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MULTIDIMENSIONAL SORTING*

JACOB E. GOODMANS" AND RICHARD POLLACK$

Abstract. We introduce a process called geometric sorting, which can be applied to an arbitrary
configuration of points in d-dimensional space, and which encodes in compact form the order properties
of the configuration, just as the arrangement of a set of numbers in size place encodes its order properties.
We give an algorithm for carrying out this sorting procedure in time O(n a log n), which generalizes the
optimum sorting time of O(n log n) for the linear case: In addition, we give an efficient algorithm for
determining whether two randomly numbered configurations in Ra have the same order type, using a
distinguished family of orderings of each. Finally, we indicate how this new concept of sorting can be
applied to problems in pattern recognition, stereochemistry, and cluster analysis.

Key words, geometric sorting, computational geometry, efficient algorithms, planar configuration of
points, multidimensional configuration, orientation, convex hull

Introduction. Finding the vertices of the convex hull of a given set of points in
the plane, a problem that has been written about extensively in the last ten years [14],
[19], [20], generalizes in a natural way the problem of determining the maximum and
minimum of a given set of numbers on the real line. But there is much more to the
"order type" of an indexed set {xl,."’, xn} of numbers than just their maximum and
minimum; this is why finding their extremes takes just O(n) comparisons, while sorting
them--by an optimal worst-case method such as a heapsort [18]retakes O(n log n)
comparisons. In the same way, there is much more to a set of points in the plane--or
in d-space, for that matter--than their convex hull. It is this more general problem
of determing the "order type" of a given configuration of points in d-dimensional
space, and determining it by a fast, efficient algorithm, to which this paper addresses
itself.

If n numbers, xl,..., xn, are given, there is just one kind of order pattern that
they can have: that of the integers 1, 2, , r for some r =< n. The problem of sorting
them comes down to finding a mapping rr of the set {1,..., n} onto a set {1,..., r}
that is "order-preserving", in the sense that xi <=xj if and only if r(i)-<_ 7r(/’). But in
the plane, or in higher dimensions, as we shall see, a configuration of n points can
have many "patterns" or "order types". (It is a difficult problem, in fact, to find just
how many, but we shall give some bounds below.) To sort such a configuration, we
must therefore do two things: 1) determine which of the standard order patterns our
configuration ’ fits, and 2) find a mapping from into that standard pattern which
exhibits the order isomorphism. We shall describe a means of carrying out each of
these steps below.

First, what do we mean by the "order type" of a configuration of points? If n
distinct points, P,..., P,, are given on a line, sorting them can be thought of in two
ways" finding

(a) the set A(i) of points on the positive side (i.e., to the right) of each Pi, since
then the fundamental atoms of the ordering of Px,..., Pn, i.e. the ordered pairs i,/"
for which Pi < Pj, are immediately accessible, or
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MULTIDIMENSIONAL SORTING 485

(b) the number h (i) of points on the positive side (i.e., to the right) of each Pi,
since then the position of each point Pi in the ranking Pil <"" <Pin is immediately
deducible.
Furthermore, it is clear that from (b) we can read off (a), and of course (a) immediately
gives (b). In the plane, indeed in d-dimensional space, each of these has a counterpart:
the fundamental atoms of the "order pattern" made up of a planar configuration of
points, what Dreiding and Wirth [6] call chitons, are the ordered triples i,/’, k for
which Pi, Pi, Pk are positively (i.e. "counterclockwise") oriented; hence to know these
it would, as above, suffice to find

(a) the set A(i, ]) of points Pk lying on the positive side (i.e., to the left) of each
directed line PiPi.
Similarly, the counterpart of (b) above would be to find

(b) the number h (i, f) of points P lying on the positive side (i.e., to the left) of
each directed line PiPi.
It is a remarkable fact that--just as on the line--(a) and (b) are equivalent, in the
sense that knowledge of one implies knowledge of the other. This result, which is not
immediately obvious even in the planar case, was first shown, in that case, in [12], by
the use of the method of "allowable sequences of permutations". Here we show by
a direct geometric argument that it holds in every dimension, and even in the case
where we allow degeneracies in our configurations" repeated points, collinear triples,
coplanar quadruples, etc.; this is the substance of Theorem 1.8 below, which we call
the "basic theorem of geometric sorting".

In 2 and 3 we present a fast algorithm for sorting, i.e. determining the h-function
of, a configuration of n points in Rd; the d-dimensional algorithm in 3 is based
on the 2-dimensional one in 2.

In 4 and 5 we address the comparison problem: How do we determine whether
two configurations of n points can be renumbered so that they are "A-equivalent",
i.e. have the same order type? Surprisingly enough, it turns out that we do not need
to check all n! renumberings, but at most n, in dimension 2, and 6n-12, in dimension
3. In higher dimensions this number grows, but it is always bounded by cn td/2. In
4 we introduce a distinguished family of orderings of the points of a configuration
in Rd, which we call the "canonical orderings of %’", and which we believe to be

of interest in their own right, in order to generate all the necessary renumberings.
We present algorithms to handle various cases which may arise; in 5 we present an
algorithm for carrying out the entire comparison process.

Finally, in 6 we discuss the optimality of the sorting algorithm, and we touch
on several potential applications of geometric sorting: to pattern recognition, to
stereochemistry, and to cluster analysis. We end with some open problems.

It should perhaps be pointed out that the notion of what we call the "order type"
of a configuration of points can be seen to be equivalent to what is known as the
oriented matroid structure determined by (see [2], [4], [5], [8]). However, its dual
expression, in terms of A and A, which forms the basis of this paper, is new here, as
are the applications that follow to efficient methods of computing and encoding the
order type of a configuration, and to the comparison problem for configurations.

(Xi

1. The basic theorem of geometric sorting.
DEFINITION 1.1. If (P0,"’ ", Pa) is a sequence of d + 1 points in d, with Pi, xia) for each i, we say they have positive orientation, written Po Pd > 0, if

det (xij) > O,
where xi0 1 for each i. P0" Pd < 0 and P0’ Pa 0 are similarly defined.
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486 JACOB E. GOODMAN AND RICHARD POLLACK

Remark 1.2. If d 1, this reduces to: PoP1 > 0 whenever P1 is to the "right" of
P0. If d 2, it says that PoP,P2 > 0 whenever PoP1P2 is oriented "counterclockwise",
i.e., when P. is to the left of the directed line PoPx. And if d 3, it says that PoPIP2P3 > 0
whenever a "right-handed screw" turning in the direction PoPxP2 moves toward P3
(assuming the x, y, z-axes form a right-handed system!).

DEFINITION 1.3. If c {p,..., p} is a numbered configuration in d (with
possible repetitions among the points Pi), and if Po, ",Pi_ affinely span a hyperplane
of d, let

and let

A(io,’’’, id-) {flP, P,_f > o},

h (io,’.’, id-x)- IA(io,..., id-)[;

if Po,"’, Pie-1 are affinely dependent, we write

A(i0,"’’, id-a) lq

and

We can now define the "order type" of a numbered configuration in Re in two
different ways, according to either the number h (io, , ia-a) of points on the positive
side of each hyperplane (Pio,"’", Pid-1), or the set A(io,’’’, ia-) of these points. It
is clear that if two configurations, and ", are A-equivalent, in this sense, then they
are h-equivalent; Theorem 1.8 below shows thatmjust as on the line--the converse
is true, i.e., knowing how many points lie on the positive side of each hyperplane
(Po, ", Pid_l) determines which ones do. First we need a few lemmas.

LEMMA 1.4. If P,"" ,P. affinely span Rd, then Pio=Pq if and only if
h (io, i, f,. .,/’d-I) w for every choice off,. ., fd-.

Proof. The necessity of the condition is clear, and the sufficiency follows from
the fact that the set consisting of any two distinct points can be completed to an affine
spanning set of d + 1 points.

LEMMA 1.5. If Po, ",Pd affinely span Nd and h (0, , d 1) 0, then
h(0,. .,]-1, d,]+l,. ., d-1)>0foreach], O<=]<-d-1.

