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Transversals and Epsilon Nets

Here we are going to consider problems of the following type: We have a
family F of geometric shapes satisfying certain conditions, and we would like
to conclude that F can be “pierced” by not too many points, meaning that
we can choose a bounded number of points such that each set of F contains at
least one of them. Such questions are sometimes called Gallai-type problems,
because of the following nice problem raised by Gallai: Let F be a finite family
of closed disks in the plane such that every two disks in F intersect. What
is the smallest number of points needed to pierce F? For this problem, the
exact answer is known: 4 points always suffice and are sometimes necessary.

We will not cover this particular (quite difficult) result; rather, we con-
sider general methods for proving that the number of piercing points can be
bounded. These methods yield numerous results where no other proofs are
available. On the other hand, the resulting estimates are usually quite large,
and in some simpler cases (such as Gallai’s problem mentioned above), spe-
cialized geometric arguments provide much better bounds.

Some of the tools introduced in this chapter are widely applicable and
sometimes more significant than the particular geometric results. Such im-
portant tools include the transversal and matching numbers of set systems,
their fractional versions (connected via the duality of linear programming),
the Vapnik—Chervonenkis dimension and ways of estimating it, and epsilon
nets.

10.1 General Preliminaries: Transversals and
Matchings
Let F be a system of sets on a ground set X; both 7 and X may generally

be infinite. A subset T' C X is called a transversal of F if it intersects all the
sets of F.
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The transversal number of F, denoted by 7(F), is the smallest possible car-
dinality of a transversal of F.

Many combinatorial and geometric problems, some them considered in
this chapter, can be rephrased as questions about the transversal number of
suitable set systems.

Another important parameter of a set system F is the packing number
(or matching number) of F, usually denoted by v(F). This is the maximum
cardinality of a system of pairwise disjoint sets in F:

v(F) =sup{IM|: M C F, My N My =0 for all My, Ms € M, My # Ms}.

A subsystem M C F of pairwise disjoint sets is called a packing (or a match-
ing; this refers to graph-theoretic matching, which is a system of pairwise
disjoint edges).

Any transversal is at least as large as any packing, and so always

v(F) < 7(F).

In the reverse direction, very little can be said in general, since 7(F) can be
arbitrarily large even if v(F) = 1. As a simple geometric example, we can
take the plane as the ground set X and let the sets of F be n lines in general
position. Then v(F) = 1, since every two lines intersect, but 7(F) > I n,
because no point is contained in more than two of the lines.

Fractional packing and transversal numbers. Now we introduce an-
other parameter of a set system, which always lies between v and 7 and which
has proved extremely useful in arguments estimating 7 or v. First we restrict
ourselves to set systems on finite ground sets.

Let F be a system of subsets of a finite set X. A fractional transversal for
F is a function ¢: X — [0, 1] such that for each S € F, we have ) s ¢(z) >
1. The size of a fractional transversal ¢ is > .y (z), and the fractional
transversal number 7*(F) is the infimum of the sizes of fractional transversals.
So in a fractional transversal, we can take one-third of one point, one-fifth
of another, etc., but we must put total weight of at least one full point into
every set.
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Similarly, a fractional packing for F is a function ¢: F — [0, 1] such that
for each z € X, we have } ¢ 7. .5 ¥(S) < 1. So sets receive weights and the
total weight of sets containing any given point must not exceed 1. The size
of a fractional packing 1 is > gc 7 %(S), and the fractional packing number
v*(F) is the supremum of the sizes of all fractional packings for F.

It is instructive to consider the “triangle” system of 3 sets on 3 points,

and check that v =1, 7 =2, and v* = 7" = %

Any packing M yields a fractional packing (by assigning weight 1 to the
sets in M and 0 to others), and so v < v*. Similarly, 7* < 7.

We promised one parameter but introduced two: 7* and v*. But they
happen to be the same.

10.1.1 Theorem. For every set system F on a finite ground set, we have
v*(F) = 7*(F). Moreover, the common value is a rational number, and
there exist an optimal fractional transversal and an optimal fractional packing
attaining only rational values.

This is not a trivial result; the proof is a nice application of the duality
of linear programming. Here is the version of the linear programming duality
we need.

