PROCEEDINGS
—OF Proc. R. Soc. A (2007) 463, 3171-3193
THE ROYAL doi:10.1098 /rspa.2007.1902

SOCIETY Published online 25 September 2007

Isothermic surfaces in sphere geometries
as Moutard nets

By Arexanper I. Boenko™™ anp Yurr B. Suris®

Unstitut fiir Mathematik, Technische Universitit Berlin, Strasse des 17,
Juni 136, 10623 Berlin, Germany
2Zentrum Mathematik, Technische Universitit Minchen, Boltzmannstrasse 3,
85747 Garching bei Miinchen, Germany

We give an elaborated treatment of discrete isothermic surfaces and their analogues in
different geometries (projective, Mobius, Laguerre and Lie). We find the core of the
theory to be a novel characterization of discrete isothermic nets as Moutard nets. The
latter are characterized by the existence of representatives in the space of homogeneous
coordinates satisfying the discrete Moutard equation. Moutard nets admit also a
projective geometric characterization as nets with planar faces with a five-point
property: a vertex and its four diagonal neighbours span a three-dimensional space.
Restricting the projective theory to quadrics, we obtain Moutard nets in sphere
geometries. In particular, Moutard nets in M6bius geometry are shown to coincide with
discrete isothermic nets. The five-point property, in this particular case, states that a
vertex and its four diagonal neighbours lie on a common sphere, which is a novel
characterization of discrete isothermic surfaces. Discrete Laguerre isothermic surfaces
are defined through the corresponding five-plane property, which requires that a plane
and its four diagonal neighbours share a common touching sphere. Equivalently,
Laguerre isothermic surfaces are characterized by having an isothermic Gauss map.
S-isothermic surfaces as an instance of Moutard nets in Lie geometry are also discussed.

Keywords: discrete differential geometry; discrete surfaces; Mobius geometry;
Moutard equation; Lie quadric

1. Introduction

This paper is a sequel to our paper ‘On organizing principles of discrete
differential geometry. Geometry of spheres’ (Bobenko & Suris 2007), where the
following discretization principles were formulated.

— Transformation group principle. Smooth geometric objects and their
discretizations belong to the same geometry, i.e. they are invariant with
respect to the same transformation group.

— Clonsistency principle. Discretizations of smooth parametrized geometries can
be extended to multidimensional consistent nets.
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3172 A. I. Bobenko and Y. B. Suris

Being applied to discretization of curvature line parametrizations of general
surfaces, these principles led to the definition of principal contact element nets.
These are nets of contact elements with the property that neighbouring contact
elements share a common sphere. In particular, it was shown that the points
and the planes of principal contact element nets build circular and conical
nets, respectively.

In the present paper, we turn to isothermic surfaces, which are a special class
of surfaces, with the first fundamental form in the curvature line parametrization
being conformal, possibly upon a re-parametrization of independent variables.
Thus, isothermic surfaces are immersions f : R* — R?, with

<61f7 32f> =0, |61f|2 = 0‘152 and |é)2f|2 = 0‘2527 (1-1)

where the function s : R> — R, is the metric of the surface and the functions «;
depend only on u; (where u=(uj, us) are the independent variables). These
conditions may be equivalently represented as

910>f = (95 log 5)d1f + (91 log 5)dof and  (9,f,dsf) = 0. (1.2)

This important class of surfaces has been studied by classics (Darboux 1914-1927).
In particular, Darboux found a class of transformations of isothermic surfaces,
nowadays carrying his name. Remarkable permutability properties of Darboux
transformations have been established by Bianchi (1923; see also Eisenhart 1923).

Another important discovery by Darboux was the following characterization of
isothermic surfaces: 1f f f+ e+ |f|? e is the standard lift of the surface finto the
Minkowski space R*" of pentaspherical coordinates, so that f belongs to the light

cone L*! (the set of isotropic elements of this space), then the special lift y= s~ f :
R? — LY satisfies a Moutard equation (Moutard 1878)

0102y = q12Y, (1.3)

with a scalar coefficient g, = 59,95(s~') : R? > R. Conversely, any solution of a
Moutard equation in the light cone L' is a lift of an isothermic surface f. (For the
reader’s convenience, we briefly recall the Mobius-geometric formalism in §3a.) In
the 1990s, a relation to the theory of integrable systems was discovered (Cieslinski
et al. 1995; Bobenko & Pinkall 1996; Burstall et al. 1997). The theory was extended
for isothermic surfaces in spaces of arbitrary dimension in Schief (2001) and Burstall
(2006). A modern overview of isothermic surfaces can be found in Hertrich-Jeromin
(2003).

In Bobenko & Pinkall (1996), the theory was discretized: discrete isothermic
surfaces were defined as special circular nets with factorized cross-ratios of
elementary quadrilaterals. This property is manifestly Mobius invariant. More-
over, it can be consistently imposed on three-dimensional nets (Bobenko & Pinkall
1999; Hertrich-Jeromin et al. 1999). Thus, discrete isothermic surfaces are an
instance of geometry satisfying both the discretization principles.

In this paper, we give an elaborated treatment of discrete isothermic surfaces
and their analogues in different geometries (projective, Mdobius, Laguerre and
Lie), applying the discretization principles systematically. We find the core of the
theory to be a novel projective characterization of discrete isothermic nets as
discrete Moutard nets in the light cone.

Proc. R. Soc. A (2007)



Isothermic surfaces as Moutard nets 3173

In the context of discrete differential geometry, discrete Moutard nets in
Euclidean spaces were introduced in Nimmo & Schief (1997), as solutions of the
discrete Moutard equation

TITY + Yy = apa(11y + 12y), (1.4)
where 7; is the shift in the ith coordinate direction of Z? and a;s: Z>— R is a
discrete scalar coefficient. In the context of discrete integrable systems, this
equation appeared earlier in Date et al. (1983). The multidimensional consistency
of discrete Moutard nets, or, more precisely, of their close relatives satisfying the
discrete Moutard equation with minus sign,

TIT2Y —Y = a12(Toy — T1Y) (1.5)
is related to the fact that equation (1.5) expresses the permutability properties of
the so-called Moutard transformation for the differential Moutard equation
(Bianchi 1923; Ganzha & Tsarev 1996; Nimmo & Schief 1997). The role played
by the discrete Moutard equation in the discrete differential geometry turns out
to be manifold. In particular, the so-called Lelieuvre representation of discrete
asymptotic nets involves discrete Moutard nets in R* (Konopelchenko & Pinkall
2000; Doliwa 2001; Doliwa et al. 2001). A closely related notion of discrete
Koenigs nets is worked out in Doliwa (2003).

Moutard nets, whose ambient space is regarded as the space of homogeneous
coordinates of RPY, turn out to admit a projectively invariant interpretation. For
multidimensional Moutard nets, f : Z™ — RP", with m>3, such an interpretation
has been given previously (Doliwa 2007; planarity of tetrahedra formed by odd or
even vertices of any elementary cube). For two-dimensional Moutard nets,
f: 7% — RPY, a projective characterization is given in §2. In the case N> 4, discrete
two-dimensional Moutard nets are characterized (definition 2.1) as nets with planar
faces possessing a five-point property: a vertex and its four diagonal neighbours span
a three-dimensional space (thus, in comparison with a generic net having planar
faces, the dimension drops by 1). We learned about this characterization of two-
dimensional Moutard nets from conversations with A. Doliwa (personal communi-
cation). In the case N=3, the characterization is more involved (definition 2.3).

