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Monodromy of isometric deformations of CMC surfaces

A. 1. BoBENKO and M. UMEHARA
(Received August 30, 2000)

ABSTRACT. We investgate relationship between the monodromy of isometric defor-
mation of CMC-surfaces in the space forms and that of the canonical deformation of
CMC surfaces into the other space forms. As an application, we show that the number
of isometric closed CMC-surfaces is finite.

1. Introduction

It is well known that an arbitrary simply connected domain D of CMC-H
(i.e. Constant Mean Curvature H) surfaces in the space form M?3(c) of con-
stant curvature ¢ has the following two special properties:
(i) it admits a real-analytic isometric deformation preserving mean cur-
vature function in M3(c). We call it H-deformation of the surface;
(ii) it can be isometrically immersed in other space form M?3(¢) as a
CMC-VH? + ¢ —t surface. We call it t-deformation.
In fact, t-deformation can be viewed as a deformation of the original
surface: We consider the following 1-parameter family of Riemannian metrics

4 V&
g = (—) Y (dx)?

4 + t|x|2 =

of constant sectional curvature ¢, defined on

3.0 ) {xeR x| <2/y/]} (if 1 <0),
R(ﬂ_{R3 (if t>0)

where |x| = \/|x1|2 + |x2|* + |x3]%. When 7 = 0, it is just the Euclidean metric
and when ¢ # 0, they can be regarded as the stereographic image of 3-sphere or
3-hyperboloid of radius 1/+/[¢| in Minkowski 4-space. By this parametrization
of the metrics, we can view the CMC-surfaces in any space form in R® and
then t-deformation is a real analytic deformation. If the surface is not simply
connected, the H-deformation and r-deformation are not single-valued on the
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surface, but defined on the universal cover of the surface. We shall prove the
following:

THeOREM 1. Let (X%, ds*) be a Riemannian 2-manifold and F : X* —
M3(c) (ceR) an isometric immersion of constant mean curvature H. If
t-deformation is single valued on X*, so is H-deformation. Moreover the
converse is also true unless the original surface is minimal in (R>,gq).

It should be remarked that the theorem requires neither compactness
nor completeness of the surface. When ¢ <0 and |H| = +/|c|, the theorem
has been proved in [12]. The converse assertion of the theorem for Eucli-
dean minimal surface does not hold in general. (An H-deformable complete
minimal surface not preserving t-monodromy is known. See §3 of [12].) On
the other hand, we can construct many non-trivial complete minimal surfaces
which admits single-valued #-deformation as a dressing up procedure of the
Enneper surface. (See [9].) When ¢ > 0, the construction of CMC surfaces
via the Gauss maps is known [1, 2, 4, 5, 10, 11] and the theorem can be proved
easily. Thus the essential part of the proof lies in the case ¢ < 0.

As an application, we shall prove

COROLLARY 2. Let (X2,ds?) be a closed Riemannian 2-manifold and x :
2?2 = M3(c) (ceR) an isometric immersion of constant mean curvature H, then
the number of congruent classes

N, = t{x: (X% ds*) — M>(c); isometric CMC-H immersion}

is finite. In particular, there exists no global non-trivial isometric deformations
of CMC surfaces preserving the mean curvature.

The assertion of the Corollary for ¢ > 0 has been pointed out in [2]. When H
is not constant, Lawson and Tribuzy [8] have shown that the number of iso-
metric immersions with the same mean curvature 4 on a compact Riemannian
2-manifold 1s at most two. The existence of closed surfaces with N, =2 in
M?3(0) is an important open problem (see [6]).

2. Proofs
Let (X?%,ds?) be a Riemannian 2-manifold and
F=F,:X* > M)

be an isometric immersion with constant mean curvature H. As pointed out in
the introduction, the ¢-deformation

F:X?SRY1) (t<H*+0)
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is real analytic with respect to . So is the monodromy
p, : (2% — Isom(R?*(c)) = Conf(S?).

The real analyticity of p, is of crucial importance in this paper.

The case ¢ = 0. When H = 0, the assertion has been proved in [12]. So we
may assume H # 0. Then the Gauss map g of F is a non-holomorphic har-
monic map into S2. It is well known that non-holomorphic harmonic map
into S? has the associated S!-family (g%),.¢1, which are not-single valued on
22 Let

Po - 711(22) — SO(3)

be the monodromy representation of (g%),_.qi. Since the Gauss maps of H-
deformations of F are in the same associated family (gg)gE g1, Pg 15 1dentity for
all Qe S! if H-deformations of F are single valued. On the other hand if
py = id for all 6, then all H-deformations are single valued since dp,/d6 = 0.
(See §5 of [5] or [2].) Thus F has single valued H-deformation iff (¢%),_ are
all single valued. The t-deformation F, (¢ > 0) of F corresponds to the pair of
harmonic maps (g,g9*) where o« = arg(VH? — c+ic). Moreover, the mono-
dromy representation p, satisfies p,(n;(2?)) = {+id} iff (¢%),.¢ are all single
valued on 2. (See [5] or [2].) Since py(n1(Z?)) = {id} and p, is real analytic
with respect to #, p,(n;(Z?)) = {—id} never holds. So F has single valued H-
deformation iff p,(n;(Z?)) = {id} for t > 0. In this case, we have p, (7 (Z?)) =
{id} for t <0 because of the real analyticity of p, with respect to ¢. This
proves the assertion.

