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Abstract1

We study two new parameters for finite posets motivated by the problem of efficiently determining2

the set of successors of a given element. A plane map of a poset P = (X, ≤) is an injective mapping3

of X into the Cartesian plane R2. Given two different points a and b in the plane, we say that b4

dominates a if a < b coordinatewise. We say that an element x of P is tight in a plane map µ if5

the following holds: x < y in P if and only if µ(y) dominates µ(x). Note that, by definition, every6

2-dimensional poset admits a map such that every element of the poset is tight. For any poset P , we7

define the mapability of P , dmap(P ), to be the maximum number of elements that are tight in a8

single map, and we define the atlas thickness of P , at(P ), to be the size of the smallest collection of9

maps such that every element is tight in at least one map of the collection.10

We relate these parameters to the classical notions of dimension and width: for every poset P ,11

we show that dim(P ) ≤ 2 at(P ) ≤ width(P ). On the other hand, there exists a sequence of12

posets (Pn)n≥1 such that the atlas thickness of Pn is doubly exponential in the dimension of Pn.13

On the computational side, we prove that it is NP-complete, for a given poset P , to compute the14

mapability of P and to decide whether at(P ) ≤ 2. In contrast to the latter, we show that computing15

the mapability of a poset is fixed-parameter tractable with respect to the natural parameter.16
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1 Introduction17

In combinatorics and in computer science there is interest in compact encodings of posets18

such that the presence of an order relation between two elements can be tested efficiently.19

We propose and study a new idea for such an encoding. The encoding consists of an atlas of20

pages which show the elements of the poset on plane maps. We aim for a small number of21

pages such that, for each element x, there is a page which shows all relations x ≤ y.22

We assume familiarity with basic notions of the theory of partially ordered sets (posets)23

as used, e.g., in West’s book Combinatorial Mathematics [13]. Due to their relevance to our24

topic, we nevertheless recall the definition of dimension and some related concepts. A realizer25
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of a poset P is a collection R of linear extensions of P such that, for every incomparable pair26

of elements x and y in P , there are L and L′ in R such that x <L y and y <L′ x. This is27

equivalent to saying that P is the intersection of the linear extensions in R. The dimension28

of a poset P , denoted dim(P ), is the minimum size of a realizer of P . It is well know that29

dim(P ) also equals the minimum k such that P is a suborder of Rk with the product order,30

also known as dominance order, where x ≤dom y if and only if xi ≤ yi for each i ∈ {1, . . . , k}.31

In a poset P , a chain is a subset of P of pairwise comparable elements (that is, they are32

linearly ordered), whereas an antichain is a subset of P of pairwise incomparable elements.33

The width of a poset P , width(P ), is the size of a largest antichain in P .34

A common motivation for studying the dimension of posets is that a realizer of size k35

for a poset of size n provides a data structure of size Õ(nk) that allows to determine the36

comparability status of a pair (x, y) with k lookup operations. To improve the size of the37

data structure, Nešetřil and Pudlák [12] introduced the concept of Boolean dimension. This38

provides a data structure that in general is of smaller size and requires fewer lookup operations39

but may need a long computation to determine the comparability status of a pair.40

In this paper, we go the other direction. We are willing to use more storage but for a41

given element x of a poset P , we want to find the set succP [x] = {y ∈ P : x ≤P y} quickly.42

Here is a first approach. Let P be a poset, and let T be a set of permutations of its elements43

such that, for every x in P , there is a π in T such that succP [x] = {y ∈ P : x ≤π y}. In this44

case we say that x is tight in π. How many permutations are needed such that all elements45

of P are tight in at least one of them? The question has a simple answer. Observe that if x46

and y are incomparable, then at most one of x and y can be tight in a single permutation.47