Why are both discretization principles (transformation group principle and
multidimensional consistency principle) applicable simultaneously? As discussed
in Bobenko & Suris (2007), the ultimate reason is the possibility of restricting the
basic multidimensional systems of the projective geometric origin (Q-nets,
asymptotic nets and line congruences) to quadrics. Recall that Q-nets, one of the
basic objects of discrete differential geometry, have been introduced in Doliwa &
Santini (1997) as maps f: Z™ — RPY, such that all elementary quadrilaterals
(f,7if ,7i7;f,7,;f) are planar. In Doliwa (1999), it was shown that Q-nets can be
restricted to quadrics. Restriction to quadrics is of crucial importance, since
many of the classical geometries (such as Mobius, Laguerre, Lie geometries, as
well as Pliicker line geometry, hyperbolic geometry, etc.) can be characterized by
a group of transformations preserving certain quadrics in a projective space.
Since Moutard nets are shown to belong to projective geometry, they also can be
restricted to quadrics. In the present paper, we investigate applications of this
idea to sphere geometries.

Moutard nets in the light cone of Mobius geometry are shown, in
§3, to coincide with discrete isothermic nets defined via factorized real
cross-ratios of elementary quadrilaterals. This result has been first found in

N+1,1
Lyt
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(Bobenko & Suris 2005). Surprisingly, this very natural generalization of
Darboux’s characterization of smooth isothermic surfaces had to wait for almost
a decade after discrete isothermic surfaces were introduced in Bobenko & Pinkall
(1996). The five-point property, in this particular case, states that a vertex and
its four diagonal neighbours lie on a common sphere, which is a novel
characterization of discrete isothermic surfaces.

In §4, we proceed with Moutard nets in the basic quadric L*? of Lie geometry.
Such nets are special Ribaucour sphere congruences Z>— {spheres in R’} with the
corresponding five-sphere property, a particular case being S-isothermic surfaces
(Bobenko & Pinkall 1999; Bobenko et al. 2006; Hoffmann, in preparation).

In Laguerre geometry, discrete surfaces are maps ZQ—>{planes in [R3}. The
planarity of faces in the Laguerre quadricis equivalent to the conical property, while
the five-plane property requires that a plane and its four diagonal neighbours share
a common touching sphere. This is a definition of discrete Laguerre isothermic
surfaces (§5). Equivalently, discrete Laguerre isothermic surfaces are characterized
by having an isothermic Gauss map. The latter class was independently introduced
in Wallner & Pottmann (in press). Smooth Laguerre isothermic surfaces have been
studied previously (Eisenhart 1923; Musso & Nicolodi 1997, 2000).

2. Discrete Moutard nets

In consideration of various nets f:Z>— X, we use the following notational
conventions: for some fixed wE€Z% we write f for f(u); further f; for
7.f(u)=f(u+¢); and f_; for 77 f(u) = f(u— e;). Also, we freely use notations,
definitions and results from Bobenko & Suris (2007).

(a) Projective Moutard nets

Definition 2.1 (Discrete Moutard net). A two-dimensional Q-net f : Z> —> RPY
(N>4) is called a discrete Moutard net if, for every u& 72, the five points fand fy 1,42
lie in a three-dimensional subspace V = V(u) € RP" not containing some (and then
any) of the four points f4 1, f4o.

Thus, the defining condition of a discrete Moutard net deals with four
elementary planar quadrilaterals adjacent to one vertex. As a consequence of this
definition, all nine vertices of the four quadrilaterals of a discrete Moutard net lie
in a four-dimensional subspace of RPY.

Theorem 2.2 (Discrete Moutard equation). A discrete Moutard net f : 7> — RPY
possesses a lift to the space of homogeneous coordinates y : Z> — RN, satisfying the
discrete Moutard equation (1.5) with some ays : Z> — R (it is natural to assign the

real numbers a;s to the elementary squares of Z* ).

Proof. We start with the observation that, for any Q-net fin RPY, it is always
possible (and almost trivial) to find homogeneous coordinates for the four
vertices of one elementary quadrilateral satisfying the discrete Moutard equation
on that quadrilateral. Moreover, one can do this for an arbitrary choice of
homogeneous coordinates for any two neighbouring vertices of the quadrilateral.
Indeed, consider any homogeneous coordinates f,f;,fs,f1o € R¥T for the
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Figure 1. Constructing a Moutard representative for a projective Q-net with a three-dimensional
black cross.

vertices of a planar quadrilateral, connected by a linear relation

f12 = Caf1 + Ciafa + p1af.
If we keep the representatives y=f, y;=/f; (say) and set fi,=poy;» and
fo= ayy, with a=—¢y,/¢5, then y satisfies the discrete Moutard equation (1.5)
within one elementary quadrilateral.

Now, for Q-nets with a special property formulated in definition 2.1, this
construction can be extended to the whole net. We start with arbitrary
representatives y, 11, and proceed clockwise around the vertex y. We then find
consecutively the representatives y_o, 41, o, which assure the Moutard equation
on the quadrilateral (y, v, y1,—2, y—2), the representatives y_q, y_1 _o, which
assure the Moutard equation on the quadrilateral (y,y_1,y—1 —2,y—2), and then
the representatives %,, y_i2, which assure the Moutard equation on the
quadrilateral (y, y—1, y—1.2, ¥o) (figure 1).

In the remaining quadrilateral (y, y1, ¥12, ¥2), the representatives y, y;, y» are
already fixed on the previous steps of the construction, so that we can dispose of
the representative y5 of fi5 only. Observe that the point with the representative
y1— 1> belongs to the plane IT C RPY of the quadrilateral (f.fi,fi2.f>) (obviously)
and to the three-dimensional space V C RP¥ through the points f, fi—2s f—1,—2
and f_; 5, owing to the equation

=Y =(—Y2)+yo—y_1)+(Y_1— v)
=a(Y 2=y +B(Y-12—y) +v([H-12—Y)

By the hypothesis of the theorem, the point f; 5 lies in the latter space V. Therefore,
the whole line through f and f; » lies in the intersection IIN V. Since N>4, we
conclude that, in general position, ITN V is the line through fand f;,. Thus, the
point with the representative y; — y» belongs to this line, therefore y; — y» is a linear
combination of y and y;». By a suitable choice of the representative ;5 of fio, we
can make y; — y proportional to y;2 — y. Thus, the construction of representatives,
satisfying the Moutard equation, closes up around any vertex. This allows the
construction to be extended to the whole lattice Z2. [ ]

A related analytical observation is due to Doliwa et al. (2007): a four-point
difference hyperbolic equation a7 7oy + b1y + cmoy+ dy = 0 yields a certain five-
point equation on the even and the odd sublattices of Z? if and only if it is gauge
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equivalent to the discrete Moutard equation (1.4). However, the paper by Doliwa
et al. (2007) does not address the geometry behind the equations (in particular,
they consider only the complex fields y&C, and, in this context, there is no issue
of dimensions of spaces spanned by solutions of equations).

Definition 2.1 is not applicable in the case when some, and then all, of the
points fi1, f+o lie in the three-dimensional space V through f f+1 4+9; in
particular, it cannot be used to define discrete Moutard nets in RP®. We show
that theorem 2.2 remains valid if one defines discrete Moutard nets in RP? as
follows.

Definition 2.3 (Discrete Moutard net in RP?®). A two-dimensional Q-net
f:27?— RP? is called a discrete Moutard net if, for every u€Z?, the following
condition is satisfied: the three planes

) =(faf127f—1,2)7 Hdown (f fl o, f- 1, 2) and H (f S f- )

have a common line 2.

