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Abstract

Due to the implementation of numerical solution algorithms for the
nonstationary Navier-Stokes equations of an incompressible fluid on mas-
sively parallel computers iterative methods are of special interest.

A red-black pressure velocity iteration which allows an efficient par-
allelization based on a domain decomposition [3] will be analyzed in this
paper.

We prove the equivalence of the pressure-velocity-iteration (PUI) by
Chorin/Hirt/Cook [1][2] with a SOR-iteration to solve a poisson equation
for the pressure. We show this on a 2D rectangle with some special outflow
boundary conditions and Dirichlet data for the velocity elsewhere. This
equivalence allows us to prove the convergence of that iteration scheme.
We also discuss the stablity of the occuring discrete Laplacian in discrete
Sobolev spaces.

1 Introduction

In the sequel the 2D consideration is used only for reasons of simplicity. The
results of the paper can be generalised for the 3D case.

On the rectangle 2 = [a, b] X [¢, d] the nonstationary, incompressible Navier-
Stokes equations (NSE) are given:

u+(u-Vi)u = —Vp+rvAu
Vu = 0 (1)

On T'p = {a} x [¢,d] J{c,d} X [a,b] we have Dirichlet-data for u and on the
outflow [yt = {b}x]c, d[ we use a natural boundary condition of [5] or [6]:

u = uponlp (2)
ou

V& = p—pon Lout (3)
Ov

9 0OonI'yus (4)
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If a solution p € H'(Q) of (1) exists, it is unique, since
d d
Ou
[ vy =v [ Gy @ op= )

d (v
_,/ / g—ydy +(d = O)p = v(v(b,d) — v(b,c)) + (d — c)p

In [2] Hirt and Cook developed an iteration method modifying an idea of Chorin
[1] to solve (1) using a time integration scheme of the following kind:

uktl _ gk
+ @ - VKb = —vpFtt L rvAuk (6)
-
V-uhtt = 0 (7)
For the spatial discretization a staggered mesh with mesh sizes %, hl is used.
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It is well known, that the size of the time-step 7 is restricted by the following
conditions

rv-maz{h® 1’} < 1 (8)
T-maz{u-1},7-maz{v-h} < 1 9)

using a scheme (6). Especially (8) seems to be the crucial restriction. To over-
come (8) time integration schemes, which treat the diffusive term vAu implicitly
were developed. Recent investigations [13] have shown, that in turbulent flows
rmaz{v - h} can be of the same order of magnitude as v max{l?, h*}.

2 The p — u-iteration

To derive the discretization of (6) the following approximations are used:

diviju = hi(Uij — 'Uiflj) + l]' (uij — uij,l) (10)
Ip op
oy Lj(pij+1 — pij) 5 By Hi(pit+1j — pij) (11)



where ]./LJ = 1/2(1/lj+1 + ]./lJ) and ]./HJ = ]./2(]./hj+1 + ]./hj) Let
ub*l pktl be discretized by u,p , then the linear system according to (6) reads

(é §><;>:<£>Wh6fegﬁmw) (12)

A is a slight modification of I because of (3). This form is not the basis of PUL

For simplicity we denote the iteration sublevel for the computation of u*+1, p*+1
by w?,p® . Then PUI is given by
e start:
p° = any initial guess, e.g. p* (13)
w’ = uf -7 V)b - 7Vp? + rvAWt (14)

e do for each cell ;;

5p,s+1 —- p,s—i-l _p,s - —w <adlvu
op

u,s-i-** — u,§+* _ 5p,s+1 . Lj : u,s+** — u,s+* + 5p,s+1 . Lj—l

-1
> div,-ju’s’s+1/2 (15)
ij

ij ij ii—1 ii—1
sbes _she sl oL stes _ske | sostl | pr
v =0t —dp Hi ;o5 =0 +dp Hi (16)

o until maz{div;juw*t*} < ey

During one iteration each velocity value is updated twice. If there are no further
informations about the order of the unknowns, the sublevel »$:51t1/2:5+1 ig not
clear. This problem is solved in section 3. w is a relaxation parameter and