Hence, the tight elements of a permutation form a chain and chains of tight elements of48

all permutations in T form a chain cover of P . From Dilworth’s theorem [13, p. 546], we49

therefore get the lower bound |T | ≥ width(P ). Since, for every chain C of P , there is a linear50

extension L such that all elements of C are tight in L, we see that width(P ) is the minimum51

size of a family T and that indeed it is enough to use linear extensions in the family. A52

drawback of this approach is that it would use n linear extensions just to get all elements of53

a size-n antichain tight.54

This motivates our second approach. A (plane) map for a poset P is an injective mapping µ55

of the elements of P into the Cartesian plane R2.56

An element x of P is tight on a map µ if succP [x] = {y ∈ P : µ(x) ≤dom µ(y)}. For57

example, the element b of the poset Q shown in Figure 1a is tight on the map in Figure 1c58

but not on the map in Figure 1b. We are interested in the following two parameters of a59

poset P :60

The (dominance) mapability of P , denoted dmap(P ), is the maximum number of tight61

elements on a single plane map for P .62

Let an atlas for P be a collection of plane maps for P such that every element of P is63

tight on at least one of the maps. Then the atlas thickness of P , denoted at(P ), is the64

minimum size of an atlas for P .65

We refer to Figure 1. Figure 1a depicts a poset Q. Figures 1b and 1c show a collection of two66

maps where every element of Q is tight on at least one map, since elements {a, c, ab, ac, bc}67

are tight in the former and b is tight in the latter. As we are going to observe later, Q is the68

crown poset, which has dimension 3. Hence, it is not possible to find a map where more than69

five elements of Q are tight, or a collection of maps for Q with fewer than two maps. This70

implies that P has mapability 5 and atlas thickness 2.71

Note that, by definition, every 2-dimensional poset admits a single map such that every74

element of the poset is tight.75



S. Felsner, J. Hodor, G. Ortali, and A. Wolff 3

a b c

ab ac bc

(a)

a

b

c

ab

ac

bc

(b)
b

bc

ab

All other
elements

(c)

Figure 1 (a) The so-called crown poset Q. (b) A map of Q where all elements but b are tight.
(c) A map of Q where b is tight.
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Now that we have introduced the notion of an atlas, we briefly return to our motivation.76

Given an atlas A for P and an element x of P , we can use a simple look-up table to determine77

the map in A on which x is tight. If, for each map µ in A, we store the points in µ(P ) in a78

separate priority search tree Tµ, we can query Tµ with the quadrant [µ(x)1, ∞] × [µ(x)2, ∞]79

(see paragraph “Notation” on page 4) to determine the set succP [x] in O(| succP [x]| + log |P |)80

time [11]. The total space consumption of the priority search trees is O(at(P ) · |P |); the81

total preprocessing time for setting up the trees is their space consumption times a factor of82

O(log |P |).83

While our definition requires each map in A to define locations for every element in P ,84

this is not needed if just want to solve the above query problem. For example, in the map85

depicted in Figure 1c, there is no need to store the points in the gray circle. Hence, the total86

space consumption is just O(
∑

x∈P succP [x]), which is the number of pairs of comparable87

elements in P .88

Our contribution. We relate the atlas thickness of a poset to its dimension and width; see89

Section 2 for the proof of the following theorem.90

▶ Theorem 1. For every poset P , dim(P ) ≤ 2 at(P ) ≤ width(P ).91

The inequalities in Theorem 1 are tight, however, there are posets whose atlas thickness92

is much larger than their dimension. Note also that antichains have atlas thickness 1 and93

arbitrary width. The next two statements are proved in Section 3. Theorem 2 is witnessed by94

the family of standard examples, and Theorem 3 is witnessed by the family of the incidence95

posets of complete graphs.96

▶ Theorem 2. For every positive integer n, there is a poset Pn with dim(Pn) = 2 at(Pn) = 2n.97

▶ Theorem 3. There exists a sequence of posets (Pn)n≥1 such that at(Pn) = 22Ω(dim(Pn)) .98

The problem of checking whether a given poset has dimension at most k is NP-complete99

already for k = 3 [14]. Perhaps unsurprisingly, computing the parameters that we have100

introduced is also computationally hard; see Section 4.101

▶ Theorem 4. It is NP-complete to test whether the atlas thickness of a poset is at most 2.102

▶ Theorem 5. It is NP-complete to compute the mapability of a poset.103

Theorem 4 shows that computing the atlas thickness of a poset is paraNP-hard with104

respect to the natural parameter. This is in contrast to the mapability of a poset, which105

turns out to be fixed-parameter tractable (FPT) with respect to the natural parameter; see106

Section 5. We prove that the size of each poset is bounded in terms of its mapability.107
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▶ Theorem 6. There exists a computable function f such that, for every poset P , we have108

|P | ≤ f(dmap(P )).109

This directly yields an FPT-algorithm with respect to the mapability of the given poset.110