10.1.2 Proposition (Duality of linear programming). Let A be an
m X n real matrix, b € R™ a (column) vector, and ¢ € R™ a (column) vector.
Let

P={zecR" x>0, Az > b}

and
Dz{yeRm:yZO,yTASCT}

(the inequalities between vectors should hold in every component). If both
P #0 and D # 0, then
min {c"z: z € P} = max {yTb: y € D};

in particular, both the minimum and the maximum are well-defined and
attained.

This result can be quickly proved by piecing together a larger matrix from
A, b, and ¢ and applying a suitable version of the Farkas lemma (Lemma 1.2.5)
to it (Exercise 6). It can also be derived directly from the separation theorem.
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Let us remark that there are several versions of the linear programming
duality (differing, for example, in including or omitting the requirement z >
0, or replacing Az > b by Az = b, or exchanging minima and maxima), and
they are easy to mix up.

Proof of Theorem 10.1.1. Set n = |X| and m = |F|, and let A be the
m X n incidence matrix of the set system JF: Rows correspond to sets, columns
to points, and the entry corresponding to a point p and aset Sislifpe S
and 0 if p & S. It is easy to check that v*(F) and 7*(F) are solutions to the
following optimization problems:

™(F) = min {172: 2 > 0, Az > 1, },
I/*(]:) = max {yTlm: y >0, yTA < 13;}’

where 1,, € R™ denotes the (column) vector of all 1’s of length n. Indeed, the
vectors € R™ satisfying z > 0 and Az > 1,, correspond precisely to the
fractional transversals of F, and similarly, the y € R"™ with y > 0 and yTA <
17 correspond to the fractional packings. There is at least one fractional
transversal, e.g., = 1,, and at least one fractional packing, namely, y = 0,
and so Proposition 10.1.2 applies and shows that v*(F) = 7*(F).

At the same time, 7*(F) is the minimum of the linear function z — 17z
over a polyhedron, and such a minimum, since it is finite, is attained at a
vertex. The inequalities describing the polyhedron have rational coefficients,
and so all vertices are rational points. 0O

Remark about infinite set systems. Set systems encountered in geome-
try are usually infinite. In almost all the considerations concerning transver-
sals, the problem can be reduced to a problem about finite sets, usually by
a simple ad hoc argument. Nevertheless, we include here a few remarks that
can aid a simple consistent treatment of the infinite case. However, they will
not be used in the sequel in any essential way.

There is no problem with the definitions of v and 7 in the infinite case, but
one has to be a little careful with the definition of v* and 7* to preserve the
equality v* = 7*. Everything is still fine if we have finitely many sets on an
infinite ground set: The infinite ground set can be factored into finitely many
equivalence classes, where two points are equivalent if they belong to the
same subcollection of the sets. One can choose one point in each equivalence
class and work with a finite system.

For infinitely many sets, some sort of compactness condition is certainly
needed. For example, the system of intervals {[i,0): 4 = 1,2,...} has, ac-
cording to any reasonable definition, v* =1 but 7* = co.

If we let F be a family of closed sets in a compact metric space X (compact
Hausdorff space actually suffices), we can define v*(F) as supy, ) gc 7 ¥(5),
where the supremum is over all ¢: F — [0,1] attaining only finitely many
nonzero values and such that Y gz g ¥(S) <1 foreach z € X.
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For the definition of 7*, the first attempt might be to consider all functions
: X — [0,1] attaining only finitely many nonzero values and summing up to
at least 1 over every set. But this does not work very well: For example, if we
let F be the system of all compact subsets of [0,1] of Lebesgue measure %,
say, then v* < 2 but 7* would be infinite, since any finite subset is avoided
by some member of F. It is better to define a fractional transversal of F as
a Borel measure p on X such that u(S) > 1 for all S € F, and 7*(F) as
the infimum of u{X) over all such u. With this definition, the validity of the
first part Theorem 10.1.1 is preserved; i.e., v*(F) = 7*(F) for all systems F
of closed sets in a compact X. The proof uses a little of functional analysis,
and we omit it; it can be found in [KM97a]. The rationality of »* and 7* no
longer holds in the infinite case.

