for setting up the trees is their space consumption times a factor of
Ollog |P)).

While our definition requires each map in A to define locations for every element in P,
this is not needed if just want to solve the above query problem. For example, in the map
depicted in Figure 1c, there is no need to store the points in the gray circle. Hence, the total
space consumption is just O(}_, . p succp[z]), which is the number of pairs of comparable
elements in P.

Our contribution. We relate the atlas thickness of a poset to its dimension and width; see
Section 2 for the proof of the following theorem.

» Theorem 1. For every poset P, dim(P) < 2at(P) < width(P).

The inequalities in Theorem 1 are tight, however, there are posets whose atlas thickness
is much larger than their dimension. Note also that antichains have atlas thickness 1 and
arbitrary width. The next two statements are proved in Section 3. Theorem 2 is witnessed by
the family of standard examples, and Theorem 3 is witnessed by the family of the incidence
posets of complete graphs.

» Theorem 2. For every positive integer n, there is a poset P, with dim(P,) = 2at(P,) = 2n.

» Theorem 3. There exists a sequence of posets (Pp)n>1 such that at(P,) = g2t

The problem of checking whether a given poset has dimension at most k is NP-complete
already for k = 3 [14]. Perhaps unsurprisingly, computing the parameters that we have
introduced is also computationally hard; see Section 4.

» Theorem 4. It is NP-complete to test whether the atlas thickness of a poset is at most 2.

» Theorem 5. [t is NP-complete to compute the mapability of a poset.

Theorem 4 shows that computing the atlas thickness of a poset is paraNP-hard with
respect to the natural parameter. This is in contrast to the mapability of a poset, which
turns out to be fixed-parameter tractable (FPT) with respect to the natural parameter; see
Section 5. We prove that the size of each poset is bounded in terms of its mapability.
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Navigating Posets with Few Maps

» Theorem 6. There exists a computable function f such that, for every poset P, we have
[P| < f(dmap(P)).

This directly yields an FPT-algorithm with respect to the mapability of the given poset.

» Corollary 7. There exists a computable function g and an algorithm that, given a poset P,
returns the value dmap(P) in time g(dmap(P)).

Related work. Our work follows a recent trend in graph drawing to visualize a complex
combinatorial or geometric object (say, a graph) by means of a collection of drawings, each
of which includes all parts (say, edges), but highlights only a subset of them. For example,
Hlinény and Masaiik [8] introduced the notion of an uncrossed collection of a graph, that is, a
collection of straight-line drawings of the graph such that every edge of the graph is uncrossed
in at least one drawing in the collection. They considered two optimization problems; namely
minimizing the size of the collection (the uncrossed number) and minimizing the total number
of crossings in the collection (the uncrossed crossing number). They showed the latter problem
NP-hard but in FPT with respect to the natural parameter. Similarly, Anti¢, Liotta, Masarik,
Ortali, Pfretzschner, Stumpf, Wolff, and Zink [1] introduced unbent collections for plane
4-graphs, that is, for embedded planar graphs of vertex degree at most 4. Such a collection
contains orthogonal drawings of the given graph such that every edge of the graph is straight
in at least one drawing in the collection. They also considered the corresponding optimization
problems of computing, for a given plane 4-graph, the unbent number (which they proved to
be always at most 3) and the unbent bend number (for which they showed NP-hardness and
gave a 3-approximation algorithm).

Less related are storyplans [3,7] and graph stories [2], where the drawings in the collection
show only parts of the graph (with a prescribed property such as planarity) and the order of
the drawings is relevant.

Notation. For a positive integer k, we use [k] as shorthand for {1,2,...,k}. For a poset P,
we let Max(P) denote the set of all maximal elements of P, and we let | P| denote the number
of elements of P. For a map p and an element x of a poset P, we write 1(z); and p(xz)s for
the first and the second coordinates of u(x) € R?, respectively.

For a poset P, for each element z of P, we write succp[z] = {y € P : 2 <p y} and
succp(z) = {y € P: x <p y} to denote, respectively, the closed and the open set of successors
of z.