Remark 2.4. It is not difficult to see that, in the context of definition 2.1, with
NZ>4, the requirement of definition 2.3 is automatically satisfied. Indeed, in this
case, all nine points f, fi11, f+2 and fi; 19 lie in a four-dimensional subspace of
R[F"N In this subspace, one can consider, along Wlth the three-dimensional
subspace V, the three-dimensional subspaces yup) contalnlng the two
quadrilaterals (f, fi, fi2, o) and (f, f—1, f=12, ), and V(own) containing the
quadrilaterals (f, fi, fi,—2, f—2) and (f, f—1, f—1,—2, f—2). Obviously, one has

H(up) — V(up) NV, H(down) — V(down) NV and H(l) — V(up) N V(down)'

Generically, the 3 three-dimensional subspaces V, V™ and V" of a four-
dimensional space intersect along a line oW

Remark 2.5. There is an asymmetry between the coordinate directions 1 and 2
in definition 2.3. However, this asymmetry is apparent: the condition in
definition 2.3 is equivalent to the requirement that the three planes

I = (f,foro, form)y T = (f, fio fio), TP =(f,f,f-)

have a common line £?). One way to see this is to consider a central projection of
the whole picture from the point f to some plane not containing f In this
projection, the planarity of elementary quadrilaterals (f, f;, fi;, fj) turns into
collinearity of the triples of points f;, f; and f;;. The traces of the planes IT 7w
119" and I on the projection plane are the lines (fizs f=12), (fii—a f=1.—2)
and (fi, f—1), respectively, and the requirement of definition 2.3 turns into the
requlrement for these three hnes to meet in a point. Similarly, the traces of the
planes [T 170188 and 173 on the projection plane are the lines (f_1 2, f—1 —2),
(fro fi,—2) and (fo, f—2), respectively. The requirement for the latter three lines
to meet in a point is equivalent to the previous one—this is the statement of the
famous Desargues theorem (figure 2).

Another way to demonstrate the actual symmetry between the coordinate
directions 1 and 2 in definition 2.3 is to show that theorem 2.2 still holds in RP?.
Indeed, the discrete Moutard equation (1.5) is manifestly symmetric with respect
to the flip 12.
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Figure 2. Desargues theorem.

Proof of theorem 2.2 for N=3. We start the proof exactly as in the general
case N>4. The only thing to be changed is the demonstration of the fact that the
point with the representative y,— y; lies on the line through fand fi5. To do this
in the present situation, we first observe that, due to

N—Y-1 = —y=2)+Wo—y)= 0‘(?/1,—2 —y) + 5(?/—1,—2 =),
the point with the representative y; —y_; lies in the plane 111%™, Obviously, it

lies also in IT (1); therefore, it lies on the line W Asa consequence of the property
of definition 2.3, it belongs also to the plane II™. Now, from

=y = (—y-1) = (n—y-1) =v(W-12—y) = (1 — y-1),
we find that the point with the representative y»—y; belongs to II™, as well.
Since the point with the representative y,—y; also belongs (obviously) to the
plane of the quadrilateral (f,fi,fi2,f2), we conclude that it lies in the intersection

of the latter plane, with I10"?) = (fifiz,f—1.2), which is, in the generic case, the line
through fand fi,. [ |

(b) T-nets

Definitions 2.1 and 2.3 are essentially dealing with two-dimensional Q-nets.
However, the characterization of discrete Moutard nets given in theorem 2.2 opens
a way to define multidimensional Moutard nets, and, in particular, to define
transformations of Moutard nets with remarkable permutability properties.
Namely, it turns out that equation (1.5) can be posed on multidimensional lattices.

Definition 2.6 (T-net). A map y:Z™ — R" is called an m-dimensional T-net
if, for every u&Z™ and for every pair of indices i# 7, there holds the discrete
Moutard equation

T~y = ay(Ty— 1Y), (2.1)

Proc. R. Soc. A (2007)
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with some aq;:Z™— R, in other words, if all elementary quadrilaterals

(Y, Y, Yij.» y;) are planar and have parallel diagonals.
Of course, coefficients a;; have to be skew-symmetric, a;;= — a;. We show that

three-dimensional T-nets are described by a well-defined three-dimensional
system (cf. Nimmo & Schief 1997).

Theorem 2.7 (Elementary hexahedron of a T-net). Given seven points y, y;
and y; (1<i#5<3) in RY, such that equation (2.1) is satisfied on the
three quadrilaterals (y, v;, v, y;) adjacent to the vertex y, there exists a unique
point Y13, such that equation (2.1) is satisfied on the three quadrilaterals
(Yis Yij> Y123, Yir) adjacent to the verter yios.

Proof. Three equations (2.1) for the faces of an elementary cube of Z* adjacent
to Y123 give
Ty = (L+ (mia) (ay + ay))yi — (Tiaz) ayy; — (Tia4) agy.-

They lead to consistent results for y;o3 for arbitrary initial data if and only if the
following conditions are satisfied:

1+ (my a23)(a12 +ag) = _(7'2@31)@12 = _(7'3@12)%17
L+ (19a31)(ags + ay2) = —(T3a12)a93 = —(710a93)a12 and
L+ (13012)(ag3 + ag1) = —(T1093) a3 = —(T2a31) an3.

These conditions constitute a system of six (linear) equations for three unknown
variables 7;a;, in terms of the known ones aj. A direct computation shows that
this system is not overdetermined but admits a unique solution

T1G23 __ T2031 _ T3012 1

— . (2.2)
as3 as a1 12093 T G93G31 t a31a12

With 7,a; so defined, equations (2.1) are fulfilled on all three quadrilaterals
adjacent to y;a3. [ |

Equations (2.2) represent a well-defined birational map {a;} — {7;a;}, which
can be considered as the fundamental three-dimensional system related to
T-nets. It is sometimes called the ‘star-triangle map’.

Theorem 2.7 means that the defining condition of T-nets (parallel diagonals of
elementary planar quadrilaterals) yields a discrete three-dimensional system
with fields on vertices taking values in an affine space R”. This system can be
considered as an admissible reduction of the three-dimensional system describing
Q-nets in RY. Indeed, if one has an elementary hexahedron of an affine Q-net
y: 7> — RY, such that its elementary quadrilaterals (Y, Yi> vijp y;) have parallel
diagonals, then the elementary quadrilaterals (y;, y;;., ¥123, ¥ix) have this property
as well. To see this, observe that the point 193 from theorem 2.7 satisfies the
planarity condition, and therefore it has to coincide with the unique point defined
by planarity of the quadrilaterals (y;, ¥i; Y123, Yi)-

The four-dimensional consistency of T-nets is a consequence of the analogous
property of Q-nets, since T-constraint propagates in the construction of a Q-net
from its coordinate surfaces. On the level of formulae, we have for T-nets, with
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m>4, the system (2.1), while the map {a;}+— {7,a;} is given by

Tiajk — 1 (2 3)

i QG+ Qg + gy

All indices 4, j, k vary now between 1 and m, and, for any triple of pairwise
different indices (4, j, k), equations involving these indices solely form a
closed subset.

The multidimensional consistency of T-nets yields, in a usual fashion, Darboux
transformations with permutability properties (which in the present context
should be called discrete Moutard transformations). We refer to Bobenko & Suris
(2005) for the background on the relation of multidimensional consistency to
Darboux transformations, and give here only the formulae for the discrete
Moutard transformation of equation (2.1) into

v =y = a;(y —u). (2.4)
These formulae can be written as
vl =y = by = w), (2.5)

where the quantities b; and the transformed coefficients az; are defined by

equations

b alb 1
Ti% % ) (2.6)

It is not difficult to recognize in equations (2.4) and (2.5) the same Moutard
equation (2.1) on the (m+1)-dimensional lattice, with the superscript ‘4’ used
to denote the shift 7,4 ;. Similarly, equations (2.6) are nothing but the star-
triangle formulae (2.3), with b,= a; ;,+1.