B;; = —2divu - which is derived in the following:
J op ij

Substitution of w;j,u; j—1,vij,vii—; in (10) by the discrete version of (6) leads
to

. Ip op
diviia = h: o _f
l’l}@ju z(ayij + fv,zj 83/;'71]' fv,z 1]) +
Op Op
li(=— i — =— — fuij— 17
J(amj +fu7m Oz ij1 fu,m 1) ( )
for inner cells. Substitution of %, % by (11), one obtains
8div,-ju
B hi(—H; +0— (—H;—1) = 0) + 1;(L; + 0 — (—Lj—1) — 0)  (18)
ij

3 Convergence of PUI

Now the cells ;; and p;; are ordered in a red-black manner. We denote the
p-values of the black cells by py and those of the red cells by p; respectivly.



Lemma 3.1. The red-black version of PUI restricted to the p-values is a red-
black SOR iteration for the solution of

F.p:=DA7'G.-p=—g+DA 'f=f (19)

Proof. Py, is a permutation matrix, which transforms the p-values from the
original order to the red-black order.

(g?)zporp (20)

Thus the restriction operators R;p = p; become Ry = (Ip | 0)Po1 , R = (0] I1)Po: .-
Since each red cell is surrounded only by black cells, PUI reads as

pbs+1 =py + RowE_l(Du’s —9)

w2 = AN(F - GRS (o )

p715+1 :pis + leE_l(Du’s+1/2 —9)
wt = A7N(f - GRY (o p) (21)

E is diagonal-matrix, which consists of B;;. Because of (13) we have
Au® 4+ Gp° = f, thus w® ; w*t1/2 can be substituted in (21)

P =py + RowE (-DAT'Gp® — g+ DA™ f)
Pt = P+ RiwET (=DAT'GPE (9 ) — g+ DATYS) (22)

!
If E = Diag(F) , then (22) and

Dy M
FOl .= ( M?) Dll ) =Py, -F-PL (23)

especially
Dy 0 .
By = ( 00 D, > := Py, - Diag(F) - P} (24)

would imply
i = pf +w(lo | 0)Po Bl Ey (—Poyr FPE Poyp® + Poy f)
py +w(o | 0)Ey (—F° (py, pi") + Poif)
= py +wDy ' (=Dopy — Mipy® + (Por f)o) (25)

=+ w(0 | L) Pou By Byt (=P Ry (5™ p77) + Pouf)
= P+ w0 IER (=F* (b5, p1") + Pou )
= P +wDr (Mg ™ = Dip’ + (Por ) (26)
- the red-black SOR iteration for (19). The proof for E = Diag(DA'G) is

presented at the end of the next section.
O



3.1 Evaluation of F':= DA 'G and DA™ 'f

For simplicity the Dirichlet-values vy,, are treated together with w,,  as un-

knowns. Then the definition of A, G, f ensures vy, = vp(z;,d). The natural
boundary condition is discretized by
U= U1~ 1/(Ia¥)p.n = —1/(la)p (27)

To keep the matrices A, G, D managable, their components are equiped whith
the following indices: for example D;;, u; denotes the coefficient of uy; for com-
putation of div;; and G;; ki is the coefficient of py; in the momentum equation
for u;;. Thus:

Diju = k(8 —65-11)l;
Dijvy = (dir — di—1k)hidji
Auij,ukz = Ok (51'! - 5jn5ln—1)
Avis o = Ol
Auijyvkl = Avij,uk, =0
1tGuy e = Ok((6541 — 0j0) (1 — 0jn)Lj + dj0655)
11Goy e = (Oiyrr — i) (1 — im) Hidjt (28)
B where a = — - from (27).

We start with the computation of A~!.