The incidence poset of a graph G, denoted by P, is the poset with ground set V(G)UE(G)
such that, for every two elements x and y of Pg, we have z < y if and only if z € V(G),
y € E(G), and z is incident to y in G. For an example, see Figure 2.

Is

N g
3 T1 X9 T3 T4 Ty g Ty T8

b
(@) (b)

Figure 2 (a) A graph G and (b) the incidence poset Pg of G, represented as a DAG.
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The pieces of text in gray explain statements that may be obvious for readers who feel at
home with posets.

2 Comparision Between Parameters

The following lemma, which may be of independent interest, is the main tool for the proof of
Theorem 1.

» Lemma 8. For every poset P and for every map u for P, there exists a map p' for P
such that each element of P that is tight on u is tight on i, and the two linear orders of the
elements of P given by the orders on the coordinates of p' are linear extensions of P.

Proof. Let T'= {t1,...,tx} be the set of elements of P that are tight on y. Note that some
elements of P might have the same value under pu(-); or u(+)2. Let x1,..., 2 be any linear
order on the elements of T' extending the order given by p(-)1, and let yi, ..., yx any linear
order on the elements of T extending p(-)2. For each element p of P with p ¢ T, let

i(p) = max({i € [k] : 2; <p}U{0}) and j(p) = max({j € [k] : y; <p} U{0}).

In other words, x;(,) is the largest element of T with respect to u(-); that is below p in P,
and y;(p) is defined analogously. Next, for each i € [k] U {0}, let

X;={peP\T:i(p)=i} and Y;={peP\T:j(p) =i}.

For each i € [k]U{0}, let K; be an arbitrary linear extension of the subposet of P induced
by the elements of X;, and let L; be an arbitrary linear extension of the subposet of P
induced by the elements of Y;. Finally, let u' be defined so that the linear order given by
' (+)1 is the concatenation K = Koz K122K; ... K125 K}, and the linear order given by
1 (+)2 is the concatenation L = Loy LiyaLa ... Li—1yx Lg.

To complete the proof, we need to verify that the elements of T are tight on p’, and
that L and K are linear extensions of P. An element p € T can be pushed left and down.
By definition of i(p) and j(p), however, it will not pass any ¢ € T with ¢ < p in P. Hence,
elements of T' remain dominated by all their successors in P which means they remain tight.

More formally, let ¢ € T' be such that t = z; = y,;. We will show that succp[t] = {p €
Py (t) < p/(p)} First, we have {p € P: u(t) <ulp)}NT ={pe P:u'{t) <p(p)}nT.
Next, let p be an element of P with p ¢ T. If p € succp(t), i.e., t < pin P, then ¢ < i(p) and
Jj < j(p), hence, t < p in both L and K, and so, p/(t) < p/(p). If 1/ (t) < p/(p), then i < i(p)
and j < j(p), hence, since the elements of 7" are tight on x, we have pu(t)1 < pu(z;(p))1 < p(p)1
and pu(t)2 < p(y;ep))2 < p(p)2- It follows that ¢ < p in P, as desired.

Note that K and L are linear extensions of P. Indeed, let p and p’ be distinct elements
of P with p < p’, we claim that p < p’ in K. If p,p’ € T, then this is clear since the elements
of T are tight on p. If p=x; € T and p’ ¢ T, then i < i(p’), hence, p < p' in K. If p ¢ T and
p' =ux; € T, then i(p) < i as otherwise p’ < Ti(p) < p in P, which is a contradiction. From
i(p) < i we then get p < p’ in K. Finally, assume that p,p’ ¢ T. By transitivity i(p) < i(p)
follows from p < p’. If i(p) = i(p’), then since K;(,) is a linear extension of the subposet of P
induced by the elements of Xy, p <p’ in K. If i(p) < i(p'), then clearly p < p" in K. This
completes the proof that K is a linear extension of P. The proof that L is a linear extension
of P is symmetric. |

» Corollary 9. For every poset P, dim(P) < 2at(P).



