A local implicit pressure velocity iteration method for incompressible flow
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Abstract: The usage of the semi-implicit pressure velocity iteration method for the approximate solution of
the non stationary NSE proposed by Chorin [1] and, for example, Harlow and Amsden [2] ,leads to stability
restrictions of the form 2 > C + 2d with

() ¢=zZ and (i) d=7T¢,

where 7 denotes a time step, v = ﬁ stands for the viscosity of the fluid, Re denotes the Reynolds number,
h represents a spatial discretization increment (Az, Ay...) and U is a characteristic velocity. C is called the
Courant number. These restrictions are due to the explicit treatment of the convective (i) and the diffusive
terms (ii), respectively. For problems with very small Reynolds numbers and/or fine (local) meshsizes h the
term (ii) strongly restricts 7 .

We present an improved p-v iteration method that corresponds to an implicit treatment of the diffusive terms,
and thus overcomes restrictions caused by term (ii). Exploiting the features of Harlow’s and Welch’s staggered
grids and solving the cell-local NSE leads to an improved pressure velocity iteration method without the
nessecity of the solution of large equation systems.
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The governing equations and the discretization
The equations of momentum and continuity for an incompressible fluid are of the form
u; — vAu+ (u-Vju+ Vp =0, (1)
div(u) =0, (2)
together with suitable initial and boundary conditions for the velocity [5].

The classical pressure velocity iteration method for the solution of (1),(2) corresponds to the semi-
implicit time-integration scheme

Uy — Um—1

—vAu,_ + (um—l : v)um—l + Vpm =0, (3)
div(uy,) = 0. (4)

T

The spatial discretization of the equations (3),(4) is done by a finite volume method on staggered grids
for the velocity components and the pressure. The discretized equation system (3),(4) is solved with
the pressure velocity iteration method described below.

The derivative of the discretized div(u) with respect to the pressure p is approximated in a coarse

ddiv(u)
op

way by a diagonal matrix B := depending on discretization parameters Az, Ay, ...,7 , which

is derived from the momentum equation (3). The algorithm is then:
Until convergence, compute at each cell (j;z):
a) 5pfjk = _(")Bi;'llc,ijkdiv(us)ijk
pfﬁl = Pij + 0P
b) obtain (u, v, w)fﬁl, ufflljk, vfj"'_llk, wfﬁlq from (3) using pfﬁl,um_l

The superscript s denotes an iteration level. Details are noted in [1] or [4].
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The viscous implicit pressure velocity iteration
A similar iteration scheme can be applied to the following Stokes-like time integration scheme

Uy — Um-1

—vAu, + (um—l : v)um—l + Vpm =0, (5)
div(uy,) = 0. (6)

T

The first idea was to replace step b) from the algorithm above by the coupled solution for the two
velocity values for each coordinate direction. This is done by solving three 2 x 2 systems in the 3d

case of the form
(1—1—6;—2” —% )( UZZ? )_(r.h.s.)
TV TV s — .
—hz 1+ h2 ui—ljk r.h.s.

The coupled solution for the two velocity values for each coordinate direction improves the conver-
gence.

Currently we investigate a pressure velocity iteration method, where the velocity components and the
pressure of the current cell are determined by the exact solution of momentum and continuity equation

for this cell, to improve convergence again. This leads to local 7 x 7 systems of egs. which, using the
classical bordering algorithm, can be reduced to the solution of the same three cell-local 2 x 2 systems.

The developed modified viscous pressure velocity iteration methods are used to solve for example
the non stationary flow problem of a crystal melt (very small Reynolds numbers) and for flow prob-
lems with moderate or higher Reynolds numbers.

The gain of using larger time steps dominates the growth of the effort per iteration trough the more
sophisticated iteration process. Detailled comparisons of the efficience of the several developed and
implemented methods will be presented.

There are also investigations of the implicit treatment of the convective terms of the momentum equa-
tions, which will be presented too.
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