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Abstract. It is shown that for any surface inR3 with constant negative Gaussian curvature
and two straight asymptotic lines there exists a cone such that the distances from all its
points to the surface are bounded. Analytic and geometric descriptions of the cone are
obtained. This cone is asymptotic also for constant mean curvature planes inR

3 with inner
rotational symmetry.

1. Introduction

We study the surfaces with constant negative Gaussian curvature (K-surfaces)
and two straight asymptotic lines, introduced by Bianchi [3]. The Gauss
equation of these surfaces reduces to an ordinary differential equation. This
equation is a special case of the third Painlevé equation in a trigonometric
form. Further study and the first plot of these surfaces are due to Amsler [1].
In his honor we callK-surfaces with two straight asymptotic lines Amsler
surfaces.

Our study of the Amsler surfaces is based on recent progress in asymptotic
analysis of the Painlevé equations1 and, in particular, on results obtained in
[11]. We show that the Amsler surfaces have asymptotic cones, i.e., for any
Amsler surface there exists a cone such that the distances from its points to
the surface are bounded. This is the main result of the paper formulated in
Theorem 4. To prove it we need some advanced asymptotic results for the
particular case of the third Painlevé equation, which we obtain in Section 7.

In previous studies [4] of surfaces with constant mean curvature and inner
rotational symmetry there also appeared a cone which describes asymptotic
properties of these surfaces. In our discussions U. Pinkall conjectured that
asymptotic cones for both types of surfaces coincide. This remarkable uni-
versality property of the asymptotic cone is proven in Section 5. In Section 6
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we give a geometric description of the asymptotic cone, in particular, in a
form of the smoke-ring evolution (see [13]) of a curve.

2. Surfaces with constant negative Gaussian curvature

In this section we recall basic facts concerning a description of surfaces with
constant negative Gaussian curvature (K-surfaces) in terms of quaternions
(see, for example, [5] for details and missing proofs). LetF : R

2 → R
3 be

the Chebyshev net parametrization of a (weakly regular)K-surfaceF . It is
the asymptotic line parametrization with|Fx | = const, |Fy | = const, where
the subscripts denote the corresponding partial derivatives. For the Gauss
mapN : R

2 → S2 one has

Fx, Fy, Fxx, Fyy ⊥ N. (2.1)

With each K-surfaceF one can associate a one-parameter(λ > 0) family
{F (λ)}λ∈R+ of K-surfaces (the associated family) given by the following
fundamental forms:

I (dx, dy) = ρ̂2(λ2a2dx2 + 2ab cos(φ)dxdy + λ−2b2dy2), (2.2)

II (dx, dy) = 2ρ̂ab sin(φ)dxdy, (2.3)

wherea, b, ρ̂ > 0 are independent ofx, y, λ andφ = φ(x, y) is the angle
between the asymptotic lines. Thus the associated family can be viewed as a
deformation (with the deformation parameterλ) of the K-surfaceF = F (1),
which preserves the second fundamental form, the Gaussian curvature,K =
− 1
ρ̂2 , and the angleφ between the asymptotic lines.

We will use the well-known isomorphism betweenR
3 and=H, the space

of imaginary quaternions:

F = −i
3∑
α=1

Fασα ∈ =H ⇐⇒ F = (F 1, F 2, F 3) ∈ R
3,

whereσα are the Pauli matrices:

σ1 =
(

0 1
1 0

)
, σ2 =

(
0 −i
i 0

)
, σ3 =

(
1 0
0 −1

)
.

Henceforth we adopt the same notations for the vectors regardless whether
they are considered as elements ofR

3 or =H. Recall that, the usual scalar
〈F, G〉 and crossF ×G products of vectors in the matrix notations (r.-h. s.’s
of the following equations) read:

〈F, G〉 = −1

2
tr FG, F ×G = FG+ 〈F, G〉 .
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A moving frame on the surfaceF (λ) can be chosen as follows:

Fx = −iaρ̂λ8−1

(
0 e−

iφ
2

e
iφ
2 0

)
8, Fy = − ibρ̂

λ
8−1

(
0 e

iφ
2

e−
iφ
2 0

)
8,

N = −i8−1σ38, (2.4)

where8 is a map,8 = 8(x, y, λ) : R
2 × R+ → SU(2).