(¢) Discrete Moutard nets in quadrics

We have seen that discrete Moutard nets (or, more precisely, their T-net
representatives) constitute an admissible reduction of Q-nets. The restriction to
a quadric constitutes another admissible reduction (Doliwa 1999). Imposing two
admissible reductions simultaneously, one comes to T-nets in quadrics. Let RY be
equipped with a non-degenerate symmetric bilinear form (-,-) (which does not
need to be positive definite), and let

Q={yeR":(y, y) =« (2.7)

be a quadric in RY. We study T-nets y : Z™ — Q. This leads to a discrete two-
dimensional system, since constructing elementary quadrilaterals of T-nets in Q
corresponding to elementary squares of the lattice Z™ admits a well-posed initial-
value problem: given three points y, 31, 1, € Q, one finds a unique fourth point
Y12€ Q, y127# Yy, satisfying the discrete Moutard equation

Y2~ Y = alQ(?JQ - y1)~

Proc. R. Soc. A (2007)
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Figure 3. Two-dimensional system on an elementary quadrilateral.

Figure 4. Three-dimensional consistency of two-dimensional systems.

Indeed, the condition

(2, 12) = (Y + a1a(y— 1), ¥ + a12(3 — 1)) = Ko

leads to a quadratic equation for a5, which has one trivial solution a;, =0«
712 = ¥ and one non-trivial

(Y, 11— ¥a)
Ko — <Z/1a y2>

This elementary construction step, i.e. finding the fourth vertex of an elementary
quadrilateral out of the known three vertices, is symbolically represented in
figure 3.

Turning to an elementary cube of dimension m>3, we see that one can
prescribe all points y and y; for all 1 <i<m. Indeed, these data are independent
and one can construct all other vertices of an elementary cube from these data,
provided one does not encounter contradictions. To see the possible source of
contradictions, consider in detail the case of m=3. From y and y; (1<i<3), one
determines all y,;; by

a1g =

(v, yi— )
vi—y = a;(y;—vy;) and a; =—"T""—"0. (2.8)
! ae T ko= (v y)
After that one has, in principle, three different ways to determine 93, from three
squares adjacent to this point (figure 4). These three values for y;»3 have to
coincide, independently of initial conditions.

Definition 2.8 (Three-dimensional consistency). A two-dimensional system is
called three-dimensional consistent if it can be imposed on all two-dimensional
faces of an elementary cube of Z°.

Proc. R. Soc. A (2007)
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There holds a quite general theorem analogous to theorem 2.7 of Bobenko &
Suris (2007).

Theorem 2.9 (Three-dimensional consistency yields consistency in all higher
dimensions). Any three-dimensional consistent discrete two-dimensional system
s also m-dimensionally consistent for all m>3.

Proof. Goes by induction in m and is analogous to the proof of theorem 2.7
from Bobenko & Suris (2007). [ |

Theorem 2.10 (T-nets in quadrics are three-dimensional consistent). The two-
dimensional system (2.8) governing T-nets in Q is three-dimensional consistent.

Proof. This can be checked by a tiresome computation, which can, however,
be avoided by the following conceptual argument. T-nets in Q are a result of
imposing two admissible reductions on Q-nets in RY, namely the T-reduction
and the restriction to a quadric Q. This reduces the effective dimension of the
system by 1 (which allows determination of the fourth vertex of an elementary
quadrilateral from the three known ones), and transfers the original three-
dimensional equation into the three-dimensional consistency of the reduced two-
dimensional equation. Indeed, after finding w12, 323 and %;3, one can construct
Y123 according to the planarity condition (as intersection of three planes). Then,
both the T- and the Q-condition are fulfilled for all three quadrilaterals adjacent
to Y103, according to theorem 2.7 and the result of Doliwa (1999). Therefore,
these quadrilaterals satisfy our two-dimensional system. [ ]

We also mention an important property of T-nets in quadrics used in the
sequel: the functions

a; = (Y, vi), (2.9)

defined on edges of Z™ parallel to the ith coordinate axes, satisfy

T,
i.e. any two opposite edges of any elementary square carry the same value of the

corresponding «;. Indeed, equations
<yija yj> = (y;, y) and <yij7y7l> = <yja Y)

follow from (2.8) by a direct computation.

A last but not least remark: quadrics Q, which are given by equation (2.7)
with ko=0, can be projectivized, so that it is admissible to interpret y€R" as
homogeneous coordinates in RPY ', In this case, restrictions of Q-nets and
Moutard nets in RPY ! to P(Q) are well defined.

3. Isothermic surfaces in Mo6bius geometry

(a) Projective model of Mébius geometry

Recall (e.g. Hertrich-Jeromin (2003) or Bobenko & Suris 2005) that the basic space

of the projective model of Mébius geometry in R is the projectivization IP(RN LD

of the Minkowski space RV 1!, The latter is the space spanned by N+2 linearly
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independent vectors e, ..., eyis and equipped with the Minkowski scalar product
1, i1=j€{1,....N+1},
<€7,6J>= _17 Z=]=N+27
0, i#j.

It is convenient to introduce two isotropic vectors ey = (1/2)(eyio —eys+;) and
ew = (1/2)(exsa + exs1), satisfying (e, e.) =—(1/2).

A point fERY is modelled in the spaoe P(RYT1Y) by the element with
homogeneous coordinates f f+e+| f] €., while a hypersphere SCR" with
centre c€RY and radius 7">0 1s modelled by the element with homogeneous
coordinates §= c+ ey+ (|¢|* —1%)e,. Thus, points f € R¥ U {®} are in a one-
to-one correspondence with points of the projectivized light cone P(LV*!!),
while hyperspheres (including planes) are in a one-to-one correspondence with
PRYY), where

out

LV = fr e RV (£2) = 0 and RN = {e RV (£,6)>0).

out

The incidence relation f€ S is represented in the projective model by (f, §) = 0.

A F-sphere is a (generic) intersection of N—k hyperspheres S, ..., Sy_;. As a
set of points, a k-sphere is modelled as a projectivization of the orthogonal
complement of the linear subspace spanned by 5, ..., §y_. The latter space is a
(k4 2)-dimensional linear subspaoe of R¥* 1! of signature (k+1, 1). Through any
k+2 points fi, ..., firs € RY, in general position, one can draw a unique
k-sphere. It corresponds to the (k+2)-dimensional linear subspace spanned by
the vectors fq, ..., frio-

(b) Discrete isothermic surfaces as Moutard nets
Definition 3.1 (Discrete isothermic surface). A two-dimensional circular net
f:7*>—>R" is called a discrete isothermic surface if the corresponding net
f=Ff+ e+ |f|*ew: 2> - LV is a lift of a discrete Moutard net in P(L¥*11),

From definitions 2.1 and 2.3, there follows a geometric characterization of
discrete isothermic nets.

Theorem 3.2 (Central spheres for discrete isothermic nets).

(i) A circular net f : Z*> — RY not lying on a two-dimensional sphere is a discrete
isothermic net if and only if, for every u€ Z>, the five points fand f+1 12 lie on a two-
dimensional sphere not containing some ( cmd then any) of the four points f11, f+o.

