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Foreword

These notes had their origin in a postgraduate lecture series I gave at the Eid-
genossiche Technische Hochschule (ETH) in Ziirich in the Spring of 2000. I am
very grateful to my hosts, the Forschungsinstitut fiir Mathematik at ETH, for
providing the ideal opportunity to develop and present this material in what I
hope is a reasonably coherent manner, and also for encouraging and assisting me
to record the proceedings in these lecture notes.

The subject of the lecture series was counting (of combinatorial structures)
and related topics, viewed from a computational perspective. As we shall see,
“related topics” include sampling combinatorial structures (being computationally
equivalent to approximate counting via efficient reductions), evaluating partition
functions (being weighted counting) and calculating the volume of bodies (being
counting in the limit).

We shall be inhabiting a different world to the one conjured up by books with
titles like Combinatorial Enumeration or Graphical Enumeration. There, the prob-
lems are usually parameterised on a single integer parameter n, and the required
solutions are closed form or asymptotic estimates obtained using very refined and
precise analytical tools. An example problem might be “how many distinct unla-
belled graphs are there on n vertices?”

Instead, we shall be working in a somewhat messier world of problems, ul-
timately inspired by practical applications, in which an instance (say, an undi-
rected graph) is presented and one is asked to count certain structures (say perfect
matchings) within it. (The “practical application” in this instance might be in the
domain of statistical physics, where perfect matchings are configurations of the
“dimer model”.) A solution in this world is an efficient algorithm which takes as
input the problem instance, and outputs the number of structures. As a first cut,
“efficient” is taken to mean “having a running time that scales as a polynomial
in some natural measure of the instance size”. Later, particularly if the problem
seems reasonably close to practical application, one might well be concerned to
reduce the degree of the polynomial as far as possible.

These notes open with a couple of examples of combinatorial structures that
can be counted exactly polynomial time. Although the examples are classical, I
decided to include them because (i) they perfectly demonstrate the ideal we are
aiming for, and (ii) the ideas on which they are based are beautiful and worth re-
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flecting on. It transpires that these two examples are the exceptions that prove the
empirical rule that exact counting is hard. The theory of #P-completeness, which
we review briefly, provides evidence for the latter assertion. To make progress, we
lower our sights by seeking solutions (i.e., algorithms) that are approximate only,
but which nevertheless come with rigorously derived guarantees on the relative
error of the results they produce. The notion of efficient approximation algorithm
is formalised in the definition of “FPRAS”.

Of the various approaches to designing efficient approximation algorithms
for counting problems, by far the most fruitful has been “Markov chain Monte
Carlo” (MCMC). The idea is to accumulate information on a set of combinatorial
structures by performing a random walk (i.e., simulating a Markov chain) on
those structures. The running time of an MCMC algorithm depends on the rate
of convergence to equilibrium of this Markov chain, as formalised in the notion of
“mixing time” of the Markov chain. To my mind, the most exciting developments
in the area in recent years have been the introduction and refinement of various
analytical tools for bounding the mixing time of combinatorially-defined Markov
chains. A survey of these tools forms the primary theme of these notes. Geometric,
canonical path and coupling arguments are all covered, together with illustrating
examples.

Not every counting problem can be solved efficiently, even in the approximate
FPRAS sense, and the notes close with some remarks on intractable problems.

Despite the relative youthfulness of the topic, any treatment of this length
must necessarily miss out more than it includes. In particular, with the intention of
getting close to the coal-face of current research, I have concentrated on the MCMC
approach to the exclusion of others. Among the sacrifices this decision entailed is
Karp and Luby’s proposal for estimating the size of a union of sets [40]. Moreover, I
have said nothing at all about the sampling and counting of unlabelled structures,
despite a reasonably extensive, if somewhat provisional body of work on the subject
(see surveys by Jerrum [34] and Goldberg [31]). Even within the MCMC theme
my coverage is certainly not exhaustive. Among several authors who have a right
to be offended by the omission of their work are Feder and Mihail [27], with their
surprising and elegent inductive approach to counting and sampling matroid bases.
The comparison method of Diaconis and Saloff-Coste [19] also escapes mention,
as does the decomposition approach of Madras and Randall [48].

So much for intention; now for the means. It is a pleasure to record my grat-
itude to various research students and associates at the Institut fiir Theoretische
Informatik at ETH for capturing so well the content of the lectures in written
form, and ultimately as TEX source files. They are: Christoph Ambiihl, Alex Be-
low, Bernd Gartner, Michael Hoffmann, Zsuzsanna Liptédk, Samuele Pedroni and
Uli Wagner. These files, together with fragments of earlier surveys, formed the raw
material for this volume. I also gratefully acknowledge the contribution of Alistair
Sinclair, who collaborated on a significant proportion of the work described in
these pages.



xi

But as well as thanking the note takers, I must also apologise to them. For
the raw material they provided has undergone a series of reworkings, accumulating
layers of extra material until an archaeologist would be required to uncover the
ur-text. First, I realised that extra explanation would be required to make the
material comprehensible in the absence of the spoken and somewhat interactive
presentations. Then there was the matter of imposing some overall consistency of
notation and terminology where it had been lacking in the lectures, and attempting
some limited moves in the direction of a uniform style. Then there were the things
I wish I had done slightly differently, and where the temptation to rewrite history
was simply too great. Finally, I abandoned any attempt to mirror the division of
the course into lectures in the structure of this volume. Anyway, the fact is that
without their efforts there would be no book (and certainly no fancy illustrations
to enliven the text).

Mark Jerrum, Edinburgh, April 2002.



Chapter 1

Two good counting algorithms

Counting problems that can be solved exactly in polynomial time are few and
far between. Here are two classical examples whose solution makes elegant use of
linear algebra. Both algorithms predate the now commonplace distinction between
polynomial and exponential time, which is often credited (with justification) to
Edmonds in the mid 1960s; indeed our first example dates back over 150 years!

1.1 Spanning trees

Basic graph-theoretic terminology will be assumed. Let G = (V, E) be a finite
undirected graph with vertex set V' and edge set E. For convenience we identify
the vertex set V with the first n natural numbers [n] = {0,1,...,n — 1}. The
adjacency matriz A of G is the n X n symmetric matrix whose ij’th entry is 1
if {i,j} € E, and 0 otherwise. Assume G is connected. A spanning tree in G
is a maximum (edge) cardinality cycle-free subgraph (equivalently, a minimum
cardinality connected subgraph that includes all vertices). Any spanning tree has
n — 1 edges.

Theorem 1.1 (Kirchhoff). Let G = (V, E) be a connected, loop-free, undirected
graph on n vertices, A its adjacency matriz and D = diag(dy,...,dn—1) the diag-
onal matriz with the degrees of the vertices of G in its main diagonal. Then, for
any i, 0<i<n-—1,

# spanning trees of G = det(D — A);;,

where (D — A);; is the (n — 1) x (n — 1) principal submatriz of D — A resulting
from deleting the i’th row and i’th column.

Since the determinant of a matrix may be be computed in time O(n®) by
Gaussian elimination, Theorem 1.1 immediately implies a polynomial-time algo-
rithm for counting spanning trees in an undirected graph.

M. Jetrum Counting, Sampling and Integrating: Algorithms and Complexity
© Birkhauser Verlag 2003
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2 1 -1 0 0 1 0 o0
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Graph G D-A (D - A)n

Figure 1.1: Example illustrating Theorem 1.1.

Example 1.2. Figure 1.1 shows a graph G with its associated “Laplacian” D — A
and principal minor (D — A)y;. Note that det(D — A);; = 3 in agreement with
Theorem 1.1.

Remark 1.3. The theorem holds for unconnected graphs G, as well, because then
the matrix D — A associated with G is singular. To see this, observe that the rows
and columns of a connected graph add up to 0 and, similarly, those of any sub-
matrix corresponding to a connected component add up to 0. Now choose vertex
i and a connected component C such that ¢ ¢ C. Then, the columns of (D — A);;
that correspond to C are linearly dependent, and (D — A);; is singular.

Our proof of Theorem 1.1 follows closely the treatment of van Lint and
Wilson [65], and relies on the following expansion for the determinant, the proof
of which is deferred.

Lemma 1.4 (Binet-Cauchy). Let A be an (r x m)- and B an (m X r)-matriz. Then

det AB = Z det A,s det Bs,,
SC[ml,
ISi=r

where A,s is the square submatriz of A resulting from deleting all columns of A
whose indez is not in S, while, similarly, Bs, is the square submatriz of B resulting
from B by deleting those rows not in S.

Remark 1.5. Typically, r is smaller than m. However, the lemma is also true for
r > m. Then the sum on the right is empty and thus 0. But also AB is singular,
since rank AB <rankA<m <.

Let H be a directed graph on n vertices with m edges. Then the incidence
matriz of H is the (n x m)-matrix N = (vye) where

+1, if vertex v is the head of edge e;
Vye = { —1, if v is the tail of e;
0, otherwise.
The weakly connected components of H are the connected components of the un-

derlying undirected graph, i.e., the graph obtained from H by ignoring the orien-
tations of edges.
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Fact 1.6.
rank N = |V(H)| — |C(H)| = n — |C(H)],

where V(H) is the vertez set of H and C(H) C 2V(H) is the set of (weakly)
connected components of H.

Proof. Consider the linear map represented by N T, the transpose of N. It is easy
to see that, if h is a vector of length n, then

NTh=0 & his constant on connected components,

ie., i,j € C = h; = h;, for all C € C(H). This implies that dimker N = |C(H),
proving the claim, since rank N =rank N7 =n — dimker N T. t

Fact 1.7. Let B be a square matriz with entries in {—1,0,+1} such that in each
column there is at most one +1 and at most one —1. Then, det B € {—1,0,+1}.

Proof. We use induction on the size n of B. For n = 1, the claim in trivial. Let
n > 1. If B has a column which equals 0, or if each column has exactly one +1
and one —1, then B is singular. Otherwise there is a column j with either one +1
or one —1, say in its 7’th entry b;;, and the rest 0’s. Developing det B by this entry
yields det B = +b;; det B;;, where B;; is the minor of B obtained by deleting row ¢
and column j. By the induction hypothesis, the latter expression equals —1, 0 or
+1. O

The ingredients for the proof of Kirchhoff’s result are now in place.

Proof of Theorem 1.1. Let G be an arbitrary orientation of G, N its incidence
matrix, and S C E be a set of edges of G with | S| = n — 1. Then, by Fact 1.6,

rank(N,s) =n —1 & S is the edge set of a tree. (1.1)

(The condition that S is the edge set of a tree again ignores the orientation of
edges in S.) If N’ results from N by deleting one row, then

rank(N,g) = rank(N.,s). (1.2)
This is because the deleted row is a linear combination of the others, since the

rows of N add up to 0. Combining (1.1) and (1.2) with Fact 1.7 gives us

+1, if S is a spanning tree;

det N'g = { (1.3)

0, otherwise.
Now observe that D — A= NN, since

-1, if {i,j} € E;
(NNT)y = Y vievje = Qdiy  if i = jj
e€E 0, otherwise.
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Clearly, (D — A);; = N’(N')T where N’ results from N by deleting any row i.
Thus,

det(D — A)y; = det(N/(NI)T)

Z det N/ g det((N')T)s. by Lemma 1.4
|Sl=n—1
= ) detNig det(Nlg)"
|S|=n—1
= # spanning trees of G by (1.3).

It only remains to prove the key lemma on expanding determinants.

Proof of Lemma 1.4. We prove a more general claim, namely

det AAB = Y det A,s det B, [] s,

SClm], i€s
|S|="r

where A = diag(eg,...,em—1). The lemma follows by setting all e; to 1. Ob-
serve that entries of AAB are linear forms in eg,...,¢e,_1. Thus, det AAB is a
homogeneous polynomial of degree r in ey, ...,emn—_1, i.e., all monomials have de-
gree r. Comparing coefficients will yield the desired result. First we observe that
every monomial in det AAB must have r distinct variables. For if not, consider
a monomial with the fewest number of distinct variables, and suppose this num-
ber is less than r. Setting all other variables to 0 will result in det AAB = 0,
since rank AAB < rankA < r and AAB is singular. But det AAB = 0 im-
plies that the coefficient of the monomial is 0. Now look at a monomial with
exactly r distinct variables, say Hie g €i- Set these variables to 1 and all others
to 0. Then, AAB evaluates to A,sBs«, and hence the coefficient of Hie g€ is
det A,sBg, = det A,g det Bg,.

It is possible to generalise Theorem 1.1 to directed graphs G = (V, E), where a
directed spanning tree (or arborescence) is understood to be a subgraph (V, TCE)
where (i) (V,T) with the orientation of edges ignored forms a spanning tree of the
unoriented version of G, and (ii) the orientations of edges in T are consistently
directed towards some distinguished vertex or root r. Equivalently, it is an acyclic
subgraph in which every vertex other than the distinguished root r has outdegree 1,
and the root itself has outdegree 0. (There does not seem to be agreement on
whether edges should be directed towards or away from the root; towards seems
more natural — corresponding as it does to functions on [n] with a unique fixed
point — and in any case better suits our immediate purpose.)

An Eulerian circuit in a directed graph G is a closed path (i.e., one that
returns to its starting point) that traverses every edge of G exactly once, respecting
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the orientation of edges. (The path will not in general be simple, that is to say it
will visit vertices more than once.) The number of Eulerian circuits in a directed
graph is related in a simple way to the number of arborescences, so these structures
also can be counted in polynomial time. For details see Tutte [60, §VI1.3, §V1.4].

Open Problem. To the best of my knowledge, it is not known whether there exists
a polynomial-time algorithm for counting Eulerian circuits in an undirected graph.
Note that the usual strategy of viewing an undirected graph as a directed graph
with paired anti-parallel edges does not work here.

Exercise 1.8. Exhibit an explicit (constant) many-one relation between the Eu-
lerian circuits in a directed graph G and the arborescences in G. Hint: use the
arborescence to define an “escape route” or “edge of final exit” from each vertex.

1.2 Perfect matchings in a planar graph

Let G = (V, E) be an undirected graph on n vertices (V = [n], for convenience).
A matching in G is a subset M C F of pairwise vertex-disjoint edges. A matching
M is called perfect if it covers V, i.e., |JM = V. Note that n must be even for a
perfect matching to exist.

Around 1960, Kasteleyn discovered a beautiful method for counting perfect
matchings in a certain class of “Pfaffian orientable” graphs, which includes all
planar graphs as a strict subclass. Linear algebra is again the key.

Fact 1.9. If M, M’ are two perfect matchings in G, then M UM’ is a collection of
single edges and even (i.e., even length) cycles.

Let G = (V,E) be an undirected graph, C an even cycle in G, and G an
orientation of G. We say that C is oddly oriented by G if, when traversing C in
either direction, the number of co-oriented edges (i.e., edges whose orientation
in G and in the traversal is the same) is odd. (Observe that the direction in which
we choose to traverse C is not significant, since the parity in the other direction

is the same.) An orientation G of G is Pfaffian (also called admissible) if the the
following condition holds: for any two perfect matchings M, M’ in G, every cycle

in M UM’ is oddly oriented by G. Note that all cycles in M U M’ are even.
Remark 1.10. The definition of Pfaffian orientation given above is not equivalent
to requiring that all even cycles in G be oddly oriented by G, since there may be
even cycles that cannot be obtained as the union of two perfect matchings.

Let G be any orientation of G. Define the skew adjacency matriz As(é) =
(a;;:0<4,5<n—1) of Gby

—

+1, if (i,5) € E(G);
aij =1 -1, if (j,i) € E(G);

0, otherwise.
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The edge set of M U M’

|

Pairs of matchings (M, M') Even cycle covers of G

0O
] N

o o

o-===—=—=0
L4
‘
'
)
!
'
[ ]

Figure 1.2: Bijection between pairs of matchings in G and even cycle covers of G.

Theorem 1.11 (Kasteleyn). For any Pfaffian orientation G of G,

# perfect matchings in G = {/det A,(G).

Our proof of Theorem 1.11 borrows from Kasteleyn [41] and Lovész and
Plummer [45]. Denote by G the directed graph obtained from G by replacing each
undirected edge {i,j} by the anti-parallel pair of directed edges (i,j), (j,%). An
even cycle cover of G is a collection C of even directed cycles C C E(G) such that
every vertex of G is contained in exactly one cycle in C.

Lemma 1.12. There is a bijection between (ordered) pairs of perfect matchings in G
and even cycle covers in G.

Proof. Let (M, M') be a pair of perfect matchings in G. For each edge in M N M’
(i.e, each edge in M U M’ that does not lie in an even cycle) take both directed

edges in G. Now orient each cycle C in MUM’ (with length > 4) according to some
convention fixed in advance. For example, take the vertex with lowest number in C
and orient the incident M-edge away from it. The resulting collection C of directed

cycles is an even cycle cover of G.

The procedure may be reversed. First, each oriented 2-cycle in C must cor-
respond to an edge that is in both M and M’. Then, each even cycle C € C of
length at least four may be decomposed into alternating M-edges and M’-edges;
the convention used to determine the orientation of C will indicate which of the
two possible decompositions is the correct one. a
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Proof of Theorem 1.11. In view of the previous lemma, we just need to show that
det A4(G) counts even cycle covers in G. Now,

n—1
det As(a') = Z sgnm H @i (i) (1.4)
TESn i=0

where S, is the set of all permutations of [n], and sgn is the sign of permuta-
tion 7.! Consider a permutation m and its (unique) decomposition into disjoint
cycles m =71 - y. Each 7; acts on a certain subset V; C V. The corresponding
product Hievj @i r(iy is non-zero if and only if the edges {(i,7(¢)) : i € V;} form
a directed cycle in G, since otherwise one of the a; r(;; would be 0. Thus, there
is a one-to-one correspondence between permutations 7 with non-zero (i.e., +1)
contributions to (1.4) and cycle covers in G.

We now claim that sum (1.4) is unchanged if we restrict it to permutations
with only even length cycles. To see this, consider a permutation 7 and an odd
length cycle «; in =, say the first in some natural ordering on cycles. Let 7’ =
41+ (v;) 71+ -1k be identical to 7 except that ; is reversed. Then, H::Ol Qi n(i) =
- H?;ol a; x(i)- Moreover, since both 7 and 7' are products of cycles of the same
lengths, sgnm = sgnn’. Thus, the contributions of m and 7’ cancel out in (1.4).
(Note that for this part of the argument, we do not need that G is Pfaffian.) Thus
we may pair up permutations with odd cycles so that they cancel each other.

Now consider a permutation = which consists only of even length cycles and
does not vanish in (1.4). As remarked above, 7 corresponds to an even cycle cover

of G, which, by Lemma 1.12, corresponds to a pair of perfect matchings in G.
Because G is Pfaffian, each cycle C; corresponding to a cycle v; of 7 is oddly
oriented by G. Thus, each 7; contributes a factor —1 to H;:Ol a; n(;) While it

also contributes a factor —1 to sgnm, being an even cycle. Therefore, overall, 7
contributes 1 to the sum (1.4). O

Theorem 1.11 provides a polynomial-time algorithm for counting perfect
matchings in a graph G, provided G comes equipped with a Pfaffian orientation.
But which graphs admit a Pfaffian orientation?

Lemma 1.13. Let G be a connected planar digraph, embedded in the plane. Suppose
every face, except the (outer) infinite face, has an odd number of edges that are
oriented clockwise. Then, in any simple cycle C, the number of edges oriented
clockwise is of opposite parity to the number of vertices of G inside C. In particular,
G is Pfaffian.

Proof. First, let’s see why the condition on simple cycles implies G is Pfaffian.
Consider a cycle C' created by the union of a pair of perfect matchings in G. Then

1The sign of 7 is +1 if the cycle decomposition of m has an even number of even length cycles,
and —1 otherwise.
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—
3 T 3 l
C T<_T<__
1 T
°

1
——>0—>0
Figure 1.3: Example graph illustrating various quantities in the proof.

C has an even number of vertices inside it, since otherwise there would be a vertex
inside C' which is matched with a vertex outside C, contradicting planarity. Thus,
the number of edges in C oriented clockwise is odd, implying that G is Pfaffian.

We now prove the main part of the lemma. Take a cycle C. We need the
following definitions:

v = # vertices inside C,

k = # edges on C = # vertices on C,

¢ = # edges on C oriented clockwise,

f = # faces inside C,

e = # edges inside C,

c; = # clockwise edges on the boundary of face i fori =0,..., f — 1.

In the example graph illustrated in Figure 1.3, the cycle C is denoted in bold face.
Here, v =1, k =8, ¢ = f = e = 4, and the various ¢; are included in the figure.
According to Euler’s formula,

# vertices # faces # edges

which implies
e=v+f-1 (1.5)

Now, for all ¢, by assumption, ¢; = 1 (mod 2), and thus f = Z{;ol ¢; (mod 2).

On the other hand, Zj:ol ¢; = ¢+ e, since each interior edge borders two faces,
and in exactly one of these it is oriented clockwise. So,

f=c+e
=c+v+f-1 (mod 2) by (1.5),
and hence ¢+ v is odd. O

Theorem 1.14. Every planar graph has a Pfaffian orientation.
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Figure 1.4: Orient e according to the condition of Lemma 1.13.

Proof. Without loss of generality, we may assume G is connected, since we may
otherwise treat each connected component separately. We prove the theorem by
induction on m, the number of edges. As the base of our induction we take the case
when G is a tree, and any orientation is Pfaffian. Now, look at a planar graph G
with m > n edges, and fix an edge e on the exterior (i.e., e borders the infinite
face of G). By the induction hypothesis, G \ e has a Pfaffian orientation. Adding
e creates just one more face; orient e in such a way that this face has an odd
number of edges oriented clockwise. (Figure 1.4 illustrates the situation.) Then,
by Lemma 1.13, the orientation is Pfaffian. a

Open Problem. The computational complexity of deciding, for an arbitrary input
graph G, whether G has a Pfaffian orientation is open. It is neither known to be in P
nor to be NP-complete. The restriction of this decision problem to bipartite graphs
was recently shown to be decidable by Robertson, Seymour and Thomas [55], and
independently by McCuaig.

Note however, that the proof of Theorem 1.14 gives us a polynomial algorithm
for finding a Pfaffian orientation of a planar graph G, and hence for counting the
number of perfect matchings in G.

Exercise 1.15. In the physics community, perfect matchings are sometimes known
as “dimer covers.” It is of some interest to know the number of dimer covers of a
graph G when G has a regular structure that models, for example, a crystal lattice.
Let A to be the L x L square lattice, with vertex set V(A) = {(¢,7) : 0 < 4,5 < L}
and edge set E(A) = {{(i,5), (,5")} : [i —¢'| +|j — j'| = 1}. Exhibit a (nicely
structured!) Pfaffian orientation of A.

Exercise 1.16. Exhibit a non-planar graph that admits a Pfaffian orientation.

Exercise 1.17. Exhibit a (necessarily non-planar) graph that does not admit a
Pfaffian orientation.

Exercise 1.18. The dimer model is one model from statistical physics; another
is the Ising model. Computing the “partition function” of an Ising system with
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underlying graph G in the absence of an external field is essentially equivalent to
counting “closed subgraphs” of G: subgraphs (V, ACF) such that the degree of
every vertex i € V in (V, A) is even (possibly zero). Show that the problem of
counting closed subgraphs in a planar graph is efficiently reducible to counting
perfect matchings (or dimer covers) in a derived planar graph. The bottom line is
that the Ising model for planar systems with no applied field is computationally
feasible.

Valiant observes that in the few instances where a counting problem is known
to be tractable, it is generally on account of the problem being reducible to the
determinant. All the examples presented in this chapter are of this form. This
empirical observation remains largely a mystery, though a couple of results in
computational complexity give special status to the determinant. For example,
around 1991, various authors (Damm, Toda, Valiant, and Vinay) independently
discovered that the determinant of an integer matrix is complete for the com-
plexity class GapL under log-space reduction [49, §6].2 Although this is certainly
an interesting result, it does beg the question: why do natural tractable counting
problems tend to cluster together in the class GapL? For a further universality
property of the determinant, see Valiant [61, §2].

In the other direction, Colbourn, Provan and Vertigan [16] have discovered
an interesting, purely combinatorial approach to at least some of the tractable
counting problems on planar graphs. In a sense, their result questions the centrality
of the determinant.

2A function f : £* — N is in the class #L if there is a log-space non-deterministic Turing
machine M such that the number of accepting computations of M on input z is exactly f(z),
for all z € X*. A function g : £* — N is in GapL if it can be expressed as g = f1 — f2 with
f1, fa € #L.



Chapter 2

#P-completeness

Classical complexity theory is mainly concerned with complexity of decision prob-
lems, e.g., “Is a given graph G Hamiltonian?”! Formally, a decision problem is
a predicate ¢ : X* — {0,1}, where X is some finite alphabet in which problem
instances are encoded.? Thus, € X* might encode a graph G, (as an adjacency
matrix, perhaps) and @(z) is true iff G, is Hamiltonian.