The case ¢ > 0. In the above discussion, we use the fact that the mono-
dromy of CMC-H surface in M?3(c) for ¢ > 0 can be controlled by the pair
of harmonic maps in the same associated S'-family. We also use the fact in
this case. Let (g;,g2) be the pair of harmonic maps associated with F. Then
the H-deformations of F correspond to the pairs (g9¢,9%),.qi. Thus F has
single valued H-deformation iff (g%),_¢: are all single valued. On the other
hand, the t-deformations of F correspond to the pairs (g1,95)p.51- So F has
single valued r-deformation iff (g%),_ ¢ are all single valued. This proves the
assertion.

The case ¢ < 0. Without loss of generality we set c = —1. For |H| =1 the
assertion has been proved in [12]. So we may assume H # 1. As a homo-
thetic change of the metric of the ambient space M3(¢), the t-deformation

F 2% = M)
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of the CMC-H surface F = F, can be realized as CMC-4 surfaces in M3(—1)
whenever ¢t < 0, where
L \/(H2 Tt‘c— )

We denote this normalization of F, into M3(—1) by F, where the range of the
new parameter s is given by

Max{H? + ¢,0} < h < .

We call the family (F,) the normalized t-deformation of F in M3(—1). This
normalized 7-deformation does not realize z-deformation for 1 > 0. However
by the real analyticity of the ¢-deformation, z-deformation is single valued iff so
is normalized t-deformation.

We now set
(10 (0 1
=10 1) "7 \1 o)

(0 —i (1 0
2= o) P70 —1)
We shall identify the Lorentz space R*' with the space of 2 x 2 Hermitian

matrices X' = X

4
X =) Xo; — X =(Xp,X;,X3) eR>!
J=0

with the scalar product
1 ;
{X, Y} = —Etr(XagY 0'2).

The hyperbolic 3-space M3(—1) consists of the Hermitian matrices X satisfying
(1) det(X) =1, tr(X) > 0.

The cases H > 1 and H < 1 can be treated exactly in the same way using
the corresponding formulas for the immersion F and the Gauss map N (see (2)
and (3) below and formulas in p. 155 of [3]). We present the proof for the
case H > 1.

LEMMA 3. Let F), be the normalized t-deformations of F in M 3(~1) and
Fy (0 € S') be the H-deformations of F. Suppose the original surface F has
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single valued H-deformations (resp. t-deformations). Then N,Ft_l (resp. NoFy!)
are single-valued on X* for all t (resp. for all ).

PROOF. Let
@y = Py(x, y,4) : 2 — GL(2,C)  (AeC\{0})

be the family of maps defined in Theorem 14.3 in [4], which are the solution of
the frame equations (the system (1.8) and (1.9) in [4]) on 2. They have real
determinant and are holomorphic with respect to the spectral parameter
A. Then

(2) F, = CD&IO'Q@QO'Q

gives a CMC-coth(log|4|) immersion defined on 22. When coth(log|4¢|) = H,
F;, coincides with the original surface F. Here F; for 4= Age® (0¢€(0,2n))
corresponds to the H-deformation of F and F; for A € R\{0} corresponds to the
t-deformation of F. The normal vector N of the surface F; is given by

(3) N; = ¢610'3O'2@00'2.
Thus we have
(4) N,{Efl = ¢610'3¢0.

The monodromy of @, is a holomorphic function of A. If F possesses single
valued H-deformations (resp. t-deformations), the monodromy is trivial for
all |4] = 4o (resp. A€ R). Due to the analyticity it is trivial for all 4 e C\{0}.
This proves the assertion. []

To complete the proof of the theorem, it is now sufficient to prove the
following

LemmA 4. If NiF! (Ae C\{0}) is single-valued on X7, so is F;.
PrROOF. Let M be the monodromy of &, along a loop on X2
Dy — DyM.

Formula (4) implies that [NF~! M] =0. Suppose that the matrix M is not
identity. For the traceless part My of M we have

INF~!', My] = 0.
By (1), the orthogonality of N and F yields

1 1
0={N,F} =— 5 (NoyF'ay) = —Etr(NF—l).
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So there exists a smooth function u e C*(X?) such that
(5) ]VF‘1 = uM().

Taking the determinant of both sides, we conclude that u is a constant function
which can be included into M,. The relation (5) yields

0'345() = ¢0M().

Without loss of generality one can normalize ®y(zy) = 0y at some point zg €
X2, This implies [@®g, 03] = 0, i.e. @y is diagonal for all points of X2, which is
impossible. Thus M = gy. (]

(Proof of Corollary.) The assertion has been pointed out for the case ¢ > 0 in
[2]. So we assume ¢ < 0. There are no closed CMC surface when H? + ¢ <
0. So we may set H?> + ¢ > 0 and suppose N, = c0. Since H-deformation is
real analytic with respect to the deformation parameter, N, = oo implies the
surface has single valued H-deformations. Then by Theorem 1, the corre-
sponding z-deformation f, in M3(0) is single-valued and H-deformation of f;
are all single valued on the surface. But it contradicts that the corollary holds
for ¢ > 0. So we can conclude N, < . ]
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