(i) A czrcular net f : 7> — S* CRY is a discrete isothermic net if and only if,
for every uEZ?, the three circles through f,

cup) =01rcle(faf12>f—1,2)> ¢dovm) = circle(f, fi -2, f-12) and
O(l) = Circ]e(fafl)ffl)

have one additional point in common, which is also equivalent for the three circles
through f,

C(left) = CiI‘C].e(f, f,LQ, f,L,Z), C(right) = CirCIe(fv fl,Z’ fl,*?) CLTLd
) = circle(f, fy, f—s)

to have one additional point in common.
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Figure 6. Four circles of a planar (or spherical) discrete isothermic net.

Cases (i) and (ii) of theorem 3.2 are illustrated in figures 5 and 6, respectively.

Another characterization of discrete isothermic surfaces can be given in terms
of the cross-ratios. Recall (Bobenko & Pinkall 1996; Ciesliniski 1997;
Hertrich-Jeromin 2003) that, for any four concircular points f, fi, fo, finERY,
their (real-valued) cross-ratio can be defined as

a(f, fisfio o) = (A =D fa— £) (o= L) h—H " (3.1)

Here multiplication is interpreted as the Clifford multiplication in the Clifford
algebra CO(R™). Recall that for z, y€R", the Clifford product satisfies
zy+yr=—2(z,y), and that the inverse element of z&€ R" in the Clifford algebra
is given by z!'=—z/|z|>. Alternatively, one can identify the plane of the
quadrilateral (f, fi, fi2, o) with the complex plane C, and then interpret
multiplication in equation (3.1) as the complex multiplication. An important
property of the cross-ratio is its invariance under Mobius transformations.

Theorem 3.3 (Four cross-ratios of a discrete isothermic net). A circular
net f:7>—RY is a discrete isothermic net if and only if the cross-ratios
q=q(f; fi, fiz, o) of its elementary quadrilaterals satisfy the following condition:

qq—1—2=4d-1"q—2- (3~2)

Here, like in §2, the negative indices —1i are used to denote the backward shifts
7', so that, for example, g1 = q(f_1,f, fo, f-12)-
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Proof. Perform a Mobius transformation sending f to . Under such a
transformation, the four adjacent circles through f turn into four straight lines
f+1f+2, containing the corresponding points f1; 4. Formula (3.2) turns into the
following relation for the quotients of (directed) lengths:

l(f?afl?) . l(fhfl,—?) X l(f—27f—1,—2) . l(f—laf—l,?)
l(fl?afl) l(f17—27f—2) l(f—17—27f—1) l(f—l,27f2)

If the affine space through the points fi 1, f+» is three-dimensional, then equation
(3.3) is equivalent to the fact that the four points fi 1 lie in a plane, which is a
sphere through f= . This is the n=4 particular case of lemma 3.4.

If, on the contrary, the four points fi 1, fi2 are coplanar, then we are in the
situation as in figure 2, described by the Desargues theorem. Here, we apply the
Menelaus theorem (case n=3 of lemma 3.4) twice to the triangle A(f_1, fs, fi)
intersected by the line (f_; o,fi2), and to the triangle A(f_y, f_o, fi) intersected by
the line (f_1 —2/fi, —2): both lines meet the line (f_f;) at the same point ¢ D if and
only if

(s fi2) Wf-1sfa12) I(f_y, 2W) _ W i) Wfors foa0)

=1. (3.3)

Wfi2, i) U2, £0) 1eW, f) a (fiofi)  UWf-i0,f=2)

This yields (3.3). n
Lemma 3.4 (Generalized Menelaus theorem). Let Py, ..., P, be n points in
general position in R"™", so that the affine space through the points P; is (n—1)-
dimensional. Let P;,; 1 be some points on the lines (P;P;y,) (indices are read
modulo n). The n points P; ;41 lie in an (n—2)-dimensional affine subspace if and

only if the following relation for the quotients of the directed lengths holds:

e WP, Piga)

i=1 Z(Pi,i+17 Pi+1)
This statement is due to Boldescu (1970) and Budinsky & Nadenik (1972).

The claim of theorem 3.3 can be reformulated as follows.

= (—1)".

Corollary 3.5 (Factorized cross-ratios for a discrete isothermic net). A circular
net f:7*—RY is a discrete isothermic net if and only if the cross-ratios
q=q(f, fi, fi2, o) of its elementary quadrilaterals satisfy the following condition:

g

Q(f7f17f127f2) =— (34)

L)
with some edge functions «; satisfying the labelling property (2.10).
Clearly, functions «; are defined up to a common constant factor. Actually, it was

this characterization of discrete isothermic nets which was used as a definition in
the pioneering paper (Bobenko & Pinkall 1996).

Actually, edge functions «; in corollary 3.5 admit a nice geometric expression.
According to theorem 2.2, a discrete isothermic net f:Z?>—RY can be
characterized by the existence of representatives y:Z>— L¥! in the light
cone satisfying the discrete Moutard equation (1.5). We use the following

Proc. R. Soc. A (2007)



Isothermic surfaces as Moutard nets 3185

notation for these T-net representatives:

y=s"f=s"(f+e+|f ex). (3.5)

Thus, s ! denotes the ejy-component of the T-net representative y of an
isothermic net f. Now, equation (2.9) defines functions on edges,
=1

o =2y ) == (3.6)
possessing property (2.10): any two opposite edges of any elementary square carry
the same value of the corresponding «;,. The function s : Z> — R can be called the
discrete metric of the isothermic net f, since it is analogous to the metric s of a
smooth isothermic surface: formula |6,f]> = a;ss; is analogous to equation (1.1),
while formula (3.5) literally coincides with its smooth counterpart.

Theorem 3.6 (Cross-ratios through discrete metric). Edge functions «;
participating in the factorization (3.4) of the cross-ratios of elementary
quadrilaterals of a discrete isothermic net can be defined by equation (3.6).

Proof. Comparing the ejy-components in the Moutard equation y;9—y=
ar2(y2 — y1), we find a1 = (s13' —5 1) /(551 —s1 !). Therefore, we can rewrite the
Moutard equation as

(1_1) fo 1 =<L_l> fo_h
S 8 S12 $ S12 § 82 51’

which is equivalent to

fl_f le_fl ]?2_f+f12_f2.

+ = (3.7)
851 S1512 859 82512
The R™-part of the latter equation, i.e.
h=i  Jo=h _h=f  fa=h 39
881 51512 889 82512
can be rewritten with the help of equation (3.6) as
fi=f o e=h o _ b=l fa=h 59

0[2‘

+ + :
= =P =R = AP

In terms of the inversion in the Clifford algebra C€(RY), this can be presented as

a (fi —f)_l + as(fio — fl)_l = ay(fy —f)_l + oy (fio— f2)_1- (3.10)

Equation (3.10) is, in the generic case fio+ f # fi + f», equivalent to equation
(3.4). It is not quite straightforward to show this equivalence in the case of non-
commutative variables f € C¢(RY). But one can identify the plane of the
quadrilateral (f,f1,fi2,f2) with C, and then equation (3.9) is the complex conjugate
of equation (3.10) where, now, all variables are commutative (complex numbers),
and, in this case, the equivalence to equation (3.4) is immediate after clearing
the denominators. [ ]
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T-nets in the light cone LY*%! are three-dimensional consistent. This also
yields the three-dimensional consistency of the cross-ratio equation (3.4) with a
prescribed labelling «; of the edges, i.e. of the two-dimensional equation

&
j
Both constructions provide us with a well-defined notion of multidimensional
discrete isothermic nets, and therefore with Darboux transformations of discrete
isothermic nets with the usual permutability properties.
We conclude this section with duality of discrete isothermic nets.