▶ Corollary 7. There exists a computable function g and an algorithm that, given a poset P ,111

returns the value dmap(P ) in time g(dmap(P )).112

Related work. Our work follows a recent trend in graph drawing to visualize a complex113

combinatorial or geometric object (say, a graph) by means of a collection of drawings, each114

of which includes all parts (say, edges), but highlights only a subset of them. For example,115

Hliněný and Masařík [8] introduced the notion of an uncrossed collection of a graph, that is, a116

collection of straight-line drawings of the graph such that every edge of the graph is uncrossed117

in at least one drawing in the collection. They considered two optimization problems; namely118

minimizing the size of the collection (the uncrossed number) and minimizing the total number119

of crossings in the collection (the uncrossed crossing number). They showed the latter problem120

NP-hard but in FPT with respect to the natural parameter. Similarly, Antić, Liotta, Masařík,121

Ortali, Pfretzschner, Stumpf, Wolff, and Zink [1] introduced unbent collections for plane122

4-graphs, that is, for embedded planar graphs of vertex degree at most 4. Such a collection123

contains orthogonal drawings of the given graph such that every edge of the graph is straight124

in at least one drawing in the collection. They also considered the corresponding optimization125

problems of computing, for a given plane 4-graph, the unbent number (which they proved to126

be always at most 3) and the unbent bend number (for which they showed NP-hardness and127

gave a 3-approximation algorithm).128

Less related are storyplans [3,7] and graph stories [2], where the drawings in the collection129

show only parts of the graph (with a prescribed property such as planarity) and the order of130

the drawings is relevant.131

Notation. For a positive integer k, we use [k] as shorthand for {1, 2, . . . , k}. For a poset P ,132

we let Max(P ) denote the set of all maximal elements of P , and we let |P | denote the number133

of elements of P . For a map µ and an element x of a poset P , we write µ(x)1 and µ(x)2 for134

the first and the second coordinates of µ(x) ∈ R2, respectively.135

For a poset P , for each element x of P , we write succP [x] = {y ∈ P : x ≤P y} and136

succP (x) = {y ∈ P : x <P y} to denote, respectively, the closed and the open set of successors137

of x.138

The incidence poset of a graph G, denoted by PG, is the poset with ground set V (G)∪E(G)139

such that, for every two elements x and y of PG, we have x < y if and only if x ∈ V (G),140

y ∈ E(G), and x is incident to y in G. For an example, see Figure 2.141
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Figure 2 (a) A graph G and (b) the incidence poset PG of G, represented as a DAG.142
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The pieces of text in gray explain statements that may be obvious for readers who feel at143

home with posets.144

2 Comparision Between Parameters145

The following lemma, which may be of independent interest, is the main tool for the proof of146

Theorem 1.147

▶ Lemma 8. For every poset P and for every map µ for P , there exists a map µ′ for P148

such that each element of P that is tight on µ is tight on µ′, and the two linear orders of the149

elements of P given by the orders on the coordinates of µ′ are linear extensions of P .150

Proof. Let T = {t1, . . . , tk} be the set of elements of P that are tight on µ. Note that some151

elements of P might have the same value under µ(·)1 or µ(·)2. Let x1, . . . , xk be any linear152

order on the elements of T extending the order given by µ(·)1, and let y1, . . . , yk any linear153

order on the elements of T extending µ(·)2. For each element p of P with p /∈ T , let154

i(p) = max({i ∈ [k] : xi < p} ∪ {0}) and j(p) = max({j ∈ [k] : yj < p} ∪ {0}).155

In other words, xi(p) is the largest element of T with respect to µ(·)1 that is below p in P ,156

and yj(p) is defined analogously. Next, for each i ∈ [k] ∪ {0}, let157

Xi = {p ∈ P \ T : i(p) = i} and Yi = {p ∈ P \ T : j(p) = i}.158

For each i ∈ [k]∪{0}, let Ki be an arbitrary linear extension of the subposet of P induced159

by the elements of Xi, and let Li be an arbitrary linear extension of the subposet of P160

induced by the elements of Yi. Finally, let µ′ be defined so that the linear order given by161