AL v = 0k (O + jnbin—1)
A e = Gl
At e = Avgu =0 (29)
Proof:
A D = 20 [Aud i A + A v
= ) [6ir(65s + GjnOsn—1)Au,. uy + 0% 0]

= Z((Sjs + 0jnbsn—1)Auss ur

S

= Auij,ukl + 6jnAuin—1,Ukl
= ik [0ji — Ojndin—1 + 0jn(0n—11 — dn—1n0in—1)]
= iy (30)

The computations for

(A_lA)Uijﬂ)kl = (A_lA)'Uij,ukl =0 and (A_lA)vij,vkz = 5“95]1



are of the same kind.
Now C = DA™ is given by:

(DA Yij = Y (DijunsAul s + Dijoon Ayt i)

T,

= 2(617‘(6] - 6.]'715)le;7*15)”1€1 + 0)

=1 Z((sjs - 6j_1s)A;ils7ukl

= L(Au e — =0 AL | )

Wij, Ukl Wij—1,Ukl

(DA ijow = D (Dijun Azt oo + Dij. AL )

r,s

= Z(O + s (0ir — di—1r)hibridjt)

= f:;s((sik — 0i—1k)9; (32)
Thus F' becomes:
%Fij,kl = %Z [Cijurs Gura it + Cijon, Go,, ki
= Z ([j0ir(0js — 0j—15 + 6jn6sn—1)G7urs,kl + hi(6ir — 6i—17)05G,., 1l
=1 2(5]'5 —0j—15 + 0jnbsn—1)Gusy kt + R Z(5ir —08i-17)Go,; ki

= lj(Gui]-,kl - (1 - 6]1 - 6] )Gui]-_1,kl) + hi(Gvi]-,kl - (1 - 6@'1)Gvi_1j,kl) (33)

For 1 <i,k<mand 1< j,l<n we have lFiMl =

—i(Lj + (1= d1)Lj—1) — hi((1 = 0sm)H; + (1 — 051)H;i—1)
fori=Fkyj=1<n (34)
lna — hi((1 — 0i)Hi + (1 —051)H;—q) fori=k;j=1l=n (35)
liLjfori=kl=7+1
(1—=9;n, —0j1)l;Lj_q fori=kil=j—1
hiH; fork=i+ 1l =7
hiH; y fork=i—1;l=j

0 elsewhere.



To get an idea of F' , we consider the lexicographic order of the p-values
P =(P1,1, P10} -5 P15 ) Pmyn)

B, hiH,I
hoH I B, hoHyI
Flet = (36)
hmlem72I Bmfl hmlemflI
hmHmfl-[ Bm
with
B LIy
l2L1 Bi,22 lZLZ
lnLn—l Bi,n—l,n—l ln—an—l
0 Bimn

Remark 3.2. The asserted identity of E and Diag(F'**) is clear. For j < n
one has to substitute the momentum equation (4-#boundaries of the cell with
Dirichlet-data)-times , which leads to (34). For j = n (27) and (2-#boundaries
of the cell with Dirichlet-data)-times the momentum equation is used, which
coincides with (35).

3.2 Analysis of the red-black SOR Iteration

To show the convergence we need some auxiliary results, which are proved in
the sequel. We denote by J(A) , H(A,w) the iteration matrices of the Jacobi
and SOR iteration as far as they exist for A.

Lemma 3.3. Let A be, such that J(A) exists, P be a permutation matriz for
T (Pe; = exiy) and E be a nonsingular diagonal matriz. Then J(PAPT) =
PJ(A)PY and J(EAE™') = EJ(A)E! . Especially J(PAPT) , J(EAE™!)
exist and have the same spectrum as J(A).
Proof. Let A=L+D+R, PAPT = L[4+ D+ R be the classical decompositions.
Then D = PDP?T | since PDPT = P(dyey,..,d,e,)PT =
dﬂ‘l(l)ezful)
(dleﬂ'(l)7 ) dneﬂ(n))PT = P = (dﬂ'_l(l)ela ) dﬂ'_l(n)en)
dﬂ_l(”)ez—l(n)
(38)
The diagonal D is mapped to a diagonal, which has to be the diagonal of PAPT.
Thus
J(PAPT) = —(PDPT) Y (PAPT — PDPT) =
—PD'PTP(A - D)PT = PJ(A)PT (39)



The proof for D = EDE~! = D is of the same type.