The most basic distinction in the theory of computational complexity is be-
tween predicates that can be decided in time polynomial in the size |z| of the
instance, and those that require greater (often exponential) time. This idea is for-
malised in the complexity class P of polynomial-time predicates. A predicate ¢
belongs to the complexity class P (and we say that ¢ is polynomial time) if it can
be decided by a deterministic Turing machine in time polynomial in the size of
the input; more precisely, there is a deterministic Turing machine T and a polyno-
mial p such that, for every input z € X*, T terminates after at most p(|z|) steps,
accepting if ¢(z) is true and rejecting otherwise.

Before proceeding, a few vaguely philosophical remarks addressed to readers
who have only a passing acquaintance with computational complexity, with the
aim of making the chapter more accessible. One motivation for using a robust
class of time bounds (namely, ail polynomial functions) in the above definition is
to render the complexity class P independent of the model of computation. We
ought to be able to substitute any “reasonable” sequential model of computation
for the Turing machine T in the definition and end up with the same class P. By
sequential here, we mean that the model should be able to perform just one atomic
computational step in each time unit. The “Extended Church-Turing Thesis” is
the assertion that the class P is independent of the model of computation used

1A closed path in G is one that returns to its starting point; a simple path is one in which no
vertex is repeated; a Hamilton cycle in G is a simple closed path that visits every vertex in G.
A graph G is Hamiltonian if it contains a Hamilton cycle.

25* denotes the set of all finite sequences of symbols in X.

3Here, |z| denotes the length of the word z.

M. Jerrum Counting, Sanpling and Integrating: Algorithms and Complexity
© Birkhauser Verlag 2003
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to define it. It is a thesis rather than a theorem, because we cannot expect to
formalise the condition that the model be “reasonable”. The upshot of all this is
that the reader unfamiliar with the Turing machine model should mentally replace
it by some more congenial model, e.g., that of C programs. (For a more expansive
treatment of the fundamentals of machine-based computational complexity, refer
to standard texts by Papadimitriou [54] or Garey and Johnson [30].)

The important complexity class NP is usually defined in terms of non-deter-
ministic Turing machines. Indeed, NP stands for “N[ondeterministic] P[olynomial
time]”. In the interests of accessibility, however, we take an alternative but equiva-
lent approach. We say that a predicate ¢ : 2* — {0, 1} belongs to the class NP iff
there exists a polynomial-time “witness-checking” predicate x : * x X* — {0,1}
and a polynomial p such that, for all z € X*,

o) <= Jwe X" x(z,w) A|w| < p(|z]). (2.1)

(Since the term “polynomial time” has been defined only for monadic predicates,
it cannot strictly be applied to x. Formally, what we mean here is that there is a
polynomial-time Turing machine T that takes an input of the form x$y — where
z,y € X* and $ ¢ X is a special separating symbol — and accepts iff x(z,y) is
true. The machine T is required to halt in a number of steps polynomial in |z$y|.)

Example 2.1. Suppose z encodes an undirected graph G, y encodes a subgraph H
of G, and x(z,y) is true iff y is a Hamilton cycle in G. The predicate x is easily
seen to be polynomial time: one only needs to check that H is connected, that H
spans G, and that every vertex of H has degree two. Since x is clearly a witness-
checker for Hamiltonicity, we see immediately that the problem of deciding whether
a graph is Hamiltonian is in the class NP. Many “natural” decision problems will
be seen, on reflection, to belong to the class NP.

As is quite widely known, it is possible to identify within NP a subset of
“NP-complete” predicates which are computationally the “hardest” in NP. Since
we shall shortly be revisiting the phenomenon of completeness in the context of the
counting complexity class #P, just a rough sketch of how this is done will suffice.
The idea is to define a notion of reducibility between predicates — polynomial-
time many-one (or Karp) reducibility — that allows us to compare their relative
computational difficulty. A predicate ¢ is NP-hard if every predicate in NP is
reducible to ¢; it is NP-complete if, in addition, ¢ € NP.

Logically, there are two possible scenarios: either P = NP, in which case
all predicates in NP are efficiently decidable, or P C NP, in which case no NP-
complete predicate is decidable in polynomial time. Informally, this dichotomy
arises because the complete problems are the hardest in NP; formally, it is because
the complexity class P is closed under polynomial-time many-one reducibility.
Since the former scenario is thought to be unlikely, NP-completeness provides
strong circumstantial evidence for intractability. The celebrated theorem of Cook
provides a natural example of an NP-complete predicate, namely deciding whether
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a propositional formula @ in CNF has a model, i.e., whether @ is satisfiable. For
convenience, this decision problem is referred to as “SAT”.

2.1 The class #P

Now we are interested extending the above framework to counting problems —
e.g., “How many Hamiltonian cycles does a given graph have?” — which can
be viewed as functions f : X* — N mapping (encodings of) problem instances
to natural numbers. The class P must be slightly amended to account for the
fact we are dealing with functions with codomain N rather than predicates. A
counting problem f : X* — N is said to belong to the complexity class* FP if it
is computable by a deterministic Turing machine transducer® in time polynomial
in the size of the input. As we saw in Chapter 1 (see Theorems 1.1 and 1.11), the
following problems are in FP:

Name. #SPANNINGTREES
Instance. A graph G.
QOutput. The number of spanning trees in G.

Name. #PLANARPM
Instance. A planar graph G.
QOutput. The number of perfect matchings in G.

The analogue of NP for counting problems was introduced by Valiant [62].
A counting problem f : 2* — N is said to belong to the complexity class #P if
there exist a polynomial-time predicate x : 2* x 2* — {0,1} and a polynomial p
such that, for all z € X%,

fla) = [{w e Z* : x(z,w) A w| < p(lz])}]. (2.2)

The problem of counting Hamilton cycles in a graph is in #P by identical reasoning
to that used in Example 2.1. The complexity class #P is very rich in natural
counting problems. Note that elementary considerations entail FP C #P.

Now, how could we convince ourselves that a problem f is not efficiently
solvable? Of course, one possibility would be to prove that f ¢ FP. Unfortunately,
such absolute results are beyond the capabilities of the current mathematical the-
ory. Still, as in the case of decision problems, it is possible to provide persuasive
evidence for the intractability of a counting problem, based on the assumption that
there is some problem in #P that is not computable in polynomial time, i.e., that
FP # #P.% With this in mind, we are going to define a class of “most difficult”

4Standing for “Flunction] P[olynomial time]” or something similar.

5That is, by a TM with a write-only output tape.

SThis is clearly the counting analogue of the notorious P # NP conjecture. Note, however,
that FP # #P might hold even in the unlikely event that P = NP!
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problems in #P, the so-called #P-complete problems, which have the property
that if they are in FP, then #P collapses to FP. In other words, if FP C #P
then no #P-complete counting problem is polynomial-time solvable. For this pur-
pose, we seem to need a notion of reducibility that is more general than the usual
many-one reducibility.

Given functions f,g: X* — N, we say that g is polynomial-time Turing (or
Cook) reducible to f, denoted g <t f, if there is a Turing machine with an oracle’
for f that computes g in time polynomial in the input size. The relation <7 is
transitive; moreover,

feFPAg<rf = geFP. (2.3)

A function f is #P-hard if every function in #P is Turing reducible to f; it is #P-
complete if, in addition, f € #P. Just as with the class NP, we have a dichotomy:
either FP = #P or no #P-complete counting problem is polynomial-time solvable.
Formally, this follows from (2.3), which expresses the fact that FP is closed under
polynomial-time Turing reducibility.

What are examples of #P-complete problems? For one thing, the usual
generic reduction of a problem in NP to SAT used to prove Cook’s theorem is
“parsimonious”, i.e., it preserves the number of witnesses (satisfying assignments
in the case of SAT). It follows that #SAT is #P-complete:

Name. #SAT

Instance. A propositional formula @ in conjunctive normal form (CNF).

Output. The number of models of (or satisfying assignments to) &.

More generally, it appears that NP-complete decision problems tend to give rise
to #P-complete counting problems. To be a little more precise: any polynomial-
time witness checking function x gives rise to an NP decision problem IT via (2.1)
and a corresponding counting problem #IT via (2.2). Empirically, whenever the
decision problem IT is NP-complete, the corresponding counting problem #II is
#P-complete. Simon [56] lists many examples of this phenomenon, and no coun-
terexamples are known. What he observes is that the existing reductions used
to establish NP-completeness of decision problems II are often parsimonious and
hence establish also #P-completeness of the corresponding counting problem #11.
When the existing reduction is not parsimonious it can be modified so that it be-
comes so.

7An oracle for f is an addition to the Turing machine model, featuring a write-only query
tape and a read-only response tape. A query ¢ € X* is first written onto the query tape; when
the machine goes into a special “query state” the query and response tapes are both cleared and
the response f(z) written to the response tape. The oracle is deemed to produce the response
in just one time step. In conventional programming language terms, an oracle is a subroutine or
procedure, where we discount the time spent executing the body of the procedure.
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Open Problem. Is it the case that for every polynomial-time witness-checking
predicate x, the counting problem #II is #P-complete whenever the decision
problem IT is NP-complete? I conjecture the answer is “no”, but resolving the
question may be difficult. Note that a negative answer could only reasonably be
established relative to some complexity theoretic assumption, since it would entail
FP C #P. Indeed, if FP were to equal #P then every function in #P would be
trivially #P-complete.

2.2 A primal #P-complete problem

What makes the theory of #P-completeness interesting is that the converse to the
above conjecture is definitely false; that is, there are #P-complete counting prob-
lems #II corresponding to easy decision problems IT € P. A celebrated example
[62] is #BIPARTITEPM, that has an alternative formulation as 0,1-PERM:

Name. #BIPARTITEPM
Instance. A bipartite graph G.
Output. The number of perfect matchings in G.

Name. 0,1-PERM
Instance. A square 0, 1-matrix A = (a;; : 0 < 4,5 < n).
Output. The permanent

n—1
per A = Z H Qi o (4)

g€S, i=0

of A. Here, S,, denotes the symmetric group, i.e., the sum is over
all n! permutations of [n].

To see the correspondence, suppose, for convenience, that G has vertex set [n]+[n],
and interpret A as the adjacency matrix of G; thus a;; = 1 if (4, 5) is an edge of G
and a;; = 0 otherwise. Then per A is just the number of perfect matchings in G. In
particular, the following theorem implies that planarity (or some slightly weaker
assumption) is crucial for the Kasteleyn result (Theorem 1.11).

Theorem 2.2 (Valiant). 0,1-PERM (equivalently, #BIPARTITEPM ) is #P-complete.

It is clear that 0,1-PERM is in #P: the obvious “witnesses” are permuta-
tions o satisfying ], a; ,;) = 1. To prove #P-hardness, we use a sequence of
reductions starting at #EXACT3COVER and going via a couple of auxiliary prob-
lems #WBIPARTITEMATCH and #WBIPARTITEPM.
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Name. #EXAcT3COVER

Instance. A set X together with a collection T C ()3() of unordered
triples® of X.

QOutput. The number of subcollections S C T that cover X without
overlaps; that is every element of X should be contained in pre-
cisely one triple in S.

Name. #WBIPARTITEMATCH

Instance. A bipartite graph G with edge weights w : E(G) — {1, -1, —-g-, %}
(Why exactly these weights are used will become clearer in the
course of the proof.)

Output. The “total weight” of matchings pmatch(G) = ), v w(M),
where M ranges over all matchings in G and the weight of a
matching is w(M) =[], w(e).

Name. #WBIPARTITEPM
Instance. As for #WBIPARTITEMATCH.

Qutput. As for #WBIPARTITEMATCH, but with “perfect matchings”
replacing “matchings”.

Remark 2.3. More generally, we might consider a graph G with edge weighting
w: E(G) = ZUC, where Z is a set of indeterminates. In this case the expression
Pmatch (G) = Y5 w(M) appearing in the definition of #WBIPARTITEMATCH is a
polynomial in Z. If every edge is assigned a distinct indeterminate, then pyatch(G)
is the matching polynomial of G, i.e., the generating function for matchings in G.

Since #EXACT3COVER is the counting version of an NP-complete problem,
we expect it to be #P-complete via parsimonious reduction.

Fact 2.4. #EXACT3COVER is #P-complete.

Exercise 2.5. (This exercise is mainly directed to readers with some exposure to
computational complexity.) Garey and Johnson [30, §7.3] note Fact 2.4 without
proof. Since I am not aware of any published proof, we should maybe pause to
provide one. Garey and Johnson’s reduction (30, §3.1.2] from 3SAT (the restric-
tion of SAT to formulas with three literals per clause) to EXACT3COVER (actu-
ally a special case of EXACT3COVER called “3-dimensional matching”) is almost
parsimonious. The “truth setting component” is fine (each truth assignment cor-
responds to exactly one pattern of triples). The “garbage collection component”
is also fine (it is not strictly parsimonious, but the number of patterns of triples
is independent of the truth assignment, which is just as good). The “satisfaction

8T’m not sure if ():f ) is a standard notation for “the set of all unordered triples from X”, but
it seems natural enough, given the notation 2X.
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testing component” needs some attention, as the number of patterns of triples
depends on the truth assignment. However, with a slight modification, this defect
may be corrected. Finally, to do a thorough job, we really ought to modify Garey
and Johnson’s reduction [30, §3.1.1] from SAT to 3SAT to make it parsimonious
too.

In the light of Fact 2.4, Theorem 2.2 will follow from the following series of
lemmas:

Lemma A. #EXACT3COVER <t #WBIPARTITEMATCH.
Lemma B. #WBIPARTITEMATCH <1 #WBIPARTITEPM.
Lemma C. #WBIPARTITEPM <7 #BIPARTITEPM (= 0,1-PERM).

Proof of Lemma A. Our construction is based on the weighted bipartite graph H
(depicted in Figure 2.1), where the weights of the edges on the left are as indicated,
and the edges labelled a1, a2 and a3 will presently all be assigned weight 1. Initially,
however, to facilitate discussion, we assign to these edges distinct indeterminates
21, 22 and z3, respectively.

Figure 2.1: The graph H.

By direct computation, the matching polynomial of H, with weights as spec-
ified, is
Pmateh (H) = (1 + 212223)/3. (2.4)

Let us see how to verify (2.4) by calculating the coefficient of z; z023; the other coef-
ficients can be calculated similarly. (Note that there there are only four calculations
since, by symmetry, only the degree of the monomial is significant.) So suppose we
include all three edges a1, a2 and a3, as we must do in order to get a matching that
contributes to the coefficient of z;2923. Then we can either add no further edge at
all, or add the lower left edge with weight 1, or the upper left edge with weight
——g—. Thus, the total weight of such matchings is (1 +1 — g)zlzgzg = %212223.
Equation (2.4) succinctly expresses the key properties of H that we use.
Suppose that H is an (induced) subgraph of a larger graph G, and that H is
connected to the rest of G only via the vertices v;, vy and v3; more precisely,
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there are no edges of G incident to vertices V(H) \ {v1,v2,vs} other than the
ones depicted. Consider some matching M’ C E(G) \ (E(H) \ {a1,a2,a3}) in G,
i.e., one that does not use edges from H except perhaps a;, a; and a3. We call a
matching M O M’ in G an extension of M’ if it agrees with M’ on the edge set
E(G)\(E(H)\{a1,a2,a3}). If M’ includes all three edges a;, then the total weight
of extensions of M’ to a matching M on the whole of G is %w(M "}; a similar claim
holds if M’ excludes all three edges a;. In contrast, if M includes some edges a;
and excludes others, then the total weight of extensions of M’ is zero. Informally,

H acts as a “coordinator” of the three edges a;.

Using the facts encapsulated in (2.4), we proceed with the reduction of
#EXACT3COVER to #WBIPARTITEMATCH. An instance of #EXACT3COVER
consists of an underlying set X, and a collection T' C ()3( ) of triples; for con-
venience set n := | X| and m := |T|. We construct a bipartite graph G as follows.
Take a separate copy H; of H for each triple t = {a, 8,7} € T and label the
three pendant edges of H; with af,, a}, and a!,, respectively. Furthermore, for each
a € X, introduce vertices v, and u,, and connect them by an edge {vq,ua} of
weight —1. Finally, identify the right endpoint of the edge af, with the vertex v,

whenever « € t (see Figure 2.2).

s ={a,,6}

t={a, 8,7} NG vs —1 ug

Figure 2.2: A sketch of the graph G.

Recall that the matching polynomial of G is a sum over matchings M in G
of the weight w(M) of M. We partition this sum according to the restriction
A=MnIof Mtol, where I := {a}, : t € T A a € t}. Computing the total
weight of extensions of A to a matching in G is straightforward. For each of
the subgraphs H;, equation (2.4) gives the total weight of extensions of A to
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that subgraph. For each of the edges {v,,uq}, the total weight of extensions of A
to that edge is simply 1 if v, is covered by A and (1—1) = 0 otherwise. Expressing
these considerations symbolically yields the following expression for the matching
polynomial of G:

pmatch(G) = Z’LU(M) = Z H SOt(A) H wa(A)» (25)
M ACI teT aEX
where
z, ifal, e Aforall a€t;
pr(A) =143, ifal, ¢ Aforall act;
0, otherwise,
and

1, ifal, € Aforsomet>a
0, otherwise. ’

%(A) = {

Each edge subset A contributing a non-zero term to the sum (2.5) corresponds
to an exact 3-cover of X: no element o of X is covered twice (property of a
matching), no element of X is uncovered (property of ¥,), and no triple t is
subdivided (property of ;). Since every exact 3-cover contributes (3)™ to (2.5),
we obtain

Pmaten (G) = (%) |{ exact 3-covers of X by triples in T' }I (2.6)

Thus, assuming we have an oracle for the left hand side of (2.6), we can compute
the number of exact three covers in time polynomial in m and n, and hence
polynomial in the size of the #EXACT3COVER instance (X, T). O

Proof of Lemma B. Let G be an instance of #WBIPARTITEMATCH, that is, a
bipartite graph with vertex set V = R U B and edge set E, where (’;) NE =
(g) N E =0, and edge weights from {1,-1,%,—3}. Set r := |R| and b := |B], so
that r +b=n:=|V|.

For 0 < k < min{r, b} (the maximal possible cardinality of a matching in G),
we construct a bipartite graph graph Gy as follows. Take a set R’ and a set B’ of
new vertices, |[R'| = b—k and |B’| = r — k and connect each vertex in R with each
vertex in B’ and each vertex in R with each vertex in R’ by new edges of weight 1
(see Figure 2.3).

In a similar vein to the proof of Lemma A, we observe that

Yoo wM)=(@r-kb-k > wM).

M’ is a perfect M is a k-
matching in Gy matching in G

Thus, we can compute the total weight of matchings in G by invoking our oracle
for #wWBIPARTITEPM on every Gy and summing over k. a
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Figure 2.3: The graph Gk.

Proof of Lemma C. Let G = (V, E) be an instance of #BIPARTITEPM, with |V| =
n. We get rid of the weights one by one using interpolation. Consider a certain
weight ¢ € {§,—1,—3}. If we replace it by an indeterminate z, then

px)= S w(M)

M is a perfect
matching in G

is a polynomial of degree d < %n If we can evaluate p at d + 1 distinct points,
say at k =1,...,d+ 1, we can interpolate to find p(¢). (Refer to Valiant [64] for a
discussion of efficient interpolation.) In order to find p(k) for fixed k, we construct
a graph Gy from G by replacing each edge {u,v} of weight z by k disjoint paths
of length 3 between u and v such that each edge on these paths has weight 1 (see
Figure 2.4).

Figure 2.4: Substituting k disjoint paths for an edge.

Then p(k) = ]{perfect matchings in G’k}], and we can determine the right
hand side by means of our oracle for #BIPARTITEPM. This completes the proof
of the last lemma, and hence of the theorem. O

Remarks 2.6. (a) The intermediate problems in the above proof are not in #P;
however, they are “#P-easy”, i.e., Turing reducible to a function in #P.
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(b) #P-hard counting problems are ubiquitous. In fact, the counting problems in
FP are very much the exceptions. The ones we encountered in Chapter 1 —
counting trees in directed and undirected graphs (and the related Eulerian
circuits in a directed graph), and perfect matchings in a graph (and the
related partition function of a planar ferromagnetic Ising system) — are
pretty much the only non-trivial examples.

(¢) Our reduction from #EXACT3COVER to #BIPARTITEPM used polynomial
interpolation in an essential way. Indeed, interpolation features prominently
in a majority of #P-completeness proofs. The decision to define #P-com-
pleteness with respect to Turing reducibility rather than many-one reducibil-
ity is largely motivated by the need to perform many polynomial evaluations
(which equate to oracle calls) rather than just one. It is not clear whether
the phenomenon of #P-completeness would be as ubiquitous if many-one
reducibility were to be used in place of Turing.

(d) Following from the previous observation: Polynomial interpolation is not nu-
merically stable, and does not preserve closeness of approximation. Specifi-
cally, we may need to evaluate a polynomial to very great accuracy in order
to know some coefficient even approximately. Thus we cannot deduce from
the reductions in Lemmas A-C above that approzimating the permanent is
computationally hard, even though approximating #EXACT3COVER is. We
exploit this loophole in Chapter 5.

(e) Every problem in NP is trivially #P-easy. It is natural to ask how much
bigger #P is than NP. The answer seems to be that it is much bigger.
The complexity class PH (Polynomial Hierarchy) is defined similarly to NP,
except that arbitrary quantification is allowed in equivalence (2.1), in place of
simple existential quantification. PH seems intuitively to be “much bigger”
than NP. Yet it is a consequence of Toda’s theorem (see [59]) that every
problem in PH is #P-easy!

2.3 Computing the permanent is hard on average

While many NP-complete problems are easy to decide on random instances, this
does not seem to be the case for counting problems. For example, consider an
(imperfect) algorithm A for computing the permanent of n x n matrices A over
the field GF(p), for all n € N and all primes p, with the following specification:

1. A has runtime polynomial in n and p;

2. For each n and each p, A must give the correct result except on some fraction
sy Of all 7 x n matrices over GF(p).
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Theorem 2.7. No algorithm A with the above specification exists unless every prob-
lem in #P admits a polynomial-time randomised algorithm with low® error prob-
ability.10

Proof. It suffices to show that some particular #P-complete problem, namely 0,1-
PERM, admits a polynomial-time randomised algorithm with low error probability.
Given an n x n matrix A with entries from {0, 1}, if we know per A (mod p;)
for a sequence py,ps,...,p, of n distinct primes larger than n + 1, then we can
use “Chinese remaindering” to evaluate per A. The method is as follows. If a
and b are relatively coprime natural numbers, we can write 1 = ca + db with
integer coefficients ¢, d, which can be found by means of the Euclidian algorithm.
Now suppose we know the residues r = z mod a and s = £ mod b of an integer
z. If we set y := rdb + sca, we have z = y (mod a) and z = y (mod b), and
hence z = y (mod ab), by relative primality. Thus, inductively, we can compute
(per A) mod p1ps...p, from the n values (per A) mod p;. But since per A is a
natural number not larger than n! < pi1ps...py, it is uniquely determined by its
residue modulo pips...p,. Moreover, the Prime Number Theorem ensures that
we may take the p;’s to be no larger than O(nlnn); in particular, we can find
them by brute force in time polynomial in n.

Thus, it remains to show how, for a fixed prime n + 2 < p < O(nlnn),
we can employ A to compute (per A) mod p with low error probability. For this
purpose, we select a matrix R u.a.r. from all n X n matrices over GF(p). Let z be
an indeterminate and consider

p(z) := per(A + zR),

regarded as a polynomial of degree at most n with coefficients in GF(p). Using
A, we evaluate (in time polynomial in n and p, hence in n) p(z) at n + 1 points
z =1,2,...,n + 1. Observe that, since the numbers 1,...,n + 1 are invertible
modulo p, A+ R, A+2R, ..., A+(n+1)R are again random matrices (over GF(p)).
Thus, with probability at least 1—(n+ I)WIZLT) = %, A will give the correct answer
in all instances. Now we interpolate to find p(0) = (per A) mod p. O

Remarks 2.8. (a) Feige and Lund [28] have considerably sharpened Theorem 2.7
using techniques from the theory of error-correcting codes.

(b) The property (of a problem) of being as hard on average as in the worst case
holds quite generally in high enough complexity classes. Refer to Feigenbaum
and Fortnow [29] for a discussion of this phenomenon.

9We can take “low” to mean %, since this may be reduced to an arbitrarily small value by
repeatedly running A and taking a majority vote. Note that the error probability decreases to
zero exponentially as a function of the number of trials.

10The error probability is with respect to random choices made by the algorithm. The input
is assumed non-random.
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Open Problem. What is the complexity of computing the permanent of a random
0, 1-matrix? It is reasonable to conjecture that computing the permanent of a
0, 1-matrix ezactly is as hard on average as it is in the worst case. However, this
purely combinatorial version of the problem leaves no space for the interpolation
that was at the heart of the proof of Theorem 2.7.



Chapter 3

Sampling and counting

Accumulated evidence of the kind described in the previous chapter suggests that
exact counting of combinatorial structures is rarely possible in polynomial time.
However, it is in the nature of that evidence! that it does not rule out the pos-
sibility of approzimate counting (within arbitrarily small specified relative error).
Nor does it rule out the possibility of sampling structures at random from an al-
most uniform distribution, or even from the precisely uniform distribution (in a
suitably defined model of computation), come to that. Indeed these two quests —
approximate counting and almost uniform sampling — are intimately related, as
we’ll see presently.