Theorem 1. The function8(x, y, λ) is a solution of the system:

8x = U8, 8y = V8, (2.5)

U =
(

iφx
4 − ia

2 λe
− iφ

2

− ia
2 λe

iφ
2 − iφx

4

)
, V =

(
− iφy

4
ib
2λe

iφ
2

ib
2λe

− iφ
2

iφy

4

)
, (2.6)

φ = φ(x, y) solves the sine-Gordon equation

φxy = ab sinφ. (2.7)

The asymptotic line parametrization ofF is given by the Sym-formula (see
[16])

F(x, y, λ) = 2ρ̂λ8−1 ∂

∂λ
8. (2.8)

Conversely, ifφ(x, y) is a solution of the sine-Gordon equation (2.7),
then there exists a function8(x, y, λ) ∈ SU(2), which forλ ∈ R+ defines
via (2.8) the asymptotic line parametrization of an associated family of K-
surfaces with the Gaussian curvatureK = − 1

ρ̂2 .

Corollary 1. The Gauss mapN = N(x, y, λ) of a K-surface is Lorentz-
harmonic:

Nxy = ab cos(φ)N (2.9)

and|Nx | = aλ, |Ny | = b/λ.

Corollary 2. Principle curvatures ofF (λ) are as follows:

k1 = 1

ρ̂
tan

φ(x, y)

2
, k2 = − 1

ρ̂
cot

φ(x, y)

2
. (2.10)
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3. The Amsler surface

In this section we give an analytic description ofK-surfaces with two straight
asymptotic lines. These surfaces were first studied by Bianchi [3], who proved
their existence and has shown that in this case the sine-Gordon equation
reduces to an ordinary differential equation. A more detailed treatment of
these surfaces is due to Amsler [1], who produced a first plot. We call a
K-surface with two non-parallel straight asymptotic lines(Lx andLy) an
Amsler surface.

Lemma 1. The angleφ(x, y) between asymptotic lines for the Amsler sur-
face is constant along the straight asymptotic lines:

φ(x, y)
∣∣
Lx = φ(x, y)

∣∣
Ly ≡ ϕ(0), (3.1)

whereϕ(0) is the angle betweenLxand Ly . In a proper parametrization
condition(3.1) reads as

φ(x, 0) = φ(0, y) ≡ ϕ(0). (3.2)

Proof. SinceLx, Ly are the straight lines and|Fx | = ρ̂aλ, |Fy | = ρ̂b

λ
, we

get that

Fxx
∣∣
Lx = Fyy

∣∣
Ly = 0. (3.3)

Conditions (2.1) and Eq. (2.9) imply:

〈
Fx, Nxy

〉 = 〈
Fy, Nxy

〉 = 0. (3.4)

Now (2.3), (3.3), and (3.4) yield:

∂

∂x
sin(φ)

∣∣∣∣
Lx

= 1

ab

∂

∂x

〈
Fx, Ny

〉 = 0 = 1

ab

∂

∂y

〈
Fy, Nx

〉 = ∂

∂y
sin(φ)

∣∣∣∣
Ly

.

Additionally, we know thatφ
∣∣
Lx

(
φ
∣∣
Ly

)
is independent ofy (of x), since the

latter variables are fixed on corresponding asymptotic lines. Finally, using
thatφ(x, y) is supposed to be a smooth function ofx andy, one obtains
(3.1). ut

Lemma 2. Any two intersecting straight lines,Lx andLy uniquely define
an Amsler surfaceF with the asymptotic linesLx andLy . Vice versa, given
an Amsler surfaceF the pair of its straight asymptotic lines,Lx andLy , is
uniquely defined.
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Proof. The intersection pointO of Lx andLy divide them on the raysLx
±

andL
y
± correspondingly. In parametrization (3.2)Lx

+, L
y
+ are the images

of the coordinate semi-axesx > 0, y > 0. Let ϕ(0) be an angle between
the raysLx

+ andL
y
+. It is well known that the boundary value problem (3.1)

for the hyperbolic sine-Gordon equation (2.7) is uniquely solvable (see [3]).
The solution of this problemφ(x, y) defines via (2.5), (2.6), and (2.8) a
part ofF bounded byLx