Proof. The hypothesis implies that Po"" Pd <0. Hence Po’"Pi-IPdPi/""
Pd-Pi > 0, SO that

j A(0,... ,f-l,d,j+l,..., d- 1).

LEMMA 1.6. If Po"" Pd <0 and if P’ is any point lying in the hyperplane
<Po, ", Pd-l>, then Po, Pj-P’Pj+I Pd <0 for some ], 0 <-] <=d- 1.

Proof. Let Pk (xkl,"’, Xd) for each k. When we write

Y. cOP-----, with Y c 1,
O<=k<=d-1 k

we must have cj > 0 for some ], 0 _<f _< d- 1. The result then follows by splitting the
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MULTIDIMENSIONAL SORTING 487

determinant

1 X01 XOd

1 Xj-l,1 xj-l,a

E c Ecx 2 CkXd

1 X]+l,1 Xi+l,d

i Xdl Xdd

into a sum of determinants along its jth row by multilinearity, and noting that all the
summands give 0 except for the/’th, which gives

1 X01 XOd

1 Xdl Xdd

and this is negative.
LEMMA 1.7. Let H be a hyperplane in Rd, let Po be any point not in H, and let

Ho be the hyperplane parallel to Handpassing through Po. Finally, let Ube the halfspace
of Rd that is on the same side of Ho as H, i.e., the component of Na\Ho containing H,
and let rr U H denote projection from Po. Then one of the two orientations of H as
a (d 1)-dimensional affine space in its own right will agree with the standard orientation
of Rd in the following sense: if P1, P2, Pd are points of U, then PoP Pd will be
positively oriented, negatively oriented, or affinely dependent in Rd if and only if
rr(P1)’rr(P2)’’’ "tr(Pd) has the corresponding property in H.

Proof. Suppose PoPx Pd > 0 for some choice of Px,..., Pd in U. H has only
two orientations. Let us fix one in which r(P1) re(Pal) >0 also. Then if Qa, ., Qd
are any other points in U for which PoQ"" Qd >0, we can move the simplex
Po, P, , Pd continuously to Po, Qa, , Qd (with P0 remaining fixed and the other
vertices remaining in U) so that each intermediate configuration also has positive
orientation. Since rr(R1),.", rr(Rd) are afIinely dependent in H if and only if
Po, R x,..., Rd are affinely dependent in Nd, it follows by the intermediate value
theorem that we must have 7r(Qa)’’. rc(Qd)>0 as well, from which the assertion
follows immediately.

THEOREM 1.8. If, for a configuration c {pa,..., Pn} in Nd, the function A is
given, then the function A is uniquely determined.

Proof. The proof is by double induction" by induction on d and, for a given d,
by induction on n. Let us first note that the statement is clear for d 1, as is immediate
from Remark 1.2. Suppose, then, that d > 1. We may assume A (i0,’’’, id-)> 0 for
some io," ", id-1; otherwise the statement is trivially true. Now let us fix io, ", id-
such that A (i0,"’ ", id-1)=0; such a d-tuple must exist, since the convex hull A of
{P, , Pn} has faces that span hyperplanes, and--if necessary, by interchanging two
of the indicesmwe may select a spanning set for such a hyperplane that has no points
of c on its "positive" side. Let F be the face of A on which the points Pio,’", Pid_,
lie. If k is any index such that h(io,’’., i-1, k, i+1,"’, id-) 0 for some ], 0_--<] _--<
d- 1, then the points Pio,""", P-, P, P/,""", P- also lie on a face F’ of A, and
we must have F’=F’ otherwise the result of Lemma 1.5 would be violated;
hence PeF. Conversely, if P is any point on F we must have
h (io, , i._, k, i+1, , id-) 0 for some ]; this follows from Lemma 1.6 since the
points of c span Nd. Thus h determines all of the points lying on each face of h. Now
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488 JACOB E. GOODMAN AND RICHARD POLLACK

by Lemma 1.4, A determines the equivalence classes of the relation

j CrPi =ej;

we can therefore coalesce each "cluster" of repeated points into a single point, and
get a configuration consisting of distinct points P1," ", Pr, with r <-n. In particular,
we know the faces of the convex hull A of ----they are just the images of the faces
of A. Hence, since an extreme point of A is an intersection of faces that has cardinality
1, we can identify the extreme points of A, and so also the extreme points of A. Say
Pn is such an extreme point, and say {P,/I,..., Pn} is the cluster of repeated points
to which P, belongs. Let H0 be a supporting hyperplane of A at P,, and let U be the
open halfspace determined by H0 which contains the points P,..., P,,. Let H be a
hyperplane parallel to Ho and lying in U, with the orientation given by Lemma 1.7;
as in that lemma, let r" U -->H be projection from P,. Then by that lemma, if we let
An (resp. A,) be the A- (resp. h-) function for the configuration c, {zr (P), , 7r (P,,)},
we have

A, (Tr(P,), , r(P,_))= A (P, P,,..., Pia_x),

for any choice of indices. This shows that the function A, is determined, so--by
induction on the dimensionA, is also. But this means, again by Lemma 1.7, that
we can determine the orientation of every d + 1-tuple of involving P,, i.e.,

we can identify those d-tuples Pio, Pia-x E fOr which
(1.1)

Pio Pi, Pn > O.

Let be the configuration {P,... ,Pro} that remains when the entire cluster of
repeated points, to which P, belongs has been deleted; then we have just shown that
the A-function A of is determined" it is given by

(io,’’’, ia-) h (io,’’’, ia-) (resp. h (io,’’’, ia-) (n m))

if Pio "Pid_lP, <= 0 (resp. > 0).

Hence by induction on the number of points of the configuration, the corresponding
function is also determined, and thereforewagain with the help of (1.1)--so is A,
which proves the theorem.

COROLLARY 1.9. If tWO configurations have the same A-function, they have the
same order type, i.e., the same orientation of (d + 1)-tuples Pio, ",Pidfor every io, , ia.

We can therefore formalize the notion of order type by stating
DZFINXTION 1.10. If c ={p,..., p,} and c,= {p,..., p,,} are numbered

configurations in Ra for which h(io, , ia-) he,(i0, ’, ia-a) for every io, ", ia-,
we say c and ’ have the same order type, or is equivalent to ’ (c ,).

By analogy with the interpretation [18, p. 4] of "sorting" a set of numbers as
meaning determining the position of each when they are arranged in increasing order,
we then have"

DEFINITION 1.11. If points P, , Pn in d are given, to sort them geometrically
will mean to determine the associated A-function.

Remark 1.12. If P1,’" ", P affinely span Rd, the sorting function A determines
not only the "d-dimensional order type" of any subset, but also the linear order of a
collinear subset, the "2-dimensional order type" of a coplanar subset, and so on--just
fill out the remaining places with points chosen in general position, and use the result
of Theorem 1.8. If Px,..., P, do not span d, however, then sorting them in the
sense above yields very little information on their actual (lower-dimensional) order

D
ow

nl
oa

de
d 

04
/1

7/
26

 to
 1

30
.1

49
.1

2.
81

 . 
R

ed
is

tr
ib

ut
io

n 
su

bj
ec

t t
o 

SI
A

M
 li

ce
ns

e 
or

 c
op

yr
ig

ht
; s

ee
 h

ttp
s:

//e
pu

bs
.s

ia
m

.o
rg

/te
rm

s-
pr

iv
ac

y



MULTIDIMENSIONAL SORTING 489

type, since the value ot’ A is either 0 or o) for each d-tuple. But in this case, by throwing
in the points (1, 0, .., 0), (0, 1, 0, ., 0), ., (0, ., 0, 1) and then sorting, we can
get all the information about the order type of the original configuration. From now
on, whenever we speak of sorting a configuration ’ in Re, we shall therefore assume
that Re is spanned by the points of .

2. An algorithm for sorting in the plane. Here is a fast algorithm for determining
the h-matrix of a planar configuration. The idea is quite simple: consider each point
Pi, in turn, as an "origin", reflect each Pj Pi in P, obtaining new points "Pn+j", and
sort the points and their reflections circularly about P, the order within each ray about
Pi being immaterial. In order to obtain A (i, f), we then have merely to count the
number of original points from the ray PPj around to the ray PPn/.