The aim of this chapter is to illustrate, by means of a concrete example,
how almost uniform sampling can be employed for approximate counting, and,
after that, how almost uniform sampling can be achieved using Markov chain
simulation. But first, let’s make precise the various notions we’ve been talking
about informally until now.

3.1 Preliminaries

Consider the problem: given a graph G, return a matching M chosen uniformly at
random (u.a.r.) from the set of all matchings in G. In order to discuss sampling
problems such as this one we obviously need a model of computation that allows
random choices. Less obviously, we also need such a model to discuss approximate
counting problems: e.g., given a graph G, compute an estimate of the number of
matchings in G that is accurate to within +10%.

A probabilistic Turing machine is a Turing machine T equipped with special
coin tossing states. Each coin-tossing state ¢ has two possible successor states
gr and ¢;. When T enters state ¢, it moves on the next step to state g, with
probability % and to state q; with probability % Various notions of what it means

1Specifically, the property of it described Remark 2.6(d).
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for a probabilistic Turing machine to decide a predicate or approximate a function
(in each case, with high probability) are possible, leading to various randomised
complexity classes.

The probabilistic Turing machine is the usual basis for defining randomised
complexity classes, but, more pragmatically, we can alternatively take as our model
a random access machine (RAM) equipped with coin-tossing instructions, or a sim-
ple programming language that incorporates a random choice statement with two
outcomes (themselves statements) that are mutually exclusive and each executed
with probability % All of these possible models are equivalent, modulo polynomial
transformations in run-time. So when the phrase “randomised algorithm” is used
in this and subsequent chapters, we are usually free to think in terms of any of the
above models. However, when specific time bounds are presented (as opposed to
general claims that some algorithm is polynomial time) we shall be taking a RAM
or conventional programming language view. For a more expansive treatment of
these issues, see Papadimitriou’s textbook [54, Chaps 2 & 11].

A randomised approrimation scheme for a counting problem f : ¥* — N
(e.g., the number of matchings in a graph) is a randomised algorithm that takes
as input an instance ¢ € X* (e.g., an encoding of a graph G) and an error tolerance
¢ > 0, and outputs a number N € N (a random variable of the “coin tosses” made
by the algorithm) such that, for every instance z,

e

Pre ¢f(z) < N <€ f(z)] > (3.1)
We speak of a fully polynomial randomised approximation scheme, or FPRAS, if
the algorithm runs in time bounded by a polynomial in |z| and e~1.

Remarks 3.1. (a) The number 2 appearing in (3.1) could be replaced by any
number in the open interval (%, 1).

(b) To first order in ¢, the event described in 3.1 is equivalent to (1 —¢) f(z) <
N < (1+¢€)f(x), and this is how the requirement of a “randomised approx-
imation scheme” is more usually specified. However the current definition is
equivalent, and has certain technical advantages; specifically, a sequence of
approximations of the form e™¢§;,; <& < e +1 compose gracefully.

For two probability distributions 7 and #’ on a countable set {2, define the
total variation distance between 7 and 7’ to be

|m = 7'||pv == Z |7 (w w)| = max |7r( ) —7'(A)]. (3.2)
wEQ

A sampling problem is specified by a relation S C X* x I* between problem
instances z and “solutions” w € S(z).2 For example, z might be the encoding of a
graph G, and S(z) the set of encodings of all matchings in G. An almost uniform

2We write S(z) for the set {w : x Sw} to avoid awkwardness.
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sampler for a solution set S C X* x X* (e.g., the set of all matchings in a graph) is
a randomised algorithm that takes as input an instance z € X* (e.g., an encoding
of a graph G) and an sampling tolerance § > 0, and outputs a solution W € S(z)
(a random variable of the “coin tosses” made by the algorithm) such that the
variation distance between the distribution of W and the uniform distribution on
S(x) is at most .> An almost uniform sampler is fully polynomial if it runs in
time bounded by a polynomial in = and log §~*. We abbreviate “fully polynomial
almost uniform sampler” to FPAUS.

Remarks 3.2. (a) The definitions of FPRAS and FPAUS have obvious parallels.
Note however that the dependence of the run-time on the “tolerance” (e or 6,
respectively) is very different: polynomial in e~! versus log 6~ ! respectively.
This difference is deliberate. As we shall see, the relative error in the estimate
for f(x) can be improved only at great computational expense, whereas the
sampling distribution on S{x) can be made very close to uniform relatively
cheaply.

(b) For simplicity, the definitions have be specialised to the case of a uniform
distribution on the solution set S(z). However, one could easily generalise
the notion of “almost uniform sampler” to general distributions.

The “witness checking predicate” view of the classes NP and #P presented
in Chapter 2 carries across smoothly to sampling problems. A witness checking
predicate Yy € X* x X* and polynomial p define a sampling problem S C X* x X*
via

S(z) ={w € X7 : x(z,w) A |w| < p(|z()}, (3.3)

where particular attention focuses on polynomial-time predicates x (c.f. (2.1)
and (2.2)). If x is the “Hamilton cycle” checker of Chapter 2, then the related
sampling problem S(z) is that of sampling almost uniformly at random a Hamil-
ton cycle in the graph G encoded by x. So we see that each combinatorial struc-
ture gives rise to a trio of related problems: decision, counting and sampling.
Furthermore, the second of these at least may be considered in exact (FP) and
approximate (FPRAS) forms.

Remark 3.3. The distinction between exactly and almost uniform sampling seems
less crucial, and, in any case, technical complications arise when one attempts to
define exactly uniform sampling: think of the problem that arises when |S(z)| = 3
and we are using the probabilistic Turing machine as our model of computation
(or refer to Sinclair [58]).

3If S(z) = 0 we allow the almost uniform sampler to return a special undefined symbol L,
otherwise it cannot discharge its obligation.
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3.2 Reducing approximate counting
to almost uniform sampling

Fix a witness-checking predicate x and consider the associated counting and sam-
pling problems, f : * — N and § C X* x X* defined by (2.2) and (3.3), re-
spectively. It is known — under some quite mild condition on x termed “self-
reducibility,” which often holds in practice — that the computational complexity
of approximating f(x) and sampling almost uniformly from S(z) are closely re-
lated. In particular, f admits an FPRAS if and only if S admits an FPAUS. For
full details, refer to Jerrum, Valiant and Vazirani [38]. Here we shall explore this
relationship in only one direction (FPAUS implies FPRAS) and then only in the
context of a specific combinatorial structure, namely matchings in a graph. This
reduces the technical complications while retaining the main ideas.
Let M(G) denote the set of matchings (of all sizes) in a graph G.

Proposition 3.4. Let G be a graph with n vertices and m edges, where m > 1
to avoid trivialities. If there is an almost uniform sampler for M(G) with run-
time bounded by T(n,m,¢€), then there is a randomised approzimation scheme for
|M(G)| with run-time bounded by cm?e~2T(n,m,e/6m), for some constant c. In
particular, if there is an FPAUS for M(G) then there is an FPRAS for |M(G))|.

Proof. Denote the postulated almost uniform sampler by 8. The approximation
scheme proceeds as follows. Given G with E(G) = {e1,...,en} (in any order),
we consider the graphs G; := (V(G),{e1,...,¢e;}) for 0 < i < m. Thus, G;_; is
obtained from G; by deleting the edge e;. The quantity |M(G)| which we would
like to estimate can be expressed as a product

IM(G)| = (102 - - 0m) " (3.4)
of ratios
o = MGi1)l
T IM(GY)

(Here we use the fact that [M(Gy)| = 1.) Observe that M(G;_1) C M(G;) and
that M(G;) \ M(G;-1) can be mapped injectively into M(G;_1) by sending M
to M \ {e;}. Hence,

IA

0i <1. (3.5)

DO | =

We may assume 0 < € < 1 and m > 1. In order to estimate the p;’s, we
run our sampler 8 on G; with § = ¢/6m and obtain a random matching M,
from M(G;). Let Z; be the indicator variable of the event that M; is, in fact, in
M(G;_1), and set p; := EZ; = Pr[Z; = 1]. By choice of § and the definition of
the variation distance,

€ €
= — < <o+ —, 3.6
2 6m“u”0+6m (3.6)
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or, from (3.5),

(1_§%>Qisui§(l+3im)gi§ (3.7)

so the sample mean of a sufficiently large number s of independent copies* Zi(l), e
Zi(s) of the random variable Z; will provide a good estimate for g;. Specifically, let
s:= [T4e~>m] < 75¢™*m, and Z; == s~ 37, z9).

Note that VarZ; = E[(Z; — p;)?] = Pr[Z; = 1)(1 — p;)? + Pr[Z; = 0)p? =
pi(1— p;) and that inequalities (3.5) and (3.7) imply u; > 1/3. Thus, u; % Var Z; =
p7t =1 <2, and hence

<-< . 3.8
p T s~ 3Tm (3.8)

As our estimator for |M(G)|, we use the random variable

N (ﬁlz)_l‘

Note that E[Z1Z3 ... Zm] = 142 - - - ftm, and furthermore

VarZ; 2 _ &2
S

Var[Z,Z2...Zm] E|ZiZ5...7.)
7 = 2.2 2 -1

(Bpz - pim) MRS - .- i,
m =2
E[Z, _
= H { 5 ] -1 since r.v's Z; are independent
i—1 M
& Var Z;
=1] <1+ ik > -1
=1 i
e2 \"
<{14 — -1 .
—( +37m) by (3.8)
2
< —=]-1
= oxp (37)
&2
- 36’

since e*/*+1) < 1 4 z/k for 0 < z < 1 and k € N*t. Thus, by Chebychev’s
Inequality,

£ = - €
(1— 5) i - pm L 2122 L < (14—3) B2 - - - P, (3.9)

with probability at least 1 — (¢/3)~%(¢%/36) = 3. Since e™*/* <1 —z/(k + 1) for
0 <z <1andk € NT, we have the following weakening of inequality (3.9):

e‘E/zul,ug coittm < Z1Zoy... D < es/zulug ve

4Obtained from s independent runs of S on Gj.
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But from (3.7), using again the fact about the exponential function, we have

e 20102 . 0m < tapz- - ftm < /%0102 ... 0m

which combined with the previous inequality implies
€ 0102 0m < Z1Z3... Zm < €°0102. .. Om

with probability at least %—. Since Z1Z3... Zm=N"'and 0103 ... 0m=|M(G)|7},
our estimator N for |[M(G)| satisfies requirement (3.1). Thus the algorithm that
computes computes N as above is an FPRAS for |[M(G)|.

The run-time of the algorithm is dominated by the number of samples re-
quired, which is sm < 75¢~2m?, multiplied by the time-per-sample, which is
T(n,m,¢); the claimed time-bound is immediate. O

Exercise 3.5. Prove a result analogous to Proposition 3.4 with (proper vertex)
g-colourings of a graph replacing matchings. Assume that the number of colours ¢
is strictly greater than the maximum degree A of G. There is no need to repeat all
the calculation, which is in fact identical. The key thing is to obtain an inequality
akin to (3.5), but for colourings in place of matchings.

In light of the connection between approximate counting and almost uniform
sampling, methods for sampling from complex combinatorially defined sets gain
additional significance. The most powerful technique known to us is Markov chain
simulation.

3.3 Markov chains

We deal exclusively in this section with discrete-time Markov chains on a finite
state space §2. Many of the definitions and claims extend to countable state spaces
with only minor complication. In Chapter 6 we shall need to employ Markov chains
with continuous state spaces, but the corresponding definitions and basic facts will
be left until they are required. See Grimmett and Stirzaker’s textbook [33] for a
more comprehensive treatment.

A sequence (X; € £2){2, of random variables (r.v’s) is a Markov chain (MC),
with state space (2, if

PriXey1 =y | Xe =24, Xeo1 = 241, .., Xo = 20] = Pr[Xe1 =y | Xi = 34,
(3.10)
for allt € Nand all 24,21, ...,%9 € 2. Equation (3.10) encapsulates the Marko-
vian property whereby the history of the MC prior to time ¢ is forgotten. We
deal only with (time-) homogeneous MCs, i.e., ones for which the right-hand side
of (3.10) is independent of ¢. In this case, we may write

P(z,y) =PrXep1 =y | X = ],
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where P is the transition matriz of the MC. The transition matrix P describes
single-step transition probabilities; the t-step transition probabilities P* are given
inductively by

I(z,y), ift =0;
Yyea PNy )P y), ift>0,
where I denotes the identity matrix I(z,y) := dgy. Thus P'(z,y) = Pr[X; = y |
Xo = 1‘]

A stationary distribution of an MC with transition matrix P is a probability
distribution 7 : £2 — [0, 1] satisfying

r(y) = 3 (z)P(z,y).

z€e

P'(z,y) := {

Thus if Xy is distributed as 7 then so is X; (and hence so is X; for all ¢ € N).
A finite MC always has at least one stationary distribution. An MC is rreducible
if, for all z,y € £2, there exists a t € N such that P*(z,y) > 0; it is aperiodic if
ged{t : P(z,z) >0} =1 for all x € 2.5 A (finite-state) MC is ergodic if it is both
irreducible and aperiodic.

Theorem 3.6. An ergodic MC has a unique stationary distribution w; moreover the
MC tends to 7 in the sense that P'(x,y) — n(y), ast — oo, for all x € 0.

Informally, an ergodic MC eventually “forgets” its starting state. Computa-
tion of the stationary distribution is facilitated by the following little lemma:

Lemma 3.7. Suppose P is the transition matriz of an MC. If the function ©’ :
2 — [0,1] satisfies

7' (z)P(z,y) = n'(y)P(y,z), forallz,y € 02, (3.11)
and
Y w(x) =1,
z€eN

then 7’ is a stationary distribution of the MC. If the MC is ergodic, then clearly
7' = 7 is the unique stationary distribution.

Proof. We just need to check that 7’ is invariant. Suppose X is distributed as 7’
Then

PriXy =y] = Y 7' (@)P(z,y) = Y 7'(v)P(y,z) = 7'(y).

€S2 €N

5In the case of an irreducible MC, it is sufficient to verify the condition
ged{t : Pt(z,z) > 0} = 1 for just one state z € 2.
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Remark 3.8. Condition (3.11) is known as detailed balance. An MC for which
it holds is said to be time reversible. Clearly, Lemma 3.7 cannot be applied to
non-time-reversible MCs. This is not a problem in practice, since all the MCs
we consider are time reversible. In fact, it is difficult in general to determine
the stationary distribution of large non-time-reversible MCs, unless there is some
special circumstance, for example symmetry, that can be taken into consideration.
Furthermore, all the usual methods for constructing MCs with specified stationary
distributions produce time-reversible MCs.

Example 3.9. Here is a natural (time homogeneous) MC whose state space is
the set M(G) of all matchings (of all sizes) in a specified graph G = (V, E).
The transition matrix of the MC is defined implicitly, by an experimental trial.
Suppose the initial state is Xo = M € M(G). The next state X; is the result of
the following trial:

1. With probability % set X7 « M and halt.
2. Otherwise, select e € E(G) and set M’ — M @ {e}.5
3. If M’ € M(G) then X; «— M’ else X; — M.

Since the MC is time homogeneous, it is enough to describe the first transition;
subsequent transitions follow an identical trial. Step 1 may seem a little unnatural,
but we shall often include such a looping transition to avoid a certain technical
complication. Certainly its presence ensures that the MC is aperiodic. The MC is
also irreducible, since it is possible to reach the empty matching from any state by
removing edges (and reach any state from the empty matching by adding edges).
Thus the MC is ergodic and has a unique stationary distribution.

Exercise 3.10. Demonstrate, using Lemma 3.7, that the stationary distribution of
the MC of Example 3.9 is uniform over M(G).

Exercise 3.10 and Proposition 3.4, taken together, immediately suggest an
approach to estimating the number of matchings in a graph. Simulate the MC on
M(G) for T steps, starting at some fixed state X, say Xo = 0, and return the final
state X7. If T is sufficiently large, this procedure will satisfy the requirements of an
almost uniform sampler for matchings in G. Then the method of Proposition 3.4
may be used to obtain a randomised approximation scheme for the number of
matchings |M(G)|. Whether this approach is feasible depends crucially on the
rate of convergence of the MC to stationarity. We shall prove in Chapter 5 that
a modification” of the MC described in Example 3.9 does in fact come “close” to
stationarity in a polynomial number of steps (in the size of the graph G), hence
yielding an FPRAS for the number of matchings in a graph.

6The symbol @ denotes symmetric difference.
7In fact, by comparing the original and modified MCs [19], one can show that the MC as
presented in Example 3.9 also converges in polynomially many steps.
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Coupling and colourings

The outline of our programme is now clear: in order to count (approximately) it
is enough to be able to sample (almost) uniformly; in order to sample we may
simulate an appropriately defined MC. For this approach to be feasible, however,
it is important that the MC in question is “rapidly mixing,” i.e., that it converges
to near-equilibrium in time polynomial (hopefully of small degree) in the size of
the problem instance. Since the state space is usually of exponential size as a
function of the problem size — think of the number of matchings in a graph as
a function of the size of the graph — this is a distinctly non-trivial requirement.
We shall presently formalise the rate of convergence to equilibrium in terms of the
“mixing time” of the MC. The classical theory of MCs has little to say concerning
non-asymptotic bounds on mixing time, and most of the techniques we use have
been specially developed for the task in hand. However, there is one classical
device, namely coupling, that can be applied in certain situations. As it is the
most elementary approach to bounding mixing times, we study it first.

4.1 Colourings of a low-degree graph

Anil Kumar and Ramesh (3] present persuasive evidence that the coupling argu-
ment is not applicable to the MC on matchings that was defined at the end of the
previous chapter. We therefore use a somewhat simpler example, namely colour-
ings of a low-degree graph. Let G = (V, E) be an undirected graph, and Q a set of
q colours. A (proper) g-colouring of G is a an assignment o : V — Q of colours to
the vertices of G such that o(u) # o(v) for all edges {u,v} € E. In general, even
deciding existence of a g-colouring in G is computationally intractable, so we need
to impose some condition on G and gq.

Denote by A the maximum degree' of any vertex in G. Brooks’ theorem
asserts that a g-colouring exists when ¢ > A, provided A > 3 and G does not

IThe degree of a vertex is the number of edges incident at that vertex.

M. Jetrum Counting, Sampling and Integrating: Algorithms and Complexity
© Birkhauser Verlag 2003



34 Chapter 4: Coupling and colourings

1. Select a vertex v € V, u.a.r.
2. Select a colour ¢ € Q \ Xo(I'(v)), u.a.r.
3. X1(v) « cand X;(u) « Xo(u) for all u # v.

Figure 4.1: Trial defining an MC on g-colourings.

contain K441 as a connected component (7, 9].2 The proof of Brooks’ theorem is
effective, and yields a polynomial-time algorithm for constructing a g-colouring.
It is also best possible in the (slightly restricted) sense that there are pairs, for
example ¢ = 3, A = 4, which just fail the condition of the theorem, and for which
the problem of deciding g-colourability is NP-complete, even when restricted to
graphs of maximum degree A. So if we are aiming at an efficient sampling proce-
dure for ¢g-colourings we should certainly assume q > A. Moreover, to approximate
the number of g-colourings using the reduction of Exercise 3.5 we need to assume
further that ¢ > A. Before we complete the work of this section, we shall need to
strengthen this condition still further.

So let G = (V, E) be a graph of maximum degree A and let {2 denote the set
of all g-colourings of G, for some ¢ > A. Denote by I'(v) = {u : {u,v} € E(G)}
the set of vertices in G that are adjacent to v. Consider the (time-homogeneous)
MC (X;) on £2 whose transitions are defined by the experimental trial presented
in Figure 4.1. Here we are considering a colouring as a function V' — @, so Xo(u)
denotes the colour of vertex u in the initial state, and Xo(I'(v)) = {Xo(u) : u €
I’'(v)} denotes the set of all colours applied to neighbours of v. Note that the
assumption ¢ > A makes it easy to construct a valid initial state Xj.

Exercises 4.1. 1. Prove that the above MC is irreducible (and hence ergodic)
under the (stronger) assumption ¢ > A+ 2. Further prove, using Lemma 3.7,
that its (unique) stationary distribution is uniform over (2.

2. [Alan Sokal.] Exhibit a sequence of connected graphs of increasing size, with
A = 4, such that the above MC fails to be irreducible when ¢ = 5. (Hint:
as a starting point, construct a “frozen” 5-colouring of the infinite square
lattice, i.e., the graph with vertex set Z x Z and edge set {(i, ), (,j') :
li —4'| + |j — j'| = 1}. The adjective “frozen” applied to a state is intended
to indicate that the only transition available from the state is a loop (with
probability 1) to the same state.)

3. Design an MC on ¢-colourings of an arbitrary graph G of maximum degree A
that is ergodic, provided only that ¢ > A + 1. The MC should be easily
implementable, otherwise there is no challenge! (Hint: use transitions based
on edge updates rather than vertex updates.)

2K, denotes the complete graph on r vertices.
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We shall show that (X;) is rapidly mixing, provided ¢ > 2A + 1, which
we assume from now on. (The reader may be assured that this is the very last
time we shall strengthen the lower bound on the number of colours!) This result
will provide us with a simple and efficient sampling procedure for g-colourings in
low-degree graphs.

Suppose (X;) is any ergodic MC on countable state space {2, with transition
matrix P and initial state Xo = x € §2. For t € N, the distribution of X; (the
t step distribution) is naturally denoted P*(z, -). Let 7 denote the the stationary
distribution of the MC, i.e., the limit of P!(x, -) as t — oco. Recall the definition
of total variation distance from (3.2). We measure the rate of convergence to
stationarity of (X;) by its mizing time (from initial state z):

7z(€) := min {¢ : | Pz, -) = 7|lrv < e} (4.1)

Lemma 4.2. The total variation distance ||P(z, - )—x||Tv of the t-step distribution
from stationarity is a non-increasing function of t.

Exercise 4.3. Prove Lemma 4.2. (A proof is given at the end of the chapter.)

In the light of Lemma 4.2, the following definition of mixing time is equivalent
to (4.1):
7z(¢) :==min {t: |P*(z, -) — 7llrv <€, for all s > t}.

In other words, once the total variation distance becomes smaller than ¢ it stays
smaller than e.

Often we would like to make a statement about mixing time that is indepen-
dent of the initial state, in which case we take a worst-case view and write

7(e) = Igleag T2(€);

we shall refer to 7(¢) simply as the mizing time.

Remark 4.4. Sometimes the further simplification of setting € to some constant,
say € = i—, is made. The justification for this runs as follows. If 7 is the first time ¢
at which |[P*(z, -) — ||ty < §, then it can be shown (2, Chap. 2, Lemma 20] that
|P*"(z, -) — m|jrv < 27% for every k € N.

Our aim in the next section is to show that the mixing time 7(g) of the MC

on colourings is bounded by a polynomial in n and loge™!.

Proposition 4.5. Suppose G is a graph on n wvertices of mazimum degree A. As-
suming q > 2A+1, the mizing time 7(¢) of the MC of Figure 4.1 is bounded above

by
7(e) < qq:QAA nln (g) .
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Taking the instance size n into account is a prominent feature of applications
of MCs in computer science, especially as compared with classical Markov chain
theory. Observe that Proposition 4.5, combined with Proposition 3.4, implies the
existence of an FPRAS for g-colourings in graphs of low enough degree.

Corollary 4.6. Suppose G is a connected graph of mazimum degree A, and q >
2A+ 1. Then there is an FPRAS for counting q-colourings in G. Denote by n the
number of vertices in G and by m the number of edges. Then the running time of
this FPRAS as a function of n, m and the error tolerance ¢ (regarding A and q
as fized) is bounded by cnm?e~? max{In(m/¢), 1} for some constant c.

4.2 Bounding mixing time using coupling

Coupling as a proof technique was discovered by Doeblin in the 1930s. However, its
more recent popularity as a tool for bounding mixing time owes much to Aldous.
Actually, we shall be using only a restricted form of coupling, namely Markovian
coupling.

We start with a ground (time homogeneous) MC (Z;) with state space 2
and transition matrix P. A (Markovian) coupling for (Z;) is an MC (X;,Y;) on
£2 x §2, with transition probabilities defined by:

Pr[X; =72 | Xo = z,Yy = y] = P(z,2'),

4.2
PriY1 =y | Xo =2,Yo =y] = P(y,y). (42)

Equivalently, with P: 0% 02 denoting the transition matrix of the coupling,

Z 13((*7;7 Y), (x',y')) = P($7$,)»

y'en

> P((@y),(@,y) = Py,v).

z'eN
Thus, the sequence of r.v.’s (X;) viewed in isolation forms an MC with transition
matrix P, as does the sequence (Y3).

The easy way to achieve (4.2) would be to assume independence of (X;) and
(Yy), i.e., that

P((z,y),(«",y)) = P(z,2")P(y,).