+ andL
y
+. Another part ofF bounded byLx

− and
L
y
+ is defined by the unique solution of the boundary value problem (3.1)

for Eq. (2.7) but with the angleϕ(0) changed toϕ(0) − π . This gives us a
half of the surface. The remaining part ofF results from a revolution of the
constructed part with respect to the axisFx(x, 0)× Fy(0, y) by angleπ .
Conversely, letLx

1 and L
y

1 be another pair of straight asymptotic lines onF .
One of them, sayLx

1, is intersectingLy with the angleϕ(0). Thus, the angle
betweenLx

1 and L
y

1 is also equal toϕ(0). Using this and denoting a value
of the parametery (in the parametrization (3.2)) corresponding toLx

1 asy1

one finds:ϕ(x, 0) = ϕ(x, y1) = ϕ(0). Thus,ϕx(0, 0) = ϕx(0, y1) = 0.
Hence, ify1 6= 0 (i.e.Lx

1 6= Lx), thenϕxy(0, y2) = 0 ⇒ sin(ϕ(0, y2)) =
sin(ϕ(0)) = 0 for y2 : 0 < y2 < y1, which proves thatLx

1 ≡ Lx . In
analogous manner one finds thatL

y

1 ≡ Ly . ut
Lemma 3. The angle functionφ(x, y) of an Amsler surface is a similarity
solution

φ(x, y) = ϕ(r), r =
√

−4abxy, (3.5)

of the sine-Gordon equation(2.7). The functionϕ(r) is the unique solution
of the following initial value problem

ϕ(r)
∣∣
r=0 = ϕ(0),

d

dr
ϕ(r)

∣∣∣∣
r=0

= 0, (3.6)

for the third Painlev́e equation in the trigonometric form

ϕ′′(r)+ 1

r
ϕ′(r)+ sin(ϕ(r)) = 0. (3.7)

Proof. If φ(x, y) is the solution of the boundary value problem discussed
in Lemma 2, thenφ(αx, y/α) for arbitraryα > 0 is also the solution of
this problem. Due to the uniqueness of the solution we haveφ(x, y) =
φ(αx, y/α). Differentiating this equation with respect toα and putting
α = 1, one gets

xφx(x, y) = yφy(x, y), (3.8)

which means thatφ(x, y) is a function ofxy. By introducing the similarity
variables (3.5) into Eq. (2.7) we obtain (3.7). The second condition in (3.6)
follows from the fact thatφx(x, 0) andφy(0, y) are bounded. ut
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Since the functionϕ(r) plays an important role in our studies we summarize
its properties in the following

Proposition 1. Denoteϕ(r, ϕ(0)) := ϕ(r), the solution of the initial value
problem(3.6) for Eq.(3.7). For r, ϕ(0) ∈ R, it is a real-analytic function of
these variables with the following symmetry properties:

ϕ(r, ϕ(0)) = ϕ(−r, ϕ(0)), ϕ(r, − ϕ(0)) = −ϕ(r, ϕ(0)),
ϕ(r, ϕ(0)± 2π) = ±2π + ϕ(−r, ϕ(0)),

ϕ(ir, ϕ(0)) = π + ϕ(r, ϕ(0)− π). (3.9)

Proof. Identities (3.9) follow from the unique solvability of the boundary
value problem (3.2) for the sine-Gordon equation (2.7). Sinceϕ(r) andϕ′(r)
are bounded, the Cauchy theorem from the analytic theory for ordinary dif-
ferential equations [10] ensure thatϕ(r) is an analytic function ofr ∈ R \ 0.
The proof of the analyticity ofϕ(r) at r = 0 is analogous to the one for the
Cauchy theorem, i.e., one can prove the convergence of the corresponding
Taylor series in some neighborhood of the origin.ut
Theorem 2. An Amsler surface is uniquely characterized by the angleϕ(0)
between its straight asymptotic lines, where0< ϕ(0) ≤ π

2 .

Proof. If an Amsler surface is given, then according Lemma 2 the angleϕ(0) :
0 < ϕ(0) ≤ π

2 is uniquely defined, and using Lemma 3 the corresponding
functionϕ(r, ϕ(0)) can be obtained. The inverse map is given by Lemma 3
and Theorem 1. ut
Corollary 3. The associated family of an Amsler surface consists of one
surface.

For the analytic studies presented in the next sections it is convenient to
specify the mapping described in Theorem 2 in a more explicit form.