ALGORITHM 2.1.
Input: (Pi (x, y)), 1 _-< _-< n.
Output: (I (i,/’)), 1 _-< _-< n, 1 <_-/" -< n.
1. (Starting with 1) pick the next (ending with n).
2. For every/" 1, , n, let u xi x, vi yi y.
3. For every j 1, ., n, if (u., v.) (0, 0), let I (i, ]) w otherwise, call ] "good".
4. For every good/" 1, , n, let u,+ -u, vn+j -vi, and let m mn+j vj/u

if u. # 0.
5. Sort the indices {/" I/" is good} U {n +f If is good} into subsets, as follows:
(a) first those for which ui > 0, using mi as key;
(b) next those for which ui 0 and vi > 0;
(c) next those for which ui < 0, using mi as key;
(d) finally those for which u. 0 and v. < 0.

(In (a) and (c) we get a list of subsets; the order within each subset is irrelevant.) Say
the result is

Jl1,’ ,Jls,, ,Jr1," ,Jrs,,
where the points with indices Jg,...,J constitute an entire subset, and there are
r subsets all together.

6. For each k 1,..., r, let

n [{m I1 <=m <--Sk, Jk,, <--n}l.

7. For each good/" 1,..., n, let

k(j+n)-I

2 rlk ifk(j+n)>k(j),
k =k(])+l

X(i,/)=

nk+ 5". nk ifk(]+n)<k(]).
k =k(])+l k =1

(Note: k (]) means, of course, the number of the subset within which ] lies.)
8. Return to step 1.

Analysis. Step 2 translates each point Pi, in turn, to the origin O. Step 3 calls A
"undefined" if P P, and designates P. as "good" otherwise. Step 4 reflects each
good P in P, and calculates the slope of PP. Step 5 sorts the good points and their
reflections into rays starting at O, listed in counterclockwise order, the order along
each ray being immaterial (see Fig. 1). Step 6 counts the original points in each ray.
Finally, step 7 counts the number of original points going counterclockwise from the
ray containing P to the ray containing its reflection: this gives A (i, ]).
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490 JACOB E. GOODMAN AND RICHARD POLLACK

o

(22)
0

(16)
o

10

o
(14)

2,7

(13,18)

5

0 (21)

0
(12)

Ii

(2O)

0 (19)

n II

FIG. 1. n 11’ Jll,"’" ,J83 11’ 12, 19; 3, 5, 21’ 9, 13, 18’ 22; 1, 8; 10, 14, 16; 2, 7, 20.

For each 1,..., n, steps 2, 3, 4, and 6 take time O(n), step 7 also takes time
O(n) if the sum for each/" is computed by correcting the sum for the previous/’, and
the sorting in step 5 takes O(n log n) if done by an optimal worst-case method, such
as heapsort [18]; hence for each the time is O(n log n). It follows that the total
sorting time is O(n 2 log n).

3. An algorithm for sorting in higher dimensions. The process of geometric
sorting is not quite so simple in higher dimensions as in the plane, if one wants to
obtain an efficient algorithm. For example, a straightforward approach would be to
project the configuration { parallel to each hyperplane (PI,, , Pid) onto a coordinate
axis transversal to that hyperplane, and simply count the number of points on each
side of the projection of the hyperplane itself. This, however, would take time O(n a+)
for fixed d, and this is precisely what we are trying to avoid, since the A-function for
a configuration in Rd occupies only O (n d) space.

It turns out that a combination of this projection method (but onto a plane instead
of a line), together with the sorting-by-slope procedure of Algorithm 2.1, reduces the
time to O(n a log n). Here is the basic idea (the details, which are a bit complicated,
are presented in the Analysis section immediately following the algorithm)’ For each
choice of d- 1 points in general position, we choose a coordinate plane II transversal
to their span :, and project the entire configuration parallel to : onto II. We then
sort the projected points and their reflections circularly around the projection of ,
precisely as in Algorithm 2.1, and the same device used there, of counting around
from a ray through a point to the ray through its reflection, then gives the value of,. A few "tricks" are used in the algorithm to shorten the execution time. These
include (a) a dilatation of the projected configuration around the "origin", which
comes from suppressing the denominators in the application of Cramer’s rule used
to find the projected configuration, and which has no effect on the order type of the
projection, and (b) finding h (i,..., id) only for il <’’" <id-2 < {id-1, id} and then
applying even permutations to the indices to find the remaining values of A; these
are explained in more detail in the Analysis section below.
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MULTIDIMENSIONAL SORTING 491

ALGORITHM 3.1’.
Input: (Pi (Xil, Xid)), 1 <= <- n.
Output: (, (it, ", id)), 1 <--_ il, ", id <- n.
1. Let,(il,..., id)=W for every il, ", id, 1 <=ij <=n.
2. (Starting with il, , id-1 1," ", d- 1) pick the next i, id- with
< id- (ending with n d + 2, , n).
3. If

det
1 Xid--ll Xid_l]--I Xid-1]+l Xid_lk--1 Xid-lk+l Xid-ld

vanishes for every ], k with 1 =< ] < k <-d, go to step 2.
Otherwise, let (a,/3) be the first (], k) for which this determinant S0, and let cr

be the sign of this determinant.
4. For each] 1,..., n, let

1 Xill XQ,13-1 Xi1,13+1 Xild

y(j)=det "i’’’’’""Xid_l Xia_l,13--1 Xia_1,13+ Xid_ld

X] X] 13 X],13 + X]d

1 XQ1 Xil,a-1 Xil,a+l Xild

y13 (]) det ’t"; Xid 11 Xid a--1 Xid 1,a+l Xid--ld
X] Xi X],a + Xjd

5. If r +1, let u’(j) y(j) and v’(j) y13(/) for each j 1,. ., n; if o- -1,
let u’(])= y13(]) and v’(])= y,(]) for each ] 1,..., n.

6. For each ] 1,..., n, let u. u’(f)-u’(il) and vi v’(f)-v’(i).
Now perform steps 3 through 7 of Algorithm 2.1, modified as follows:
7. For each ] 1,..., n, if (ui, vi) (0, 0), call ] "good".
8. Same as step 4, but define u,+., v,+i, and m,+. only for good/" i-2 + 1, ., n

define mi for all good] 1,..., n.
9. Same as step 5, but only for the indices {] l] is good}U {n +] I] is good and

f >-- id-2 + 1}.
10. Same as step 6.
11. Same as step 7, but only for good ]=id_2+l,’’’,n; call the result, (i, i-1, ]).
12. For each good ] id_ + 1, , n, apply every even permutation rr, in turn,

to il,’", ia-,]; let

, (rr(i), rr(id-), rr(])) (il, id-, ]).
13. Return to step 2.

Analysis Algorithm 3.1 computes , (it, ia) whenever i<.. < id_2 <
{id-1, id}, provided the points Pi,,"’", Pid- are in general position, and then applies
even permutations to these ordered d-tuples of indices and records the same values
for . In this way all ordered d-tuples for which is defined have computed for
them. In all other cases, where , is undefined, we write , w to represent this. It is
therefore easier to write , w everywhere to begin with, and write over this whenever
the need arises; hence step 1. The determinant (call it A) computed in step 3 serves
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492 JACOB E. GOODMAN AND RICHARD POLLACK

three purposes: (a) it determines whether the points Pil,""’, Pid_l span a (d- 2)-flat,
(b) it identifies a coordinate plane (the x, x-plane) transversal to that (d 2)-flat, and
(c) its sign reflects the orientation of the ordered (d-1)-tuple Pi,"’ ", Pid_. Step 4
comes from an application of Cramer’s rule, used to find the projection f(Pi) of each
point P parallel to the (d-2)-flat (Pi,"’ ", Pi_) into the x, x-plane. We have
suppressed the denominators that Cramer’s rule gives; doing so amounts to a dilatation
around the origin, and possibly to a reflection through the origin as well, if the
suppressed denominator is negative. This simplifies the calculation, and neither the
dilatation nor the reflection affects the collinearity or the orientation of points in the
x, x-plane. Step 5 compensates for the orientation of the points Pil,’"", Pi_; the
result of steps 4 and 5 is that the points Pi, ", Pi,_, P, Pk have positive orientation
in a if and only if f(Pi), f(P), f(Pk) have positive orientation in the u, v-plane (with
the coordinates in their natural order in both cases). This is most easily seen as follows:
Let us first check it in the special case of the points P0(0,’",0),
PI(1, 0,..., 0),...,Pal(0,..., 0, 1). Choose any a,/3 with l<-a </3 <-d, and let r
be any permutation of {0, , d} such that zr(d 1) a, zr(d) =/. Let