But this is not necessary, and for our application not desirable. Instead, we are
after some correlation that will tend to bring (X;) and (Y;) together (whatever
their initial states) so that X; = Y; for some quite small ¢. Note that once X; = Y3,
we can arrange quite easily for X to be equal to Y, for all s > ¢, while continuing
to satisfy (4.2): just choose a transition from X, and let Y; copy it.

The following simple lemma, which is the basis of the coupling method,
was perhaps first made explicit by Aldous [1, Lemma 3.6]; see also Diaconis [18,
Chap. 4, Lemma 5].
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Lemma 4.7 (Coupling Lemma). Let (X;,Y:) be any coupling, satisfying (4.2), based
on a ground MC (Z;) on 2. Suppose t : [0,1] — N is a function satisfying the
condition: for all z,y € 2, and alle > 0

Pr[Xy) # Yie) | Xo =2, Yo =y] <e.
Then the mizing time 7(¢) of (Z:) is bounded above by t(g).

Proof. Denote by P the transition matrix of (Z;). Let A C {2 be arbitrary. Let
Xo =z € 2 be fixed, and Yy be chosen according to the stationary distribution 7
of (Z;). For any € € (0,1) and corresponding t = t(¢),

P'(z, A) = Pr[X; € A]
>Pr[X; =Y A Y; € A]
=1-Pr[X; #Y, VY; ¢ A
> 1— (Pr[X, # Yi] + Pr[Y; ¢ A))
>Pr(Y,e A)—¢
=7(A) —e.

Hence, by the second part of definition (3.2), | Pt(z, -) — n||Tv < €. O
Remark 4.8. Actually we established the stronger conclusion
| P! (z, -) — P'(y, - )||lrv <&, for all pairs z,y € £.

This slightly different notion of /;-convergence corresponds to a slightly different
notion of mixing time. This new mixing time has certain advantages, notably
submultiplicativity: see Aldous and Fill [2] for more detail.

Let’s now see how these ideas may be applied to the g-colouring MC of
Figure 4.1. We need to define a coupling on £2? such that the projections onto
the first and second coordinates are faithful copies of the original MC in the sense
of (4.2). Moreover, we wish the coupling to coalesce, i.e., reach a state where
X: = Y, as soon as possible. Figure 4.2 presents what seems at first sight to
be a reasonable proposal. Note that if you hide the random variable Y; then
the companion random variable X; is distributed exactly as if we had used the
trial presented in Figure 4.1. (By symmetry, a similar statement could be made
about Y7.) Thus the coupling condition (4.2) is satisfied.

We have argued that the coupling in Figure 4.2 is correct, but how efficient
is it? Intuitively, provided we can arrange for Prlc, = ¢,] in step 2 to be large, we
ought to reach a state with X; =Y} (i.e., coalescence) in not too many steps. The
Coupling Lemma will then provide a good upper bound on mixing time. In order
to understand what is involved in maximising Pr(c; = ¢,], the following exercise
may be useful.
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1. Select a vertex v € V u.a.r.

2. Select a pair of colours (cz, ¢y) from some joint distribution on

(Q\ Xo(I'(v))) x (Q\ Yo(I'(v)))

that has the “correct” marginal distributions; specifically, the distribution
of ¢, (respectively c,) should be uniform over @ \ Xo(I'(v)) (respectively
Q\Yo(I'(v)). This joint distribution will be chosen so as to maximise Pr[c, =

¢yl

3. Set X1(v) « ¢ and Y (v) — ¢.
Figure 4.2: A coupling for the MC on colourings

Exercise 4.9. Suppose that @ = {0,1,...,6}, Xo(I'(v)) = {3,6} and Yy(I'(v)) =
{4,5,6}. Thus the sets of legal colours for v in X; and Y; are ¢, € {0,1,2,4,5} and
¢y € {0,1,2,3}, respectively. Construct a joint distribution for (c;,c,) such that
¢z is uniform on {0, 1,2,4,5}, ¢, is uniform on {0,1,2,3}, and Prjc; = ¢,] = —g—
Show that your construction is optimal.

The best that can be done in general is as follows.

Lemma 4.10. Let U be a finite set, A, B be subsets of U, and Z,, Z, be random
variables, taking values in U. Then there is a joint distribution for Z, and Z,
such that Z, (respectively Zy) is uniform and supported on A (respectively B)
and, furthermore,

|AN B|

Pr[Z, = Z) = max{|A[, | B[}

Exercise 4.11. Prove Lemma 4.10 and show that the result is best possible. (As-
suming your construction in Exercise 4.9 is reasonably systematic, it should be
possible to adapt it to the general situation.)

Remark 4.12. The term “coupling” does not have a precise agreed meaning, but
its general sense is the following. A pair or perhaps a larger collection of r.v’s is
given. A coupling is a joint distribution of the several variables that has the correct
marginals — i.e., each r.v., when observed independently of the others, has the
correct probability distribution — but, taken together, the variables are seen to
be correlated. Usually the correlation aims to “bring the r.v’s closer together” in
some sense. Lemma 4.10 is a special example of an optimal coupling of two r.v’s
that Lindvall calls the y-coupling [42, §1.5]. The coupling of MCs, as captured in
condition (4.2), is another example of the concept.

We are now well prepared for the main result of the chapter.
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Figure 4.3: Two ways to count the edges spanning the cut (A, Dy).

Proof of Proposition 4.5. We analyse the coupling of Figure 4.2 using the joint
distribution for the colour-pair (¢, ¢, ) that is implicit in Lemma 4.10. Thus, letting
€:=1Q\ Xo(I'(v))] (= # legal colours for v in X;),
n:=1Q\ Yo(I'(v))| (= # legal colours for v in Y7),

and
¢=[(Q\ Xo(I'(v))) N (Q\ Yo(I'(v)))| (= # common legal colours),
the probability that the same colour is chosen for both X; and Y; in step 2 is just

- <
max{¢,n}
Consider the situation that obtains after the coupling has been run for ¢ steps.

Let A; C V be the set of vertices on which the colourings X; and Y; agree, and

D; = V '\ A; be the set on which they disagree. Let d'(v) denote the number of
edges incident at vertex v that have one endpoint in A; and one in D;. Clearly,

Z d'(v) = Z d'(u) =m/,

vE A, u€ D,

Prc; = ¢,] (4.3)

where m’ is the number of edges of G that span A; and D;. (The situation is
visualised in Figure 4.3.) We want to prove that the disagreement set D; tends to
get smaller and smaller.

In one transition, the size of the disagreement set D; changes by at most
one. We therefore need to consider just three cases: increasing/decreasing by one
or remaining constant. In fact, we just need to compute the probability of the first
two, since the third can be got by complementation.

Consider first the probability that |D;41| = |D¢| + 1. For this event to occur,
the vertex v selected in step 1 must lie in A;, and the new colours ¢, and ¢, selected
in step 2 must be different. Observing that the quantities £,  and ( satisfy the
linear inequalities

<
=

[
|

and (4.4)

|
[ O N
(AYAR VAN VAN
@ a, 8
—_ =
<
}./

m
|
b
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we deduce, from (4.3), that

max{§,n} — d'(v)
max{§,n}
d'(v)

Z 1- q- A?

Prlc; = ¢,] >

conditional on v being selected in step (1) Thus

Pr[|Dyy1] = |Dy| + 1] Z Pr [c; # ¢y | v selected]
‘UEAt
1 d'(v) m/
< — = . .
w2 -4 G-dm ()

Now consider the probability that |D;y1| = |D;| — 1. For this event to occur,
the vertex v selected in step 1 must lie in D;, and the new colours ¢, and ¢,
selected in step 2 must be the same. The analogues of inequalities (4.4) in this
case are

£E-¢<A-d(v),
n—¢<A-d(v)
fvTIZQ“‘A

Proceeding as in the previous case,

and

max{{,n} — A+d'(v)
max{¢, n}
_A-d(v)
max{¢, n}
qg—-24+d(v)
> —q—A—’

Prlc; = ¢y] >

conditional on v being selected in step (1). Hence

Pr[|De| = Dy - 1] > + Y0 424+ 20)

v€E D, - 4
qg—2A m’
> Dy + 46
w=2n P =2 (+9)
Define oA ,
q-— ’ m
a=———+—— and b=b(m)= ———,
(= A )= =2

so that Pr [ |Dyy1| = |Dy|+1] < band Pr [|Deg1| = |Dy|—1] > a|Dy|+b. Provided
a > 0, ie., g > 24, the size of the set D; tends to decrease with ¢, and hence,
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intuitively at least, the event D; = {) should occur with high probability for some
t < T with T not too large. Since D; = ( is precisely the event that coalescence
has occurred, it only remains to confirm this intuition, and quantify the rate at
which D, converges to the empty set. From equations (4.5) and (4.6),

E[|Desal | Do) < b(1Di| +1) + (alDe] +b)(IDi| ~ 1)
+ (1 - alDy| - 20)| D]
= (1-a)|Dy].

Thus E |D;| < (1-a)!|Do| < (1—a)n, and, because | D;| is a non-negative integer
random variable, Pr[|D;| # 0] < n(1 — a)! < ne~%. Note that Pr[D; # 0] < ¢,
provided ¢ > a~!In(ne~1), establishing the result. a

Remark 4.13. With a little care, the argument can be pushed to ¢ = 2A, though
the bound on mixing time worsens by a factor of about n?. (The r.v. D; behaves in
the boundary case rather like an unbiased random walk, and therefore its expected
time to reach the origin D, = 0 is longer; refer, e.g., to Dyer and Greenbhill [24],
in particular their Theorem 2.1.)

The (direct) coupling technique described here has been used in a number
of other applications, such as approximately counting independent sets in a low-
degree graph (Luby and Vigoda [46])% and estimating the volume of a convex body
(Bubley, Dyer and Jerrum [15]).% In practice, the versatility of the approach is
limited by our ability to design couplings that work well in situations of algorithmic
interest. The next section reports on a new technique that promises to extend the
effective range of the coupling argument by providing us with a powerful design
tool.

4.3 Path coupling

The coupling technique described and illustrated in the previous section is con-
ceptually very simple and appealing. However, in applying the method to concrete
situations we face a technical difficulty, which began to surface even in §4.2: how
do we encourage (X;) and (Y;) to coalesce, while satisfying the demanding con-
straints (4.2)7 Path coupling is an engineering solution to this problem, invented
by Bubley and Dyer [11, 12]. Their idea is to define the coupling only on pairs of
“adjacent” states, for which the task of satisfying (4.2) is relatively easy, and then
to extend the coupling to arbitrary pairs of states by composition of adjacent cou-
plings along a path. The approach is not entirely distinct from classical coupling,
and the Coupling Lemma still plays a vital role.

3Though the subsequent journal article [47] uses the more sophisticated path coupling method,
which will be described presently.

4The latter application draws inspiration from Lindvall and Rodgers’s [43] idea of coupling
diffusions by reflection.
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1. Select p € [n — 1] according to the distribution f, and r € {0,1} u.a.r.

2. Ifr =1and Xpo (p,p+ 1) € 2, then X; := Xg 0 (p,p + 1); otherwise,
X1 = X().

Figure 4.4: Trial defining an MC on linear extensions of a partial order <.

We illustrate path coupling in the context of a MC on linear extensions of
a partial order. We are given a partially ordered set (V, <), where V = [n] =
{0,1,...,n — 1}. Denote by Sym V the symmetric group on V. We are interested
in sampling, u.a.r., a member of the set

R={geSymV :g(i) < g(j) =i <, foralli,jeV}

of linear extensions of <. In forming a mental picture of the the set {2, the following
characterisation may be helpful: g € {2 iff the linear order

gOcg)e---cgn-1) (4.7)

extends, or is consistent with, the partial order <.

As usual, we propose to sample from {2 by constructing an ergodic MC
on state space {2, whose stationary distribution is uniform. The transitions from
one linear extension to another are obtained by pre-composing the current linear
extension with a random transition (p,p + 1). Instead of selecting p € [n — 1]
uniformly, we select p from a probability distribution f on [n — 1] that gives
greater weight to values near the centre of the range. It is possible that this
refinement actually reduces the mixing time; in any case, it leads to a simplification
of the proof. Formally, the transition probabilities of the MC are defined by the
experimental trial presented in Figure 4.4. Note that composition “o” is to be read
right to left, so that (assuming r = 1): X;(p) = Xo(p+1), X1(p+1) = Xo(p) and
X1(3) = Xo(), for all 5 ¢ {p,p + 1}.

Provided the probability distribution f is supported on the whole interval [n—
1], this MC is irreducible and aperiodic. It is easy to verify, for example using
Lemma 3.7, that the stationary distribution of the MC is uniform. As in §3.3, the
explicit loop probability of % is introduced mainly for convenience in the proof.
However, some such mechanism for destroying periodicity is necessary in any case
if we wish to treat the empty partial order consistently.

Our analysis of the mixing time of the MC using path coupling will closely
follow that of Bubley and Dyer [13]. To apply path coupling, we need first to decide
on an adjacency structure for the state space {2. In this instance we decree that
two states g and ¢’ (linear extensions of <) are adjacent iff ¢’ = go (4, 7) for some
transposition (4,7) with 0 < i < j <n — 1; in this case, the distance d(g,¢’) from
g to ¢’ is defined to be j — . Note that the notions of adjacency and distance are
symmetric with respect to interchanging g and ¢’, so we can regard this imposed
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1. Select p € [n — 1] according to the distribution f, and r, € {0,1} v.a.r. If
j—t=1and p=1i,set ry :=1—ry; otherwise, set r, := ;.

2. Ifr, =1and Xgo(p,p+ 1) € 2 then set X; := Xg o (p,p + 1); otherwise,
set X1 = Xo.

3. Ifry=1and Yoo (p,p+1) € 2 then set Y; := Yy 0 (p,p+ 1); otherwise, set
Y1 = Yg.

Figure 4.5: A possible coupling for the MC on linear extensions.

adjacency structure as a weighted, undirected graph on vertex set §2; let us refer
to this structure as the adjacency graph. It is easily verified that the shortest path
in the adjacency graph between two adjacent states is the direct one using a single
edge. Thus d may be extended to a metric on §2 by defining d(g, h), for arbitrary
states g and h, to be the length of a shortest path from g to h in the adjacency
graph.

Next we define the coupling. We need to do this just for adjacent states, as
the extension of the coupling via shortest paths to arbitrary pairs of states will be
automatic. Suppose that (X, Yy) € £22 is a pair of states related by Yy = X0 (i, )
for some transposition (%, j) with 0 < ¢ < 7 < n— 1. then the transition to (X1, Y;)
in the coupling is defined by the experimental trial presented in Figure 4.5. We
need to show:

Lemma 4.14. For adjacent states Xy and Yy,
E [d(X1,Y1) | Xo,Y0] < 0d(Xo, Yo), (4.8)

where o < 1 is a constant depending on f. For a suitable choice for f, one has
0=1-a, where a = 6/(n® —n).

Informally, Lemma 4.14 says that distance between pairs of states in the
coupled process tends to decrease: exactly the situation we encountered earlier
in the context of the MC on g-colourings. Before proceeding with the proof of
Lemma 4.14, let us pause to consider why it is sufficient to establish (4.8) just for
adjacent states.

Lemma 4.15. Suppose a coupling (X;,Y:) has been defined, as above, on adja-
cent pairs of states, and suppose that the coupling satisfies the contraction con-
dition (4.8) on adjacent pairs. Then the coupling can be extended to all pairs of
states in such a way that (4.8) holds unconditionally.

Proof. Suppose Xo = 2o € 2 and Yy = yo € {2 are now arbitrary. Denote
by P(-,-) the transition probabilities of the MC on linear extensions. Let zg =
20 W 20 =y be a shortest path from zg to Yo in the adjacency graph.
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X, =29 AR 10 Z9 =Y,
Cgl_lp_le, couple )
-
_ L0 g @ T
To=2 e 28 =y

Figure 4.6: Extending a coupling along a shortest path

(Assume a deterministic choice rule for resolving ties.) First select Z(®) € 2 ac-
cording to the probability distribution P(2(?), -). Now select Z(!) according to the
probability distribution induced by the transition (z(%), z2()) - (Z(® Z(M)) in the
coupled process, conditioned on the choice of Z(©; then select Z(?) according to
the probability distribution induced by the transition (2(1),2() - (21, Z(2),
conditioned on the choice of Z(1); and so on, ending with Z(©). (The procedure is
visualised in Figure 4.6.)

Let X1 = Z©® and Y; = Z®. Tt is routine to verify, by induction on path
length £, that Y] has been selected according to the (correct) distribution P(yo, - ).
Moreover, by linearity of expectation and (4.8),

-1
E [d(X1,Y1) | Xo =20, Yo = yo] < ZEd(Z(i),Z(iH))
i=0

-1
<o)y d(z1,z0th)

1=0
= 0d(o,Yo)-

O

So we see that it is enough to establish the contraction property (4.8) for
adjacent pairs of states.

Proof of Lemma 4.14. If p ¢ {i — 1,4,5 — 1,7} then the tests made in steps (2)
and (3) either both succeed or both fail. Thus Y7 = Xj o (¢,5) and d(X;,Y7) =
j —i=d(Xo,Yp). Summarising:

d(X1, Y1) =d(Xo, Yo), ifp¢{i—1,i,j-1,j} (4.9)

Next suppose p = i—1 or p = j. These cases are symmetrical, so we consider
only the former. With probability at least 1, the tests made in steps (2) and (3)
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both fail, since Prjr, =r, =0] = % If this happens, clearly, d(X1,Y1) =j—i =
d(Xo,Yy). Otherwise, with probability at most %, one or other test succeeds. If
they both succeed, then

Yi=Yoo0(i—1,9)
=X00(2,7)0(7/—1,’1»)
=X;0(i—1,4)0(i,j)o(i—1,i)
= X0 (i—-1,7),
and d(X1,Y1) = j — i+ 1 = d(Xo,Yo) + 1; if only one (say the one in step 2)

succeeds, then Y] = Yy = Xpo0 (i,5) = Xy 0 (¢ — 1,4) o (4,5), and d(X1,Y7) <
j—i+1=4d(Xo,Yo)+ 1. Summarising:

. . 1
E [d(Xla}/l) ] X())YOvp =i—1 Vp= ]] < d(XOvYO) + 5 (410)

Finally suppose p = i or p = j—1. Again, by symmetry, we need only consider
the former. There are two subcases, depending on the value of j — i. The easier
subcaseis j —i=1.If r, =1 then r, =0 and

Xy =Xpo(iyi+1)=Yyo(iyi+1)o(i,i+1) =Yy =Y,

with a similar conclusion when 7, = 0. Thus d(X;,Y;) = 0 = d(Xo, Yp) — 1. The
slightly harder subcase is the complementary j — ¢ > 2. The crucial observation
is that Xg o (4,74 1),Yg 0 (i,4 4+ 1) € £2 and hence the tests in steps (2) and (3)
either both succeed or both fail, depending only on the value of r, = r,. To see
this, observe that

Xo(9) # Xo(i +1) = Yo(i + 1)  Yo(4) = Xo(3),
from which we may read off the fact that Xo(¢) and Xo(¢ + 1) are incomparable
in <. The same argument applies equally to Yo(i) and Yp(i + 1). If 7, = O there is
no change in state; otherwise, if r, = 1,
X1 = Xoo (i,i+1)
=Yyo0(3,5) 0 (i,i+1)
= Yl o (Z + Lj)’

and d(X1,Y1) = j — i — 1 = d(Xo,Yy) — 1. Summarising both the j —7 = 1 and
j —1i > 2 subcases:

E [d(X1,Y1) | X0, Yo,p=1iVp=j—1] <e(Xo,Yo), (4.11)
where

0, if d(Xo,Y) = 1;
d(Xo,Yo) — %, otherwise.

e(Xo,Yo) = {
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Note that, in the case j —i = 1, inequality (4.11) covers just one value of p, namely
p =1 = j — 1, instead of two; however, this effect is exactly counterbalanced by
an expected reduction in distance of 1 instead of just % Combining (4.9)—(4.11)
we obtain

-fe-)+fE)+fU-1)—-f
Specialising the probability distribution f(-) to be f(i) := a(i + 1)(n —i — 1) —
where o := 6/(n3—n) is the appropriate normalising constant — we have, by direct
calculation, —f(i— 1)+ f(i)+ f(j — 1) — f(j) = 2a(j — 7). Since d(Xo, Yp) = j — 1,
we obtain (4.8) with p=1—a. O

From Lemmas 4.14 and 4.15 it is now a short step to:

Proposition 4.16 (Bubley and Dyer). The mizing time of the MC on linear exten-
sions (refer to Figure 4.4) is bounded by

7(e) < (n® —n)(2lnn +1Ine1)/6.

Proof. By iteration, E [d(Xt,Yt) ‘ XO,YO] < 0'd(Xo,Yo). For any pair of linear
extensions g and h, there is a path in the adjacency graph using only adjacent

transpositions (i.e., length one edges) that swaps each incomparable pair at most
once. Thus d(Xp,Yp) < (3) < n?, and

Pr[X; # Y] <Ed(X.,Y;) < (1 —a)in?

The latter quantity is less than ¢, provided ¢t > (n® — n)(2lnn + Ine~1)/6. The
result follows directly from Lemma 4.7. ]

David Wilson has recently derived a similar O(n3logn) bound on mixing
time when f is uniform, i.e, when the transposition (p,p + 1) is selected u.a.r.

Exercises 4.17. 1. Use Proposition 4.16 to construct an FPRAS for linear ex-
tensions of a partial order.

2. Reprove Proposition 4.5 using path coupling. Note the significant simplifi-
cation over the direct coupling proof.

New applications of path coupling are regularly being discovered. Bubley,
Dyer and Greenhill [14] have presented an FPRAS for g-colourings of a low de-
gree graph that extends the range of applicability of the one described earlier.
They were able, for example, to approximate in polynomial time the number of
5-colourings of a graph of maximum degree 3, thus “beating the 24 bound” that
appeared to exist following the result described in §4.1. Vigoda [66], in a path-
coupling tour de force, was able to beat the 24 bound uniformly over all sufficiently
large A; specifically, he proved rapid mixing whenever g > %A. It is fair to say
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that neither of these improvements would have been possible without the aid of
path coupling.

Dyer and Greenhill have also considered independent sets in a low degree
graph [25], and obtained a result similar to, but apparently incomparable with,
that of Luby and Vigoda [47]. Bubley and Dyer (again) applied path coupling
to establish rapid mixing of a natural Markov chain on sink-free orientations of
an arbitrary graph [10]. McShine [50] presents a particularly elegant application
of path coupling to sampling tournaments. One further example must suffice:
Cooper and Frieze [17] have applied path coupling to analyse the “Swendsen-
Wang process,” which is commonly used to sample configurations of the “random
cluster” or ferromagnetic Potts model in statistical physics.

Finally, for those who skipped Exercise 4.3, here is the missing proof.

Proof of Lemma 4.2. The claim is established by the following sequence of (in-)
equalities:

2||P"* (@, ) = wllov = Y|P (2, y) — 7(y)]

yen
— Z Z P'(z,2) P(z,y) — ZW(Z) P(z,y)]
yeN 'zeN zef?
<Y Y |PH(az) —7(2)| P(=) (412)
yEN z€N
=Y |Px,2) —7(2)] 3 Plz,y)
2€0 yes?

=2||P'(z, -) — 7llTv,

where (4.12) is the triangle inequality. O
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Canonical paths and matchings

Coupling, at least Markovian coupling, is not a universally applicable method for
proving rapid mixing. In this chapter, we define a natural MC on matchings in a
graph G and show that its mixing time is bounded by a polynomial in the size
of G. Anil Kumar and Ramesh (3] studied a very similar MC to this one, and
demonstrated that every Markovian coupling for it takes expected exponential
time (in the size of G) to coalesce. In the light of their result, it seems we must
take an alternative approach, sometimes called the “canonical paths” method.

5.1 Matchings in a graph

Consider an undirected graph G = (V, E) with vertex set V of size n, and edge
set E of size m. Recall that the set of edges M C E is a matching if the edges
of M are pairwise vertex disjoint. The vertices that occur as endpoints of edges
of M are said to be covered by M; the remaining vertices are uncovered. For a
given graph G = (V, E), we are interested in sampling from the set of matchings
of G according to the distribution

AMI

r(M) = = (5.1)
where Z := 3", M| and the sum is over matchings M of all sizes. In statistical
physics, the edges in a matching are referred to as “dimers” and the uncovered
vertices as “monomers.” The probability distribution defined in (5.1) characterises
the monomer-dimer system specified by G and A. The normalising factor Z is the
partition function of the system. The parameter A € R can be chosen to either
favour smaller (A < 1) or larger (A > 1) matchings, or to generate them from the
uniform distribution (A = 1).

Note that computing Z exactly is a hard problem. For if it could be done
efficiently, one could compute Z = Z()) at a sequence of distinct values of A,

M. Jetrum Counting, Sampling and Integrating: Algorithms and Complexity
© Birkhauser Verlag 2003
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1. Select e = {u, v} € E u.ar.
2. There are three mutually exclusive (but not exhaustive) possibilities:

(1) If w and v are not covered by Xy, then M «— X, U {e}.
(1) If e € Xo, then M — Xo \ {e}.