Lemma 4. Let F (λ) be an associated family of Amsler surfaces. Consider
the system(2.5), in which the matricesU and V are given by (2.6) with
φ(x, y) = ϕ(r, ϕ(0)). There exists a solution8 = 8(x, y, λ) ∈ SU(2) of
this system which satisfies the following equation

∂

∂λ
8 =

(x
λ
U − y

λ
V
)
8. (3.10)

Conversely, if a real-analytic functionϕ(x, y) is such that the system of
three equations(2.5), (2.6), and(3.10)is compatible, then its solution,8 =
8(x, y, λ) ∈ SU(2), defines via Eq.(2.8) the Amsler familyF (λ).
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Proof. Lemma 3 states that the angle functionφ(x, y) of F (λ) is a similar-
ity solution of the sine-Gordon equation (2.7). The similarity condition for
φ(x, y) (3.8) in terms of the matricesU andV reads as:

λVλ + V = xVx − yVy, λUλ − U = xUx − yUy. (3.11)

Since the system (2.5), (2.6) is compatible, Eqs. (3.11) are equivalent to
the compatibility condition of Eq. (3.10) with this system. Conversely, the
compatibility means that the functionφ(x, y) has the properties (3.5), (3.6),
and (3.7), so that we can use Theorem 2.ut
Proposition 2. Let F ≡F (λ) be the Amsler surface defined by a pair of
straight linesLx andLy with the intersection angleϕ(0). Choose a coordi-
nate system inR3 such that parametrization ofLx andLy reads:

Lx : F(x, 0, λ) = −iρ̂axλσ3, Ly : F(0, y, λ) = − iρ̂by
λ
Q−1σ3Q,

(3.12)

where

Q =
(

cos(ϕ(0)2 ) i sin(ϕ(0)2 )

i sin(ϕ(0)2 ) cos(ϕ(0)2 )

)
. (3.13)

Then fory 6= 0 a parametrization ofF is given by the following equations:

F(x, y, λ) = 2ρ̂µ9−1(r, µ)A9(r, µ), r =
√

−4abxy, µ = −2λ

by
,

(3.14)

where9 = 9(r, µ) is the solution of the system:

9µ = A9, 9r = W9, (3.15)

A = − ir
2

16
σ3 − irϕr(r)

4µ
σ1 + 1

µ2

(
i cos(ϕ(r)) − sin(ϕ(r))
sin(ϕ(r)) −i cos(ϕ(r))

)
,(3.16)

W = − irµ
8
σ3 − iϕr(r)

2
σ1, (3.17)

with the asymptotic expansion

9 =
µ→∞

(
I +O

(
1

µ

))
exp

(
− ir

2µ

16
σ3

)
. (3.18)

The functionϕ(r) = ϕ(r, ϕ(0)) in (3.16) and (3.17)is defined in Proposi-
tion 1.
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Proof. The coordinate system is chosen such that the intersection pointO of
Lx andLy is at the origin,Lx coincides with the third axis, the first axis is a
normal to the plane spanned onLx andLy , and the angle between the second
axis andLy is equal toπ2 +ϕ(0). Note thatLx andLy are independent ofλ.

One can rewrite Eq. (3.10) asλ8λ = x8x − y8y . The last equation
implies that8(x, y, λ) is a similarity solution of the system (2.5), (2.6),
which depends on the similarity variabler, and onµ (see the two last Eqs.
in (3.14)). It enables us to introduce a new function

9(r, µ) = 1√
2

(
1 1

−1 1

)
exp

(
iφ(x, y)

4
σ3

)
8(x, y, λ), (3.19)

whereφ(x, y) is the similarity solution from Lemma 3. Now, using the
system (2.5), (2.6) we find that fory 6= 0 function9 satisfies the system
(3.15)–(3.17), and the Sym formula 2.8) implies the first equation in (3.14).
The asymptotics (3.18) follows from the parametrization (3.12) of the straight
linesLx andLy . ut

It can be checked by direct computation that Eq. (3.7) gains a Hamiltonian
form

dq

dr
= {H , q}, dp

dr
= {H , p}

with respect to the canonical Poisson structure:

{p, p} = {q, q} = 0, {p, q} = 1

and the Hamiltonian

H(p, q) = p2

2r
+ r(1 − cos(q))

as soon asp andq are defined as follows:

p = rϕr(r), q = ϕ(r).