Theorem 3.7 (Dual discrete isothermic net). Let f:Z™ — RY be a discrete
isothermic net, with the T-net representatives in the light cone

y=sf = sTHf+ e+ |ffew) : 2" — LV
Then, the R-valued discrete one-form of* defined by

0; 0;
o.f" = f =q; ZfQ, i=1,...,m, (3.12)
88 0.1

is closed. Its integration defines (up to tramslation) a net f*:Z™ — RN, called
dual to the net f. The net f* is a discrete isothermic net, with

o S5 B) =2 (3.13)

J
We also define the function s* : Z™ — R as s* = s~ '. Then, the net
V=) = )T e I P 20— L
is a T-net in the light cone.

Proof. Clearly, for any pair of indices i, j, the function f satisfies an equation
analogous to equation (3 7), which expresses the closeness of the R N+ valued
one-form defined by 6,/ (ss; ) Unfortunately, the net obtained by integration of
this one-form does not lie, in general, in the light cone L N*+LLand cannot be
taken as the dual net f We use the following trick for the construction of the
dual net f in the light cone. The Npart of equation (3.7), i.e. equation (3.8),
expresses the closeness of the R”- valued one-form 6,f* = 6,f/(ss;), the integration
of which gives a dual net f* in R". Equation (3.13) follows immediately from
equation (3.12) and implies that f* is a discrete isothermic net. In particular, it is

a circular net, so that f* =f"+ e+ ]f*|26Oo is a conjugate net in the light cone. It

remains to show that the so—deﬁned f* is a Moutard net, with the T-net
representatives y* = (s*)~ Lf*. This claim is equivalent to the closeness of the
discrete R¥ "4 1valued one-form 6;f /(s*s}). Since f is a conJugate net in the

light cone, it is enough to prove the closeness of the R™-valued one-form
0,f*/(s*s?). But for s*=s"1, we have

= (ss)af = () =,
which is automatically closed. [ |
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4. Lie geometry: S-isothermic nets

(a) Projective model of Lie geometry

Lie geometry (Blaschke 1929; Cecil 1992) is the geometry of oriented spheres in
RY and their properties invariant with respect to Lie sphere transformations,
which preserve the oriented contact of spheres. The basic space of the projective
model of Lie geometry is IP([RN +1.2) where the space of homogeneous coordinates
R¥*12 is spanned by N+3 linearly independent vectors ey, ..., ey, 3 and is
equipped with the pseudo-Euclidean scalar product

1, i=je{l,...,N+1},
(e e) =4 —1, i=j€{N+2,N+3},

0, i#j.
We use the same notations ey = 1/2(eyyo —eyy1) and e, = 1/2(eyo + eyyq) asin
the Mobius case. An oriented hypersphere SCR”Y with centre c€R”Y and signed
radius 7€R is modelled by the element of P(RY"'?) with the homogeneous
coordinates 5=c+ ey+ (|c|*—7%)ex + reyss. An oriented hyperplane
P={z €RY: (v,z)=d} with v€S" ! and dER is modelled by the element of
P(RY"'?) with the homogeneous coordinates p= v+ 0-ey+ 2de, + eyps. A
point z€R"Y is modelled by the element of P(RY"?) with the homogeneous
coordinates = x+ ey + |x|2o9oo + 0-ey.3. Hyperplanes are interpreted as hyper-

spheres of an infinite radius, while points are interpreted as hyperspheres of radius
0. All the listed elements of P(R"" ") belong to the Lie quadric P(L"*"?), where

H_N+1,2 — {E = RN—{-LQ . <57§> — 0}

Moreover, points of P(L¥"'?) are in a one-to-one correspondence with oriented

hyperspheres in R", including degenerate cases of hyperplanes and points. Two
oriented hyperspheres Sj, S, are in an oriented contact (i.e. are tangent to each
other with the unit normals at tangency pointing in the same direction) if and only
if (8,8)=0. This also holds if one or both hyperspheres turn out to be a
hyperplane or a point.

(b) S-isothermic surfaces as Moutard nets in the Lie quadric

From now on we restrict our considerations to the case of surfaces and sphere
congruences in R?, i.e. N=3 and m=2.

Two-dimensional nets in the Lie quadric L*? are discrete congruences of
spheres. An interesting class of such congruences is constituted by discrete
Moutard nets in P(L*?). We leave a general study of this class for a future
research, and describe here, as an example, a particularly interesting subclass, for
which the T-net representatives in L** have a fixed eg-component,

y =§(c +e + (]0]2—7"2)600 + 7"66).

Omitting the constant and therefore non-interesting es-component, we come to a
T-net in a hyperboloid of the Lorentz space of the Mobius geometry,

L' = {seRY : (£,8) =}
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Definition 4.1 (S-isothermic net). A map
S : 7* — {oriented spheres in R*}

is called an S-isothermic net if the corresponding map
§: 7% -1, §=£(c+eo+(|c|2—r2)ew) (4.1)
r

is a T-net.

Thus, S-isothermic nets are governed by equation

. N A a (8,8, —3y) 0 — Gy

89— 8=a;5(8,—3) and a) = AN PPN (4.2)
K2 (81, 8) K= (8, 8)

with the quantities a;= (8, 8;) depending only on wu; If (signed) radii of all
hyperspheres become uniformly small, r(u) ~«ks(u), k—0, then in the limit we
recover discrete isothermic nets.

Consistency of T-nets in L' (which is a particular case of theorem 2.10)
yields, in particular, Darboux transformations for S-isothermic nets (Hoffmann
in preparation). A Darboux transform §* : 2™ — Le! of a given S-isothermic net
§:72"— Lt is uniquely specified by a choice of one of its spheres §(0).

We turn now to geometric properties of S-isothermic nets. First of all,
S-isothermic nets form a subclass of discrete R-congruences of spheres
(see Bobenko & Suris (2007) for a geometric characterization of discrete
R-congruences). Furthermore, consider the quantities (§,5;) which have the
meaning of cosines of the intersection angles of the neighbouring spheres
(respectively, of their so-called inversive distances if they do not intersect). Then
these quantities (8, §;) have the labelling property, i.e. depend only on u;.

There holds the following generalization of theorem 3.7.

Theorem 4.2 (Dual S-isothermic net). Let

S : 7™ — {oriented spheres in R*}

be an S-isothermic net. Denote the Euclidean centres and (signed) radii of S by
c:Z"— R and r: Z™ — R, respectively. Then, the R*-valued discrete one-form
oc* defined by

St =" 1<i<m (4.3)

is closed, so that its integration defines (up to a translation) a function
¢ 7™ — R3. We also define r* : Z™" — R as r* =1L, Then, the spheres S* with
the centres ¢ and radii v form an S-isothermic net, called dual to S.