Another usefull statement is

Lemma 3.4. Let A be a symmetric,real matriz with A;; < 0. Then the spec-
trum of J(A) is real.

Proof. For A= L+ D + R we have J(4) = ~D~Y(L + R) = (—=D)"}(L + R).
Since —D > 0, W := (=D)'/?(=D) (L + R)(-D)'/? =
(=D)~Y?(L + R)(—D)~'/? is a real, symmetric matrix. O

Now the main theorem of this section is given:
Theorem 3.5. For F'°" we have

1. F'*® is reducible

2. F'* has only real eigenvalues

3. J(F'*) has only real eigenvalues

4. p(J(F'*)) <1

Proof. To start the proof we transform F'* by a permutation matrix to F'®.
Let F'®® = (F,..., F"™*"), then P is that permutation matrix, that ‘moves’ the
last columns of each block column to the right. Multiplication of PT from the
left moves the last row of each block row down.

Fo .= PTFleop =

B, hHI M,
hZHII B2 hQHQI M2
Bm—l hm—l!{m—ll Mm—l
hmHp 11 By, My,
0 0 C
and
Cii hiH;
C — h2H1 022 (41)
- hmlemfl

hmHmfl C’mm



where C;; = l,a — (]. — 6i1)hiHi71 — (]. — 6zm)thz and Bl S M(n — ].) ;
M;e M(n—1,m)

B LIy 0

B=| B Bz Mi=toaloa |
l~n72Ln72 eT

ln—1Ln—2> Bin-1n-1 i

(42)

where B,'Jj = —lj(Lj + (]. — (Sjl)Lj_l) — hl((]. — 5im)Hi + (]. — (5,'1)Hi_1) see (34)
For simplicity we set
o ([ F M
F.ﬂ<0 C) (43)

A later remark dicusses the reducibility. Since
det(F® — XI) = det(F — \I)det(C — \I) (44)

and

J(F) M*>’ (45)

TE) = ( 0 J©)

the eigenvalues of F'* {,J(F*)} and thus F'®® { J(F'*®)} are the eigenvalues of
F{,J(F)}orC {,J(C)}.

Next we show that, ', C' can be transformed to symmetric matrices via positive
diagonal matrices. The lemmas 3.3 and 3.4 then show that the eigenvalues have
to be real. Since the matrices B; differ only on the diagonal entries, there is one
diagonal matrix D = diag(dy,..,d,—1), which transforms all B; to symmetric

matrices.

% dlfilLl
2
d2l2L1 * d2!2L2
dl d3
DBD'=| - (46)
dn—2ln—2Ln_2
dn—1
dpn_1ln_1Ln 2 %

dn_2

We set di = 1, d; ; i > 1 are defined recursivly. Since DB;D~! shall be
symmetric, forn —1>j>1
5 i l
djlej_l/dj_1 = dj_llj_le_l/dj p=4 d? = d;_ljl—.l p=4 d? = l—l (47)
J J
D > 0 transforms all B; to symmetric matrices. C' is of the same form as B; ,
thus it can be symmetrized in the same way.
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Now F is symmetrized by D = blockdiag(Dy, ..., D,,) where D; = d; D, since
DFD ! =
D\B,DY  Dyh H,D;*
DyhoH DY DyByDy*t DyhoHaD3't

Dmflémle;f,l Dmflhmlemle;zl

Dyyhm Hpy 1 Dy B Dt
(48)
We again set d; = 1 and obtain from
7 7 _ 7 7 2 _ 32 hi—y 72 _ hy
d,‘h,‘H,'_l/d,'_l = di_lhi_lH,'_l/d,' p=4 dz = difl e < dz = h_ (49)
1 (3

the matrix D.