Bibliography and remarks. Gallai’s problem about pairwise in-
tersecting disks mentioned at the beginning of this chapter was first
solved by Danzer in 1956, but he hasn’t published the solution. For
another solution and a historical account see Danzer [Dan86].

Attempting to summarize the contemporary knowledge about the
transversal number and the packing number in combinatorics would
mean taking a much larger bite than can be swallowed, so we restrict
ourselves to a few sketchy remarks. An excellent source for many com-
binatorial results is Lovész’s problem collection [Lov93].

A quite old result relating v and 7 is the famous Konig’s edge-
covering theorem from 1912, asserting that v(F) = 7(F) if F is the
system of edges of a bipartite graph (this is also easily seen to be
equivalent to Hall’s marriage theorem, proved by Frobenius in 1917;
see Lovdsz and Plummer [LP86] for the history). On the other hand,
an appropriate generalization to systems of triples, namely, 7 < 2v
for any tripartite 3-uniform hypergraph, is a celebrated recent result
of Aharoni [Aha01] (based on Aharoni and Haxell [AH00]), while the
generalization 7 < (k—1)v for k-partite k-uniform hypergraphs, known
as Ryser’s conjecture, remains unproved for k& > 4.

While computing v or 7 for a given F is well known to be NP-
hard, 7* can be computed in time polynomial in |X| + |F| by linear
programming (this is another reason for the usefulness of the frac-
tional parameter). The problem of approximating 7 is practically very
important and has received considerable attention. More often it is
considered in the dual form, as the set cover problem: Given F with
UF = X, find the smallest subcollection F' C F that still covers X.
The size of such F’ is the transversal number of the set system dual
to (X, F), where each set S € F is assigned a point ys and each point
z € X gives rise to the set {ys: z € S}.

For the set cover problem, it was shown by Chvatal and indepen-
dently by Lovész that the greedy algorithm (always take a set covering
the maximum possible number of yet uncovered points) achieves a so-
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lution whose size is no more than (1 + In|X|) times larger than the
optimal one.! Lovész actually observed that the proof implies, for any
finite set system F,

T(F) < *(F) - 1+ InA(F)),

where A(F) is the maximum degree of F, i.e., the maximum number of
sets with a common point (Exercise 4). The weaker bound with A(F)
replaced by | F]| is easy to prove by probabilistic argument (Exercise 3).
It shows that in order to have a large gap between 7* and 7, the set
system must have very many sets.

Exercises

1.

(a) Find examples of set systems with 7* bounded by a constant and 7
arbitrarily large.
(b) Find examples of set systems with v bounded by a constant and v*
arbitrarily large.
Let F be a system of finitely many closed intervals on the real line. Prove
that v(F) = 7(F). BB
Prove that

T(F) < 7*(F) - In(|F|+1)

for all (finite) set systems F. Choose a transversal as a random sample.
(Analysis of the greedy algorithm for transversal) Let F be a finite set
system. We choose points z1, z2, ..., z: of a transversal one by one: z; is
taken as a point contained in the maximum possible number of uncovered
sets (i.e., sets of F containing none of z1,...,x;_1).

(a) Prove that the size ¢ of the resulting transversal satisfies

va(F)+---+ —"l—l/d—l(]:) + 1Vd(]:),

t< L1/1(7-‘)+ =1y y

=1.2 2.3

where d = A(F) is the maximum degree of F and vk (F) is the maximum
size of a simple k-packing in F. A subsystem M C F is a simple k-packing
if A(M) <k (so v1(F) = v(F)).

(b) Conclude that 7(F) <t < 7*(F) - ¢_, el

Konig’s edge-covering theorem asserts that if E is the set of edges of a
bipartite graph, then v(E) = 7(E). Hall’s marriage theorem states that if
G is a bipartite graph with color classes A and B such that every subset
S C A has at least |S| neighbors in B, then there is a matching in G
containing all vertices of A.