Proof. Consider equation

in terms of § from (4.1). Its ey-part yields a;= (r;'—r~")/(r;' —r;"). This
allows us to rewrite equation (4.4) as

(rit=riNE—3) = (ri —r H(5—3). (4.5)
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A direct computation shows that the R3-part of this equation can be rewritten as

ci—C_i_Czjj_Ci:cj_C_i_cij_cﬂ" (4.6)

TT; TiT T'Tj 7”] 7"7;]‘

which is equivalent to the closeness of the form éc¢* defined by (4.3). In the same
way, the es-part of equation (4.5) is equivalent to the closeness of the discrete
form ow defined by

di(|c[* —1%)

ow=-"1 "7 1 <i<m,

TT;

For similar reasons, the second claim of the theorem is equivalent to the closeness
of the form
5 (le* 2 _ r* 2
R (1 U S OO
rr
13

where, recall, 7*=1/r. With the help of ¢ —c¢" = (¢; —¢)/rr;, one easily checks
that the forms dw and dw" can be written as

ow = (c; —c*,¢; + c)—ﬁ—i—ﬁ and o;w" = (¢;—c,c; + c*>—£+ﬂ.
T YT
The sum of these one-forms is closed,
6w+ w') = 2(ct, ) —2(c", o),
therefore they are closed simultaneously. [ ]

An interesting particular case of S-isothermic surfaces is characterized by
touching of any pair of neighbouring spheres. In this case, the limit of small
spheres is not relevant, therefore it is convenient to restrict the considerations to
a fixed value of k=1. Clearly, in this case, both scalar products «; = (8, 7;8), i=1,
2, can, in principle, take values + 1. However, it is easily seen from (4.2) that, in
the case a;=ay, one gets only trivial nets. Thus, we assume that

(8,81) = (82,812) = —1 and (3, 8) = (3;,8y) = 1. (4.7)

Interestingly, these touching conditions are enough to enforce the Moutard shape
of a linear dependence of the spheres.

Theorem 4.3. S-isothermic surfaces with touching spheres can be characterized
by any of the following equivalent descriptions:

— Q-congruence of spheres (Q-net in the Lorentz space of Mébius geometry) with
touching spheres,

— R-congruence (Q-net in the Lie quadric) with touching spheres, and

— T-net in the Lie quadric with touching spheres,

which are listed in the order of a priori increasing restrictions.

Proof. Let s, 8, 8§ and §;5 be four linearly dependent oriented spheres in I]fll’l,
pairwise touching so that equation (4.7) is fulfilled. (We remark that, in the
present situation, the geometric meaning of linear dependence is the existence of
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a common orthogonal circle through the touching points.) We make a general
position assumption that the spheres s and 5,5 do not touch, and likewise that
the spheres 5, and 8, do not touch. The linear dependence condition is written
as

§12 = A + ,U.g’l + V§2. (48)

Scalar product of this with §;, §, leads to

A+1
1_<§17§2>‘

Similarly, a scalar product of equation (4.8) with §, 5 leads to

1 +A =M+V<§1,§2> Z_ILL<§1’§2>—1/$,U, = —ypy =

p—v=2= (88, =1-A(5,55) = iA=L
Thus, the linear dependence has to be of the Moutard form

. . .. 2
89— 8=a;(8—58) and ap = —m-
1y 92

5. Isothermic surfaces in Laguerre geometry

In Laguerre geometry, surfaces are viewed as envelopes of their tangent planes,
so that discrete surfaces are maps P : Z°> — {planes in R*}.

Definition 5.1 (Dlscrete L-isothermic surface). A two-dimensional conical net
P : 7* - {planes in [R3} is called a discrete L-isothermic surface if the
corresponding net p : Z2 — 1*? is a lift of a discrete Moutard net in IP’(I]_4 2)

Recall that, for an (oriented) plane P={z € R®: (v,z) = d} with the umt
normal vector v€S? and dER, its representative p in the Lie quadric L*?
given by

p=v+0-e +2de, +1-¢.

Recall also that the vectors v : Z> — S? comprise the Gauss map for a given net
P : 7% - {planes in R*}, and that the net Pis conical if and only if its Gauss map v
is circular (Bobenko & Suris 2007).

From definitions 2.1 and 2.3, there follows a geometric characterization of
discrete L-isothermic nets.

Theorem 5.2 (Central spheres for discrete L-isothermic nets).
(i) A conical net P :Z?— {planes in R®} not tangent to a two- dzmenswnal
sphere is a discrete L-isothermic net if and only if, for every u€Z>, the five

planes P and Pi, 19 are tangent to a two-dimensional sphere not touchmg
some (and then any) of the four planes Py, Pyo.
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Figure 7. Five diagonally neighbouring planes of a generic discrete L-isothermic surface, with a
central sphere.

(ii) A conical net P:Z*>— {tangent planes of S*CR*} is a discrete
L-isothermic net if and only if, for every u€Z?, the three cones through P

C") = cone(P, Pry, P—y5),  C“" = cone(P, Py 5, P_1 ) and

¢ = cone(P, P, P_;)

have one additional plane in common, which is also equivalent for the three cones
through P,

C(left) — COne(P, P_1’2, P_L_Q), C’(right) = CODG(P, PLQ, Pl,—Q) and

c? = cone(P, Py, P_,),

to have one additional plane in common.
The (generic) case (i) of theorem 5.2 is illustrated in figure 7.

Theorem 5.3 (Gauss map of an L-isothermic net is an isothermic net in
the sphere). A Gauss map of an L-isothermic net is a discrete isothermic net

in S%. Conversely, if, for every u€Z>, the four planes P, Py, Py, P15 of a net

P : 7% > {planes in R3} meet at a point and the Gauss map of the net P is
isothermic, then P is an L-isothermic conical net.

Proof. First, let P be an L-isothermic net. Then, for some ¢ : Z? = R, the net
cp is a T-net in the Lie quadric. As a consequence, c(v+ 1-ey+ 1-e,) is a T-net
in the light cone L*' of the Minkowski space R™' of the M&bius geometry for
N=3. Therefore, the net v: 7> - S?> C R?® is isothermic.

Conversely, let the net v:Z?— S?CR?® be isothermic. This is equivalent
to the existence of the function c: Z*— R, such that c(v,1) is a T-net. If now
(v,2)=d is the equation of the plane P, then the existence of the common
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intersection point of the planes P, P, P, P15 yields that the function cd satisfies
the same Moutard equation as the function cv. Therefore, ¢(v,d,1) is a T-net, so
that p is a discrete Moutard net. [ ]

To conclude, we mention that, in the continuous limit, the results of this
section yield the following apparently new characterization of smooth
L-isothermic surfaces.

Theorem 5.4 (L-isothermic surfaces as Moutard nets in the Laguerre quadric). A
surface enveloping a two-parameter family of planes P : R* — {planes in R}, with
P={z €R®: (v,z)=d}, vES?, dER, is L-isothermic if and only if there exists a
function p : R? = R, such that p~ (v, d) satisfies a Moutard equation (1.3).

This research was supported by the DFG Research Unit ‘Polyhedral Surfaces’.

References

Bianchi, L. 1923 Lezioni di geometria differenziale, 3rd edn. Pisa, Italy: Enrico Spoerri. [In Italian.]

Blaschke, W. 1929 Vorlesungen tiber Differentialgeometrie I11: Differentialgeometrie der Kreise und
Kugeln. Bearbeitet von G. Thomsen. Berlin, Germany: Springer. [In German.]

Bobenko, A. I. & Pinkall, U. 1996 Discrete isothermic surfaces. J. Reine Angew. Math. 475,
187-208.

Bobenko, A. I. & Pinkall, U. 1999 Discretization of surfaces and integrable systems. In Discrete
integrable geometry and physics (eds A. I. Bobenko & R. Seiler), pp. 3-58. Oxford, UK:
Clarendon Press.

Bobenko, A. I. & Suris, Y. B. 2005 Discrete differential geometry. Consistency as integrability.
(http://arxiv.org/math.DG/0504358).

Bobenko, A. I. & Suris, Y. B. 2007 On organizing principles of discrete differential geometry.
Geometry of spheres. Russ. Math. Surv. 62, 1-43. (doi:10.1070/RM2007v062n01 ABEH004380)

Bobenko, A. I., Hoffmann, T. & Springborn, B. A. 2006 Minimal surfaces from circle patterns:
geometry from combinatorics. Ann. Math. 164, 231-264.