The forth assertion is easy to prove:

F |, C have the same sparsity pattern as the matrices of the discrete 1-/2-
dimensional Laplacian with Dirichlet data, which are well known to be unredu-
cible. Additionally they posses in all rows a weak diagonal dominance and in
some rows even a strong one. Thus

p(J(E)), p(J(C)) < 1 = p(J(F*)) = p(J(F'*")) < 1 (50)
O

Theorem 3.6. The red-black-SOR iteration for (19) converges for relazation
parameters 0 < w < 2.

Proof. The red-black-SOR iteration for (19) is an ordinary lexicographic SOR
iteration for the matrix F°' from lemma 3.1. Due to its special form, F°' is
ordered consistently. Lemma 3.3 carries statements of 3.5 concerning the eigen-
values of J(F'“®) to the eigenavalues of J(F°'). The famous Young theorem
([8], Satz 5.6.5) then proves all assertions. O

Remark 3.7. F is the discrete operator of the 5-point stencil for the Laplacian
with Neumann conditions on I'p. For I',,; the boundary condition reads

82

—1/7'8—;2) —p=r.h.s (51)
Using the Poisson equation for the pressure we can substitute (51) by
0%p
+VT8—g/2 —p=r.h.son [y (52)

This is an ODE of Helmholtz type on 'y, with homogeneous boundary condi-
tions for % in OI'yy¢. This ODE has a unique solution under some assumptions
for the rieglt hand side.
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3.3 Convergence for % =0 on 'y,
In this section we consider another often used boundary condition on I,
ou
% =0on Fout (53)

Using all notations of the previous sections we have o = 0.
Lemma 3.8. For a =0 : Ker(F'®®) = span{1}
Proof. F'* .1 =0 is easy to see. With the representation (43) of F'® follows
(b &) ()
0 C T

=>C-2c=0=>201 = 22 = To2 =203 = LOm—1 = LCOm (54)

0

thus dimKer(C) = 1. F is nonsingular, which proves this lemma.
o

A conclusion of 3.8 is
Lemma 3.9. 1. p(J(F)) =1
2. J(F®') has only real eigenvalues

3. 1 and —1 are eigenvalues of J(F°') , the eigenspace of 1 is spanned by 1

and the eigenspace of —1 by ep1 := ( 1; )
-1

Proof. Weak diagonal dominance of F°' and the Gerschgorin theorem gives
p(J(F°)) < 1. Theorem 3.5 shows, that all eigenvalues are real.

F=L+D+R;F-x=0&-D ' L+R) z=x (55)

shows, that 1 is an eigenvalue and that the eigenspace is spanned by 1. F!
is ordered consistently which shows that —1 is an eigenvalue, too ([10], Satz
8.3.12).

—1
_J(F) = 5! ( e )Swhere S = ( I 0 ) (56)

Lo 0 0 —L
Thus
Jr=-r& -Jr=x=51'JSre JSxr=Sr e Sr=c-1 (57)
eop1 := ( _1;)1 ) spans the eigenspace of u = —1. O

Now we are ready to show that the SOR-iteration converges in the sense of
damping all errors except the error that belongs to the global pressure level.
That means
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Lemma 3.10. The iteration converges to a solution of (19).

Proof. The consistent order of F°! implies that there is the following relation
between the eigenvalues p of J(F°') and the eigenvalues A of H(F°!, w)

A w—1=+Vdwp (58)

From 3.8 and 3.9 follows that for all eigenvalues p # +1 , |u| < 1 yields. Using
(58) one obtains for the corresponding eigenvalues of H A < 1 for 0 < w < 2.
The corresponding eigenvalues of y = +1 are

M=l h=(1-w?<lfor0<w<?2 (59)

A direct computation proves that only the pressure level remains undefined by
the iteration

(D+wL) Y (1 —w)D —wR)z = =
< (1-w)D—wR)xr = (D+wL)x
& -wL+D+Rz = 0 (60)

4  Stability of the spatial discretization

This section deals with the stability of the discrete Laplacian F'® of the previous
section. In order to obtain statements concerning the regularity in the discrete
sobolev space H} (see [9], Chapter 9.2) we show the boundedness of (F*)~! ;
(F*)~T. This implies the stability in the discrete space L? (=I?).