! As a part of a very exciting development in complexity theory, it was re-
cently proved that no polynomial-time algorithm can do better in general unless
P =NP; see, e.g., [Hoc96] for proofs and references.
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(a) Derive Konig’s edge-covering theorem from Hall’s marriage theorem.
2]
(b) Derive Hall’s marriage theorem from Konig’s edge-covering theorem.
2]

6. Let A, b, ¢, P, and D be as in Proposition 10.1.2.
(a) Check that cTz > yTbforall z € P and all y € D. 1
(b) Prove that if P # @ and D # @, then the system Ax < b,
yTA > ¢, cTz > yTb has a nonnegative solution z,y (which implies
Proposition 10.1.2). Apply the version of the Farkas lemma as in Exer-
cise 1.2.7(b). [

10.2 Epsilon Nets and VC-Dimension

Large sets should be easier to hit by a transversal than small ones. The notion
of e-net and the related theory elaborate on this intuition. We begin with a
special case, where the ground set is finite and the size of a set is simply
measured as the cardinality.

10.2.1 Definition (Epsilon net, a special case). Let (X,F) be a set
system with X finite and let € € [0,1] be a real number. A set N C X (not
necessarily one of the sets of F) is called an e-net for (X, F) if NNS # 0 for
all S € F with |S| > ¢|X

So an e-net is a transversal for all sets larger than £|X|. Sometimes it is
convenient to write % instead of €, with r > 1 a real parameter. A beautiful
result (Theorem 10.2.4 below) describes a simple combinatorial condition
on the structure of F that guarantees the existence of %-nets of size only
O(rlogr) for all r > 2.

If we want to deal with infinite sets, measuring the size as the number
of points is no longer appropriate. For example, a “large” subset of the unit
square could naturally be defined as one with large Lebesgue measure. So
in general we consider an arbitrary probability measure p on the ground
set. In concrete situations we will most often encounter u concentrated on
finitely many points. This means that there is a finite set Y C X and a
positive function w:Y — (0,1] with }° .y w(y) = 1, and p is given by
u(A) = Zye any (). In particular, if the weights of all points y € Y are
the same, i.e., IYLI’ we speak of the uniform measure on Y. Another common
example of 4 is a suitable multiple of the Lebesgue measure restricted to
some geometric figure.

10.2.2 Definition (Epsilon net). Let X be a set, let yu be a probability
measure on X, let F be a system of u-measurable subsets of X, and let
€ € [0,1] be a real number. A subset N C X is called an e-net for (X,F)
with respect to p if NNS #0 for all S € F with u(S) > ¢.
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VC-dimension. In order to describe the result promised above, about ex-
istence of small e-nets, we need to introduce a parameter of a set system
called the Vapnik-Chervonenkis dimension, or VC-dimension for short. Its
applications are much wider than for the existence of e-nets.

Let F be a set system on X and let Y C X. We define the restriction of
F on'Y (also called the trace of F on Y) as

Fly ={SnY: S e F}.

It may happen that several distinct sets in F have the same intersection with
Y; in such a case, the intersection is still present only once in Fly .

10.2.3 Definition (VC-dimension). Let F be a set system on a set X.
Let us say that a subset A C X is shattered by F if each of the subsets of A
can be obtained as the intersection of some S € F with A, i.e., if F| 4 = 24.
We define the VC-dimension of F, denoted by dim(F), as the supremum of
the sizes of all finite shattered subsets of X. If arbitrarily large subsets can
be shattered, the VC-dimension is oo.

Let us consider two examples. First, let H be the system of all closed
half-planes in the plane. We claim that dim(?) = 3. If we have 3 points in
general position, each of their subsets can be cut off by a half-plane, and so
such a 3-point set is shattered. Next, let us check that no 4-point set can be
shattered. Up to possible degeneracies, there are only two essentially different
positions of 4 points in the plane:

[ ] o L]

In both these cases, if the black points are contained in a half-plane, then
a white point also lies in that half-plane, and so the 4 points are not shat-
tered. This is a rather ad hoc argument, and later we will introduce tools
for bounding the VC-dimension in geometric situations. We will see that
bounded VC-dimension is rather common for families of simple geometric
objects in Euclidean spaces.