184

185

186

187

188

189

190

191

192

193

194

195

196

197

198

199

200

201

202

203

204

205

206

207

208

209

210

211

212

213

214

215

216

217

218

219

220

221

222

223

224

Navigating Posets with Few Maps

Proof. Let P be a poset. By Lemma 8, there exists a collection of maps P for P of size at(P)
such that every element of P is tight on at least one of the maps, and for every map the
two linear orders of the elements of P given by the orders on the coordinates of the map are
linear extensions of P. We claim that the collection £ of 2at(P) mentioned linear extensions
of P is a realizer of P.

Let z and y be two incomparable elements in P. To conclude, we show that there is a
linear extension in £ such that z < y in L. Let ¢ € P be a map on which y is tight. In
particular, u(y) £ u(z), and so, there is an i € [2] such that u(z); < u(y);. This completes
the proof. <

» Lemma 10. For every poset P and for every two chains C and D in P, there exists a
map p for P such that all the elements of C and D are tight on p.

Proof. Let P be a poset and let C' =¢; < --- < ¢ and D =dy < --- < dy be chains in P.
Similarly as in the proof of Lemma 8, for each element p of P, we define

i(p) = max({i € [k] : ¢; <p}U{0}) and j(p) = max({j € [(] : d; < p} U{0}).
Next, for each i € [k] U {0} and j € [¢] U {0}, let
Ci={peP\C:i(p)=i} and D;={peP\D:jp) =j}

For each i € [k] U {0}, let K; be an arbitrary linear extension of the subposet of P induced
by the elements in C;, and for each j € [¢] U {0}, let L; be an arbitrary linear extension of
the subposet of P induced by the elements in D;. Finally, let iz be defined so that the linear
order given by p(-); is the concatenation K = Koc1 KicoKs ... Ki_1¢, Ky, and the linear
order given by u(-)2 is the concatenation L = LodyLidaLs ... Ly_1dsLy.

To complete the proof, we need to verify that the elements of C'U D are tight on p. The
orders L and K are linear extensions of P by definition. The elements of C' are tight in K
and the elements of D are tight in L. Since the order induced by the plane map p is the
intersection of K and L, all elements of C' U D are tight in pu.

More formally, let ¢ € [k] and we will show that succp|c;] = {p € P : u(c;) < u(p)}. The
proof for the elements of D is symmetric. First, let p € succp[c;]. We claim that u(c;) < u(p).
This is clear when p = ¢;, hence, assume otherwise. Since ¢; < p in P, we have i <i(p) and
¢; < pin L. This gives pu(c;)1 < p(p)1. By definition, d;(,) < pin P. It follows that d;(,) £ ¢;
in P. In particular, as D is a chain, j(¢;) < j(p) and ¢; < p in K. This gives u(c;)a < pu(p)2
and p(c;) < p(p), as desired. Next, let p be an element of P with p(c;) < u(p). In particular,
w(ci)1 < p(p); and ¢; < pin K. Since C' is a chain, this implies ¢; < p in P and p € succp[c;].
This completes the proof. <

» Theorem 1. For every poset P, dim(P) < 2at(P) < width(P).

Proof. Corollary 9 implies the first inequality. By Dilworth’s theorem, a poset P can be
covered by a family of width(P) chains, hence, Lemma 10 implies the second inequality of
the statement. |

3 The Constructions

In this section, we prove Theorems 2 and 3. In the core of the arguments, we use the following 6-
element poset @) defined on the elements {a, b, ¢, ab, bc, ac} where a,b, ¢ are minimal elements,
ab, be, ac are maximal elements, and the order relations are: a < ab, a < ac, b < ab, b < be,
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¢ < ac, ¢ < be; see Figure 1(i). Among order theorists, the poset @ is known as a crown or
cycle and also as the standard example Ss. It is well known that the dimension of @ is 3.
This fact clearly implies Lemma 11 below. For completeness, we give a direct proof of the
lemma anyway.

