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Motivation

During the growth of 
rystals there were observed 
rystal defe
ts under some 
onditions of the growth

devi
e. As a result of experiments a transition from the twodimensional 
ow regime of a 
rystal melt

in axisymmetri
 zone melting devi
es to an unsteady threedimensional behavior of the velo
ity and

temperature �eld was found. This behavior leads to striations as undesirable 
rystal defe
ts.

To avoid su
h 
rystal defe
ts it is important to know the parameters, whi
h guarantee a stable steady

twodimensional melt 
ow during the growth pro
ess.

For the investigation of this symmetry break a mathemati
al model of the 
rystal melt was formulated

for

i) the theoreti
al des
ription of the experimental observed behavior and

ii) the identi�
ation of 
riti
al parameters of the growth devi
e, i.e. the evaluation of bifur
ation

points.

Mathemati
al model

The 
rystal melt is des
ribed by the Navier-Stokes equation for an in
ompressible 
uid using the

Boussinesq approximation 
oupled with the 
onve
tive heat 
ondu
tion equation. Heat 
ondu
tivity

and vis
osity depend on the temperature.

For the velo
ity no slip boundary 
onditions are used. For the temperature we have at the interfa
es

between the solid material and the 
uid 
rystal inhomogenous Diri
hlet data, i.e. the melting point

temperature. On the heated 
oat of the ampulla the experimentators gave us measured temperatures

but we need Neumann 
onditions to des
ribe the heating pro
edure physi
al 
orre
tly.

For the initial state we assume a neutral position of the 
rystal melt (~v = 0) and a temperature

�eld, whi
h solves the non 
onve
tive heat 
ondu
tion equation with the given temperature boundary


onditions.

Numeri
al solution method and mathemati
al aspe
ts

A threedimensional �nite volume 
ode is used for the numeri
al solution of the above des
ribed non

linear initial boundary value problem.

Be
ause of the information loss about the heat 
uxes over the boundary we have to solve an identi�-


ation problem for �nding suitable heat 
ux densities q for the formulation of the Neumann boundary


ondition of the form ��

��

�n

= q. q was identi�ed in su
h a way, that the resulting temperature on

the boundary is equal to a given measured value.

From mathemati
al point of view some bifur
ation investigations are under 
onsideration. But it's

not possible to analyze the general nonlinear 
oupled problem des
ribed above. Simpli�
ations with

respe
t to the time dependen
y of the heat 
ondu
tivity and the vis
osity are ne
essary.

Quantitative bifur
ation results of the general problem are only possible using numeri
al methods.

To get larger sized 
rystals it is nesse
ary to have a high resultion of the unsteady velo
ity and temper-

ature �eld in spa
e and time in 
rystal melt zones 
onsidering te
hnologies to get larger sized 
rystals.

With respe
t to good possibilities of 
ode parallelization expili
it ba
kward �nite di�eren
es (BDF)

of higher order following [3℄ are used and dis
ussed for the 3d numeri
al simulations of verti
al zone

melting and Czo
hralski te
hniques.

Results

A (Bi

1�x

Sb

x

)

2

Te

3


rystal melt in an axisymmetri
 ampulla was investigated. We have the Prandtl

number Pr, the Rayleigh number Ra and the aspe
t ratio �, i.e. height of the melt over the diameter

of the ampulla, as parameters in the result of a dimension analysis.

With the numeri
al simulations using a threedimensional �nite volume 
ode developed by the author


riti
al parameters of the 
rystal growth 
on�guration and bifur
ation points of the time behavior of

the velo
ity and temperatur 
ould be identi�ed and the experimetal phenomena 
ould be veri�ed with
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�nding a 
riti
al value of � = �




= 1:45. A theoreti
al mathemati
al bifur
ation analysis gave some

qualitative results.

Thus it was possible to de�ne parameter intervals for a stable 
rystal growth 
on�guration.

The following �gures show the time history at two monitoring points of the melt and the frequen
y

spe
tra for an over 
riti
al value of �; � = 3, both from the experiment and the numeri
al simulation.

The results show a very good agreement of the base frequen
y of the experiment and the simulation.

The di�eren
es with respe
t to the amplitudes 
ome from the fa
t, that the temperature 
an only be

measured outside the ampulla, near the boundary.

The unsteady numeri
al results validate the theoreti
al analysis of [3℄ in the pra
ti
al numeri
al sim-

ulation.
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Figure 1: time history of the experiment
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Figure 2: time history of the numeri
al simulation
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