=det(1 X(o),l X(o),d).1 X-rr(d),l X,n’(d),d

we have A =sgn (zr), of course On the other hand, the (d-2)-flat along which we
are going to project to the x, x-plane is (P(0), , P(a-2)), so it is precisely the ath
and/th columns we must leave out to get a nonzero determinant; hence

l X.tr(O)l X-rr(O),o-I X(O).a+l Xr(O),/3-1 X.rr(O),/3+l X,n’(O)d

A =det
X,n. (d _2) X,n.(d_2)d

Expanding by its ath and/th columns, we see that h (-1)//. Now

1 .X7!o.) X(o,- X(o,+ X(oa 1
::i: ;:l’y(a) det " XTr(d-2),l X-rr(d-2)/3-1 X-rr (d-2),/3 + 2

0 0.. 0 1 0
(a)

and

1 X-rr(O)l Xr(O),a-1 X-rr(O),a+l X,rr(O)d

y,(a) =det
1 X.rr (d-2) X’rr (d-2),a- X.n- (d-2) a+l X.a’(d-2)d

0 0 0

hence expanding by the last row we get

y(a) (-1)++A, y(a) =0.

Similarly, we get

y()=0, y (/) (-1)a+eA.
It follows that the orientation of the points (0, 0), (y(a), y(a)), (y(fl), y (/)) in the
x, x-plane, with the coordinates taken in that order, is

1 0 0 )det 1 (-1)a++lA 0 =(-1)++

1 0 (-1)a+A
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MULTIDIMENSIONAL SORTING 493

But since we are relabeling (x, x0) either (u, v) or (v, u )--depending on whether A
is + 1 or -1 (resp.)--it follows that in the u, v-plane the orientation of the points O,
/(P), f(P0) is precisely A, i.e., matches that of the original (d + 1)-tuple Po," , Pal. A
simple continuity argument then shows that the same conclusion must hold for any
choice of Po,"’, Pd in general position. (The point is that our formulas for (y, yo)
give the correct projection to within a dilatation and/or a reflection in one or both
coordinate axes, so they preserve collinearity and either preserve or reverse orienta-
tion; the above shows that they do, in fact, preserve it.)

Step 6 translates f(Pil) to the origin, and step 7 designates f as "good" if
f(Pj) f(Pil), i.e., if Pj is not in the flat (Pi,,"" ,Pia-1)" In step 8, we compute the
reflection in the origin of only the good points P. with indices j > id-2, since these are
all for which we have to compute A (ix,’’’, ia-2, j); on the other hand we must take
into account all the points Pk, even those with lower indices, when we count those
on the positive side of (Pil,’", Pid_, Pi), hence we need all the slopes. Step 9 does
the sorting for the good indices ] > id-2, and steps 10 and 11 compute A. In step 12,
finally, we extend the A-function to all ordered d-tuples; notice that every ordered
d-tuple (]1,"" ,jd) with the /’k distinct and with 1-<j <=n for every k is an even
permutation of an ordered d-tuple (il, , id), in fact of a unique one, with il <. <
id-2<{id-, id}--hence we never compute A more than once for the same set of
distinct indices. (If desired for the sake of compactness, in fact, the A-array can be
computed only for d-tuples with il <’" <id-2 < {id-, id}; however, for comparison
purposes this will not be enough, since when we renumber the points the indices will
no longer form an increasing sequence--see 5 below.)

The time required, for each i,. ., id-1 in step 3, is O(d2); in step 4 it is O(d2n)
(or faster), in steps 5, 6, 7 and 8 it is O(n), in step 90(n log n), in steps 10 and 11
O(n), and in step 12 O(d!n). Since there are O(nd-/(d 1)!) increasing (d- 1)-tuples
i,..., id-1, the total time for Algorithm 3.1 is therefore

O((nd-/(d- 1)!)(n (d + log n )))= O(n d (d! + log n)/(d- 1)!).

In particular, if we think of d as fixed and n large, the time is O(n log n), which
generalizes the time of O(n 2 log n) for Algorithm 2.1.

4. The canonical orderings of a configuration in d. If a configuration of points
is given on a directed line, there is precisely one canonical way to order them; two if
the line has no preferred orientation. But in the plane, or in higher dimensions, this
is no longer true. Of course if our space is coordinatized, we can order lexicographically,
say, by the coordinates; although such an ordering is useful for certain purposes, it
is not intrinsic to the set, and would change if we performed an orientation-preserving
affine transformation on the set; thus sets of the same "shape" or order type would
have a great many such orderings. On the other hand, we could order the points of

by letting a hyperplane sweep across them; this would give, in general, n(n- 1)
distinct orderings for a planar configuration, but two configurations of the same order
type might have different sets of these orderings, even totally disjoint ones! (see [12,
Thm. 1.7 (iv)==), (vi)] for such an example). It is, however, possible to distinguish k _-< n
of the n! possible orderings of a planar configuration c, where k is the number of
vertices of the convex hull of c, that turn out to be invariant under order-type-
preserving transformations, and that we shall find useful in 5 when we want to
compare randomly numbered configurations. These we shall call the canonical order-
ings associated to . They are defined as follows:

If {P(xl, y),’", P,(x,, y,)} is a configuration in the plane, and if Pi is any
vertex of the convex hull conv (), consider a ray with origin Pi that begins by pointing
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494 JACOB E. GOODMAN AND RICHARD POLLACK

away from conv (c), and that rotates counterclockwise. We list Pi first, then the
remaining points Pj(/’ i) in the order in which the ray encounters them; if it meets
PJl,’"", Pr simultaneously, we list these in order of increasing distance from Pi. (If
there are repeated points, we list these in any order at all.) This is illustrated in Fig.
2, with 5.

7

8

IO II 3,5

FIG. 2. 3,5,8,9,12,2,7,4,1,6,11,10.

It is important to realize that if another configuration cC
{P (x, y),..., P’(x’,, y’,)} is equivalent to , for example if cC is the image of
under an orientation-preserving affine transformation, then

(1) Pi will be an extreme point of if and only if P is an extreme point of
cC, and

(2) the canonical ordering of {1,..., n} associated to Pi will agree with that
associated to PI (or will agree up to a permutation of the points within each class of
repeated points if these happen to exist).

We can do the same thing in higher dimensions, as soon as we have the notion
of a face-flag. If II is a d-dimensional polytope lying in Re, we call a sequence
(O’0,""" O’d-2) of faces of H a face-flag, if each o- is a face of o-+, and if each o- is
a face of II of dimension/’. (Note that if c {p,..., Pn} is a configuration in Rd, and
if E (tr0, , rd-2) is a face-flag of conv (c), there are points Peo, ",P- c such
that trj (Po, ",P) for each/" 0, ., d 2.) Now imagine a hyperplane H which
"rotates around" ru-2 in the positive direction (as determined by the coordinates in
the order xt,..., xa), starting in a supporting position. It meets the points of ,
perhaps several at a time, in some order c,..., r, where all the points of O’d-2 are
thought of as included in c. Each subset % is a configuration lying in a (d-
1)-dimensional space, hence the face-flag E determines an ordering of % into subsets
(il,’’’, (isi, by "rotating" a (d-2)-flat "around" O’d-3, beginning with rd-z and
moving through %. We continue inductively, lowering the dimension by 1 each time.
For the configuration illustrated in Fig. 3, for example, the ordering 3, 8, 5, 7, 2, 4,
1, 6 is induced by the face-flag (3), (3, 5).