» Lemma 11. There does not exist a map of Q where all of a,b,c are tight.

Proof. Suppose to the contrary that u is a map of (Q where all of a, b, ¢ are tight. Since they are
all tight and they are pairwise incomparable in @), we may assume that u(a); < p(b); < p(e)r
and p(c)e < p(b)e < p(a)e. Since a < ac and ¢ < ac in @, we have pu(c); < p(ac); and
pla)e < u(ac)s. It follows that p(b); < p(ac); and wp(b)e < p(ac)e, hence, u(b) < u(ac).
However, b and ac are incomparable in (), which is a contradiction with b being tight in the

considered map; see Figure 1(ii), where b is not tight. <
» Theorem 2. For every positive integer n, there is a poset P, with dim(P,) = 2at(P,) = 2n.

Proof. For every positive integer m, let S, be the poset consisting of minimal elements
ai,...,an, and maximal elements bq,...,b,, so that for all 4,j € [m], we have a; < b;
if and only if ¢ # j. In other words, S,, is the standard erxample of order m. Standard
examples are the canonical posets forcing dimension to be large, and they date back to the
foundational paper of Dushnik and Miller [5] that initiated the study of dimension of posets.
It is well-known that the dimension of the standard example of order m is exactly m.

We show that the poset S, witnesses the statement for all positive integers n. We
have dim(Sa,,) = 2n. It suffices to show that n < at(S2,). We claim that there is no triple
i,7,k € [2n] such that a;,a;, ax are all tight on a single map of S,,. Indeed, the subposet
of S, formed by a;,a;,ax, b;, b;, by, is isomorphic to the poset @, hence, the claim follows
from Lemma 11. This implies that n < at(Sa,), as desired. <

» Theorem 3. There exists a sequence of posets (Py,)n>1 such that at(P,) = g2t
Proof. For every positive integer m, let P, be the incidence poset of the complete graph on m
vertices, K,,. The dimension of such posets is well understood. In fact, in the 1970’s, Spencer
proved that dim(P,,) = O(loglogm), see [13, p.580] and [9] for more precise estimates of
dim(P,,). To complete the proof, we show that for every positive integer m, at(Pa,,) > m.
Let m be a positive integer. We claim that there is no triple u, v, w of the vertices of K,
such that u, v, w are all tight on a single map of Ps,,. Indeed, the subposet of P, formed
by u, v, w, uwv, vw, uw is isomorphic to the poset (). Hence, the claim follows from Lemma 11.
This implies that m < at(Ps,), as desired. <

4 Complexity

In this section, we prove that it is NP-complete to compute the atlas thickness or the
dominance mapability of a given poset (Theorems 4 and 5). The main idea is to consider
incidence posets of graphs and to show that a subset of tight vertices in such a poset
corresponds to a linear forest in this graph (see Lemmas 13 and 14).

In the case of the atlas thickness of a poset (Theorem 4), we will reduce from the problem
of partitioning the vertex set of a graph into two sets such that each induces a linear forest.
The NP-hardness of this problem was observed by Chaplick, Fleszar, Lipp, Ravsky, Verbitsky,
and Wolff [4, Theorem 12]. It follows from a general result of Farrugia [6], who showed that,
for any additive induced-hereditary properties II, it is NP-hard to decide whether the vertex
set of a graph can be partitioned into two sets that have property II.
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In the case of the dominance mapability of a poset (Theorem 5), we will reduce from
the problem of finding a subset of k vertices of a given graph that induces a linear forest.
The NP-hardness of this problem follows from another general result proved by Lewis and
Yannakakis [10], who showed that removing the minimum number of vertices from a graph G
such that the remaining induced subgraph has a property II is NP-hard if IT is non-trivial
and hereditary.

The crucial ingredient for the proof is the well-known characterization of incidence posets
of dimension at most 2, which is stated in the following proposition. We provide a direct
proof, which will help us to show Lemma 13.