() If u is uncovered and v is covered by some edge €' € X (or vice versa,
with the roles of u and v reversed), then M’ — M U {e} \ {¢'}.

If none of the above situations obtain, then M — X.

3. With probability min {1, 7(M)/m(Xo)} set X1 « M; otherwise, set X; —
Xo. (This form of acceptance probability is known as the Metropolis filter.)

Figure 5.1: An MC for sampling weighted matchings

and then extract the coefficients of Z(\) by interpolating the computed values.
(Observe that Z(A) is a polynomial in A.) But the highest-order coefficient is just
the number of perfect matchings in G. It follows from Theorem 2.2 that evaluating
Z(A) at (say) integer points A € N is #P-hard. Indeed, with a little more work,
one can show that evaluating Z()) at the particular point A = 1 (i.e., counting
the number of matchings in G) is #P-complete. Although it is unlikely that Z can
be computed efficiently, nothing stops us from having an efficient approximation
scheme, in the FPRAS sense of §3.1.

We construct an MC for sampling from distribution (5.1) as shown in Fig-
ure 5.1. As usual, denote the state space of the MC by {2, and its transition matrix
by P. Consider two adjacent matchings M and M’ with n(M) < n(M’). By adja-
cent we just mean that P(M, M') > 0, which is equivalent to P(M’, M) > 0. The
transition probabilities between M and M’ may be written

and

(M)
(M)’

P(M, M) = %
1

PM' M
giving rise to the symmetric form
r(M)P(M,M') = n(M")P(M'M) = —mm {m(M),m(M")}. (5.2)

The above equality makes clear that the MC is time-reversible, and that its sta-
tionary distribution (appealing Lemma 3.7) is =.

Remarks 5.1. (a) The transition probabilities are easy to compute: since a tran-
sition changes the number of edges in the current matching by at most one,
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the acceptance probability in step 3 is either 1 or min{\, A71}, and it is easy
to determine which.

(b) Broder [8] was the first to suggest sampling matching by simulating an ap-
propriate MC. His proposal was to construct an MC whose states are perfect
matchings (i.e., covering all the vertices of (G) and near-perfect matchings
(i-e., leaving exactly two vertices uncovered). The MC on all matchings pre-
sented in Figure 5.1 was introduced by Jerrum and Sinclair [36].

(c) Time reversibility is a property of MCs that is frequently useful to us; in
particular, as we have seen on several occasions, it permits easy verification
of the stationary distribution of the MC. However, we shall not make use of
the property in the remainder of the chapter, and all the results will hold in
the absence of time reversibility.

5.2 Canonical paths

The key to demonstrating rapid mixing using the “canonical paths” technique lies
in setting up a suitable multicommodity flow problem. For any pair z,y € 02,
we imagine that we have to route 7(z)7(y) units of distinguishable fluid from z
to y, using the transitions of the MC as “pipes.” To obtain a good upper bound on
mixing time we must route the flow evenly, without creating particularly congested
pipes. To formalise this, we need a measure for congestion.

For any pair z,y € {2, define a canonical path v,y = (z = 20, 21,...,2¢ = y)
from x to y through pairs (z;, z;11) of states adjacent in the MC, and let

= {yy|z,yec 2}

be the set of all canonical paths. The congestion ¢ = p(I") of the chain is defined
by

1
o= { i Y @bl o 69

T,Y: Yxy uses t

~ S

~ ———
(capacity of t)—1 total flow through ¢

where ¢ runs over all transitions, i.e., all pairs of adjacent states of the chain, and
|zy| denotes the length £ of the path v,

We want to show that if ¢ is small then so is the mixing time of the MC.
Consider some arbitrary “test” function f : {2 — R. The variance of f (with
respect to 7) is

Varg fi= 3 w(@)(f(@) = Ex f)’ = Y 7(2)f(@)? - (B /)2, (5.4)
e T€N

where

E,f:=)Y m(z)f(z).

T€S?
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It is often convenient to work with an alternative, possibly less familiar expression
for variance, namely

Var f =3 3 w(e)n(y)(7() - 1)

T,YyeN

(5.5)

Equivalence of (5.4) and (5.5) follows from the following sequence of identities:

2 Y w@n) (f(@) - fw)
2 T,y€N
= Y [r@)n(y)f(2)? - n(@)m(y) f(@)f ()]
z,yeN
= Z 7(z)f(x)? Z m(y) — Z m(z) f(z) Z m(y)f (y)
zER2 yeN z€EN yen
= 3 m@)f@)? - (Ex ))?
€N
= Var, f.

The variance Var, f measures the “global variation” of f over {2. By contrast, the
Dirichlet form

D) =5 3 m@P@)(f) - f) (5.6)

T,yeN

measures the “local variation” of f with respect to the transitions of the MC. The
key result relating the congestion g to local and global variation is the following.

Theorem 5.2 (Diaconis and Stroock; Sinclair). For any function f: 2 - R,
1
gw(fvf) Z Eva'rw f (57)

where o0 = o(I') 1is the congestion, defined in (5.3), with respect to any set of
canomnical paths I'.

Remarks 5.3. (a) An inequality such as (5.7), which bounds the ratio of the local
to the global variation of a function, is often termed a Poincaré inequality.

(b) If the congestion p is small, then high global variation of a function entails
high local variation. This in turn entails, as we shall see presently, short
mixing time.
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Proof of Theorem 5.2. We follow Sinclair [57, Thm. 5] whose proof in turn is in-
spired by Diaconis and Stroock [20].

2Var, f= 3 w(@)n()(f(2) - f(v))”

z,yEeN
2
= 7r(fB)W(Z/)( > 1'(f(U)~f(v))> (5.8)
z,yeN (u,0)€EYay
<Y a@r@) el Y (Fw) - f@)? (5.9)
z,yeN (u,0)€Yay
=Y Y @) el (F) - £())?
u,v€NR LY
(u,v)€Vay
= Y (fw-f@)* Y w@)m(y) eyl
u,vER Tyt
(U, 0)€Yay
< 37 (f(w) = £(v))° w(w)P(u,v) 0 (5.10)
u,v€NR
=20&; (f, f)
Equality (5.8) is a “telescoping sum,” inequality (5.9) is Cauchy-Schwarz, and
inequality (5.10) is from the definition of p. O

For the following analysis, we modify the chain by making it “lazy.” In each
step, the lazy MC stays where it is with probability %, and otherwise makes the
transition specified in Figure 5.1. Formally, the transition matrix of the lazy MC
is Py, = %(I + P), where I is the identity matrix. It is straightforward to show
that the lazy MC is ergodic if the original MC is, in which case the stationary
distribution of the two is identical. (In fact, irreducibility of the original MC is
enough to guarantee ergodicity of the lazy MC.)

Exercise 5.4. Verify these claims about the lazy MC.

Remarks 5.5. (a) This laziness doubles the mixing time, but ensures that the
eigenvalues of the transition matrix are all non-negative, and avoids possible
parity conditions that would lead to the MC being periodic or nearly so. In
an implementation, to simulate 2¢ steps of the lazy MC, one would generate
a sample T' from the binomial distribution Bin(2t,1), and then simulate
T steps of the original, non-lazy MC. Thus, in practice, efficiency would not
be compromised by laziness.

(b) The introduction of the lazy chain may seem a little unnatural. At the ex-
pense of setting up a little machinery, it can be avoided by using a continuous-
time MC rather than a discrete-time MC as we have done. Some other parts
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of our development would also become smoother in the continuous-time set-
ting. We shall return to this point at the end of the chapter.

Before picking up the argument, some extra notation will be useful. If f is
any function f: 2 — R then P,, f : {2 — R denotes the function defined by

[P f)(@) := ) Pru(x,9)f(y)-

yEN

The function P,,f is the “one-step averaging” of f. Similarly, P.,f, defined in
an analogous way, is the “t-step averaging” of f: it specifies the averages of f
over t-step evolutions of the MC, starting at each of the possible states. If the
MC is ergodic (as here), then P!, f tends to the constant function E, f as t — oc.
(Observe that E(P,,f) = E, f and hence E,(P.,f) = E, f; in other words, t-step
averaging preserves expectations.) Thus we can investigate the mixing time of the
MC by seeing how quickly Var, (P, f) tends to 0 as ¢ — oo. This is the idea we
shall now make rigorous.

Theorem 5.6. For any function f: 2 — R,

Vary (P f) < Vary f - %gw( £.f). (5.11)

Proof. We follow closely Mihail’s [51] derivation. Consider the one-step averaging
of f with respect to the lazy chain:

(Prf)(z) = Pulz,y)f(y)

yeN

= 31@)+3 Y P@f)

yeN

= 3 3 Play) (f&) + 1(w). (512)

yen

For convenience, assume! E, f = 0, and hence E,(P,,f) = 0. Then the left-hand
side of (5.11) is bounded above as follows:

Varw(Pzzf) = Z 7‘-(3:) {[Pzz-f](x)}2

TES2
2
= % > (@) ( > P(z,y) (f(z) + f(y))) (5.13)
e yeN
s zt‘ 3 w@)P(a,y) (f2) + ), (5.14)
z,y€N

10therwise add or subtract a constant, an operation that leaves unchanged the quantities of
interest, namely Vary f, Varg(P,zf) and Ex(f, f).
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where step (5.13) uses (5.12), and step (5.14) relies on the fact that the square of
the expectation of a r.v. is no greater than the expectation of its square. To get at
the right-hand side of (5.11) we use yet another expression for the variance of f:

Var, f = 2 Y (o) i@ + 5 Y n(0)f(w)°

e yen

== () f(z)*P(z,y) +—;— Z m(x)P(z,y)f(y)?

T,y€N T, Y€

== Y m@Pxy) (f(=)° + Fv)°). (5.15)

z,yeN
Subtracting (5.14) from (5.15) yields
2

Vary f — Varg (P, f) > i Y m@)P(z,y) (fz) - f()

T,y€eN

1
zégw(faf),

as required. a

Combining Theorem 5.2 and Theorem 5.6 gives:

Corollary 5.7. For any function f : 2 — R,
1
< R
Var, (P, f) < (1 2@) Var, f,

where ¢ = o(I") is the congestion, defined in (5.3), with respect to any set of
canonical paths I'.

Remark 5.8. The algebraic manipulation in the proof of Theorem 5.6 seems mys-
terious. The discussion of the continuous-time setting at the end of the chapter
will hopefully clarify matters a little.

We can now use Corollary 5.7 to bound the mixing time of the chain, by
using a special function f. For a subset A C {2 of the state space, we consider its

indicator function
1, ifze A;
)=
1) {(), otherwise.
Then we have Var, f <1 and therefore

1\’ —t
¢ < _— < —_—
Var.(P,,f) < (1 29) < exp { % },
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where P! f is the t-step averaging of f. Fix some starting state x € {2 and set
t=[20(2mlme " +Inn(z)™)].
This gives
Var,(PL,f) < exp{-2lne™" —Inn(z) "'} = e?n(x).
On the other hand,

Varg (PL,f) > n(z) ([PL,f])(z) — E«(PLf))"
= n(z) ([P, f)(2) — Ex f)*,

which implies
e > |[PLfl(x) = Ex f| = | PL,(x, A) — m(A)]

for all A. This in turn means that the total variation distance | PL,(z, -) — 7|lrv
is bounded by ¢, and we obtain the following corollary:

Corollary 5.9. The mixing time of the lazy MC is bounded by
() <20 (2Ine! +Inw(z)7h),

where o = o(I") is the congestion, defined in (5.3), with respect to any set of
canonical paths I

Remark 5.10. The factor 2 in front of the bound on mixing time is an artifact of
using the lazy MC.

5.3 Back to matchings

In the previous section, we saw how a general technique (canonical paths) can
be used to bound the Poincaré constant of an MC, and how that constant in
turn bounds the mixing time. Let’s apply this machinery to the matching chain
presented in Figure 5.1. Our ultimate goal is to derive a polynomial upper bound
on mixing time:

Proposition 5.11. The mizing time 7 of the MC on matchings of a graph G (refer
to Figure 5.1) is bounded by

7(e) < nmA?(4lne! +2nlnn+n|n)|),

where n and m are the number of vertices and edges of G, respectively, and X =
max{1,A}.

Remark 5.12. It is possible, with a little extra work, to improve the upper bound
in Proposition 5.11 by a factor of A: see Exercise 5.17.
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Figure 5.2: A step in a canonical path between matchings

The first step is to define the set I of canonical paths. Given two matchings
I (initial) and F (final), we need to connect I and F' by a canonical path v;r in
the adjacency graph of the matching MC. Along this path, we will have to lose
or gain at least the edges in the symmetric difference I ® F'; these edges define a
graph of maximum degree two, which decomposes into a collection of paths and
even-length cycles, each of them alternating between edges in I and edges in F.
If we fix some ordering of the vertices in V', we obtain a unique ordering of the
connected components of (V,I @ F'), by smallest vertex. Within each connected
component we may identify a unique “start vertex”: in the case of a cycle this will
be the smallest vertex, and the case of a path the smaller of the two endpoints. We
imagine each path to be oriented away from its start vertex, and each cycle to be
oriented so that the edge in I adjacent to the start vertex acquires an orientation
away from the start vertex. In Figure 5.2 — which focuses on a particular transition
t = (M, M') on the canonical path from I to F' — the r connected components of
I @ F are denoted Py,..., P;.

To get from I to F', we now process the components of (V,I @ F) in the
order Py, ..., P.. In each cycle, we first remove the edge in I incident to the start
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vertex using a |-transition; with a sequence of «-transitions following the cycle’s
orientation, we then replace I- by F-edges; finally, we perform a ]-transitions to
add the edge in F incident to the start vertex. In every path, if the start vertex
is incident to an F-edge, we use «-transitions along the path and finish by a
T-transition in case the path has odd length. If the start vertex is incident to
an [-edge, we start with a |-transition, then use —-transitions along the path,
and finish with an 7-transition in case the path has even length. This concludes
the description of the canonical path v;r. Each transition ¢ on a canonical path
~v1r can be thought of as contributing to the processing of a certain connected
component of I ¢ F; we call this the current component (or cycle, or path, if we
want to be more specific).
Denote by

cp(t) :=={(I,F) |t € vir}

the set of pairs (I, F) € §2 whose canonical path v, uses transition t. To bound
the mixing time of the MC, we need to bound from above the congestion

1

o= i {m (1;‘:2;,(0”(1 ) (F) lw|} (5.16)

(c.f. (5.3)), where the maximum is over all transitions ¢ = (M, M’). It is not
immediately clear how to do this, as the sum is over a set we don’t have a ready
handle on. Suppose, however, that were able to construct, for each transition ¢t =
(M, M'), an injective function n; : cp(t) — {2 such that

n(Dm(F) £ ©7(M)P(M,M')n(m (1, F)), (5.17)

for all (I,F) € cp(t), where the relational symbol “<” indicates that the left-
hand side is larger than the right-hand side by at most a polynomial factor in the
“instance size,” i.e., some measure of G and A. Then it would follow that

0= m?x{ Z m(n: (I, F)) |71p|} from (5.16) and (5.17)
(I,F)ecp(t)
S mtax{ Z W(T}t(I,F))} since |yip| < n
(I,F)ecp(t)
<1 since 7 is injective.

In other words, the congestion g (and hence the mixing time of the MC) is poly-
nomial in the instance size, as we should like.

We now complete the programme by defining an encoding 7; with the appro-
priate properties, and making exact the calculation just performed. To this end,
fix a transition t = (M, M’). If t is a «-transition, (I, F') € cp(t), and the current
component (with respect to the canonical path ;) is a cycle, then we say that ¢
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IiI PHI \P,v.I \Ply I

Figure 5.3: The corresponding encoding n:(X,Y).

is troublesome (with respect to the path vrr). If ¢ is troublesome, then we denote
by errt € I the (unique) edge in I that is adjacent to the start vertex of the cycle
being processed by t. For all (I, F') € cp(t), define

(I,F) = (16’9 Fe (MU M’)) \ {err¢}, if tis troublesome;
= IoFo(MuM), otherwise.

Roughly speaking, the encoding C = m;(I, F) agrees with I on the components
that have been completely processed, and with F' on the components that have
not been touched yet. Moreover, C agrees with I and F' on the edges common to
both. (See Figure 5.3.) The crucial properties of 1, are described in the following
sequence of claims.

Claim 5.13. For all transitions t and oll pairs (I, F) € cp(t), the encoding C =
(I, F) is a matching; thus n; is a function with range §2, as required.

Proof. Consider the set of edges A =1& F & (M U M'), and suppose that some
vertex, u say, has degree two in A. (Since A C I U F, no vertex degree can exceed
two.) Then A contains edges {u,v1},{u,v2} for distinct vertices vy, v2, and since
A C TUF, one of these edges must belong to I and the other to F. Hence both
edges belong to I @ F', which means that neither can belong to M U M’. Following
the form of M U M’ along the canonical path, however, it is clear that there
can be at most one such vertex u; moreover, this happens precisely when ¢ is a
troublesome transition and u is the start vertex of the current cycle. Our definition
of ny removes one of the edges adjacent to v in this case, so all vertices in C have
degree at most one, i.e., C is indeed a matching. O

Claim 5.14. For every transition t, the function n; : cp(t) — §2 is injective.

Proof. Let t be a transition, and (I, F') € cp(t). We wish to show that the pair
(I, F) can be uniquely reconstructed from a knowledge only of ¢ and n(I, F). It
is immediate from the definition of 7; that the symmetric difference I @ F can be
recovered from C = n,(I, F) using the relation

I&6F = (Co®(MUM')U{err}, iftis troublesome;
| CceMuM), otherwise.
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Of course, we don’t know, a priori, the identity of the edge e;r;. However, once
we have formed the set C & (M U M') we can see that e;p; is the unique edge that
forms a cycle when added to the current path. There is a slightly delicate issue
here: how do we know whether we are in the troublesome case or not? In other
words, how to we know whether the current component is a cycle or a path? The
answer lies in the convention for choosing the start vertex. It can be checked that
choosing the lowest vertex as start vertex leads to a path being oriented in the
opposite sense to a cycle in this potentially ambiguous situation.

Given I @ F, we can at once infer the sequence of paths Py, P,, ..., P. that
have to be processed along the canonical path from I to F', and the transition ¢
tells us which of these, P; say, is the current one. The partition of I & F into I
and F' is now straightforward: I agrees with C on paths P;,..., P;,_1, and with M
on paths P,y1,..., P.. On the current path, P;, the matching I agrees with C on
the already processed part, and with M on the rest. (If ¢ is troublesome, then the
edge ey also belongs to I.) Finally, the reconstruction of I and F is completed
by noting that I N F = M \ (I @ F), which is immediate from the definition of
the paths. Hence I and F can be uniquely recovered from C = n(I, F), so n; is
injective. (]

Claim 5.15. For all transitions t = (M, M') and all pairs (I, F') € cp(t),
a(D)m(F) < mXn(M)P(M, M") n(n(I, F)),
where X := max{1, \}.
Proof. Let C = n (I, F), and consider the expressions
ATAFL and  AIMUMIy(C]
which are closely related to the quantities
n(Dn(F) and w(M)P(M,M")n(n:(I,F))

of interest. Each edge e € F contributes a factor 1, A or A2 to AIXIFI, according
to whether e is in neither, exactly one, or both of I and F. A similar observation
can be made about AMUM'INCI If ¢ ¢ [ and e ¢ F then e ¢ M U M’ and
e ¢ C, and the contribution to both expressions is 1. If e € I and e € F then
e € MUM’ and e € C and the contribution to both expressions is A\2. Ife € & F'
then e € (M U M’) @ C and the contribution to both expressions is A, with one
possible exception: if ¢ is troublesome and e = eyp; then there is a contribution A
to AINFT and 1 to AIMYM'INICI Thus,

MINFL < X \IMUM']y[C]
Dividing by Z2, the square of the partition function, it follows that
r(Dn(F) < Xa(M)n(C) and =(I)n(F) < XNx(M")r(C),
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where we have used the fact that |M|,|M’'| > |M U M’'| — 1. Then

r(D)m(F) < N min {7(M),n(M")} n(C
= mM\2n(M)P (M M ) (C) by (5.2),
yielding the required inequality. O

Now we are ready to evaluate the congestion p.

Proposition 5.16. With a set of canonical paths I' defined as in this section, the
congestion o = o(I") of the MC on matchings of a graph G (refer to Figure 5.1) is
bounded by o < nmA?, where n and m are the number of vertices and edges of G,
respectively, and A = max{1,\}.

Proof. We just need to make precise the rough calculation following (5.17).

1
o= max {— o ———ru (D7 (F) el
t=(M.M") { m(M)P(M, M') (I,F)Ze;tp(t)
<mA > w(m(I,F)) el by Claim 5.15
(I,F)ecp(t)
< nmA? Z w(n(1, F)) since |yrr| <n
(I,F)ecp(t)
< nmA? by Claim 5.14.
O

The sought-for bound on mixing time follows immediately.

Proof of Proposition 5.11. Combine Corollary 5.9 and Proposition 5.16, noting the
crude bound In7(z)~! < nlnn+ in|In A|, which holds uniformly over z € 2. O

Exercise 5.17. Show how to tighten the upper bound in Proposition 5.11 by a
factor A. Since Claim 5.15 is essentially tight when ¢ is troublesome, it is necessary
to improve somehow the inequality

Yo wm(I,F) <1

(I,F)ecp(t)

by studying carefully the range of 7;. See Jerrum and Sinclair [36], specifically the
proof of their Proposition 12.4.
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e add e

Figure 5.4: A graph with many “near perfect” matchings.

(k hexagons)

5.4 Extensions and further applications

Let G be a graph with at least one perfect matching (i.e., matching that covers
all vertices of G). In the limit, as A — oo, the partition function Z(A) counts the
number of perfect matchings in G. However, the bound on mixing time provided by
Proposition 5.11 grows unboundedly with increasing A, so it is not clear whether
the MC we have studied in this chapter provides us with a FPAUS for perfect
matchings in G. At first we might hope that it is not necessary to set A very large;
perhaps the distribution (5.1) already places sufficient probability on the totality
of perfect matchings at some quite modest A. (According to Proposition 5.11, we
need A to be bounded by a polynomial in n, the number of vertices in G, to achieve
a FPAUS/FPRAS for perfect matchings.)

Unfortunately, there are graphs (see Figure 5.4) for which the perfect match-
ings make an insignificant contribution to distribution (5.1) unless A is exponen-
tially large in n. This claim follows from the these easily verified properties of the
illustrated graph: (i) it has a unique perfect matching, and (ii) it has 2* matchings
that cover all vertices apart from u and v. The question of whether there exists an
FPRAS (equivalently, by the observations of Chapter 3, an FPAUS) for perfect
matchings in a general graph is still open at the time of writing. However, progress
has been made in some special cases, that of bipartite graphs being perhaps the
most interesting.

The problem of counting perfect matchings in a bipartite graph is of particu-
lar significance, since is is equivalent to evaluating the permanent of a 0, 1-matrix.
(Refer to problems #BIPARTITEPM and 0,1-PERM of Chapter 2.) Recently, Jer-
rum, Sinclair and Vigoda [37] presented an FPRAS for the permanent of a 0,1-
matrix (in fact a general matrix with non-negative entries) using MC simulation.
Noting that the counterexample of Figure 5.4 is bipartite, it is clear that we need
to introduce a more sophisticated MC to achieve this result. In very rough terms,
it is necessary to weight matchings according not just to the number of uncovered
vertices but also their locations. In this way it is possible to access perfect match-
ings from near-perfect ones via a “staircase” of relatively small steps. Full details
may be found in [37].

The canonical paths technique has also been applied by Jerrum and Sinclair
to the ferromagnetic Ising model [35] and by Morris and Sinclair to “knapsack so-
lutions” [52]. The latter application is particularly interesting for its use of random
canonical paths.
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5.5 Continuous time

It is possible to gain a better understanding of Theorem 5.6 and Corollary 5.7 by
moving to continuous time.