A rather different example is the system K2 of all convex sets in the plane.
Here the VC-dimension is infinite, since any finite convex independent set A
is shattered: Each B C A can be expressed as the intersection of A with a
convex set, namely, B = AN conv(B).
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We can now formulate the promised result about small e-nets.

10.2.4 Theorem (Epsilon net theorem). If X is a set with a probability
measure p, F Is a system of u-measurable subsets of X with dim(F) < d,
d > 2, and r > 2 is a parameter, then there exists a L-net for (X,F) with
respect to p of size at most CdrInr, where C is an absolute constant.

The proof below gives the estimate C' < 20, but a more accurate calcula-
tion shows that C can be taken arbitrarily close to 1 for sufficiently large r.
More precisely, for any d > 2 there exists an 7o > 1 such that for all r > ro,
each set system of VC-dimension d admits a %-net of size at most drlnr.
Moreover, this bound is tight in the worst case up to smaller-order terms.

For the proof (and also later on) we need a fundamental lemma bounding
the number of distinct sets in a system of given VC-dimension. First we define
the shatter function of a set system F by

T = P Fly -
In words, wx(m) is the maximum possible number of distinct intersections of
the sets of F with an m-point subset of X.

10.2.5 Lemma (Shatter function lemma). For any set system F of
VC-dimension at most d, we have mx(m) < ®4(m) for all m, where ®4(m) =
m m m
(0) + (1) +oF (d)'

Thus, the shatter function for any set system is either 2™ for all m (the
case of infinite VC-dimension) or it is bounded by a fixed polynomial.

For d fixed and m — 0o, ®4(m) can be simply estimated by O(m?). For
more precise calculations, where we are interested in the dependence on d,

we can use the estimate ®4(m) < (%)d, where e is the basis of natural
logarithms. This is valid for all m,d > 1.

Proof of Lemma 10.2.5. Since VC-dimension does not increase by passing
to a subsystem, it suffices to show that any set system of VC-dimension
at most d on an n-point set has no more than ®;(n) sets. We proceed by
induction on d, and for a fixed d we use induction on n.

Consider a set system (X, F) with |X| = n and dim(F) = d, and fix some
z € X. In the induction step, we would like to remove z and pass to the
set system F; = F| X\ {z} °" n—1 points. This F; has VC-dimension at

most d, and hence |F;} < ®4(n—1) by the inductive hypothesis. How many
more sets can F have compared to F;? The only way that the number of sets
decreases by removing z is when two sets S, 5’ € F give rise to the same set
in F1, which means that S’ = SU {z}, z ¢ S, or the other way round. This
suggests that we define an auxiliary set system J» consisting of all sets in F;
that correspond to such pairs 5,5’ € F: Fo ={Se€ F: 2 ¢ S,SU{z} € F}.

By the above discussion, we have |F| = |F1| + |F2|. Crucially, we observe
that dim(F2) < d—1, since if A C X \ {z} is shattered by F3, then AU{z} is
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shattered by F. Therefore, |F2| < ®4_1(n—1). The resulting recurrence has
already been solved in the first proof of Proposition 6.1.1. a

The rest of the proof of the epsilon net theorem is a clever probabilistic
argument; one might be tempted to believe that it works by some magic.
First we need a technical lemma concerning the binomial distribution.

10.2.6 Lemma. Let X = X;+ X+ -+ X,,, where the X; are independent
random variables, X; attaining the value 1 with probability p and the value
0 with probability 1—p. Then Prob [X > %np] > %, provided that np > 8.

Proof. This is a routine consequence of Chernoff-type tail estimates for the
binomial distribution, and in fact, considerably stronger estimates hold. The
simple result we need can be quickly derived from Chebyshev’s inequality
for X, stating that Prob{|X — E[X]| > t] < Var[X] /t2, t > 0. Here E[X] =
np and Var[X] = Y1, Var[X;] < np. So

4

Prob [X < 3np] < Prob[|X — E[X]| > inp] < e

=

O

Proof of the epsilon net theorem. Let us put s = Cdrlnr (assuming
without harm that it is an integer), and let N be a random sample picked by
s independent random draws, where each element is drawn from X according
to the probability distribution p. (So the same element can be drawn several
times; this does not really matter much, and this way of random sampling is
chosen to make calculations simpler.) The goal is to show that N is a %—net
with a positive probability.