There is another way to think of this canonical ordering, which we shall use in
Algorithm 4.1 below. If u t,"’, ua are Cartesian coordinates in Ra, with origin O,
we can define a spherical coordinate system (bl,’", cd-t, tg) by letting, for each
point P Ra, bl(P) the angle between-and the positive ul-axis, d2(P) the angle
between O-() and the positive u2-axis, where P(2) is the projection of P in the
u2,..., ua-hyperplane,..., dd_x(P)=the angle between --d-a) and the positive
ud_l-axis, where pd-x) is the projection of P in the ua-x, ua-plane, and O IoPI; in
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MULTIDIMENSIONAL SORTING 495

u

2

u

5 8

FIG. 3,

each case, if O-P(i> 0, call the corresponding angle 0 also. (This generalizes the usual
spherical coordinate system in R3.) If 7/" {51,’’’, ga} is any real basis of the vector
space Re, we may interpret the 7/’-coordinates Ul,. ", ua of any point P arising from
the representation 2 uiS as the Cartesian coordinates of a corresponding point
P’ in another copy of Rd (this amounts to performing an orientation-preserving linear
transformation of Re to itself), and compute the corresponding spherical coordinates
&l,"" ", /d-1, P. In particular, if =r0,’’ ’, O’d-2 is a face-flag of conv () and if
o-j (Po, ",Pii) for every ], we may choose points Pd-1, Pd such that Pi_l is on one
of the two (d- 1)-faces of cony () meeting along rd-2 and Pi is off (Pio,""", Pi_),
and such that Po,""", P has positive orientation (this determines which of the two
faces Pd_ is on!). Then take for 7/’ in the construction above the basis

PioPi, ", PioPi’..
This determines a coordinate system, hence (as above) a spherical coordinate system,
and it is easy to see that the canonical ordering of {1,..., n} determined by the
face-flag (r0,"’,tra-2 is nothing more than the lexicographic ordering by
(d-1,""’, (1, /9. In Fig. 3, for example, the face-flag (3), (3, 5) can be augmented by
the points 7, 4 (since 3, 5, 7, 4 has positive orientation in the "right-hand screw"
sense), and this gives the basis 35, 37, 34, which--in turn--produces the ordering
3, 8, 5, 7, 2, 4, 1, 6 already indicated.

It is now easy to give a fast algorithm for determining the canonical ordering of
a configuration induced by a face-flag. The idea, as already suggested, is to compute
the (generalized) spherical coordinates of each point of cg with respect to the affine
coordinate system induced by the face-flag, and to sort the points of c lexicographically
with respect to their spherical coordinates. For ease of computation, we have chosen
to use the squares of the cosines of the angles, rather than the angles themselves, as
a sorting key (see Analysis below).

ALGORITHM 4.1.
Input: (Pi(Xil, Xid)), 1, , n, and io, id-2 E {1, n}, where

((Pio," ’, Pgi)),/" 0,. ., d 2, is a face-flag of conv ({P1, ", Pn}).
Output’ rr(1),..., zr(n), the permutation of 1,. ., n that is canonically associ-

ated to the given face-flag.
1. Step 3 of Algorithm 3.1 (with io,’", id-2 in place of il," ", id-1), yielding

a,/3, or. [N.B." The determinant in question cannot vanish for all f, k.]
2. Step 4 of Algorithm 3.1, yielding y (/’), y (/’) for every/" 1,. , n.
3. If r +1, let u ’(/) y, (j) and v’(j)=yc(j) for each j 1,..., n; if cr =-1,

let u’(j) y (/’) and v’(f) y (/’) for each/" 1,. ., n.
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496 JACOB E. GOODMAN AND RICHARD POLLACK

4. For each j 1,..., n, let uj u’(j)-u’(il) and vi v’(f)-v’(il).
5. For each/" 1, ., n, if (ui, v.) (0, 0), call j "good".
6. For every good j 1, , n, let u,+. -ui, vn+j -vi, and let mi m,+. vi/uj

if uiO.
7. Sort the indices {f [] is good} U {n +j If is good} into subsets, as follows:
(a) first those for which ui > 0, using mi as key;
(b) next those for which ui 0 and v. > 0;
(c) next those for which u. < 0, using mi as key;
(d) finally those for which ui 0 and vi < 0.

(In (a) and (c) we get a list of subsets; the order within each subset is irrelevant.) Say
the result is

Jll,’ ,Jlsl, ",Jr1,’" ,Jrsr,
where the points with indices Jkl,""", Jksk constitute an entire subset, and there are
r subsets all together.

8. For each k 1,..., r, let

n [{m [1 <-m <-_s,J,, <-- n}l.
9. If nl-O, let k’ be the first k with n 0 and let k"=k’+r/2-1; if nO, let

k" be (the first k with nk O)- 1, and let

k"+ r/2 + 1 if this is -<_r,
k’

1, otherwise.

10. Let ia-: ]k’X, ia ],,.
11. For every ] 1,. ., n and every k 1,..., d, let zj xig-Xiog.
12. For every p 1, , d and every q 1,.. , d, let

Apq (-1)p+q det ((zikm)keq,,,,e,).

13. For every ] 1, , n, and every q 1, ., d, let

d

w
p=l

14. For every ] 1, , n and every q 1, , d, let

(-sgn wiq)Wjq-- ? v if the denominator e 0,
q Wq +.

1, otherwise.
2 215. For every/" 1, , n, let R w

16. Sort ] 1,..., n lexicographically by a-1,"’ ", , R, to determine the
permutation r such that 7r(1)<_- -< 7r(n) in this lexicographic order.

17. Stop.

Analysis. Steps 1 through 8, just as in Algorithm 3.1, determine the number of
points in each ray when the configuration is projected along the flat (Pio,""",
into a coordinate plane meeting the flat transversally. Since we know in advance that
(Po,""", P- >is an edge-flat, it follows that the projected configuration has f(Po)
as an extreme point, where f is the projection. Steps 9 and 10 locate two vertices
projecting onto the edges adjacent to that extreme point, and chooses them so that
the orientation of f(Pio), f(Pia_l), f(Pi) will be positive, hence also the orientation of
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MULTIDIMENSIONAL SORTING 497

P/o,"" ", Piu-2, Pia-1, Pia. Step 11 translates Pio to the origin. Ste.p 12 computes the
adjoint A of the matrix of components of the basis vectors PioPil, P.ioPid, so that
in step 13 we can get the components w1,"’, wa of each vector PioPi in terms of
this basis, using the standard change-of-basis formula from linear algebra. If Cq is the
qth spherical coordinate, 1 -< q -< d 2, as defined in the discussion preceding Algorithm
4.1, its cosine is given by

[ Wq(W2q +’’"-- W)-1/2 if W20 +’’" +W 0,
COS Cq ] 1, otherwise.

To avoid unnecessary computations, we can use the squares of these numbers, together
with the appropriate signs, as a sorting key, rather than the numbers themselves. In

2a similar way, we can use R =p instead of p. Since we want to sort in order of
increasing , i.e. decreasing cos , the signs have been reversed in the definition of

q in step 14, so thatmin step 16wwe can sort with respect to the increasing order
in all the variables.

The time for steps 1 through 8, as for steps 3 through 10 of Algorithm 3.1 for
a single set of indices, is O(d3+n log n), and steps 9 and 10 are shorter. Step 11
takes O(dn), step 12 takes O(dS), and steps 13, 14 and 15 take O(d2n). Step 16
takes O(dn log n), giving a total time of O(dS+d2n +dn log n) for Algorithm 4.1,
i.e. O(n log n) for d fixed.

5. An algorithm for comparing randomly numbered configurations. Except for
the way in which two sets of points on a line have been labeled, they "look" the same
from the point of view of their order. This is not true in the plane, however, or in
higher dimensions. There is no way to permute the labels on the sets in Fig. 4a and
b to get their A- or A-functions to match up. Thus, for unlabeled sets of n points in
dimension >_-2, many essentially distinct order types are possible.

(a) (b)

FIG. 4.