µ′(·)1 is the concatenation K = K0x1K1x2K2 . . . Kk−1xkKk, and the linear order given by162

µ′(·)2 is the concatenation L = L0y1L1y2L2 . . . Lk−1ykLk.163

To complete the proof, we need to verify that the elements of T are tight on µ′, and164

that L and K are linear extensions of P . An element p ̸∈ T can be pushed left and down.165

By definition of i(p) and j(p), however, it will not pass any t ∈ T with t < p in P . Hence,166

elements of T remain dominated by all their successors in P which means they remain tight.167

More formally, let t ∈ T be such that t = xi = yj . We will show that succP [t] = {p ∈168

P : µ′(t) ≤ µ′(p)} First, we have {p ∈ P : µ(t) ≤ µ(p)} ∩ T = {p ∈ P : µ′(t) ≤ µ′(p)} ∩ T .169

Next, let p be an element of P with p /∈ T . If p ∈ succP (t), i.e., t < p in P , then i ≤ i(p) and170

j ≤ j(p), hence, t < p in both L and K, and so, µ′(t) ≤ µ′(p). If µ′(t) ≤ µ′(p), then i ≤ i(p)171

and j ≤ j(p), hence, since the elements of T are tight on µ, we have µ(t)1 ≤ µ(xi(p))1 < µ(p)1172

and µ(t)2 ≤ µ(yj(p))2 < µ(p)2. It follows that t ≤ p in P , as desired.173

Note that K and L are linear extensions of P . Indeed, let p and p′ be distinct elements174

of P with p < p′, we claim that p < p′ in K. If p, p′ ∈ T , then this is clear since the elements175

of T are tight on µ. If p = xi ∈ T and p′ /∈ T , then i ≤ i(p′), hence, p < p′ in K. If p /∈ T and176

p′ = xi ∈ T , then i(p) < i as otherwise p′ ≤ xi(p) < p in P , which is a contradiction. From177

i(p) < i we then get p < p′ in K. Finally, assume that p, p′ /∈ T . By transitivity i(p) ≤ i(p′)178

follows from p < p′. If i(p) = i(p′), then since Ki(p) is a linear extension of the subposet of P179

induced by the elements of Xi(p), p < p′ in K. If i(p) < i(p′), then clearly p < p′ in K. This180

completes the proof that K is a linear extension of P . The proof that L is a linear extension181

of P is symmetric. ◀182

▶ Corollary 9. For every poset P , dim(P ) ≤ 2 at(P ).183
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Proof. Let P be a poset. By Lemma 8, there exists a collection of maps P for P of size at(P )184

such that every element of P is tight on at least one of the maps, and for every map the185

two linear orders of the elements of P given by the orders on the coordinates of the map are186

linear extensions of P . We claim that the collection L of 2 at(P ) mentioned linear extensions187

of P is a realizer of P .188

Let x and y be two incomparable elements in P . To conclude, we show that there is a189

linear extension in L such that x < y in L. Let µ ∈ P be a map on which y is tight. In190

particular, µ(y) ̸≤ µ(x), and so, there is an i ∈ [2] such that µ(x)i < µ(y)i. This completes191

the proof. ◀192

▶ Lemma 10. For every poset P and for every two chains C and D in P , there exists a193

map µ for P such that all the elements of C and D are tight on µ.194

Proof. Let P be a poset and let C = c1 < · · · < ck and D = d1 < · · · < dℓ be chains in P .195

Similarly as in the proof of Lemma 8, for each element p of P , we define196

i(p) = max({i ∈ [k] : ci ≤ p} ∪ {0}) and j(p) = max({j ∈ [ℓ] : dj ≤ p} ∪ {0}).197