Associated with any discrete-time MC (X; : ¢ € N) is a “continuised” MC
()Z't : t € RT). (We use tilde to distinguish continuous-time notions from their
discrete-time analogues.) The MC ()Z't) makes jumps at times (t1, 2,3, ...) where
the time increments ¢, 1 —¢;, for ¢ € N, are independent r.v’s that are exponentially
distributed with mean 1. (Here we use the convention ¢ty = 0.) Between the jumps,
i.e., in the intervals [t;,¢;1+1), for ¢ € N, the value of X, is constant. The jumps,
when they occur, are governed by the same transition matrix P as the original
MC (X;). Informally, we have replaced deterministic time-1 holds between jumps
by random, exponential, mean-1 holds. See Norris [53] for a proper treatment of
continuous-time MCs. B

The continuous-time MC has an “infinitesimal description” Pr(Xiiq: = vy |
X, = ) = P(z,y) dt for all  # y. As a consequence, the distribution of X; has a
particularly pleasant form:

PY(z,y) :=Pr(X, =y | Xo = z) = exp{(P - I)t},

where [ is the identity m~atrix.2 As in the discrete-time case, we aim to bound the
rate of convergence of (X;) to stationarity by analysing the decay of the variance

Vare(P'f) := Y n(@){[P'f)(2)}’, (5.18)
€N
where the function Ptf : 2 — R is defined by
[P'f)(x) =Y P'(z,y)f (5.19)
yeN

and f: {2 — R is any test function with E, f = 0.
By calculus, starting with (5.18) and (5.19), we may derive (calculation left
to the reader):

I Varg(Pt) =2 Y w(a) (Pla,y) - I(z.) [PA)(e) (P ))
T, y€N

Hence, setting ¢ = 0, we obtain

d pt
7 Var,(P'f)

t=0 T,yeN

= _287r(f7f)a

2The exponential function applied to matrices can be understood as a convergent sum
expQ:=I+Q+ Q%/2! + Q3/3! +
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a continuous-time analogue of Theorem 5.6.
Applying Theorem 5.2, we see that Var,(P!f) is bounded by the solution of
the differential equation v = —(2/p)v, and hence

Var, (Ptf) < exp{ - %} Var, f, (5.20)

a continuous-time analogue of Corollary 5.7.
Exercise 5.18. Follow through in detail the calculations sketched above.

Remarks 5.19. (a) The rate of decay of variance promised by (5.20) is faster
than Corollary 5.7 by a factor 4. A factor 2 is explained by the avoidance
of the lazy MC, but the remaining factor 2 is “real.” This suggests that the
calculation in Theorem 5.6 is not only a little mysterious, but also gives away
a constant factor.

(b) Simulating the continuised MC is unproblematic, and can be handled by a
device similar to that employed in the case of the lazy MC (c.f. Remarks 5.5).
To obtain a sample from the distribution of X;: (i) generate a sample T from

the Poisson distribution with mean ¢, and then (ii) simulate the discrete-time
MC for T steps.



Chapter 6

Volume of a convex body

We arrive at one of the most important applications of the Markov chain Monte
Carlo method: the estimation of the volume of a convex body. For a convex body K
in low dimensional Euclidean space, say two or three dimensions, it is not too
difficult to estimate the volume of K within reasonable relative error using a direct
Monte Carlo approach. Depending on how K is presented, it may even be possible
to find the volume exactly without too much difficulty. In this chapter, therefore,
we imagine the dimension n of the space to be large, and certainly greater than 3.
There are two related problems:

e sample uniformly at random a point from the convex body K;

e estimate the volume vol,, K of K.

We will first look at the problem of random sampling in K. Since volume is the
limit of a sum, it is not surprising, in the light of examples contained in previous
chapters, that the second problem can be reduced to the first. We shall look first
at the problem of random sampling in K; the reduction of volume estimation to
sampling will be covered at the end of the chapter.

The convex body is given as an oracle which, for a point z € R, tells whether
or not x € K (see Figure 6.1). This oracle model subsumes several possible conven-
tions for describing inputs. For example, in the case of a convex polytope defined
by a set of linear inequalities it is of course easy to implement the oracle. A con-
vex polytope presented as the convex hull of its vertices it is a little harder, but
it can still be done, by linear programming. In some applications, the assumption
of an ezact oracle that accurately decides whether x € K may be unrealistic. In
an implementation we would almost certainly be using arithmetic with bounded
precision, and we could not always know for sure whether were in or out. In fact,
it is possible to relax the definition of oracle to incorporate some fuzziness at the
boundary of K without loosing much algorithmically. One of the many simplifi-
cations we shall make in this chapter is to assume exact arithmetic and an exact
oracle. For a much fuller picture, refer to Kannan, Lovész and Simonovits [39].

M. Jerram Counting, Sampling and Integrating: Algorithms and Complexity
© Birkhauser Verlag 2003
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ez g K

Figure 6.1: Oracle for K.

C

7
o

Figure 6.2: Sampling by “direct” Monte Carlo.

The first thing to be noticed in this endeavour is that some intuitively appeal-
ing approaches do not work very well. Let us consider a conventional application
of the Monte Carlo method to the problem. Say we shrink a box C around K as
tightly as possible (see Figure 6.2), sample a point x uniformly at random from C,
and return z if £ € K; otherwise repeat the sampling if z ¢ K. This simple idea
works well in low dimension, but not in high dimension, where the volume ratio
vol,, K/ vol,, C can be exponentially small. This phenomenon may be illustrated
by a very simple example. Let K = B,(0,1) be the unit ball, and C = [-1,1]"
the smallest enclosing cube. In this instance the ratio in question may be calcu-
lated exactly, and is vol, K/ vol, C = 2n™/2/(2"nT(n/2)), which decays rapidly
with n.! In the light of this observation, it seems that a random walk through K
may provide a better alternative.

Dyer, Frieze and Kannan [23] were the first to propose a suitable random
walk for sampling random points in a convex body K and prove that its mixing
time scales as a polynomial in the dimension n. As a consequence, they obtained
the first FPRAS for the volume of a convex body. Needless to say, this result was
a major breakthrough in the field of randomised algorithms. Their approach was
to divide K into a m-dimensional grid of small cubes, with transitions available
between cubes sharing a facet (i.e., an (n—1)-dimensional face). This proposal im-
poses a preferred coordinate system on K leading to some technical complications.
Here, instead, we use the coordinate-free “ball walk” of Lovész and Simonovits [44].

IThe Gamma function extends the factorial function to non-integer values. When n is even,
I'(n/2) = (n/2 — 1)}, so it is easy to see that the ratio vol, K/ vol, C tends to 0 exponentially
fast.
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Given a point X; € K, which is the position of the random walk at time t, we
choose X;41 uniformly at random from B(X;, §)NK, where B(z, ) denotes the ball
or radius 7 centred at z, and § is a small appropriately chosen constant.? We will
show that this Markov chain has a stationary distribution that is nearly uniform
over K, and that its mixing time is polynomial in the dimension n, provided the
step size J is chosen judiciously, and that K satisfies certain reasonable conditions.
The stochastic process (X;) is Markovian — the distribution of X;, depends only
on X; and not on the prior history (X, ..., X¢—1) — but unlike the Markov chains
so far encountered has infinite, even uncountable state space. We therefore pause
to look briefly into the basic theory of Markov chains on R"™.

6.1 A few remarks on Markov chains
with continuous state space

Our object of study in this chapter is an MC whose state space, namely K, is a
subset of R™. We cannot usefully speak directly of the probability of making a
transition from x € K to y € K, since this probability is generally 0. The solution
is to speak instead of the probability P(z, 4) := Pr[X; € A | Xo = z] of being in
a (measurable) set A C K at time 1 conditioned on being at z at time 0. The ¢
step transition probabilities can then be defined inductively by P! := P and

Pi(z,A) := /K Pz, dy) P(y, A) (6.1)

for ¢t > 1. In the case of the ball walk,

vol, (B(z,86) N A)
vol,(B(z,8) N K)’

P(z,A) =

for any (measurable) A C K, and

dy
vol, (B(z,0) N K)’
2What is described here is a “heat-bath” version of the ball wall, which has been termed

the “speedy walk” in the literature. There is also a slower “Metropolis” version that we shall
encounter presently.

P(z,dy) = (6.2)
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provided y € B(z,6) N K.
A MC with continuous state space may have one or more invariant mea-
sures y, which by analogy with the finite case means that u satisfies

u(4) = /K P(z, A) p(da),

for all measurable sets A C K. As in the finite case, the MC may converge to a
unique invariant measure y in the sense that P!(x, A) — u(A) as t — oo for all
z € K and all measurable A C K.

For compactness, we shall sometimes drop explicit reference to the variable
of integration in situations where no ambiguity arises, and write, e.g., [ K fduin
place of [, f(z) p(dz).

6.2 Invariant measure of the ball walk

If we were to choose 6, the step-size of the ball walk, to be greater than the diameter
D :=sup{||zr — y|| : z,y € K} of K, then the the ball walk would converge in one
step to the uniform measure on K. (For convenience, we’ll drop the subscript in
the Euclidean norm || - ||2.) There must be a catch! A moment’s reflection reveals
that the problem is one of implementability: to perform one step of the ball walk
when 6 > D we must sample a point uniformly at random from K, which is exactly
the problem we set ourselves at the outset. However, provided we choose § small
enough, specifically so the ratio vol, (B(Xt, 5)ﬁK) / vol, B(Xt,6) is not too small,
we may obtain a random sample from B(X;,4) N K by repeatedly sampling from
B(X},6) until we obtain a point in B(X;,d) N K. This is the so-called “rejection
sampling” method, which is efficient provided that the probability of a successful
trial is not too small.

This foregoing observation leads us to introduce a “Metropolis” version of
the ball walk (which should be compared with the heat-bath version specified
earlier): select a point y u.a.r. from B(X},6); if y € K then set X411 < y, else
set Xi11 < X;. The Metropolis version of the ball walk has the advantage of
implementability over the heat-bath version. However, it has the disadvantage
that it can get stuck in sharp corners. Consider what would happen, for example,
if the Metropolis walk ended up very close (in relation to the step size J) to the
corner of an n-dimensional cube. To make progress, the point y would have to
move in the correct direction in each of the coordinate axes, an event that occurs
with probability close to 27™. So the Metropolis walk cannot be rapidly mixing in
the usual sense. We could try to loosen the definition of mixing time by somehow
excluding sharp corners as possible initial states, and excluding them also from
the metric employed to measure distance from stationarity. But it is cleaner to
argue about the mixing time of the heat-bath version of the ball walk, and then
separately argue about the relationship of the heat-bath and Metropolis walks.
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The primary aim of this chapter is to convey the key ideas underlying the
analysis of the ball walk, and not to obtain the most general theorems. We therefore
simplify our analysis by imposing a “curvature condition” on K that rules out
sharp corners. This condition radically simplifies certain technical aspects of the
proof, while leaving intact all the main insights. One immediate effect of this
simplification is that the Metropolis walk becomes only a constant factor slower
than the heat-bath walk, so we have an easy job relating the two. Towards the
end of the section, we shall review the proof and see what extra work needs to be
done to eliminate the curvature condition. Provided we are prepared to accept a
bound on mixing time that is wrong by a factor of n, the curvature condition may
be dropped with little effort. Obtaining the correct mixing time in the absence
of the curvature condition requires an analysis of substantial additional technical
complexity, but requiring no further significant insights. This improvement will
therefore be sketched only.

In the light of the preceeding discussion, we cannot expect the mixing time
of the Metropolis version of the ball walk to be short if K is very long and thin.
The small “width” of K would dictate a small §, but then very many steps would
be required to get from one end of K to the other. In the full strength version of
the bound on mixing time of the ball walk, this issue is resolved by expressing the
mixing time in terms of some measure of the “aspect ratio” of K. More precisely,
it is supposed that K contains the unit ball B(0, 1) centred at the origin, and then
the mixing time is expressed as a function of the diameter of K.? In fact, as already
indicated, we simplify our presentation by making a stronger assumption, namely
that the curvature of K should not be too large. We embody this simplifying
assumption in the curvature condition:

For all points z € K there is some point y € K

6.3
such that z € B(y,1) and B(y,1) C K. (6:3)

By definition, all balls will be closed. Note that the curvature assumption is much
stronger that the “official” one, which merely asserts that B(0,1) C K and, in
particular, rules out the interesting case of K a polytope. For the main body of
this chapter, and until further notice, “ball walk” will implicitly mean the heat-
bath version, and the curvature condition will be assumed.

Remark 6.1. What if we are presented with a body that is “thin”? It turns out
that it is always possible to apply a linear transformation to K to yield a new
convex body which contains a unit ball and whose diameter is quite reasonable.
But this is another long story, and we do not embark on it here. Refer to Kannan,
Lovész and Simonovits [39].

The stationary measure of the ball walk — we shall see presently that the
ball walk is ergodic — is not uniform over K, but is close to uniform provided the

3Note, as a by-product, we know that K contains the origin, so we have a suitable starting
point for the random walk.
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step size ¢ is not too large. To describe the stationary measure, we introduce a
function ¢ : K — R (called local conductance by Lovész and Simonovits) defined
as

_ vol,(B(z,6) N K)

Uz) = vol, B(z,d8) ’ (6.4)

which may be interpreted as the probability of staying in K when choosing a
random point in a é-ball around z. Note that ¢(z)~! is the expected number of
repetitions of this trial in order produce a point lying in B(x,d)N K using rejection
sampling. We want to normalise £(z) in order to get a density which will turn out
to be the density of the stationary measure of the ball walk:

_ [4l(z)dz

u(A) : 7

where L=/ lx)dx. (6.5)
K

Our first task is to verify that p is an invariant measure for the ball walk.
That it is unique follows as a weak consequence of our rapid mixing proof.

Lemma 6.2. If Xy has distribution u, then X; does also.

Proof. Let pu; denote the distribution of X;. Then

p1(A) = /A pi(dy) = /A /K P(z, dy) p(dz)

p(dz)

- dy/ by (6.2)
/A B(y,5)nk Voln(B(z,8) N K) (
1 / U(z) dz

L dy/ by (6.5)
L J4 B(y.6)nk Voln(B(z,8) N K)
1 / dx

"L dy/ voL. B(z.8) by (6.4
LJa B(y,8)nk Vol, B(z,6) (6.4)
1

-1 / o) dy = p(A) by (6.4, 6.5).

A
Hence p is an invariant measure for the ball walk. 0

Exercise 6.3. Show that the uniform distribution on K is an invariant measure for
the Metropolis version of the ball walk.

It is clear that the distribution g is not uniform over K, but for a suitable
choice of ¢ it is close to it.

Lemma 6.4. Assume the curvature condition (6.3), and suppose that § < c1/y/n
(where ¢ is a dimension-independent constant). Then 0.4 < {(z) < 1 for all
z€K.
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Figure 6.3: Bounding the volume of intersection

Proof. The upper bound on #(x) is trivial from the definition of ¢. For the lower
bound we need an argument.

Recall that we assume that every x € K lies in a 1-ball B(y,1) C K. The
inequality above will follow from

vol, (B(z,d) N B(y, 1))
vol,, B(z, )

> 0.4.

It is enough to show the relation for a point z on the boundary of B(y, 1). Consider
the tangent plane H; to B(y,1) through x and its parallel plane Hy through the
intersection of the boundaries of the two balls. (Refer to Figure 6.3.) Orient them
such that their positive side H;" (i = 1,2) contains the point y. Notice that

B(z,6) N HF C B(y,1)

(6 is assumed to be smaller than 1). Therefore it is enough to show that the set
B(x,6) N Hy has volume at least 0.4vol, B(x,d). We will do this by showing
that B(z,0)N H; N H1+ has very small volume, i.e., at most a 0.1 fraction of the
volume of B(z, §). The set in question is contained in the cylinder with ground face
B(z,6) N Hy (which is an (n — 1)-dimensional ball with radius é) whose height is
the distance apart of H; and Hs. A simple computation reveals that this distance
is exactly 62/2. From the volume formula of balls of dimensions n — 1 and n, and
Stirling’s approximation for the I'-function, we obtain the following relation

vol,_1(B(z,d) N Hy) < cvn
vol,, B(z, d) - 4§

for some universal constant ¢. Hence the volume of the cylinder is at most a %05\/5
fraction of the volume of B(z,d). Setting ¢; = 1/5c¢ gives the desired bound. O
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What this lemma also says is that we can implement one transition of the ball
walk efficiently: going from a point z € K to a random point in B(x,d) we have
a probability of at least 0.4 of ending up in K immediately; in other words, the
Metropolis version of the ball walk is only a factor 2.5 slower than the heat-bath
version.

6.3 Mixing rate of the ball walk

We will show now that the ball walk mixes rapidly. The next lemma is a powerful
weapon and forms the basis of one of our standard techniques.

Lemma 6.5. Let f be a measurable function over a measurable set S. Partition S
into measurable sets Sy, ..., Sm—_1. Then

m—1
2 — —
L1 du—;/&(f 7) du+Z 02, (6.6)

- 1
= du.
f EA Sif i

Remark 6.6. Suppose that E, f := fK fdup = 0. Then on the Lh.s. of the equal-
ity we have simply Var, f. The two terms on the r.h.s. of the equality may be
interpreted as (i) the sum of the variances of f within each of the regions S;, and
(ii) the variance of f between the regions, respectively.

Proof of Lemma 6.5.

/(f Fi) du + u(s /f"‘dw/f dpu— 2/ Fof dp+ w(S) 2

where

- /s £ dp o+ p(S)F2 - 2u(S0) F2 + (S0 F?

:/Sif2d,u.

As in the analysis of the matchings MC, our approach to bounding the mixing
time involves taking a (measurable) test function f : K — R (with Ef =
for convenience) and examining how the variance of f decays as a result of the
averaging effect of the ball-wall. To this end, introduce a function h : K — R given
by

O

)= 5 [ Plands) (@) = f)°

_ 1 o ,
~ 2vol,(B(z,8) N K) /B(Mm(f( )= f(y)" dy, (6.7)
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and define
Var, f ::/ f2dp and E,(f,f) :=/ hdy;
K K

these are the now-familiar variance (global variation of f over K) and Dirichlet
form (local variation of f at the scale of the step size § of the ball walk). As with
the matching MC, the key to the analysis of the ball walk lies in obtaining a sharp
Poincaré inequality linking Var, f and &,(f, f). Our eventual goal is to show:

Theorem 6.7 (Poincaré inequality). Let K C R™ be a convex body of diameter D
satisfying the curvature condition (6.3), and suppose that § is as in Lemma 6.4.
For any (measurable) function f : K — R,

Eu(f, f) > AVar, f (6.8)
where
62(52

" D2n
for some universal constant cs.

We apply the technique by Mihail (as we did with matchings in §5.2) and
obtain from A a bound on mixing time. As before, we deal with periodicity by
considering either a continuised or lazy walk.

Corollary 6.8. For any € > 0 let 7(¢) denote the time at which the ball walk (in
either its continuised or lazy variants) reaches within total variation distance € of
the stationary distribution p. Then, under the curvature condition (6.3),

r(e) <O (A" (loge™ +i(h0)))

where X is as in Theorem 6.7 and i(up) expresses the dependence on the initial
distribution pg.

Remark 6.9. The expression i(u) is closely related to the term Inm(z¢) ™! familiar
from the discrete case. But if we now start from a fixed point (in other words our
initial distribution pg is a single point mass at g € K') no meaning can be attached
to Inm(zo)~!. To escape from this, imagine that we start at time —1 from a point
zo such that B(zp,d) C K, and consider the situation at time 0. Thus the initial
distribution o is uniform over some ball of radius 4. In this case, we may take

(o) = nn(D/26).

Exercise 6.10. Verify Corollary 6.8. Doing this essentially involves translating The-
orem 5.6 to the setting of continuous state space. In case you skip this exercise, a
full derivation may be found in §6.8.

At an intuitive level, Theorem 6.7 seems to be close to the truth. With a step
size of 4, the distance travelled parallel to any axis fixed in advance (in particular,
one parallel to a diameter of K) is of order §/y/n. The time taken for the walk to
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“diffuse” along a diameter is the square of the ratio of D to the typical distance
moved along the diameter in one step, namely (Dy/n/§)?, which is of order A~1.
To minimise mixing time we clearly wish to take ¢ as small as possible consistent
with implementability, which by Lemma 6.4 is of order n=1/2. With that step size,
the Poincaré constant scales as (nD)~2.

The next section is devoted to the proof of what is essentially the main result
of this chapter.

6.4 Proof of the Poincaré inequality (Theorem 6.7)

Assume the converse to (6.8), namely that there exists a function f : K — R with

E.(f, f) < AVar, f; (6.9)

informally, f sustains high global variation simultaneously with low local variation.
We will define smaller and smaller violating sets S such that the ratio

/Shdu//s(f—f")? du (6.10)

is small, where f = S s fdup. Our starting point is of course S = K, where we
know that this ratio is less than A. Eventually, S will be small even with respect
to 4. Then the function f will have to be almost constant in S since the local
variation (as measured by the numerator) is small; however the global variation
(as measured by the denominator) is large. Here we reach a contradiction. This in
outline is our proof.

First we will shrink the violating set to a set K7 which is very small in all but
one dimension, a so-called “needle-like” body. It transpires that we can do this
while keeping ratio (6.10) bounded throughout by A. It is only when we attempt
to shrink along the final dimension that we have to give something away. Before
embarking on the process of shrinking K to a needle-like body, we need a pair of
geometrical lemmas, whose proofs we defer to §6.5.

Lemma 6.11. Let R be a convex set in R?. There is a point x € R such that every
line through x partitions R into pieces of area at least % of the area of R.
Remark 6.12. The bound % can in fact be replaced by %, which is tight as can been
seen by considering an equilateral triangle; see Egglestone [26, §6.4]. However, any
strictly positive bound is adequate for our purposes.

The width of a convex set R in R? is the minimum, over all pairs of parallel
supporting lines sandwiching R, of the distance between those lines.*

4In some sense, width it is the opposite of diameter, which may be defined as the maxi-
mum such distance. This was not how we defined diameter in §6.2, but the two definitions are
equivalent.
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Figure 6.4: The expectation of f is zero on both K; N H* and K; N H™.

Lemma 6.13. Let R be a conver set in R? of area A. Then the width of R is at

most v2A.

Remark 6.14. Again, the bound is not the best possible, but is adequate for our
purposes. The extremal set (i.e., the one of given area that maximises width} is
again an equilateral triangle.

To resume: With the aim of establishing a contradiction we are assuming
the existence of a function f : K — R satisfying (6.9). We may further assume
(by adding an appropriate constant function to f) that E,, f = 0. This additional
assumption will be convenient on the first leg of our journey towards the contra-
diction.

Claim 6.15. Assume f: K — R satisfies inequality (6.9), and E,, f = 0. Then, for
every € > 0, there is a convex subset K1 C K satisfying

/hdu</\ f2du  as well as fdu=0,
K, K1 K\

and such that K, lies in the box [0, D] x [0,e]"~! in some Cartesian coordinate
system.

Proof. Suppose, for some j > 2, that K; is a violating set which lies in [0, D}7 x
[0,€]"77, and that || K, fdu = 0; i.e., we have already shrunk our violating set down
on n — j coordinates. (The base case K,, = K is of course covered by (6.9).) To
shrink along a further coordinate we use a beautiful divide-and-conquer argument
due to Payne and Weinberger: see Bandle [4, Thm 3.24].

Let R be the projection of K; onto the first two (i.e., “fat”) axes. Let = be
a point satisfying the conditions of Lemma 6.11. Consider all (n — 1)-dimensional
planes through = whose normals lie in the 2-dimensional plane spanned by the
first two axes. These planes project to lines through z in the plane of R. Among
these planes there is at least one, say H, such that

/ fdu=/ fdu=o.
K;NH+ K;nH-
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To see this, choose any (n — 1)-dimensional plane G through x whose normal lies
within the plane of R. If G does not already have the desired property, then, since
ijnG+ fdu+ meG_ fdp = 0, one integral or the other has to be positive. By
rotating G about x by an angle of 7, the signs exchange. So by continuity and the
mean value theorem we have to have hit the sought-for H at some point.

It is easy to convince oneself that K intersected with one side of H (i.e.,
either K;NH™* or K;NH ™) is also a violating set, in the sense that the ratio (6.10)
is bounded by A when S = K;NH* (or S = K;NH™, as appropriate). Now iterate
this procedure. By Lemma 6.11, the area of the projection R of the convex body
drops by a constant factor at each iteration, and must eventually drop below %52‘
At this point the width of R, by Lemma 6.13, is at most €. Then, rotating the fat
axes as appropriate, the projection of the convex body onto (say) the first of these
axes is a line segment of length at most €. The convex set now has exactly the
properties we require of the set K;_, i.e., the same properties as K;, but with
j — 1 replacing j. Hence by induction we can find our set Kj. d

The above line of argument requires at least two fat dimensions in order to
provide enough freedom in selecting the plane H. We need a new approach in
order to shrink the needle-line set along the remaining fat dimension.

Claim 6.16. Let K; and f be as in the conclusion of Claim 6.15, § be as in
Lemma 6.4, and let n := c36/\/n where c3 > 0 is any constant. Then, under
the curvature condition (6.3), there is a convex subset Ko C K satisfying

hdu< 35 [ (7= F)du (6.11)
Ko Ko
where .
f= (Ko) . fdp, (6.12)

and such that Ko lies in the box [—n,n] x [0,e]"~! in some Cartesian coordinate
system.

Remark 6.17. We will choose the constant c3 later; in order to obtain an eventual
contradiction, it will need to be small enough. The choice of ¢z will then determine
the universal constant ¢y of Theorem 6.7: the smaller c3, the smaller cs.

Our strategy for proving Claim 6.16 is to chop K into short sections and
show that at least one of these sections (or perhaps the union of two adjacent
ones) satisfies the inequality (6.11). (Refer to Figure 6.5.) Before embarking on
the proof proper, we need another geometric lemma, which is a consequence of the
Brunn-Minkowski Theorem; the proof is again deferred to §6.5.