» Proposition 12. The dimension of the incidence poset Pg of a graph G is at most 2 if
and only if G is a linear forest.

Proof. The incidence order of a linear forest is an induced subposet of the incidence poset of
a path, hence, it is sufficient to show that the incidence poset of a path is 2-dimensional. Let G

be a path with vertices a1,...,ap+1 and edges e; = a;a,41 for e = 1,..., ¢, then the following
two linear extensions of Py are a realizer of size two: K = ay,a2,e1,as,€2,...,as41,€¢ and
L=a¢i1,a4,€4,...,09,€2,a1,€1.

If G is not a forest, then G contains a cycle C. It is well known that the dimension of Po
is 3, hence dim(Pg) > 3 in this case. If G is a forest but not a linear forest, then G contains
a 3-star. The incidence poset of a 3-star is a poset on 7 elements called spider. It is well
known that the dimension of the spider is 3, hence again dim(Pg) > 3. Cycle posets and the
spider are indeed 3-irreducible posets, i.e., they are 3-dimensional and all their subposets are
2-dimensional, cf. [13, p. 573] and the references given there. <

» Lemma 13. Let G be a graph and let U C V(QG). If G[U] is a linear forest, then there
exists a map of Pg such that the elements in U U E(G) are tight.

Proof. In the proof of Proposition 12, we have shown how to construct two linear orders K
and L that form a realizer of Pgyj. Edges of G that are incident to just one element u in U
can be placed in K and L just above u. All the remaining elements of Ps can be put at the
beginning of K and at the end of L. Figure 3 illustrates the construction. |

» Lemma 14. Let G be a graph, let U C V(G), and let i be a map of Pg. If all the elements
of U are tight on p, then G[U] is a linear forest.

Proof. This follows directly from Proposition 12. <
» Theorem 4. [t is NP-complete to test whether the atlas thickness of a poset is at most 2.

Proof. The problem is clearly in NP. As announced at the beginning of this section, we infer
the NP-hardness by a reduction from the problem of partitioning the vertex set of a graph
into two sets such that each induces a linear forest, which is NP-hard [4, Theorem 12]. We
show that the vertices of a graph G can be partitioned into two sets inducing linear forests if
and only if at(G) < 2.

First, given such a partition Uy, Us of V(G), Lemma 13 implies that there are two maps
w1 and po of Pg such that U; U E(G) is tight in p; for each i € [2]. It follows that at(Pg) < 2.

On the other hand, suppose that we are given two maps p1 and us of Pg such that every
element of Pg is tight either on @1 or on ps. By Lemma 14, the vertices of G that are tight
on g1 induce a linear forest in G, and so do the vertices that are tight on uo. This represents
the required partition. <
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Us
Uy

U U1

(c)

Figure 3 Illustration for the proof of Lemma 13: (a) a graph G with a path G[U] highlighted
in red; (b) the incidence poset Pg; (¢) the map p. All the vertices of U are placed on the line £ in
an order compatible with the order of U. The edges of type u;ui+1 (red squares) are placed on ¢
between u; and u;4+1. Each other edge (black square) is placed on ¢ between the red squares u; _1u;
and u;u;41 if it is incident to u; Finally, all the other elements are placed on the side (here at the
top of ).

» Theorem 5. [t is NP-complete to compute the mapability of a poset.

Proof. The problem is clearly in NP. As announced at the beginning of this section, we infer
NP-hardness by a reduction from the NP-hard problem of finding a subset of k vertices of a
given graph that induces a linear forest. We show that a graph G contains a subset of at
most k vertices that induces a linear forest in G if and only if dmap(Pg) < k + |E(G)|.

Given such a subset, Lemma 13 immediately implies that there exists a map of Pg where
at least k 4+ |E(G)| elements are tight, and so, dmap(Pg) < k + |E(G)|.