Next, for each i ∈ [k] ∪ {0} and j ∈ [ℓ] ∪ {0}, let198

Ci = {p ∈ P \ C : i(p) = i} and Dj = {p ∈ P \ D : j(p) = j}.199

For each i ∈ [k] ∪ {0}, let Ki be an arbitrary linear extension of the subposet of P induced200

by the elements in Ci, and for each j ∈ [ℓ] ∪ {0}, let Lj be an arbitrary linear extension of201

the subposet of P induced by the elements in Dj . Finally, let µ be defined so that the linear202

order given by µ(·)1 is the concatenation K = K0c1K1c2K2 . . . Kk−1ckKk, and the linear203

order given by µ(·)2 is the concatenation L = L0d1L1d2L2 . . . Lℓ−1dℓLℓ.204

To complete the proof, we need to verify that the elements of C ∪ D are tight on µ. The205

orders L and K are linear extensions of P by definition. The elements of C are tight in K206

and the elements of D are tight in L. Since the order induced by the plane map µ is the207

intersection of K and L, all elements of C ∪ D are tight in µ.208

More formally, let i ∈ [k] and we will show that succP [ci] = {p ∈ P : µ(ci) ≤ µ(p)}. The209

proof for the elements of D is symmetric. First, let p ∈ succP [ci]. We claim that µ(ci) ≤ µ(p).210

This is clear when p = ci, hence, assume otherwise. Since ci < p in P , we have i ≤ i(p) and211

ci < p in L. This gives µ(ci)1 < µ(p)1. By definition, dj(p) ≤ p in P . It follows that dj(p) ̸≤ ci212

in P . In particular, as D is a chain, j(ci) < j(p) and ci < p in K. This gives µ(ci)2 < µ(p)2213

and µ(ci) < µ(p), as desired. Next, let p be an element of P with µ(ci) ≤ µ(p). In particular,214

µ(ci)1 ≤ µ(p)1 and ci < p in K. Since C is a chain, this implies ci < p in P and p ∈ succP [ci].215

This completes the proof. ◀216

▶ Theorem 1. For every poset P , dim(P ) ≤ 2 at(P ) ≤ width(P ).217

Proof. Corollary 9 implies the first inequality. By Dilworth’s theorem, a poset P can be218

covered by a family of width(P ) chains, hence, Lemma 10 implies the second inequality of219

the statement. ◀220

3 The Constructions221

In this section, we prove Theorems 2 and 3. In the core of the arguments, we use the following 6-222

element poset Q defined on the elements {a, b, c, ab, bc, ac} where a, b, c are minimal elements,223

ab, bc, ac are maximal elements, and the order relations are: a < ab, a < ac, b < ab, b < bc,224
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c < ac, c < bc; see Figure 1(i). Among order theorists, the poset Q is known as a crown or225

cycle and also as the standard example S3. It is well known that the dimension of Q is 3.226

This fact clearly implies Lemma 11 below. For completeness, we give a direct proof of the227

lemma anyway.228

▶ Lemma 11. There does not exist a map of Q where all of a, b, c are tight.229

Proof. Suppose to the contrary that µ is a map of Q where all of a, b, c are tight. Since they are230

all tight and they are pairwise incomparable in Q, we may assume that µ(a)1 < µ(b)1 < µ(c)1231

and µ(c)2 < µ(b)2 < µ(a)2. Since a < ac and c < ac in Q, we have µ(c)1 < µ(ac)1 and232

µ(a)2 < µ(ac)2. It follows that µ(b)1 < µ(ac)1 and µ(b)2 < µ(ac)2, hence, µ(b) < µ(ac).233

However, b and ac are incomparable in Q, which is a contradiction with b being tight in the234

considered map; see Figure 1(ii), where b is not tight. ◀235

▶ Theorem 2. For every positive integer n, there is a poset Pn with dim(Pn) = 2 at(Pn) = 2n.236

Proof. For every positive integer m, let Sm be the poset consisting of minimal elements237

a1, . . . , am and maximal elements b1, . . . , bm so that for all i, j ∈ [m], we have ai < bj238

if and only if i ≠ j. In other words, Sm is the standard example of order m. Standard239

examples are the canonical posets forcing dimension to be large, and they date back to the240

foundational paper of Dushnik and Miller [5] that initiated the study of dimension of posets.241

It is well-known that the dimension of the standard example of order m is exactly m.242

We show that the poset S2n witnesses the statement for all positive integers n. We243

have dim(S2n) = 2n. It suffices to show that n ≤ at(S2n). We claim that there is no triple244

i, j, k ∈ [2n] such that ai, aj , ak are all tight on a single map of Sn. Indeed, the subposet245

of Sn formed by ai, aj , ak, bi, bj , bk is isomorphic to the poset Q, hence, the claim follows246

from Lemma 11. This implies that n ≤ at(S2n), as desired. ◀247

▶ Theorem 3. There exists a sequence of posets (Pn)n≥1 such that at(Pn) = 22Ω(dim(Pn)) .248