Lemma 6.18. Let convez body K, be partitioned into m pieces Sy ... Sm—1 of equal
width by planes orthogonal to a fixed axis. Then the sequence

1 1 1
vol, Sy’ vol, S1” 7 vol, St
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SO Sl S2 m—2 Sm—-l
Kl :
] =
b i} 1} ! —
Us U, Us Um-—2
Uy Us
Figure 6.5: Partitioning of K,
1S CONVEL.

We are ready to resume the chopping argument.

Proof of Claim 6.16. Let convex body K; be partitioned into m pieces by planes
orthogonal to the fat axis, as specified in Lemma 6.18, so that each piece S; has
width = c36/+/n. Additionally, define U; := S; U S;4; for i = 0,1,...,m — 2.
Note that m = O(Dy/n/d). Using Lemma 6.5, we find

m—1 m—1
Pan= Y [ (7= dus Y us)f?, (6.13)
K i=0 V5 i=0
A B
where for convenience we define
fi fdu.

(S Js,

In the case that sum A is greater or equal to sum B, we readily find a piece S;
that serves as a violating set. We start with

m-—1
Z/ hdu:/ hdu (6.14)
i=0 v Si K

<A f2dp by assumption
K,

m—1
<y / (f—f)2du by (613)and A>B.  (6.15)
i=0 /S

Comparing sums (6.14) and (6.15) we see there must be an .S; such that

/SihduSZ\/Si(f—ﬁ)zdu-
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Setting Ky = S; satisfies the conclusion of the claim with plenty to spare. (Note
in this context that A = O(n™2).)

The case B > A is a little more difficult. Using the alternative expression for
variance which we have seen before, and recalling that the expectation of f with
respect to u on K is 0, we have

m-—1
w(E) [ fPdu<2p(K0) Y u(S) since B > A
Ki i=0

=2 > uS)uS)Hfi—f;)?  using (55).  (6.16)
0<i<j<m

Our aim is to replace the r.h.s. of (6.16) by a sum with similar terms, but restricted
to adjacent pairs i, j. This will enable us to finish with an argument similar to the
A > B case.

For convenience, we introduce the abbreviation w; = u(S;), and set

i-1
Wi + Wk Z
a; j = WiWj E wkwk+:1 < 2w W; J . (617)
k=i

Inequality (6.16) may be massaged as follows:

u(Ky) / fldp < QZwle

1<j
= 2271)2“)3 [Z(fk - fk+1)j|
1<j
2
Wk + Wi+1 Wi Wk+1 3 7
=2 ; . -
Z;w Wi l:z \/ Wk Wk+1 \/wk + Wi+ Ui = fir)
wkwk+l 3 3 2
<2 i - , 6.18
Z;a 7 Z Wk + Wk41 (fie = Jien) ( )

where the final inequality is Cauchy-Schwarz combined with (6.17). Define fr to
be the expectation of f over Uy = Sk U Sk+1:

f wkfk+wk+1flc+1
w(Ux) Ju Wk + Wit1

fv=
Then, by Lemma 6.5,

wfiwfu:il (fe = Fea1)® = wi(Fi — fi)? + wisr (Firr — fi)?

< [ (- frdn (6.19)

Uk
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(The first line may be viewed as the special case |£2| = 2 of (5.5), or may be verified
by elementary algebraic manipulation. Inequality (6.19) comes from Lemma 6.5,
noting that the first sum on the r.h.s. of (6.6) is clearly positive.) Applying bound
(6.19) to the terms in (6.18) yields

j—1
u(K) mf%m<2§:mgz;ﬁff—hfdw (6.20)

i<j

Taking stock momentarily: inequality (6.20) appears to be telling us that if the
variance of f is large on K; then it must be large on some Uy; but there is still
some work to be done on the way to quantifying this effect.

Recall that
wi= (89 =17 [ ta)ds,
Si
where L = [, £(x)dx. Thus, by Lemma 6.4,
0.4 L vol, S; <w; < L™tvol, S, (6.21)

leading to the following upper bound on a; ;:

J
L
< Qwiw; Y ———— . .
a;; < 2ww; Z_:z 0.4vol. 5, by (6.17) and (6.21)
1 1
< 25ww;L(j — i+ 1)(voln R sj> by Lemma 6.18
< 2.5(j — i+ 1)(w; + w;) by (6.21). (6.22)

Since j — i + 1 never exceeds m, we have the following crude bound on the sum of
the a; j:

Y ai; <253 (5 i+ 1)(w +w))

1<j i<j
<25m Z(m +wj)
i<j
<25m®) w (6.23)
= 2.5m?u(Ky). (6.24)

To see (6.23), fix attention on a particular index k and note that wy occurs exactly
m — 1 times in the double sum.
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Returning now to (6.20),

M(K1/ f2du<2Za”Z/ (f = fo)? du

1<J
<22a13 Z/ (f fk
1<J
m—2
<5mPu(K1) > | (F = fi)? by (6.24),
k=0 Uk
from which
f2d,u<5m22/ (f = fu)? dp. (6.25)

Inequality (6.25) is the one we sought, expressing the fact that if the variance
of f is large on the whole of K; then it must be fairly large on some piece Uy.
Proceeding now by analogy with the A < B case, using (6.25) and the conclusion
of Claim 6.15,

m—2 m—2
Z/ hd,u§2/ hdp<2)\/ f2du§10m2)\2/ (f = fr)? dp
k=0 Uk Ky K k=0 Uk

Therefore there must exist a & such that

hdp < 10m2X | (f — fu)%dp. (6.26)
U Uy

By setting c; sufficiently small, specifically c; < c3/100, we obtain

D\/_ 0252 1
2 ——
10m A~10( s ) = <5

Setting Ky := Uy, we recognise (6.26) as the inequality promised in the statement
of the claim. This concludes the case B > A and hence the proof. d

We pick up the proof of Theorem 6.7. At the outset we assumed, with a view
to obtaining a contradiction, the converse of (6.8). Now, from Claims 6.15 and 6.16,
we deduce the existence of a convex set Ko C K satisfying inequality (6.11) such
that Kj is contained in a prism of height 27 whose cross section is an (n — 1)-
dimensional cube of side . We are close to obtaining the desired contradiction.

Let C be the centre axis of the prism, and let z; and z2 be the points at which
C intersects the end facets of the prism. (Refer to Figure 6.6.) Let ¢’ := § — e\/n,
and choose ¢ sufficiently small that

vol,, B(0,8") > 0.9vol,, B(0,46). (6.27)
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Boundary of K

Figure 6.7: Construction of the set I (shown shaded)

(Recall that we are free to choose ¢ as small as we like.) Set I := B(z1,4') N
B(z2,0"YN K. (Refer to Figure 6.7.) We shall argue that by choosing ¢z (and hence
n) sufficiently small we can ensure

vol, (B(21,6') N B(22,4")) > 0.8 vol, B(0,4), (6.28)
and hence
vol, I = vol, (B(21,8') N B(22,8') N K) > 0.2vol,, B(0, ). (6.29)

The calculation supporting (6.28) proceeds exactly as in the proof of Lem-
ma 6.4. Divide B(z1,8’)NB(22,4’) into two congruent pieces by the plane bisecting
the line (21, 22) and orthogonal to it. Each piece can be viewed as a half-ball
less a segment that can be contained in a cylinder of height (= ¢36/4/n) and
radius ¢’ < 4. By setting c3 small enough — refer to the calculation in the proof
of Lemma 6.4 — we may ensure that the volume of this cylinder is less than
0.05 vol,, B(0,4). Now, by (6.27), the combined volume of the two half balls is at
least 0.9 vol,, B(0,d), so after removing the two segments we are still left with a set
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of volume 0.8 vol,, B(0, §), as claimed in (6.28). Inequality (6.29) is now immediate:
just observe that the piece of B(z1,0") N B(z2,4") that we loose when we intersect
with K is contained in B(z;,0) \ K, which by Lemma 6.4 has volume at most
0.6 vol,, B(0, 6).

Inequality (6.29) expresses one key property of I, namely that its volume is
not too small. The other key property is that every point in I may be reached
from any point in K in one step of the ball walk. For by construction,

sup{llz—y|:z€Candyel} <¥,
from which, by the triangle inequality,
sup{llz—yll:x € Koandy e I} <& +eyv/n=34.
Since I C K, we may conveniently reformulate this fact as
I C B(z,6)NK, forallze K. (6.30)

So,

1 p(dz) 2
| RIES / LA [ @)= 1)y by (67, 630)
1 2
m/ (dfv)/(f(ﬂﬂ)—f(y)) dy

Z 3vol, B(0,9) 2vol, B 0,6) / dy/ (f(=) - ) p(dz) (Fubini)
2 Zvel, B(O,é) /, dy e (f=F)dp (6.31)
= 110 = f)*d by (6.29),

where f, as in (6.12), is the u-expectation of f over Ky. Inequality (6.31) uses a
simple fact about variance, namely that | K,0( f = ¢)?dp is minimised by setting

¢ = f. But the combined inequality contradicts (6.11). This completes the proof
of Theorem 6.7.

6.5 Proofs of the geometric lemmas

In this section we tie up the loose ends by providing proofs for the three geometric
lemmas used in the proof of Theorem 6.7.

Proof of Lemma 6.11. The following proof is due to Alan Riddell; I thank him
and also Toby Bailey for communicating it to me.
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Region R

Figure 6.8: A paradoxical subset of R.

Consider all possible partitions of R into three regions of equal area by a
pair of parallel lines. (There is one partition corresponding to each orientation for
the lines.) Let {Cy : 0 < § < 7} be an indexing of the central bands in these
partitions, considered as closed sets. Suppose there exist bands Cy,, Cyp, and Co,
with no point in common. The set R?\ (Cp, UCy, UCp,) consists of six unbounded
regions and one triangle. Consider the partition of R into seven pieces obtained
by extending the edges of the triangle to the boundary of R, and in particular the
four pieces shown shaded in Figure 6.8. Each of the shaded pieces other than the
central triangle has area at least é vols R, since it is the intersection of two regions
of R of area % volg R. The central triangle itself has positive area. Thus the total
shaded area exceeds vols R, a contradiction.

Hence every triple from {Cy} has a common point and, by Helly’s theorem
(see Egglestone (26, Thm 17]), the intersection (), Cy of all central bands is non-
empty. Any point in this intersection will do as our choice for z. O

Proof of Lemma 6.13. Suppose R is a convex region in R? of area A. Let ¢; and
¢} be parallel supporting lines of R, touching R at the points a and o’. We may
arrange for lines ¢; and ¢ to be perpendicular to the line segment [a, ], e.g.,
by choosing [a, '] to be a diameter of R. Now let £5 and ¢, be supporting lines
of R perpendicular to ¢; and ¢1, touching R at the points 8 and 3'. The rectangle
formed by these supporting lines has area at least w?, where w is the width of R.
It is easy to see that the convex hull of {a, ’, 3,5’} has area %w2. (The fact that
[, '] is parallel with an edge of the rectangle is crucial here.) But the convex hull
of {a,a’, 3,7} is contained within R. It follows that A > %—wQ. O

Proof of Lemma 6.18. For what follows, we abbreviate vol, S; by v;. In order to
prove the lemma, the notation of Minkowski sums is useful: Let A and B be sets
of points and A a real number. A point p is represented by the vector pointing
from 0 to p. Then we define the set A + B as the set of points a + b with a € A
and b € B. Furthermore, for a scalar A, AA is the set of points Aa with a € A.
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Figure 6.9: Slab S sweeping over K,

We prove the lemma by showing properties of the function vol,, ((xel +95)N
K 1) for z € [0, D], where S is a “slab” of width 7, and e; is a unit vector parallel to
the fat axis. (The slab is defined as the intersection of two halfspaces orthogonal to
the fat axis and distant 7 apart; assume that the origin is placed at the leftmost
point of K;.) Thus we move the slab S from left to right and observe how the
volume of the intersection K1 NS behaves. Note that v; := vol,, S; = vol,, ((inel +
S) N K1). (Refer to Figure 6.9.)

The proof of the lemma relies on a theorem of Brunn and Minkowski (see
Egglestone [26, Thm 46]).

Theorem 6.19 (Brunn-Minkowski). Let K’ and K" be two conver bodies in R™.
Then

voln (K’ + K"Y/™ > vol,, (K")Y/™ + vol,, (K")'/™.
To continue with the proof of Lemma 6.18, observe that
A+ 1-Ny+S)NK1 2A((z+S)NK)+(1-=-N((y+S)NK;y). (6.32)

To verify this, assume z is in the set on the right hand side. This means that we
can write z = 2’ + 2" with 2’ € A((z + S) N K1) and 2" € (1 = X\)((y + S) N K71).
Therefore, 2/ € AK; and 2" € (1 — M\)K;. Thus z € K. On the other hand, we
have 2’ € A(z + S) and 2" € (1 — \)(y + S) which leads to z € Az + (1 = Ny + S.
Using the Brunn-Minkowski Theorem in conjunction with (6.32), we find

vol, [(Az + (1= Ay + §) N K;] /™
> voly, [M(@ + 8) N K1) + (1 = \)((y + K1) N K1) /™
> voln[A((z + 8) N K1)]Y™ + volu[(1 = M) ((y + §) N Kp)]V/™
1

volp[(z 4+ 8) N K1 ]Y™ + (1 — A) vol[(y + S) N Ky ]Y/™.
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In the last step, we used vol,(AK) = A" vol,, K. As a special case of this inequality,
1/ny . .
we find that the sequence (v;’") is concave:

20}/™ > o!/7 4ol [% (6.33)

Now it is easily checked that if (a;) is any concave sequence, and g any

monotone non-increasing convex function, then the sequence (g(a;)) is convex.
T

The lemma then follows from (6.33) by setting a; = v; /™ and g(z) =27 a

6.6 Relaxing the curvature condition

What happens if we do not have the curvature condition (6.3)? As we shall see,
the question is of some importance, not least because the standard reduction from
volume estimation to sampling introduces sharp corners, even if these are absent
in the given convex body K. The most obvious consequence of dropping (6.3) is
that the expected number of Metropolis steps to simulate a single heat-bath step is
no longer bounded by a constant. Worse, as we have argued, the expected number
steps may be exponential in n for a worst-case choice for the current point X; = x.
The most we can hope for is that, in a typical evolution of the ball walk, we are
very unlikely to visit this bad region of K. This turns out indeed to be the case,
provided § = O(1/4/n), the body K contains the unit ball B(0,1), and we make
a reasonable choice of initial state. See Kannan, Lovéasz and Simonovits [39].

Remark 6.20. To get a feel for what is going on, imagine the Metropolis ball walk
in some n-dimensional polytope K. In order to mix, the walk needs potentially
to “see all the boundary” of K, otherwise it cannot gain information about the
body. In the case of a polytope this means that we would have to treat the case of
coming close to facets (i.e., (n — 1)-dimensional faces) of the polytope. There the
random walk can “learn” a lot about the shape of K. But it does not necessarily
have to come close to smaller-dimensional faces, where the walk might get stuck
for long periods. Not surprisingly, the main technical difficulties then arise from
showing that close encounters with low-dimensional faces are rare.

A problem arises, however, before we ever reach the comparison of the heat-
bath and Metropolis versions of the ball walks. Specifically, our derivation of
the key Poincaré inequality contained in Theorem 6.7 made use of the curva-
ture condition at two points: at inequalities (6.21) and (6.29), both of which rely
on Lemma 6.4, and both of which fail in the absence of (6.3).

We may avoid the first of these inequalities entirely, thus removing the cur-
vature condition (6.3) from the statement of Claim 6.16. First we make some
observations concerning the local conductance 4.

Lemma 6.21. The local conductance ¢ defined in (6.4) satisfies:

(i) €(x)'/™ is concave over K;
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(ii) In¢ is Lipschitz; specifically |In¢(z) — In£(y)| < g lz —yll, for all z,y € K.

Proof (sketch). We are in a similar situation to that already encountered in the
proof of Lemma 6.18: a convex body — there a slab defined by parallel (n — 1)-
dimensional planes, here a ball of radius § — is translated in a straight line and
its intersection with K studied with the aid of the Brunn-Minkowski Theorem
(Theorem 6.19). The proof of part (i) here is analogous.

For part (ii), observe that the definition of the function ¢, presented in (6.4),
makes sense outside its official domain, namely K. Observe also that part (i)
continues to hold over the larger region K + B(0, ¢), the Minkowski sum of K and
the ball of radius 4. Given z,y € K, let z be the point colinear with « and y, at
distance § from y, and on the opposite side of y to . Note that z € K + B(0,¢).
Thus, by part (i),

88(x)"™ + e — yll (=)™ < (8 + ||z ~ yl) £y) /™,

and hence

eu><<&wm—mg".
y) ~ 6
Taking the logarithm of both sides,

iné(o) - nety) < i (2EIE=2) <22l

Since the argument is symmetric in z and y, part (ii) of the lemma follows. O

We may now avoid inequality (6.21) by taking a more direct route, which is
opened up by replacing Lemma 6.18 by:

Lemma 6.22. With Sy, Sy,...,Snm-1 as in Lemma 6.18, the sequence
H(SO)UmLa “(51)1/2717 ey .U(Sm-l)l/2n
is concave. Consequently, the sequence

1 1 1
w(So)” w(S1)" " p(Sm-1)

1S conver.

This lemma, follows from a functional version of the Brunn-Minkowski The-
orem due to Dinghas [21, Satz 1]. We state this theorem in a slightly less general
form than it appears in [21].

Theorem 6.23 (Dinghas). Suppose A; and Ay are non-empty, bounded, measurable
sets in R™, and let Ag = Ay + Ay be the Minkowski sum of A1 and As. Suppose
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further that fi and fo are measurable functions defined on A1 and As, respectively,
and form the function go defined by

go(@) =sup { ((£1(&)/" + fal@") /") 12’ € Ar, o € Ay and 2’ +2" =},

for all x € Ag. If fo is any measurable function on A satisfying fo(x) > go(x) for
all x € Ag, then

1/(r+n)
[

:! 1/(r+n)

1/(r+n)
[ fo(z)dz fi(z) da:] + { fo(z) dx
Ag A, Az

Proof of Lemma 6.22. In Theorem 6.23 make the following identifications: r =
n, Al = Si—h AQ = Si+1, f] = f2 = ¢ and fg(.’E) = 2T€(IE/2) By part (l) of
Lemma 6.21, we then have fy > go, as required; also observe that 25; O 5,1 +
Sit1 = Ag. The first claim in Lemma 6.22 may then be read off from the concluding
inequality of Theorem 6.23. The second claim uses the same reasoning as in the
final step of the proof of Lemma 6.18. See also [44, Lemma 2.1]. O

Armed with Lemma 6.22, the upper bound on a; ; derived in the sequence
of inequalities ending at (6.22) — with improved constant 1 in place of 2.5 —
follows directly from the definition (6.17) of a; ;. This establishes Claim 6.16 in
the absence of the curvature condition (6.3).

The other place at which the curvature condition is used, namely in estab-
lishing (6.29), is trickier to handle. (Note that we used it in going from (6.28)
to (6.29).) Our use of curvature is more substantial here, and we need to modify
the partitioning of the needle-like body K; used in the proof of Claim 6.16 (see
Figure 6.5) to recover the proof. If we are prepared to settle for a Poincaré con-
stant A smaller by a factor n (i.e., A = c262/D?n?) then it is not too difficult to
establish Theorem 6.7 in the absence of (6.3), and we shall see presently how this
is done. Getting the correct (up to a constant factor) A in the absence of (6.3)
requires a more complicated analysis, which we only sketch here.

What is it we were trying to achieve with inequality (6.29)? Well, the fi-
nal contradiction required us to find a set I C K with the properties that:
(i) every point of Ky is within distance § of every point of I; and (ii) the ra-
tio vol, I/ vol,,(B{z,8) N K) is bounded below by a universal constant for every
x € Ky. Without (6.3) there is currently no guarantee that such a set I exists.
However, if we chop K; more finely, into slabs of width n = c36/n (instead of
n = c36/y/n ), then we are assured to find the required set I. This finer partition
increases the number of slabs m by a factor \/n, and hence reduces the Poincaré
constant by a factor n. We borrow the following lemma from Kannan, Lovdsz and
Simonovits [39, Lemma 3.5].
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Lemma 6.24. Suppose §' >0, and z,y € K with ||z — y|| < ' /\/n. Then
vol,(B(x,8') N B(y,d') N K)

> (s j_ . min { vol,(B(z,8") N K), vol,(B(y,8') N K)}

Recall that vol,(B(z,d') N K) is proportional to #(x). (This is by defini-
tion (6.4) of local conductance ¢.) Now, with n smaller than before, part (ii) of
Lemma 6.21 (the Lipschitz inequality for £) ensures that vol,(B(z,d') N K) varies
by at most a constant factor as x ranges over Ky. So, choosing 4’ a little less than
J, as before, we see that the set I := B(z1,6’) N B(z2,6’) N K has the proper-
ties we desire: property (i) is by the triangle inequality, and property (ii) is by
Lemma 6.24. This establishes Theorem 6.7 without assumption (6.3) but with A
smaller by a factor n.

Exercise 6.25. Flesh out the details of the above proof sketch.

Finally, some inadequate pointers on how to drop assumption (6.3) without
losing the factor n in A. Let’s step back and consider what we need to have in order
to be able to construct the contradictory set I, using Lemma 6.24. Certainly we
need the slabs in the decomposition to have width O(&/4/n ); but we also require
that the local conductance £ varies by at most a constant factor over each slab. As
we have seen, these two requirements can be met by using slabs of width O(6/n),
but then the number of slabs increases, and our estimate of the Poincaré constant
worsens.

So it seems that we need to partition K into slabs of unequal thickness, using
thinner slabs where £ is rapidly varying. We might as well use the coarsest possible
partition that will allow us to draw the final contradiction. Starting at the leftmost
point of K7, partition K, into slabs Sp, S1,...,Sm—1 as in Figure 6.5, finishing
with slab S,,_1 at the rightmost point of K;. Having created So,S1...,Si—1,
choose the plane defining S; to be the rightmost plane subject to the conditions:

(i) the distance from the previous plane (i.e., the thickness of slab S;) is at most

c30/y/n; and
(ii) the local conductance #(x) varies by at most a factor 2 as = ranges over S;.

Thus the partition of K into slabs S; is the coarsest possible, subject to conditions
(i) and (ii).

Note that conditions (i) and (ii) together allow us to construct, using Lem-
ma 6.24, the set I that leads to the final contradiction. We need of course to fix
up the proof of Claim 6.16, which was conducted under the assumption that K
is partitioned into slabs of constant width O(é/y/n). Specifically, we need work
harder to prove the key inequality (6.24).

Exercise 6.26. Complete the Proof of Theorem 6.7 (the Poincaré inequality) in
the absence of the curvature condition (6.3), using the programme outlined above.
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The main technical challenge lies in reproving Claim 6.16 in the absence of (6.3),
specifically in re-establishing (6.24), taking due account of the amended partition
of K into slabs. You will find that the partition of Figure 6.5 (using the amended
construction just presented) can be divided into three sections: S, ..., S¢—1, then
Sey...,S—1and S, ..., S, _1, where the slabs in the middle section are all of full
width 7, and the others are all of strictly smaller width. (Either or both of the outer
sections may be empty.) The existence of such a division relies on log-concavity
of the local conductance ¢, which is a consequence of Lemma 6.21(i). The middle
section is dealt with exactly as before, since the number of slabs contained within it
isT—¢ < D/n=0(D+/n/d). In the left (right) sections it can be shown that w; =
u(S;) is increasing (decreasing) geometrically; thus the sum (6.17) is determined,
up to a constant factor, by its first (last) term. (This step uses log-concavity of ¢
and Brunn-Minkowski.) Thus it doesn’t matter so much that the number of terms
in the sum (i.e., slabs in the partition) may grow faster than O(D+/n/é). Note
that this is a challenging, verging on speculative, exercise. To keep the technical
complexities within bounds, you may want to assume 6 = O(D/y/n). This is
not a restriction in the volume application, where § = ©(1/y/n) and D = Q(1).
However, the assumption is a definite blemish, in that Theorem 6.7 should hold
even when 4 is of the same order as D.

Remark 6.27. Kannan, Lovész and Simonovits [39] restrict the function f to be
an indicator function f: K — {0,1}. The parameter ¢ corresponding to A in the
inequality

Eu.(f, ) >®Var, f, for all (measurable) f: K — {0,1}

is called the conductance of the ball walk. Since the class of functions f is restricted,
the conductance @ is potentially larger than A. However it is known — a version of
Cheeger’s inequality — that A > 1&2. (See Sinclair [57] or Aldous and Fill 2] for
relationships between various MC parameters, including these two.) The approach
to the ball walk in [39] is to show that the conductance @ is of order §/D+/n, which
leads by Cheeger to the required bound on A. However, the restriction of f to the
class of indicator functions unfortunately does not seem to lead to any significant
technical simplification in the proof.

6.7 Using samples to estimate volume

In order to estimate the volume of a convex body using our sampling procedure,
we follow the basic “product of ratios” approach used in earlier examples. Briefly,
the procedure is as follows.