If and ’ are numbered configurations in [a, and we wish to compare them
to see whether--with the given numberings--they are equivalent, we need only compare
A (il,""’, ia) for every il,’’ ", id. But suppose the given numberings do not match;
how can we nevertheless determine whether they have the same order type, i.e.,
whether their points can be put in 1-1 correspondence (and in fact find all such
matchings) so that corresponding (d + 1)-tuples are similarly oriented? If they are
given in the form ={P1,... ,P,}, "={P,... ,P’}, and we have encoded their
(numbered) order types by calculating the A-function of each, it would seem that we
would have to try all the n! possible renumberings of ’ to be sure of finding all those
(if any) in which the A-function would agree with that of . But it turns out that we
can eliminate most of these renumberings from consideration before we start. Let us
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498 JACOB E. GOODMAN AND RICHARD POLLACK

3

2

(a) C {P1, P6} (b) C’= {P, , P
FIG. 5.

illustrate this first by an example in the plane, where we can reduce the number of
necessary renumberings to n, at most.

Fig. 5 shows two configurations that clearly have the same order type, but not
in the numbering shown. How can we recognize this from their h-matrices? We have

o9 4 1 0 3 1 /w 1 1 1 1 2/
w4 1 1 1 209 10 4 2

(i)=
0 o9 4 1 2

(A’)=
1 3 o9 1 1 1

lOw 1 1 14 lo9 10
1 3 1 w 1 1 0 1 lw4
111109 1134009

and the problem is to find all permutations 7r of {1 n } such that
every i,/’. Consider the point Px. Since it is a vertex of c, p,) will have to be a vertex
of c, as well. And the canonical ordering induced by P’=) in c, must agree (after the
renumbering r) with that induced by Px in c, namely 125634. This means that if we
list all of the vertices of cC, and write down--for eachthe canonical ordering it
induces in c,, r will have to map 125634 to one of those canonical orderings. Here
we have 2, 4, 5 and 6 as vertices, inducing the following canonical orderings of

2’251634 5"561342

4’423156 6’643125.

Hence we need only try the four permutations

(12563 ) (12563 ) ( 2 5 6 3 4)25163 2315 61342

to find . Applying each of these in turn to A gives

w13111 wl1211
3 10 4 ; I 1041
1 2 o9 4 0 1 o9 1 3 1
140 o91 ! 43 o910
1041 0124
12111 1140/

43125

o911311 0911112

1
o4

1o12 3oll

i 42 o92 ! 41 o91
011 o9 011 o9

1140 1340
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MULTIDIMENSIONAL SORTING 499

and we see that the last of these agrees with A’, so we must have

r=
4312

This idea extends to higher dimensions. There we must consider not only all the
vertices of conv (), but all of its face-flags, as defined in 4. Each of these induces
a canonical ordering, and two configurations c and ’ will have the same order type
under the correspondence induced by 7r:{1,...,n}-{1,..., n} only if a fixed
canonical ordering of {1,..., n} induced by the face-flag (say) is transformed, by, into the canonical ordering induced by the image =) of in ’. It is therefore
sufficient to try all the permutations S, which arise by associating to a fixed
canonical numbering of all the canonical numberings of ’ (let us call such a
renumbering of , induced by , =)); among these will be all of the matching
numberings, if any, of and ’. (If has repeated points, then any renumbering of

which merely permutes the points within the groups of equal ones has no effect on
its A-function; for this reason it is sufficient, when obtaining the canonical numbering
of a configuration associated to a face-flag, to list repeated points in any arbitrary
order.)

How many face-flags are there for a configuration of n points in d, and how do
we find them all? It is not difficult to give a sharp upper bound on the number (d, n)
of face flags, hence of canonical orderings:

dt n [(d+l)/ZJ +(d,n)N n-d n-d

This follows from the fact that there are no more than

n- [(d + )/2J
+

n -d n -d

faces of dimension d- i for a simplicial polytope of dimension d, with equality for
cyclic polytopes [15], and each such face gives rise to d! face-flags #0
of which precisely half have positive orientation; if a polytope is not simplicial,
triangulating it will only increase the number of faces in each dimension, and it is
easy to describe an injective map from the set of face-flags of the original polytope
to the set of face-flags of its triangulaion. Hence we have

PROPOSITION 5.1. A configuration of n points in the plane has n canonical
orderings, in 3-space has 6n 12, and in a [or d fixed has O(n

As to the question of how to find all the face-flags, we shall describe four methods
that can be used, depending on the circumstances:

Remark 5.2. (a) If is a configuration in the plane, its face-flags are just its
vertices, hence can be found by any algorithm which locates the vertices of the convex
hull of a planar configuration [20]. They can also be found easily during the calculation
of the A-matrix, as in Algorithm 2.1, by inserting the following additional step after
step 7:

7.1. If A (i, ]) 0 and n<i) s<i), P is a vertex.

In fact, we can save time by calculating the canonical numberings themselves, during the
sorting, as follows’

(i) Test each point P to see if it is an extreme point by checking whether
A (i, 1) 0 for some ] andif so--whether n(i s(i) (i.e., whether the ray containing

Pi contains no reflected points; this device is used again in method (b) below).
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500 JACOB E. GOODMAN AND RICHARD POLLACK

(ii) If and j satisfy these conditions, sort the points PJkl,""’, PJk. within the
kth ray, for each k, by their distances from the origin (i.e., from Pi); let the result be
J, l, J,,s.

(iii) Record the ordering

where ix,’’ ", ip are the "bad" indices, i.e., Pil Pi, P (i will, of course, be
among them). This will be the canonical ordering associated to the extreme point P.

(b) If is a configuration in R3, its face-flags are just its directed edges, and
there are algorithms (for example [3]) which locate all the edges of the convex hull
of a 3-dimensional configuration. They can also be found during the calculation of
the h-function, by inserting the following additional steps after step 11 in Algorithm
3.1"

11.1. If I (ix, i2, f)# 0 for all ], go to step 12; otherwise, let ]0 be the first ] for
which A (ix, iz, f) 0.

11.2. If n(.o) s (io), go to step 12.
11.3. If , ={1, 2, 3}\{c, /3 }, find/’min and ]max, where

X,(/’min) min {x,(/’)I/" is not "good"}, and

x, (/’m,x) max {x, (/’)[/’ is not "good"}.

11.4. Enter the pairs (/’min,/’max) and (/’max,/’min) in the list of directed edges.

In addition, since we. need the reflections of all the points in O in order to decide
whether O is a vertex, Algorithm 3.1 should be further modified by executing steps
8, 9 and 11 for every good f, not merely those >-.ix + 1; therefore we need only execute
step 12 for the even permutations 7r that fix the last index.

(c) If c is a configuration in Re, for any d >_-2, and it is known that the points
of are in general position, i.e. that every set of k + 1 _-< d points of c spans a k-flat,
then after sorting c we can get the face-flags of c very simply from the A-function,
as follows"

Whenever (i0,"’", ia-x)= n-d, then i0,’’’, ia-2 determines a face-flag of

If we let ia be an arbitrary index io, , ia-a, then this gives, in fact, the full positively
oriented face flags

{P,o} c {P,o, Pi,} c...c {P,o, ", P,, },

so that we can omit steps 1 through I0 of Algorithm 4.1 if we wish to calculate the
canonical orderings of

Notice that if n points are given at random in Ra, they will be in general position,
in the sense above, since the set of n-tup]es of points in Ra not in general position
has measure zero in any bounded region of positive content. But all that is really
needed to use method (c) is the weaker condition that cony (cg) be a simplicial polytope,
i.e., that all of its (d- l)-faces be simplices. And it is very simple to check this from
the A-function" just check that whenever h(i0, il, i., ,ia_x)=0 then
h(ix, io, i:,..., ia_l)=n-d. Thus method (c) will be applicable in many situations
where the points of cg are generated by some process with a random component.