Proof. For every positive integer m, let Pm be the incidence poset of the complete graph on m249

vertices, Km. The dimension of such posets is well understood. In fact, in the 1970’s, Spencer250

proved that dim(Pm) = O(log log m), see [13, p.580] and [9] for more precise estimates of251

dim(Pm). To complete the proof, we show that for every positive integer m, at(P2m) ≥ m.252

Let m be a positive integer. We claim that there is no triple u, v, w of the vertices of Km253

such that u, v, w are all tight on a single map of P2m. Indeed, the subposet of P2m formed254

by u, v, w, uv, vw, uw is isomorphic to the poset Q. Hence, the claim follows from Lemma 11.255

This implies that m ≤ at(P2m), as desired. ◀256

4 Complexity257

In this section, we prove that it is NP-complete to compute the atlas thickness or the258

dominance mapability of a given poset (Theorems 4 and 5). The main idea is to consider259

incidence posets of graphs and to show that a subset of tight vertices in such a poset260

corresponds to a linear forest in this graph (see Lemmas 13 and 14).261

In the case of the atlas thickness of a poset (Theorem 4), we will reduce from the problem262

of partitioning the vertex set of a graph into two sets such that each induces a linear forest.263

The NP-hardness of this problem was observed by Chaplick, Fleszar, Lipp, Ravsky, Verbitsky,264

and Wolff [4, Theorem 12]. It follows from a general result of Farrugia [6], who showed that,265

for any additive induced-hereditary properties Π, it is NP-hard to decide whether the vertex266

set of a graph can be partitioned into two sets that have property Π.267
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In the case of the dominance mapability of a poset (Theorem 5), we will reduce from268

the problem of finding a subset of k vertices of a given graph that induces a linear forest.269

The NP-hardness of this problem follows from another general result proved by Lewis and270

Yannakakis [10], who showed that removing the minimum number of vertices from a graph G271

such that the remaining induced subgraph has a property Π is NP-hard if Π is non-trivial272

and hereditary.273

The crucial ingredient for the proof is the well-known characterization of incidence posets274

of dimension at most 2, which is stated in the following proposition. We provide a direct275

proof, which will help us to show Lemma 13.276

▶ Proposition 12. The dimension of the incidence poset PG of a graph G is at most 2 if277

and only if G is a linear forest.278

Proof. The incidence order of a linear forest is an induced subposet of the incidence poset of279

a path, hence, it is sufficient to show that the incidence poset of a path is 2-dimensional. Let G280

be a path with vertices a1, . . . , aℓ+1 and edges ei = aiai+1 for i = 1, . . . , ℓ, then the following281

two linear extensions of PG are a realizer of size two: K = a1, a2, e1, a3, e2, . . . , aℓ+1, eℓ and282

L = aℓ+1, aℓ, eℓ, . . . , a2, e2, a1, e1.283

If G is not a forest, then G contains a cycle C. It is well known that the dimension of PC284

is 3, hence dim(PG) ≥ 3 in this case. If G is a forest but not a linear forest, then G contains285

a 3-star. The incidence poset of a 3-star is a poset on 7 elements called spider. It is well286

known that the dimension of the spider is 3, hence again dim(PG) ≥ 3. Cycle posets and the287

spider are indeed 3-irreducible posets, i.e., they are 3-dimensional and all their subposets are288

2-dimensional, cf. [13, p. 573] and the references given there. ◀289

▶ Lemma 13. Let G be a graph and let U ⊆ V (G). If G[U ] is a linear forest, then there290

exists a map of PG such that the elements in U ∪ E(G) are tight.291

Proof. In the proof of Proposition 12, we have shown how to construct two linear orders K292

and L that form a realizer of PG[U ]. Edges of G that are incident to just one element u in U293

can be placed in K and L just above u. All the remaining elements of PG can be put at the294

beginning of K and at the end of L. Figure 3 illustrates the construction. ◀295

▶ Lemma 14. Let G be a graph, let U ⊆ V (G), and let µ be a map of PG. If all the elements302

of U are tight on µ, then G[U ] is a linear forest.303

Proof. This follows directly from Proposition 12. ◀304

▶ Theorem 4. It is NP-complete to test whether the atlas thickness of a poset is at most 2.305