Given our convex body K, we define a series of concentric balls By C By C
-++ C By such that By C K and K C By. (Refer to Figure 6.10.) Additionally, we
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Figure 6.10: convex body K and the concentric balls

require that the volume of these balls does not grow too quickly, say vol, B;11 <
2vol,, B;. We can estimate the ratios

_ volp(BiNK)
o Yol (Bii N K)

by repeatedly sampling points from B;,;NK and determining the fraction of these
points which lie also in B; N K. Let Z; be an estimate for g; obtained by taking
the sample mean. We then get the desired estimate of vol,, K from

k-1
vol, K = vol, By - H 7
i=0 <t

Of course, we may calculate vol,, By from an explicit formula.

We have glossed over important issues here, not least the obvious fact that k
must not be too large if we are to control the variance of our product estimator
for vol, K. If K is “well rounded” then, indeed, k& need not be very large. But
if K is very elongated it will be necessary to apply a linear transformation to K
to render it well rounded. For details of this step, and many further refinements,
refer to [39)].
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6.8 Appendix: a proof of Corollary 6.8

We work with the lazy version of the ball walk, which stays put with probability %
For the first leg, we follow closely the proof of Theorem 5.6, but replacing sums
by integrals. Because of the close similarity of the arguments we record only the
main steps here:

(Pafle) = 5 [ Plod) (1) + £)
Vary(Puf) < 1 [ n(do) /K P(a,dy) (@) + W)’

and

Var, £ = 5 [ wtde) [ Py + 1)
It follows that

Vary f = Vou,(Puf) 2 1 [ uids) [ Plady) (7o) - £0)’

and hence

Var, (P, f) < (1- %) Var,, f.

Iterating the above, we obtain
. A
Var,,(PL,f) < (1 - —) Var,, f < exp(—1At). (6.34)

Now suppose A is measurable subset of K, and let f : K — R be the function
that is 1 on A and 0 outside A. Assume that we start our walk from a point X
selected uniformly at random from the ball B = B(z,d) C K. (This is, of course,
equivalent to starting the walk at point x at time —1.) For ¢ > 0 we want to find a
time ¢ such that the variation distance of the t-step distribution from stationarity
is at most £; equivalently, we require

|Pr(X; € A) — u(A)] =

voli B /B {IPLA1(y) — w(A)} dy| <, (6.35)

uniformly over the choice of A. (In this context, recall the definition of total
variation distance (3.2), and the fact that [P, f](y) may be interpreted as Pr(X; €
Al Xo=y))
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Noting E,, (P}, f) = u(A), we find

Var, (P / {[P;zﬂ(y w4} (dy)
> % [ APLAG) - )Y dy (6.36)
2
R [1 . /B (PLAW -}y . (637

where inequality (6.36) follows from the definition (6.5) of 4 and Lemma 6.4; and
(6.37) from the fact that the expectation of the square of a r.v. is at least as large
as the square of its expectation. Thus, to achieve the desired bound (6.35) on
variation distance, we require

0.4£2vol, B

VarM(Pt f < "

Now, the volume of K is maximised, for specified diameter D, when K is a ball
of radius D/2. Thus it is enough that we achieve

Var, (PLf) < 0.452(%‘-) .

According to (6.34), this inequality will hold, provided

SHEEEREN]]

This is the mixing time claimed in Corollary 6.8, with i(ug) specialised to an initial
distribution that is uniform and supported on a ball of radius 4.
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Inapproximability

Not all counting problems are efficiently approximable. We open with a simple
example.

Fact 7.1. Unless RP = NP there can be no FPRAS for the number of Hamilton
cycles in a graph G.

Informally: assuming, as seems likely, that there exist predicates in NP that
admit no polynomial-time randomised algorithm, then no FPRAS for Hamilton
cycles can exist. Still informally: the reason is that an FPRAS for Hamilton cy-
cles would, in particular, need to distinguish the zero from non-zero case with
reasonable probability.

To apply a rigorous interpretation to Fact 7.1, we need to divert briefly into
randomised complexity classes, in particular RP and BPP. A predicate ¢ : 2* —
{0,1} is in the class RP if there is a polynomial-time witness-checking predicate!
X :X* x X* — {0,1} and a polynomial p such that:

(i) if ~(z) then —x(z,w) for all putative witnesses w € SP(I<D);

(i) if () then Pr[x(z,w)] > 1, where w is assumed to be chosen u.a.r. from
the set Pzl

The predicate ¢ is in the class BPP if there exist x and p, as above, satisfying:
(i) if ~(z) then Pr[x(z,w)] < %;
(i) if ¢(z) then Pr[x(z,w)] > §,

where, again, w is assumed to be chosen u.a.r. from the set YP(zD. Thus RP
(respectively, BPP) is the set of predicates that can be decided in randomised
polynomial time with one-sided (respectively, two-sided) error.

IRefer to Chapter 2 for the general setting.

M. Jerram Counting, Sampling and Integrating: Algorithms and Complexity
. 8 4 grating: Aig )
© Birkhauser Verlag 2003
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Remarks 7.2. (a) There is no significance in the exact thresholds %, i and %

appearing in the above definitions. By designing appropriate simulations,
one can show that % can be replaced by any constant strictly between 0
and 1, and % and % by any constants ¢, ¢ with 0 < ¢; < g < 1.

(b) It is immediate from the definition of RP that RP C NP. No similar inclusion
is known for BPP.

Now, comparing the definition of BPP with that of FPRAS, we see that the
existence of an FPRAS for the number of Hamilton cycles in a graph G would
immediately imply that the decision problem — is G Hamiltonian? — is in BPP.
Since the decision problem is NP-complete, it would follow that NP C BPP. The
apparently stronger conclusion RP = NP follows from the complexity-theoretic
fact:

Fact 7.3. If NP C BPP then NP C RP (and hence RP = NP).
See, e.g., Papadimitriou’s textbook [54, Problem 11.5.18].

Remark 7.4. The converse to Fact 7.1 is also true: if RP = NP then there is
an FPRAS for the number of Hamilton cycles in a graph. Whereas Fact 7.1 is
trivial, its converse is not, relying as it does on the bisection method of Valiant
and Vazirani [63]. See Chapter 10 of Goldreich’s lecture notes [32].

Of course, Hamiltonicity is not a distinguished NP-complete problem. More
generally we have:

Fact 7.5. (Informal statement.) If the decision version of a counting problem is
NP-complete, then the counting problem itself does not admit an FPRAS unless
RP = NP.

Exercise 7.6. Provide a formal statement of Fact 7.5 using the notion of witness-
checking predicates.

Fact 7.5 instantly yields a large number of counting problems that, for a
rather trivial reason, do not admit an FPRAS (under a reasonable complexity-
theoretic assumption). We now turn to an example that does not admit an FPRAS
for some non-trivial (though only slightly non-trivial) reason.

Let us consider the independent sets counting problem:

Name. #I8S.
Instance. A graph G.

Output. The number of independent sets? of all sizes in G.

2An independent set in graph G is a subset U C V(G) of the vertex set of G such that no
edge of G has both endpoints in U.
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G blocks of

r vertices

Figure 7.1: The construction.

The decision version of #IS is trivial, since every graph has the empty set of
vertices as an independent set. Nevertheless, we shall see that #IS is hard to
approximate under some reasonable complexity-theoretic assumption. We shall
make use of the optimisation version of #IS:

Name. MAXIS.
Instance. A graph G.

Output. The size of a maximum independent set in G.

MAKXIS is a classical NP-complete® problem: see, e.g., Garey and Johnson [30,
GT20].

Proposition 7.7. There is no FPRAS for #IS unless RP = NP.

Proof. We use a reduction from MAXIS. Let G = (V, E) be an instance of MAXIS.
We want to construct a graph G’ = (V’, E’), being an instance of #IS, in such a
way that typical independent sets in G’ reveal mazimum independent sets in G.

The construction replaces vertices by blocks of r vertices and edges by com-
plete bipartite graphs between blocks; formally,

V=V x{0,...,r—1},
and
E' = {{(u,3),(v,5)} : {u,v} € E and i,j € {0,...,r — 1}}.

(See Figure 7.1.)

3To make formal sense of this claim, one would need to make MAXIS into a decision problem.
This could be done, in the usual way, by specifying a bound k € N as part of the problem instance
and asking whether G has an independent set of size at least k.
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Each independent set I’ in G’ projects to an independent set
I ={v €V :there exists i € {0,...,7 — 1} such that (v,i) € I'}

in G. (Since each edge of G corresponds to a complete bipartite subgraph in G’,
the set I is indeed independent in G.) Suppose |I| = k; then there are (2" — 1)*
independent sets I’ in G’ that project to the specific independent set I in G. We
consider the two complementary situations:

(a) An independent set of size k exists in G. Then there are at least (2" — 1)*
independent sets in G'.

(b) The maximum independent set in G has size less than k. Then there are at
most 2"(2" — 1)¥~! independent sets in G, where n = |V|.

Setting r = n + 2, we have

(27‘ _ l)k — (2n+2 . 1)(27‘ _ 1)k~1 Z 2 % 2’!1(21” _ 1)/(:—-1‘

b

in other words, the minimum possible number of independent sets in case (a)
exceeds the maximum possible number in case (b) by a factor 2. An FPRAS
for #IS would be able to distinguish cases (a) and (b) with high probability,
providing us with a polynomial-time randomised algorithm (with two-sided error)
for MAXIS. As we have seen, this would imply RP = NP. g

Remark 7.8. Note that the reduction proves something much stronger than the
non-existence of an FPRAS for #IS. It shows (under the assumption RP # NP)
that there in no polynomial time randomised algorithm that approximates the
number of independent sets even to within any fixed exponential factor. To see
this, simply set r = cn with ¢ > 1. The statement can be strengthened even
further: see Dyer, Frieze and Jerrum [22].

7.1 Independent sets in a low degree graph

Proposition 7.7 is evidence that the number of independent sets in a graph is hard
to approximate in general, so we need to restrict the class of problem instances to
make progress. One interesting way to do this is to place a bound A on the max-
imum degree of the instance G. Then we can investigate how the computational
difficulty of of #IS varies as A does. On the positive side we have the following
result.

Theorem 7.9 (Luby and Vigoda). There is an FPRAS for #IS when A = 4.

Proof (sketch). Asusual, it is enough to be able to sample independent sets almost
uniformly at random in polynomial time.

Independent sets are sampled using an MC based on edge updates. View an
independent set I in graph G = (V, E) as a function I : V — {0, 1}, where I(v) =1
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has the interpretation that v is in the independent set. The state space of the MC
is the set of all independent sets in G. Transition probabilities are specified by the
following trial, where Xy : V' — {0,1} is the initial independent set.

1. Choose an edge {u,w} € E, u.a.r.

2. Begin to construct a new independent set [ as follows: with equal probability
(3 in each case) set (a) I(u) := 0 and I(w) := 0; (b) I(u) := 0 and I(w) :=1;
or (¢) I(u) := 1 and I(w) := 0. (Note that these three cases correspond to
the three possible restrictions of an independent set in G to the edge {u,w}.)

3. For all v € V' \ {u, w} set I(v) := Xo(v).
4. If I is an independent set then X7 := I, otherwise X; := Xj.

Informally, we are using edge-updates with Metropolis acceptance probabilities.
This MC can be shown to be rapidly mixing using the path-coupling method.
Two independent sets are considered to be adjacent if they differ at exactly one
vertex. If adjacent independent sets are considered to be at distance 1, the derived
path-metric is just Hamming distance. Suppose Xy and Yy are adjacent; on the
basis of a case analysis of moderate complexity it is possible to conclude that the
expected Hamming distance between X; and Y; is at most 1. (For a regular graph
with no small cycles there are four “good edges” {u,w} whose selection may cause
the distance to decrease, and twelve “bad edges” which may cause the distance
to increase. In the worst case, these two effects are exactly in balance.) It follows
that the mixing time of the MC scales quadratically with n. O

Exercise 7.10. Complete the proof of Theorem 7.9. To keep technical complexity
to a minimum, assume the graph G is triangle-free, i.e., contains no cycles of
length 3. In case you need to refer to it, a complete analysis (in a more general
setting where vertices in the independent set are given weight or “fugacity” A) is
given by Luby and Vigoda [47]. Theorem 7.9 corresponds to the case A = 1 of
their result. Dyer and Greenhill [25] also obtain a generalisation of Theorem 7.9,
using a slightly different MC. Their proof has the advantage of dispensing with
triangle-freeness.

According to Theorem 7.9, approximately counting independent sets in a
graph G is tractable provided the maximum degree A is small enough. We know
that A = 4 is small enough, so what about A = 5,6, ...7 The reduction described
in Proposition 7.7 constructs graphs of arbitrarily large degree, so it apparently
leaves open the possibility that there is an FPRAS for #IS for any fixed degree
bound A. However, if we look afresh at the construction of Theorem 7.9 in the light
of inapproximability results for the optimisation problem MAXIS, we discover that
there is a definite upper bound on A. This idea is due to Luby and Vigoda [47].

Proposition 7.11. There is no FPRAS for #IS when A = 1188, unless RP = NP.
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Proof. We know that MAXIS is NP-hard when restricted to graphs of maximum
degree 4. A result of Berman and Karpinski [6, Thm 1(iv)] tells us more: for any ¢ >
0, it is NP-hard to determine the size of a maximum independent set in a graph G
to within ratio of % + €, even when G is restricted to have maximum degree 4.
(By “determining the size. .. within ratio ¢” we mean computing a number k such
that gk < k < k, where k is the size of a maximum independent set in G.) In
other words, the problem MAXIS is polynomial-time (Turing) reducible to the
approximate version of MAXIS, in which we ask for a result within ratio % +e.
This result, like many other inapproximability results for optimisation problems,
rests on the powerful theory of probabilistically checkable proofs (PCP).

So let G be a graph of maximum degree 4. Using our construction from the
proof of Theorem 7.7 with r = 297, we obtain a graph G’ of maximum degree
1188. We shall see that even a rough approximation to the number of independent
sets in G’ will provide a close (within ratio ;—i + ¢£) approximation to the size of
the largest independent set in G. Thus the existence of an FPRAS for #IS in
graphs of maximum degree 1188 would imply the existence of a polynomial-time
randomised algorithm (with two-sided error) for MAXIS. As before, this would in
turn imply RP = NP.

We define J' to be the collection of all independent sets in G’. Let k be the
size of a maximum independent set in G. We have

@ - < <@ - )F
or, taking the natural logarithm,
kIn(2" - 1) <In|J'| <nln2+kIn(2" —1).
Consider the following estimate for k:
i In|J'| —nln2
In(2r —-1) °’

it is clear that
nln2

CIn(2r - 1)

Recall that Brooks’s theorem [7, 9] asserts that any graph of maximum de-
gree A > 3 that does not contain K441 as a connected component is A-colourable.
Assuming, as we may, that G is connected, it follows that G is 4-colourable. Since
any (and hence in particular the largest) of the four colour classes is an indepen-

dent set, k > n/4. Thus
4In2 -
—_——— | <k <k
k<1 ln(2’”—1))_k_k

k <k<k.

Note that, when r = 297,
4In2 1

m@ -1 -
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If we had an FPRAS for #IS restricted to graphs of maximum degree 1188 then we
would be able to approximate |J'| (with high probability) within arbitrarily small
constant relative error, and In|J’| (and hence k) within arbitrarily small constant
additive error. But this in turn would provide an approximation to the size of the
. . . . o1 . . . 73
largest independent set in G (with high probability) within ratio £ + ¢. O
One might suspect that the degree bound A = 1188 in Proposition 7.11 is
quite a bit larger than necessary, and this is indeed the case. Indeed, simply by
tightening the analysis of the construction used in the proof of Proposition 7.11,
one can reduce the degree A in its statement by 10-20%.

Exercise 7.12. Using the same reduction, but improved estimates, show that
Proposition 7.11 holds for some A less than 1100. (I think A = 964 is achiev-
able.)

Using a technically more involved reduction, Dyer, Frieze and Jerrum have
shown that A = 1188 may be replaced by A = 25. That still leaves a large gap
between what is known to be tractable (A = 4) and intractable (A = 25); no
doubt the upper bound could be reduced slightly at the expense of additional
technical complexity, but a substantial gap would still remain.

To explore further the boundary between tractable and intractable requires
us, at present, to accept more circumstantial evidence. Consider any MC on in-
dependent sets of a graph on n vertices. Let b(n) < n be any function of n and
suppose the Hamming distance between successive states Xy and X;_; of the MC is
uniformly bounded by b(n). We will say that the MC is b(n)-cautious. (Recall that
we are viewing independent sets as functions V' — {0,1}.) Thus a b(n)-cautious
MC is not permitted to change the status of more than b(n) vertices in G at any
step. Ideally, for ease of implementation, we would wish to have b(n) a constant (as
in the proposals of Luby and Vigoda [47], and Dyer and Greenhill [25]). However,
we are able show that no b(n)-cautious chain on independent sets can mix rapidly
unless b(n) = Q(n), even when A = 6. Thus any chain that does mix rapidly on
graphs of maximum degree 6 must change the status of a sizeable proportion of
the vertices at each step.

Theorem 7.13 (Dyer, Frieze and Jerrum). There exists an infinite family of regular
bipartite graphs of degree 6, together with constants §,y > 0, such that the following
is true: any dn-cautious MC on independent sets of these graphs has exponential
mizing time, in the sense that 7(1) = Q(exp(yn)).

Dyer, Frieze and Jerrum’s proof of Theorem 7.13 provides an explicit value
for 6, namely 6 = 0.35. We present a simplified version of the proof here that does
not attempt to estimate d. The idea underlying the proof is very simple: if the
state space of an MC has a tight “constriction” then its mixing time will be long.
This intuition may be formalised as follows.
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Claim 7.14. Consider an MC with state space §2, transition matriz P, and sta-
tionary distribution w. Let A C 12 be a set of states such that m(A) < %, and

M C {2 be a set of states that forms a “barrier” in the sense that P(i,j) =0
whenever i € A\ M and j € A\ M. Then the mizing time 7 of the MC satisfies

7(3) 2 m(A)/4m(M).
We defer the proof of the claim to the end of the chapter.

Proof of Theorem 7.13. Qur counterexample to rapid mixing (or, more precisely,
family of counterexamples indexed by n) is a random regular bipartite graph G of
degree A = 6, with n vertices on the left and n on the right. Denote the left and
right vertex sets by V7 and V5 respectively. The random graph model is simple. A
pairing is one of the n! possible bijections between left and right vertices viewed as
a regular bipartite graph of degree 1. Select A pairings, independently and u.a.r.,
and form the union: the result is a bipartite graph G of maximum degree A. Since
the pairings may not be disjoint, the graph G may not be regular; we return to
this point later.

Let J(a, B) be the collection of all independent sets in G having an vertices
on the left and #n on the right. For a given set of an vertices Uy C V; and fn
vertices Uy C V5, what is the probability that a random pairing will avoid joining
some element in U; to some element in Us? Well, the “image” of U; under the
pairing is a random an-subset of V4, so the answer is the same as the probability
that a random an-subset of V» is disjoint from Us; but the latter probability is

/()

Thus the expected size of J(a, ) for a random G chosen according to our model

T e Q)R

(By linearity of expectation, the required quantity is simply the number of possible
candidates (Uy, Us), times the probability that all A pairings avoid connecting U;
and Us,.) By Stirling’s approximation we have

E|J(a, B)| = exp (¢(e, B) n(1 + o(1)))

where

o(a,f) =—alna—-Fnpf-Al-a-F)In(l-a-7F)
+(A-1)((1-a)In(l —a)+ (1= B)In(1 - 8)). (7.1)

We treat ¢ as a function of real arguments a and [, even though a combinatorial
interpretation is possible only when an and Gn are integers. Then ¢ is defined on
the triangle

T={(e,8):,8>0and a+p <1},
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and is clearly symmetrical in «, . (The function ¢ is defined by equation (7.1)
on the interior of 7, and can be extended to the boundary by taking limits.)

Now set A = 6. By calculus, ¢(a,«) has a unique maximum in the range
o, %—)$ numerically (o, @) is uniformly less than 0.704 in this range. Consider the
region D = {(a,3) € T : |a — B8] < §}, where § is a small positive constant. (This
is the 4 in the statement of the theorem.) For sufficiently small § > 0,

o(a, ) <0.705, for all (o, 3) € D.

For, if not, there would be an infinite sequence (w;,3;) of points in 7, all satis-
fying (o, 8) > 0.705, which approach the diagonal « = § arbitrarily closely. By
compactness, there would be a subsequence of («a;, 3;) converging to some point
on the diagonal, contradicting continuity of ¢. So, by Markov’s inequality, with
very high probability,*

S 60‘706714, (7‘2)

U J(@ps)

(a,B)ED

where the union is over a, 3 which are multiples of 1/n.

Denote by £ and R the two connected regions of 7 \ D. We need a lower
bound on the number of independent sets in these regions which exceeds the upper
bound (7.2). With this in mind, define

f(a) = —alna— (1 -a)In(l —a) + (In2)(1 — Aa).

for o« < A7, Then, for any graph G in the space of random graphs, the total
number of independent sets I with |I NVi| = an is (crudely) at least

n
an

[J(c,%)| = ( )2(1_A0‘)" = exp (0(a) n(1 — o(1))).

(Choose an vertices from V;; then choose any subset of vertices from the at least
(1 — Aa)n unblocked vertices in Va.) Set A = 6 as before and o* = 0.015. Then,
by numerical computation, 8(a*) is greater than 0.708. In other words,

> eO.?OSn, (7_3)

U J(s

(a.B)eL

for all sufficiently large n, with a similar bound for R. Comparing (7.2) and (7.3),
we see that, with very high probability, the number of approximately balanced
independent sets is smaller, by an exponential factor, than the number with a
sizeable imbalance in either direction. Specifically, the former is smaller than the
latter by a factor €7, where v = 0.002.

4“With very high probability” may be taken to mean “with probability differing from 1 by
an amount decaying exponentially fast with n.”
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The (n + n)-vertex graph whose existence is guaranteed by Theorem 7.13
(ignoring for a moment the regularity requirement) is any graph from the space
of random graphs under consideration that exhibits the exponential gap just de-
scribed. (A randomly chosen graph will do with high probability.) The remainder
of our argument concerns such a graph.

Now consider a dn-cautious MC. Let A = |J,54J(a, 8) denote the set of
leftward leaning independent sets, and assume, without loss of generality, that A
is no larger than its complement A = 2\ A. Denote by M the set of approximately
balanced independent sets M = J, g)ep J(a, ).

Since the MC is dn-cautious, it cannot make a transition from A to A directly,
but only by using intermediate states in M. Now, we know from inequalities (7.2)
and (7.3) that

4] > e | M]. (7.4)

If we are prepared to weaken the theorem slightly by dropping the condition that
the graphs be regular, we can immediately complete the proof by appealing to
Claim 7.14.

We may address the regularity issue by reference to a standard result about
the union-of-pairings model for random bipartite graphs. Provided A is taken as
constant, Bender [5] has shown that A-regular graphs occur in our random graph
model with probability bounded away from 0. Since we prove that random graphs
of maximum degree 6, with very high probability, have the property we seek, it
follows that random A-regular graphs (in the induced probability space), with
very high probability, have the property too. O

It only remains to present the missing proof.

Proof of Claim 7.14. Denote by m; the t-step distribution of the MC. First note
that

1

741 = mellrv = [|meP — w1 Pllrv = 3 jmax, (m¢ — me—1) Pz
1 max (7 Jw
- X — T
S g, (M e

= ||l = m—1llTv,

since |Pz|loo < ||2|loo- Hence, by induction, ||mi41 — 7¢|lvv < |71 — mol|Tv and,
further, using the triangle inequality, |7 — mollrv < t|m — mollrv. Now, for

0 C S c N, define
ZZT(‘(’L

zES j€S

The quantity ¢ = min{®(S) : S C £2 and 0 < 7(S) < 1} is sometimes called the
“conductance” of the MC. (Conductance is normally considered in the context
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of time-reversible Markov chains. However, both the definition and the line of
argument employed here apply to non-time-reversible chains.) Now

YN m@PGH <Y, D #@OPGN+ Y, D w(@)P,))

i€A jEA i€A jEANM i€EANM jEA
<m(ANM)+n(ANM)
=7(M).

In short, (A) n(A) < n(M). So setting

. n(i)/m(A), ifi€ A;
mo(i) = 0

, otherwise,
we have
I~ mollry = 5 3 {3 mo() PG )~ mo(5) (75)
jen lien
=YY m(i)PG,j) (7.6)
JEA icA
= ¢(A).

(To see equality (7.6), observe that the terms in (7.5) with j € A make a contribu-
tion to the sum that is equal to that made by the terms with j € A. Now simply
restrict the sum to terms with j € A.) But |m — 7||rv > 3, since 7(A4) < 3, and
hence

lms = wllrv > lmo — wllov — llme — mollrv > 3~ to(A).

Thus we cannot achieve ||m — wf|py <  until

p> L5 mA)
2 T8(A) = ()

By an averaging argument there must exist some initial state g € A for which

Tao (L) > m(A)/4n(M). 0
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