On the other hand, suppose that we are given a map of Pg where at least k + |E(G)|
elements are tight. At least k of these elements are in V(G) by the pigeonhole principle. It
follows by Lemma 14 that this subset of vertices induces a linear forest in G, as desired. <«

5 An FPT-Algorithm for Dominance Mapability

In this section, we prove Theorem 6, which implies that, given a poset P, computing its
mapability dmap(P) is FPT with respect to the natural parameter (see Corollary 7). Namely,
we will upperbound the size of a poset in terms of its mapability. The next statement is a
direct corollary of Lemma 10 applied to a maximum chain and a singleton.

» Corollary 15. For every poset P of height h that is not a chain, we have h < dmap(P) — 1.

A subset M of P is an up-module if any two elements of M have the same successors, i.e.,
succp(u) = succp(v) for all u,v € M. Note that an up-module must be an antichain. If M is
an up-module, then we write succp (M) to denote the set of successors of the elements of M.

» Lemma 16. Let P be a poset. If M is an up-module of P, then |M| < dmap(P).
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Proof. Let p be a map where some element v € M is tight. By Lemma 8 we can assume
that the coordinate projections of u are linear extensions of P. We can also assume that all
coordinates are integers. Let £ the line of slope —1 through p(v) and let s be a segment of
length 1 on ¢ which contains p(v). Note that our assumption about p imply that succp (M) =
succp(v) = {w € P : & <gom p(w)} for every point x on s. Hence, if we place the elements
of M at distinct points of s we create a map where all elements of M are tight. <

Observe that the set Max(P) is an up-module. Hence, Lemma 16 implies the following
statement.

» Corollary 17. For every poset P, we have | Max(P)| < dmap(P).

Given two positive integers a and k, *a is a tower of a’s of height k. For example,
39 = 22° = 16. More formally, 'a = a and, for any positive integer 7, ‘a = a{’~'®). We extend
this notation and write ’lfa to denote a tower of total height & where the top element is b and
the remaining (k — 1) elements are a’s. For example, 32 = 22" = 216,

We prove the following theorem with respect to the function f(d) = g4.

» Theorem 6. There exists a computable function f such that, for every poset P, we have
[P| < f(dmap(P)).

Proof. Let h be the height of P, and let d = dmap(P). The canonical antichain partition
of P is the partition of the elements of P into h antichains. Deviating from the standard
definition we construct the canonical antichain partition top-down instead of bottom-up.
Let Ay = Max(P) and, for each k € [h] \ {1}, let Aj be the set of maximal elements of
the induced poset P\ Uf;ll A;. We will identify a function f such that, for every k € [h],
|Ak| < f(k). The function f will grow very fast. In particular, for every k > 2, we will have
k—1
f(k) =3 f(j) and d < 2@/, (%)
j=1
Since A; = Max(P), we obtain from Corollary 17 that |A;| < d. We set f(1) = d. Note that
this yields |A;| < f(1) and fulfills the right inequality in (x) for every k > 2. (For k = 2, this
is due to the fact that z < 22%/3 holds for every x > 0. For k > 2, this is due to the fact that
f grows.)

Now consider k € [h] \ {1}, and let M be a partition of Ay into maximal up-modules.
By Lemma 16, for every M € M, we have |M| < d. In particular, |A;| < d-|M]. A module
M € M is determined by succp (M), which is a subset of Uf;ll A;j. Due to (%), i.e., the fast
growth of f, we have

U+

This implies that there are at most 2(4/3)/(=1) choices for succp(M). Again using (%), we
get,

Ag| < d- 24/3F 1) < 9@/ (h-1)9(/)F(k=1) _ 92/(k=1) _ gf(h=1)_

E

—1

Flk - 1),

Wl =~

1

k—2
FO) = F=1)+>f() <
j=1

J

If we now set f(k) = %4, then (x) is fulfilled for k > 2, and |A;| < f(k) for k € [h] (including
k =1). Using (x) and Corollary 15, we finally get

h
|HS§:

F(h+1) < f(d) = 4. <

OJ\’—‘
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Open Problems and Future Directions

We have introduced the new concepts of mappability and atlas thickness, and we conclude
by highlighting several open problems for future investigation.
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