This can of course be checked from the A-function itself: an obvious necessary and sufficient condition
is that A(io, il, i2," ", ia-)+ A(i, io, i2,’" ",/a-x) n -d for every io," ", ia-1.
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MULTIDIMENSIONAL SORTING 501

(d) If conv () is not simplicial, or is not known to be, we cannot use method
(c) to find its face-flags. If, in addition, the dimension of is greater than 3, it then
becomes necessary to resort to an algorithm, such as [3], that finds the (d-1)-faces
of conv (c), and to extend this recursively to find the complete lattice of faces of
conv (c). This will of course be rather time-consuming if d is large; it is, however,
necessary if all the canonical orderings of c are desired, since these are in 1-1
correspondence with the face-flags, as we have seen, and the complete knowledge of
these, in turn, is equivalent to the knowledge of the face lattice of conv (). Alterna-
tively, we could use Algorithm 5.6 below, with step 2 modified by replacing the words
"the first" by "each (in turn)"; this would give a time of O(n d(d+3)/2) for finding all
the. face-flags, which is undoubtedly inefficient, albeit still polynomial.

We can now give the algorithm for sorting and comparing two randomly numbered
configurations:

ALGORITHM 5.3.
Input: c-{Pl(x11,... ,Xld)," ,P(x,I," ,X,d)} and

’={Pi(x’ ,x’), P’n(x’nl,""" ,Xtnd)}.

Output: {rr S, c(), c,}.
1. Sort and ’, using Algorithm 2.1 (if d 2) or Algorithm 3.1 (if d > 2).
2. Using whichever of methods (a), (b), (c), (d) of Remark 5.2 applies, generate

one face-flag E (i0), (i0, il), , (io, , id-2) of .
3. Determine the permutation S, corresponding to E, using Algorithm 4.1.
4. Similarly, generate each face-flag E’ of ’, in turn.
5. Determine the permutation ’ S, corresponding to E’, using Algorithm 4.1.
6. Let " -’.
7. Compare he(i, , ia) and he,(w"(i), , "(id)) for every choice of i, .., id

with il <" < id- < {id-, id}. If they agree, record ".
8. Return to step 4.
9. Stop.

Analysis. We have already seen what each of these steps does. As for the time
required, it is quite variable. The sorting time (step 1), as we have seen, is O(n d log n)
for d fixed. Steps 2 and 4 can take anywhere from no appreciable extra time (if
methods (a) or (b) apply) to an (indeterminately) long time if method (d) is invoked
(but see Remark 5.5 below). In the case of a configuration in general position in d,
however (method (c)), we can always execute steps 2 and 4 in time O(nd). For each
of the O(n [d/2]) face-flags found in steps 2 and 4, steps 3 and 5 take time O(n log n)
and step 7 takes O(nU); hence steps 3, 5, and 7--executed for all the face-flags--take
O(n t3d/21). This gives a total sorting and comparison time in the plane of O(n3), in
3 of O(r/4), and in Nd(d->4)--with a configuration in general position, or at least
having a simplicial convex hullmof O(n t3d/21).

Remark 5.4. This algorithm can also be used to find all the "order-symmetries"
of a single configuration {P,..., P,} in [d, i.e., all permutations rr of the indices
giving equivalent configurations" just take c,= .

Remark 5.5. When a configuration is sorted, if it is to be compared to other
configurations, its canonical orderings should be determined at the same time. Then,
when such a comparison is to be effected, only steps 6 and 7 of Algorithm 5.3 need
be executed for each canonical ordering rr’ of ’; this will cut down the comparison
time considerably. This observation is particularly useful in applications where a
dictionary of "standard" order types is to be encoded, and new configurations are to
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502 JACOB E. GOODMAN AND RICHARD POLLACK

be "looked up" in the dictionary (see for example Remark 6.4(a) below). In this case,
when each "standard" configuration c, is encoded, we can compute all of its canonical
orderings once and for all, and then whenever a new configuration is offered for
comparison it is only necessary to find one of its canonical orderings. Thus, after
preprocessing the standard configurations, each new one will take only its sorting time
O(n a log n) to process, since one face-flag can easily be found in less time than that,
no matter which of methods (a), (b), (c), or (d), is used.

Here, therefore, is an algorithm for finding one face-flag of a configuration in
dimension d-> 2, directly from the h-function of c; it can be used when method (d)
is needed"

ALGORITHM 5.6.
Input’ The h-function (h (i1, id)), 1 <-- ii <= n, 1 <= f <-- d, of a configuration %
Output: /’o,"’",/’d such that (/’0),""’, (/’o,""", fd) is a (positively oriented) face-

flag of c.
1. LetD=dandletS={1,...,n}.
2. Find the first ix, io S such that h (i, ’, iD) O.
3. Let S=F and let F={kSlh(k,i,...,iD)=O or h(ix, k, i3,...,iD)=0

or. or A (il," ", iD-1, k) 0}.
4. Let fD be the first index of S not in F.
5. For every kl, ", kD-1 F, let AF(k 1, , kD-1) the number of indices k F

such that h(kl,...,kD_l,k)=O; if h(kl,...,kD_l,k)=to for every kF, let
hF(k l, kD-1) to.

6. Replace D by D 1, and h by hF.
7. If D > 0, go to step 2.
8. Let fo the first index in F.
9. Stop.

Analysis. Step 2 gives us points PI,"’", Pd spanning a face of conv () that has
no points of on its positive side. Step 3 gives us the complete set of points lying
on that face, i.e.,

F {k [P (P, Pg,)};

this follows from Lemmas 1.5 and 1.6. Step 4 will give us the face-flag: first we find
a point off face (Pil,"’, Pgd), next a point off one of its faces, and so on, down to
dimension 0. Step 5 determines the h-function for the face F, so that we can proceed
inductively.
For each value of D from d down to 1, the time required for step 2 is O(nD), for

step 30(Dn), for step 40(n), for step 50(nD), giving O(nD) all together. Hence
the total time for Algorithm 5.6 with d fixed is O(nd).

6. Further remarks, applications, and open problems. How many different order
types of numbered configurations of n points are there in a? This is a difficult
question, but we can easily find an upper bound, and we can find evidence to conjecture
a lower bound. On the one hand, the fact that every such configuration can be
geometrically sorted, i.e., encoded by an n x n ... n d-array of integers_-< n,
implies--for information-theoretic reasons--that we cannot have more than
exp (cn log n) distinct order types. On the other hand, we venture

CONJECTURE 6.1. The number of inequivalent configurations of n points in d is
at least exp (cnd).

Let us adduce some evidence for this conjecture, at least in the planar case.
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MULTIDIMENSIONAL SORTING 503

Just as the h-matrix can be used to encode the order type of a configuration of
points in R2, it can be used, more generally, to encode the order type of what is called
a generalized configuration [4], [11], [12]. This consists of n points in R2 which have
been joined pairwise by pseudolines Lej forming an arrangement, i.e., by simple curves
that are straight lines outside of a bounded region, and any two of which meet just
once (and necessarily cross there). The order type of such a generalized configuration
can be described completely in terms of the connecting pseudolines L0 [12]: the
condition that Pc, P, Pk have positive orientation amounts to saying that the connecting
pseudolines must have directions occurring in the cyclic order Lij, Lik, Lik, Li, Lki, Lki
(see Fig. 6). (Since each Lei is eventually straight we can speak unambiguously of its

FIG. 6.

direction, which we take to be opposite to that of Lli.) It follows from the main result
of [10] that every generalized configuration of 8 or fewer points has the same order
type as an ordinary configuration, while there are examples [9], [16] of 9 or more
points for which this is not the case.

Theorem 1.8, which is the basis of our sorting procedure, holds for generalized
configurations as well as ordinary ones [12], hence the order type of a generalized
configuration is completely determined by its h-matrix. While we cannot now prove
Conjecture 6.1, even in the planar case, we do have

PROPOSITION 6.2. There are at least 2/8 generalized configurations of n points
in the plane, for every n.