Boldescu, P. 1970 The theorems of Menelaus and Ceva in an n-dimensional affine space. Ann. Univ.
Craiova Ser. a IV-a 1, 101-106. [In Romanian.|

Budinsky, B. & Nadenik, Z. 1972 Mehrdimensionales Analogon zu den Sétzen von Menelaos und
Ceva. Casopis Pést. Mat. 97, T5-77.

Burstall, F. 2006 Isothermic surfaces: conformal geometry, Clifford algebras and integrable
systems. In Integrable systems, geometry, and topology, vol. 36. AMS/IP Studies in Advanced
Mathematics, pp. 1-82. Providence, RI: American Mathematical Society.

Burstall, F., Hertrich-Jeromin, U., Pedit, F. & Pinkall, U. 1997 Curved flats and isothermic
surfaces. Math. Z. 225, 199-209. (doi:10.1007/PL00004308)

Cecil, T. 1992 Lie sphere geometry. New York, NY: Springer.

Ciedlinski, J. 1997 The cross ratio and Clifford algebras. Adv. Appl. Clifford Algebras 7, 133—-139.

Ciesliniski, J., Goldstein, P. & Sym, A. 1995 Isothermic surfaces in E* as soliton surfaces. Phys.
Lett. A 205, 37-43. (do0i:10.1016,/0375-9601(95)00504-V)

Darboux, G. 1914-1927 Legons sur la théorie générale des surfaces et les applications géométriques
du calcul infinitésimal, 3rd edn. Paris, France: Gauthier-Villars. [In French.]

Date, E., Jimbo, M. & Miwa, T. 1983 Method for generating discrete soliton equations. V. J. Phys.
Soc. Jpn 52, 766-771. (doi:10.1143/JPSJ.52.766)

Doliwa, A. 1999 Quadratic reductions of quadrilateral lattices. J. Geom. Phys. 30, 169-186.
(doi:10.1016,/50393-0440(98)00053-9)

Doliwa, A. 2001 Discrete asymptotic nets and W-congruences in Pliicker line geometry. J. Geom.
Phys. 39, 9-29. (doi:10.1016/S0393-0440(00)00070-X)

Proc. R. Soc. A (2007)


http://arxiv.org/math.DG/0504358
http://dx.doi.org/doi:10.1070/RM2007v062n01ABEH004380
http://dx.doi.org/doi:10.1007/PL00004308
http://dx.doi.org/doi:10.1016/0375-9601(95)00504-V
http://dx.doi.org/doi:10.1143/JPSJ.52.766
http://dx.doi.org/doi:10.1016/S0393-0440(98)00053-9
http://dx.doi.org/doi:10.1016/S0393-0440(00)00070-X

Isothermic surfaces as Moutard nets 3193

Doliwa, A. 2003 Geometric discretization of the Koenigs nets. J. Math. Phys. 44, 2234-2249.
(doi:10.1063,/1.1563041)

Doliwa, A. 2007 The B-quadrilateral lattice, its transformations and the algebro-geometric
construction. J. Geom. Phys. 57, 1171-1192. (doi:10.1016/j.geomphys.2006.09.010)

Doliwa, A. & Santini, P. M. 1997 Multidimensional quadrilateral lattices are integrable. Phys. Lett.
A 233, 265-372. (doi:10.1016/S0375-9601(97)00456-8)

Doliwa, A., Nieszporski, M. & Santini, P. M. 2001 Asymptotic lattices and their integrable
reductions. I. The Bianchi-Ernst and the Fubini-Ragazzi lattices. J. Phys. A 34, 10 423-10 439.
(doi:10.1088/0305-4470/34/48/308)

Doliwa, A., Grinevich, P., Nieszporski, M. & Santini, P. M. 2007 Integrable lattices and their sub-
lattices: from the discrete Moutard (discrete Cauchy—Riemann) 4-point equation to the self-
adjoint 5-point scheme. J. Math. Phys. 48, 013513. (doi:10.1063/1.2406056).

Eisenhart, L. P. 1923 Transformations of surfaces. Princeton, NJ: Princeton University Press.

Ganzha, E. I. & Tsarev, S. P. 1996 An algebraic superposition formula and the completeness of
Bécklund transformations of (24 1)-dimensional integrable systems. Russ. Math. Surv. 51,
1200-1202. (doi:10.1070/RM1996v051n06 ABEH003007)

Hertrich-Jeromin, U. 2003 Introduction to Mdbius differential geometry. Cambridge, UK:
Cambridge University Press.

Hertrich-Jeromin, U., Hoffmann, T. & Pinkall, U. 1999 A discrete version of the Darboux
transform for isothermic surfaces. In Discrete integrable geometry and physics (eds A. L.
Bobenko & R. Seiler), pp. 59-81. Oxford, UK: Clarendon Press.

Hoffmann, T. In preparation. Darboux transformation for S-isothermic surfaces.

Konopelchenko, B. G. & Pinkall, U. 2000 Projective generalizations of Lelieuvre’s formula.
Geometriae Dedicata 79, 81-99. (doi:10.1023/A:1005248507200)

Moutard, Th. F. 1878 Sur la construction des équations de la forme (1/2)(3%2/0x dy)=A(z, y) qui
admettenent une intégrale générale explicite. J. Ec. Pol. 45, 1-11.

Musso, E. & Nicolodi, L. 1997 Isothermal surfaces in Laguerre geometry. Boll. Un. Mat. Ital. B 11,
125-144.

Musso, E. & Nicolodi, L. 2000 The Bianchi-Darboux transform of L-isothermic surfaces. Int.
J. Math. 11, 911-924. (doi:10.1142/S0129167X00000465)

Nimmo, J. J. C. & Schief, W. K. 1997 Superposition principles associated with the Moutard
transformation: an integrable discretization of a (2+1)-dimensional sine-Gordon system. Proc.
R. Soc. A 453, 255-279. (doi:10.1098 /rspa.1997.0015)

Schief, W. K. 2001 Isothermic surfaces in spaces of arbitrary dimension: integrability,
discretization and Béacklund transformations. A discrete Calapso equation. Stud. Appl. Math.
106, 85-137. (doi:10.1111/1467-9590.00162)

Wallner, J. & Pottmann, H. In press. Infinitesimally flexible meshes and discrete minimal surfaces.
Monatshefte Maith.

Proc. R. Soc. A (2007)


http://dx.doi.org/doi:10.1063/1.1563041
http://dx.doi.org/doi:10.1016/j.geomphys.2006.09.010
http://dx.doi.org/doi:10.1016/S0375-9601(97)00456-8
http://dx.doi.org/doi:10.1088/0305-4470/34/48/308
http://dx.doi.org/doi:10.1063/1.2406056
http://dx.doi.org/doi:10.1070/RM1996v051n06ABEH003007
http://dx.doi.org/doi:10.1023/A:1005248507200
http://dx.doi.org/doi:10.1142/S0129167X00000465
http://dx.doi.org/doi:10.1098/rspa.1997.0015
http://dx.doi.org/doi:10.1111/1467-9590.00162

	Isothermic surfaces in sphere geometries as Moutard nets
	Introduction
	Discrete Moutard nets
	Projective Moutard nets
	T-nets
	Discrete Moutard nets in quadrics

	Isothermic surfaces in Möbius geometry
	Projective model of Möbius geometry
	Discrete isothermic surfaces as Moutard nets

	Lie geometry: S-isothermic nets
	Projective model of Lie geometry
	S-isothermic surfaces as Moutard nets in the Lie quadric

	Isothermic surfaces in Laguerre geometry
	This research was supported by the DFG Research Unit ‘Polyhedral Surfaces’.
	References