Lemma 4.1. If the grid stretching is bounded (% < A/t <q), then

li+1 !l

a\—1 < q .
I(E) ™ oo < maﬂ?{q+ 1TV (61)
Proof. (43) implies
o F~' F-lpmco-t
= () (62)

To prove the boundedness of (F'**)~! we show the boundedness of F~! |
FIMC~' and C1.

—ﬁ', —C are M-matrices, since

F — Diag(F),C — Diag(C), J(F), J(C) > 0 and p(J(=F)), p(—=J(C)) < 1. Ob-
viously

~C1=—lpal=11. (63)
TV
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This proves [|[C ! |loo < [lTv1]oo = V.
The same type of proof is used for F'~1. Without loss of generality we assume
[a,b] = [0, 1], then for

i1
wij = w(z;) where w(z) = (1 —2%)/2 and z; = Z ll + 5 (64)
s=1 9 j
we obtain (—F - w); =

- —0js1liLim1 (L= a2_))/2+ (8551l Lj—1 + L) (1 — 2%) /2
~0jcn—1l;Li(1 —z3,,)/2
~0j>1liLj—1(L—af = 1+23)/2 = [;L;((1 — 2541)0j<cn—1 — 1 +27)/2

= —j>1lLja(zj — i) (@1 +25)/2 = L (1 — 2541)0j<n1 — 1 +27)/2

= ~13/200j51(xj1 +x5) = L (1= 34,)0j<cn1 — 1+ 23) /2
2l]1+l1+l2 1 fOrj:]:

= G125 mm Y T forl<j<n-1
Zl—xn—2:ﬁ+%+—2lnl_2 forj=n-1

n—1

using the declaration ;51 =1 —d;1. Thus

q

T (65)

. 2q
17 oo < = wle <

Using (40,42) a direct computation ylelds (=F)-1 = M -1. The M-matrix
property of —F, —C' shows F~'MC~! > 0. Now we are finished

IFMC oo = |(=F) " M(=C) ' 1 =
(=) M7v1||oo = 10|10 = Tv (66)

O

Lemma 4.2. Using all notations of the previous lemma and the following no-
tations pp = ma;v,-,,«ﬁ—: ;opL = ma:vj,sf—s_, then

IEF) ™M lloo < maiv{Phpzq ,2maz;{l;}/liTvp}. (67)

+1’

Proof. We use the matrices D ; D, from lemma (3.5) which symmetrized F;

2 _ hily 2: + __ hy . . .
C, with D7} ;; = e Dyisi = 33 and the following notations are used:
S oo— 24 . P — amin, il . hily
W= CHW 5 pli=ming R 5 Pa = mal iy

DFD ' =(DFD Y! & D*F = FT'D? = (-F)' D*W = D*(-F)w > D1
Thus

q
F)D*% > pil = ||F~ TOO<_ ~
(—F) > pi 1F77 oo < =[] =P
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The same steps for C* with (63) lead to ||C~ 1| < Tvpp
The last estimate comes from

(—C)TMT(~F)~T1 < (=C)TMT D> =% =

pi
w(@p—1)Lp_1 ey w(xp—1)Lp_1 hi
—on=zn=l o o Lo, < —onzl/Enol L 1<
e (-C) ; 3 e; < p max; , Tvppl <
_1)Lp_ h 2 h l;
Mmuwi—lTVphl < —,maaci—lﬂ/phl = 2max —jrupil (68)
pi h; pi h; i U
O
Remark 4.3. If condition (8) is satisfied, then one has for the L? stability
_ q
Fo)~t < 69
(F2) Moo < VBB (69)
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