Proof. The problem is clearly in NP. As announced at the beginning of this section, we infer306

the NP-hardness by a reduction from the problem of partitioning the vertex set of a graph307

into two sets such that each induces a linear forest, which is NP-hard [4, Theorem 12]. We308

show that the vertices of a graph G can be partitioned into two sets inducing linear forests if309

and only if at(G) ≤ 2.310

First, given such a partition U1, U2 of V (G), Lemma 13 implies that there are two maps311

µ1 and µ2 of PG such that Ui ∪ E(G) is tight in µi for each i ∈ [2]. It follows that at(PG) ≤ 2.312

On the other hand, suppose that we are given two maps µ1 and µ2 of PG such that every313

element of PG is tight either on µ1 or on µ2. By Lemma 14, the vertices of G that are tight314

on µ1 induce a linear forest in G, and so do the vertices that are tight on µ2. This represents315

the required partition. ◀316
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U
u2

u3
u1

u4

u5

(a)

u2 u3 u1 u4 u5

(b)

u1

u2

u3

u4

u5 ℓ ℓ′

all other elements

K

L

(c)

Figure 3 Illustration for the proof of Lemma 13: (a) a graph G with a path G[U ] highlighted
in red; (b) the incidence poset PG; (c) the map µ. All the vertices of U are placed on the line ℓ in
an order compatible with the order of U . The edges of type uiui+1 (red squares) are placed on ℓ′

between ui and ui+1. Each other edge (black square) is placed on ℓ′ between the red squares ui−1ui

and uiui+1 if it is incident to ui Finally, all the other elements are placed on the side (here at the
top of ℓ′).

296

297

298

299

300

301

▶ Theorem 5. It is NP-complete to compute the mapability of a poset.317

Proof. The problem is clearly in NP. As announced at the beginning of this section, we infer318

NP-hardness by a reduction from the NP-hard problem of finding a subset of k vertices of a319

given graph that induces a linear forest. We show that a graph G contains a subset of at320

most k vertices that induces a linear forest in G if and only if dmap(PG) ≤ k + |E(G)|.321

Given such a subset, Lemma 13 immediately implies that there exists a map of PG where322

at least k + |E(G)| elements are tight, and so, dmap(PG) ≤ k + |E(G)|.323

On the other hand, suppose that we are given a map of PG where at least k + |E(G)|324

elements are tight. At least k of these elements are in V (G) by the pigeonhole principle. It325

follows by Lemma 14 that this subset of vertices induces a linear forest in G, as desired. ◀326

5 An FPT-Algorithm for Dominance Mapability327

In this section, we prove Theorem 6, which implies that, given a poset P , computing its328

mapability dmap(P ) is FPT with respect to the natural parameter (see Corollary 7). Namely,329

we will upperbound the size of a poset in terms of its mapability. The next statement is a330

direct corollary of Lemma 10 applied to a maximum chain and a singleton.331

▶ Corollary 15. For every poset P of height h that is not a chain, we have h ≤ dmap(P ) − 1.332

A subset M of P is an up-module if any two elements of M have the same successors, i.e.,333

succP (u) = succP (v) for all u, v ∈ M . Note that an up-module must be an antichain. If M is334

an up-module, then we write succP (M) to denote the set of successors of the elements of M .335

▶ Lemma 16. Let P be a poset. If M is an up-module of P , then |M | ≤ dmap(P ).336
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Proof. Let µ be a map where some element v ∈ M is tight. By Lemma 8 we can assume337

that the coordinate projections of µ are linear extensions of P . We can also assume that all338

coordinates are integers. Let ℓ the line of slope −1 through µ(v) and let s be a segment of339

length 1 on ℓ which contains µ(v). Note that our assumption about µ imply that succP (M) =340

succP (v) = {w ∈ P : x <dom µ(w)} for every point x on s. Hence, if we place the elements341

of M at distinct points of s we create a map where all elements of M are tight. ◀342

Observe that the set Max(P ) is an up-module. Hence, Lemma 16 implies the following343

statement.344

▶ Corollary 17. For every poset P , we have | Max(P )| ≤ dmap(P ).345

Given two positive integers a and k, ka is a tower of a’s of height k. For example,346