To simplify formulations, let us assume that all S € F satisfy u(S) > 1;
this is no loss of generality, since the smaller sets do not play any role. The
probability that the random sample N misses any given set S € F is at most
(1 — 1) < e7%/7, and so if s were at least rIn(|F|+1), say, the conclusion
would follow immediately. But r is typically much smaller than |F| (it can
be a constant, say), and so we need to do something more sophisticated.

Let Ey be the event that the random sample N fails to be a %-net, ie.,
misses some S € F. We bound Prob[Fg] from above using the following
thought experiment.

By s more independent random draws we pick another random sample
M.2 We put k = 5=, again assuming that it is an integer, and we let E; be
the following event:

There exists an S € F with NN.S =0 and |M N S| > k.

2 This double sampling resembles the proof of Proposition 6.5.2, and indeed these
proofs have a lot in common, although they work in different settings.
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Here an explanation concerning repeated elements is needed. Formally, we
regard N and M as sequences of elements of X, with possible repetitions, so
N = (z1,22,...,%s), M = (y1,Y2,---,Ys). The notation |M N S| then really
means |[{i € 1,2,...,s: y; € S}|, and so an element repeated in M and lying
in S is counted the appropriate number of times.

Clearly, Prob[E;] < Prob[Ey], since E; requires Fy plus something more.
We are going to show that Prob[FE;) > 1 Prob[Ep]. Let us investigate the
conditional probability Prob[FE; | N], that is, the probability of F; when
N is fixed and M is random. If N is a %-net, then F; cannot occur, and
Prob[Ey | N] = Prob[E; | N] = 0.

So suppose that there exists an S € F with NN S = 0. There may
be many such S, but let us fix one of them and denote it by Sy. We have
Prob[E; | N] > Prob[|M N Sy| > k]. The quantity |[M N Sy| behaves like
the random variable X in Lemma 10.2.6 with n = s and p = %, and so
Prob[|M N Sy| > k] > 1. Hence Prob[Ey|N] < 2Prob[E; | N] for all N,
and thus Prob[Ey] < 2Prob[E1].

Next, we are going to bound Prob[E;] differently. Instead of choos-
ing N and M at random directly as above, we first make a sequence
A = (21,23,...,295) of 2s independent random draws from X. Then, in the
second stage, we randomly choose s positions in A and put the elements at
these positions into NV, and the remaining elements into M (so there are (*°)
possibilities for A fixed). The resulting distribution of N and M is the same
as above. We now prove that for every fixed A, the conditional probabil-
ity Prob[E; | A] is small. This implies that Prob[FE;] is small, and therefore
Prob[Ep] is small as well.

So let A be fixed. First let S € F be a fixed set and consider the con-
ditional probability Ps = Prob[NNS =0, |MNS|>k|A]. If|ANS| <k,
then Ps = 0. Otherwise, we bound Ps < Prob[N NS = @| A]. The latter is
the probability that a random sample of s positions out of 2s in A avoids the
at least k positions occupied by elements of S. This is at most

(25—k) k s
s <[1-2 < e—(k/2s)s — e—k/2 — 6—(Cdlnr)/4 - T_Cd/4
>y - 2s '

-]
This was an estimate of Ps for a fixed S € F. Now, finally, we use the
assumption about the VC-dimension of F, via the shatter function lemma:
The sets of F have at most ®4(2s) distinct intersections with A. Since the

event “N NS =0 and [M N S| > k” depends only on AN S, it suffices to
consider at most ®4(2s) distinct sets S, and so for every fixed A,

d d
Prob[E; | A] < ®4(2s) cpmCd/A < (%) pCd/4 = (Zerlnr . 7,—0/4) < %

if d,» > 2 and C is sufficiently large. So Prob[Ep] < 2Prob[E;]| < 1, which
proves Theorem 10.2.4. D
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The epsilon net theorem implies that for set systems of small VC-dimen-
sion, the gap between the fractional transversal number and the transversal
number cannot be too large.