Proof. Consider a regular k-gon with vertices P,. , P, and draw all of its sides
and diagonals extended fully (Fig. 7a). Let these be Lt, , L,,.. , Lga, Lk,,
where Li,’", Lem, form a complete set of parallels for each i. (If k is odd, we have
m m (k 1)/2, while if k is even we have mx k/2, mz k/2-1, m3 k/2,
m4 k/2-1, etc.) Now k new points, Qa,..., Q, are to be added, and we specify
arbitrarily, for each i, which of Lia, ", Lem, are to come before Qe, say Li for f
and which after, say L0 for Ai, in the counterclockwise sense. In order to insert
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Q

A
i

B
i

(a) (b)
FIG. 7.

the Qi, we first bend each Li] with/" e Bi slightly in the clockwise direction, and each
L] with/" eA slightly in the counterclockwise direction, and then insert Qi after the
two sets of L’s have completely separated from each other (see Fig. 7b). Of course
we must bend the other side of each L as well, to ensure that the new Lii’s, call them
Li, still form an arrangement of pseudolines as defined above. Finally, we draw all
the remaining connecting pseudolines PiQ] and QQ, one at a time, with the help of
the Levi enlargement lemma [16], which says that a pseudoline passing through two
previously unconnected points can always be added to an arrangement to produce a
new arrangement.

Since Bi was freely chosen for each i, and since two distinct choices of B for any
clearly give inequivalent configurations, regardless of the choices of the remaining

B’s, we have produced--for each even k--

(2k/2) k/2(2k/2-1)k/2 2k2/2-/2,
and--for each odd k--

(2(k-1)/2) k 2k2/2-k/2

inequivalent generalized configurations, each having 2k points. Thus if n 2k, we see
that there are

2n2/8-n/4
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MULTIDIMENSIONAL SORTING 505

inequivalent generilized configurations, each having n points, and if n 2k + 1 there
are

2n2/8-./2+3/8
such configurations. In each case, if we take into account the fact that each of the k
new points can (independently) be placed on either side of the original k-gon, giving
2k inequivalent versions of each generalized configuration, we can wipe out the linear
terms in the exponent, and the result is that, as asserted, there are at least 2n2/8

generalized configurations for every n.
Remark 6.3. By modifying the argument given, it is possible to improve the

constant in Proposition 6.2 somewhat. If Conjecture 6.1 does turn out to be true,
it will be an interesting problem to determine the constant c.

Remark 6.4. Applications. Since, as a result of Theorem 1.8 and Algorithm 5.3,
it becomes possible to use a computer to sort and compare configurations of n points
in Ra for moderate-sized n, a number of possible applications immediately suggest
themselves. Among them are:

(a) To pattern recognition. There are various methods [1] of reducing an image
to a point-pattern. Suppose we have a "dictionary" of standard images, each reduced
to a black-and-white point pattern which has been encoded by its h-matrix, and we
wish to "look up" a new image, also encoded by its h-matrix. If the transformation
that has produced the new image is an affine orientation-preserving one, or at least
one that preserves the relative orientations of points, such as a view of a solid object
from a slightly different perspective than the "standard" view, the h-matrices will
agree, and they can be compared directly. If, on the other hand, the image hasmin
additionnundergone some local perturbations, as for example in hand-printed charac-
ter analysis, its h-matrix will not agree completely with a standard one, but will correlate
highly with it. Thus one can measure the correlation of the h-matrix with each one
in the dictionary, and select the one giving the highest correlation; alternatively, if
there are too many points to make such a comparison feasible, we can abstract
properties of the standard h-matrices (such as the proportion of extreme points, the
number of hyperplanes cutting the configuration in half, and so on), and check off
the corresponding properties of our new image against them. This procedure, especially
when used in conjunction with other existing techniques (edge-detection, segmenta-
tion, noise-reduction), should prove highly useful in many scene- and pattern-analysis
problems. For further details see [13].

(b) To stereochemistry. In [6] Dreiding and Wirth have suggested a method of
encoding the order type of a configuration of points in Rd, which they call a "multiplex",
in order to provide an efficient way of distinguishing among stereoisomers, these being
chemical compounds in which the same numbers of atoms are joined but with different
orientations. (Each group of atoms that can exist in both a left- and a right-handed
form is called a chirality element, and a single molecule may contain a number of
these chemically distinguishable chirality elements.) Essentially, their encoding scheme
consists of listing all the ordered (d + 1)-tuples il,"’, id+ with i1<’" "<id+ in
lexicographic order, and writing 1 if the corresponding points are positively oriented
and 0 if negatively. This gives a binary number for each order type, which they call
its "signature", and amounts, essentially, to encoding what we called A earlier. (They
consider only configurations in general position, and suggest a triadic representation
if this is not the case.) Hence the storage (and therefore the minimum calculation
time) for the signature of a configuration of n points in d is

(nd+l) --’(nd+) ford fixed.
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Thus our sorting technique which consists of finding A instead of A, whose time and
storage requirement is only O(n d log n), constitutes an improvement by a factor of
cn/log n, for n large, over the signature method. If, in applications to stereochemistry,
one is interested in the orientations of only certain specified subsets (the chirality
elements), a modification of our sorting scheme could easily be implemented, in which
only each of these subsets is sorted; the result would then constitute an efficient means
of encoding the various stereoisomers within a single class, which would facilitate
their description and computer-aided identification.

(c) To cluster analysis. One of the problems in cluster analysis, for example in
the method proposed in [7], is to find an efficient way of partitioning a set of n points
in general position in Ra into two-disjoint subsets, separated by a hyperplane from
one another [17]. This can be done in

a

(n-1) 2--(= for n 1 < d)
i---0

distinct ways [17], [21], and Harding [17] suggests that an algorithm for enumerating
these partitions "without effectively considering en route the remainder of the 2"-
associations into two sets" would be of value. Such an algorithm follows immediately
from our results. For all one has to do, at least in the case Harding is interested in,
when P, .., P, are in general position, is to modify our sorting algorithm, Algorithm
3.1, by listing the points Pk on the positive side of each hyperplane (Pa, , P-, Pi)
instead of counting them (i.e. calculating A instead of h), and then adding, in turn,
each subset of {Pa,"’", P-, Pi} to the points in A(i,..., ia_, f); these will be all
the semispaces, i.e. the subsets of c lying on one side of some hyperplane, and the
repetitions will not affect the order of magnitude in n. This procedure will clearly
generate all the partitions by hyperplanes, since each hyperplane can be moved
continuously without crossing any point of until it passes through d points of .

The following are some problems that this work suggests"
Problem 6.5. Prove (or disprove) Conjecture 6.1, andif it is truefind the

value of c.
Problem 6.6. Find a criterion for a generalized configuration in the plane to be

realizable by points, i.e., to be equivalent to a configuration in RE. This problem,
which will shed light on the question of the optimality of our algorithms, can be
thought of as a special case of the coordinatizability problem for oriented matroids:
What we have been calling an equivalence class of generalized configurations is also
known [2], [4], [8] as an orientation class of acyclic oriented matroids of rank 3, and
our A-classification gives a classification of oriented matroids of every rank d / 1, as
well as of ordinary configurations in every dimension d. A matroid that corresponds
to an ordinary configuration is said to be coordinatizable over R, and it is a difficult
and long-outstanding problem to characterize these among all oriented matroids. In
particular, what proportion of generalized configurations are equivalent to ordinary
configurations? (One can conjecture that the proportion will approach zero as the
number of points increases.)

Problem 6.7. Find a fast algorithm for generating the lattice of faces of conv (c)
for a configuration c not in general position in Rd, possibly by using h. Since the
function A. carries all the information about essential to this question, it should
be possible to do this, optimally in time O(n td/2), since there are O(n td/2) faces, as
we have seen. The result will be useful, among other things, in shortening the time
needed to compute the set of canonical orderings of cg, hence for the comparison
algorithm, in the case where the configuration is not in general position.
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MULTIDIMENSIONAL SORTING 507

Problem 6.8. Characterize the function A. What are its defining properties as a
function on all ordered d-tuples chosen from an n-set? How does it behave with
respect to subconfigurations, intersections, and so on? This is related, of course, to
the axiomatic description of oriented matroids in [2] and [8], and perhaps even more
to the (equivalent) axiomatic description of chirotopes in [5], but it is far from clear
how properties of the matroid structure, which are essentially properties of the function
A, will carry over to properties of the more compact function A.

Acknowledgments. We would like to express our appreciation to A. Dress and
G. Purdy for some helpful discussions, and to the referees for their suggestions on
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