32 = 222 = 16. More formally, 1a = a and, for any positive integer i, ia = a(i−1a). We extend347

this notation and write k
b a to denote a tower of total height k where the top element is b and348

the remaining (k − 1) elements are a’s. For example, 3
42 = 224 = 216.349

We prove the following theorem with respect to the function f(d) = d
d4.350

▶ Theorem 6. There exists a computable function f such that, for every poset P , we have351

|P | ≤ f(dmap(P )).352

Proof. Let h be the height of P , and let d = dmap(P ). The canonical antichain partition353

of P is the partition of the elements of P into h antichains. Deviating from the standard354

definition we construct the canonical antichain partition top-down instead of bottom-up.355

Let A1 = Max(P ) and, for each k ∈ [h] \ {1}, let Ak be the set of maximal elements of356

the induced poset P \
⋃k−1

j=1 Aj . We will identify a function f such that, for every k ∈ [h],357

|Ak| ≤ f(k). The function f will grow very fast. In particular, for every k ≥ 2, we will have358

f(k) ≥ 3
k−1∑
j=1

f(j) and d ≤ 2(2/3)f(k−1). (⋆)359

Since A1 = Max(P ), we obtain from Corollary 17 that |A1| ≤ d. We set f(1) = d. Note that360

this yields |A1| ≤ f(1) and fulfills the right inequality in (⋆) for every k ≥ 2. (For k = 2, this361

is due to the fact that x ≤ 22x/3 holds for every x > 0. For k > 2, this is due to the fact that362

f grows.)363

Now consider k ∈ [h] \ {1}, and let M be a partition of Ak into maximal up-modules.364

By Lemma 16, for every M ∈ M, we have |M | ≤ d. In particular, |Ak| ≤ d · |M|. A module365

M ∈ M is determined by succP (M), which is a subset of
⋃k−1

j=1 Aj . Due to (⋆), i.e., the fast366

growth of f , we have367 ∣∣∣∣∣∣
k−1⋃
j=1

Aj

∣∣∣∣∣∣ ≤
k−1∑
j=1

f(j) = f(k − 1) +
k−2∑
j=1

f(j) ≤ 4
3f(k − 1).368

This implies that there are at most 2(4/3)f(k−1) choices for succP (M). Again using (⋆), we369

get370

|Ak| ≤ d · 2(4/3)f(k−1) ≤ 2(2/3)f(k−1)2(4/3)f(k−1) = 22f(k−1) = 4f(k−1).371

If we now set f(k) = k
d4, then (⋆) is fulfilled for k ≥ 2, and |Ak| ≤ f(k) for k ∈ [h] (including372

k = 1). Using (⋆) and Corollary 15, we finally get373

|P | ≤
h∑

j=1
f(j) ≤ 1

3f(h + 1) ≤ f(d) = d
d4. ◀374



S. Felsner, J. Hodor, G. Ortali, and A. Wolff 11

6 Open Problems and Future Directions375

We have introduced the new concepts of mappability and atlas thickness, and we conclude376

by highlighting several open problems for future investigation.377

1. If we embed into R instead of R2, we just get the width of the poset. Is it interesting to378

consider higher dimensions?379

2. We have proved that, for every poset P , dim(P ) ≤ 2 at(P ) and that there exist posets380

(incidence posets of complete graphs) with the atlas thickness huge relative to their381

dimension. However, we did not find a family of posets with constant dimension and382

unbounded atlas thickness. On the other hand, it is well-known that the Boolean dimension383

of incidence posets of complete graphs is bounded, thus our family of posets separates384

Boolean dimension and atlas thickness. It would be interesting to understand if dimension385

and atlas thickness are functionally equivalent or not.386

3. The following class of parameters of posets may be worth studying: For a given poset P387

and positive integer k, find the minimum t(k) such that there exists a family R of linear388

extensions with:389

the size of R is at most k · dim(P ),390

for each v in P , there is a subfamily R(v) ⊆ R of size at most t(k) such that391

succP [v] = {w ∈ P : v ≤L w for every L ∈ R(v)} (we could say that v is tight in R(v)).392

The motivation for the definition is that we obtain a data structure that allows us to393

answer comparison queries (<, ∥, >) with space requirement O(k · dim(P ) · n) and query394

time O(t(k)).395
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