10.2.7 Corollary. Let F be a finite set system on a ground set X with
dim(F) < d. Then we have

7(F) < Cdr*(F) In7*(F),
where C' is as in the epsilon net theorem.

Proof. Let r = 7*(F). Since F is finite, we may assume that an optimal
fractional transversal ¢: X — [0, 1] is concentrated on a finite set Y. This ¢,
after rescaling, defines a probability measure u on X, by letting u({y}) =
1o(y), y € Y. Each S € F has u(S) > 1 by the definition of fractional
transversal, and so a 1-net for (X,F) with respect to u is a transversal. By
the epsilon net theorem, there exists a transversal of size at most CdrInr.
O

We mention a concrete application of the corollary in the next section,
where we collect examples of set systems of bounded VC-dimension.

Bibliography and remarks. The notion of VC-dimension orig-
inated in statistics. It was introduced by Vapnik and Chervonenkis
[VC71]. Under different names, it has also appeared in other papers
(Sauer [Sau72] and Shelah [She72]), but the work [VC71] was probably
the most influential for subsequent developments. The name VC-di-
mension and some other, by now more or less standard, terminology
were introduced by Haussler and Welzl [HW87]. VC-dimension and the
related theory play an important role in several mathematical fields,
such as statistics (the theory of empirical processes), computational
learning theory, computational geometry, discrete geometry, combina-
torics of hypergraphs, and discrepancy theory.

The shatter function lemma was independently discovered in the
three already mentioned papers [VCT71], [Sau72], [She72].

The shatter function, together with the dual shatter function (de-
fined as the shatter function of the dual set system) was introduced
and applied by Welzl [Wel88]. Implicitly, these notions were used much
earlier, and they appear in the literature under various names, such
as growth functions.

The notion of e-net and the epsilon net theorem (with X finite
and p uniform) are due to Haussler and Welzl [HW87]. Their proof
is essentially the one shown in the text, and it closely follows an ear-
lier proof by Vapnik and Chervonenkis [VC71] concerning the related
notion of e-approzimations. In the same setting as in the definition of
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e-nets, a set A C X is an e-approximation for (X, F) with respect to
wif for all S € F,
AN S|
w(S) —
(5) Al

<eg

So while an e-net intersects each large set at least once, an e-ap-
proximation provides a “proportional representation” up to the er-
ror of £. Vapnik and Chervonenkis [VC71] proved the existence of
%-approximations of size O(dr?logr) for all set system of VC-dimen-
sion d.

Komlés, Pach, and Woginger [KPW92] improved the dependence
on d in .the Haussler—Welzl bound on the size of e-nets. The improve-
ment is achieved by choosing the second sample M of size ¢t somewhat
larger than s and doing the calculations more carefully. They also
proved an almost matching lower bound using suitable random set
systems. The proofs can be found in [PA95] as well.

The proof in the Vapnik—Chervonenkis style, while short and
clever, does not seem to convey very well the reasons for the existence
of small e-nets. Somewhat longer but more intuitive proofs have been
found in the investigation of deterministic algorithms for constructing
e-approximations and e-nets; one such proof is given in [Mat99a], for
instance.

Exercises

1. Show that for any integer d there exists a convex set C' in the plane such
that the family of all isometric copies of C' has VC-dimension at least d.
[«

2. Show that the shatter function lemma is tight. That is, for all d and n
construct a system of VC-dimension d on n points with ®4(n) sets.

10.3 Bounding the VC-Dimension and Applications

The VC-dimension can be determined without great difficulty in several sim-
ple cases, such as for half-spaces or balls in R4, but for only slightly more com-
plicated families its computation becomes challenging. On the other hand, a
few simple steps explained below show that the VC-dimension is bounded for
any family whose sets can be defined by a formula consisting of polynomial
equations and inequalities combined by Boolean connectives (conjunctions,
disjunctions, etc.) and involving a bounded number of real parameters. This
includes families like all ellipsoids in R¢%, all boxes in R?, arbitrary intersec-
tions of pairs of circular disks in the plane, and so on. On the other hand,
arbitrary convex polygons are not covered (since a general convex polygon
cannot be described by a bounded number of real parameters) and indeed,
this family has infinite VC-dimension.