Corollary 4. The square of the distance from the origin ofF (λ) to its point
with the coordinatesF(x, y, λ) is given by the following formula,

|F(x, y, λ)|2 = ρ̂2r2

4

((
4

ν
− ν

4

)2

+ 2

r
H(r)

)
, ν = rµ,

whereH(r) is a Hamiltonian functionH(r) = H(p(r), q(r)),

H(r) = r

(
ϕ2
r (r)

2
+ 1 − cosϕ(r)

)
,

of Eq. (3.7).

Proof. According (3.14)|F(x, y, λ)|2 = 4ρ̂2µ2 detA. ut
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4. Asymptotic cone

In this section we carry out an asymptotic analysis of system (3.15) in order
to investigate asymptotic properties of the Amsler surface. This system was
studied from the point of view of Isomonodromy Deformation Method in
[11] and, in particular, we use results obtained in this book.

For general solutions of Eq. (3.7) the function9(r, µ) (3.18) is defined
on the universal covering of the complex sphereC 3 µ punctured at the
pointsµ = 0 andµ = ∞. It means that9(r, µ) onC \ 0 gains a non-trivial
monodromy, while analytical continuation around circles centered atµ = 0
andµ = ∞:

9(r, µe2πi)|µ=0 = 9(r, µ)M0, 9(r, µe
−2πi)|µ=∞ = 9(r, µ)M∞.

Here the l.h.s.’s are considered the analytical continuation of the functions in
the r.h.s.’s along the circles mentioned above. Moreover, in a general situation
the monodromy matricesM0 andM∞ are factorized in products of the Stokes
multipliers (see [11] for details). But in our case the monodromy properties
of the function9(r, µ) become trivial.

Proposition 3. The function9 = 9(r, µ) (3.15), (3.18) is defined onC\0,
i.e. all its Stokes and monodromy matrices are trivial,M0 = M∞ = I . In
the neighborhood ofµ = 0, the function9 has the following asymptotic
expansion:

9 =
µ→0

Q(r)−1(I +O(µ))exp

(
− i

µ
σ3

)
Q, (4.1)

where

Q(r) =
(

cos(ϕ(r)2 ) i sin(ϕ(r)2 )

i sin(ϕ(r)2 ) cos(ϕ(r)2 )

)
, (4.2)

and Q = Q(0) is defined in (3.13).

Proof. According the second equation in (3.15) the monodromy data are
independent ofr so that we can calculate them just by settingr = 0 in the
first Eq. (3.15). Thus we get

9(0, µ) = Q−1 exp

(
− i

µ
σ3

)
Q. (4.3)

Here, the right factorQ corresponds to the asymptotic expansion (3.18). All
the Stokes multipliers and monodromy matrices for the function (4.3) are, of
course, trivial.
Substituting the asymptotic expansion (4.1) in system (3.15) we get forQ(r)

the expression (4.2) up to a right diagonal matrix independent ofr. Eq. (4.3)
implies that this factor is equal toI . ut
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Remark. In [11] Q is called the connection matrix.

Now we are ready to formulate symmetry properties of the Amsler sur-
face in terms of the function9, which generates the corresponding immer-
sion by the Sym-formula (3.14). Henceforth, we call it for brevity the9-
parametrizationof a surface.

Corollary 5. Let F be an Amsler surface in the parametrization of Propo-
sition 2. Then the following9-parametrizations describeF :

9(r, µ, ϕ(r, ϕ(0)− π)) between Lx
+ andL

y
+,

(−iσ1)9(r, µ, ϕ(r, ϕ(0)− π))iσ1 between Lx
− andL

y
−,

9(r, µ, ϕ(r, ϕ(0))) between Lx
+ andL

y
−,

(−iσ1)9(r, µ, ϕ(r, ϕ(0)))iσ1 between Lx
− andL

y
+.

Here r, µ > 0. The notation9(r, µ, ϕ(r, ϕ(0) − π))) means that the
function9(r, µ) is defined by (3.15)–(3.18) withϕ(r) = ϕ(r, ϕ(0) − π).
The9-parametrization of the raysLy

± is defined by Eq. (4.3) and of the rays
Lx

± is given by9(r, µ, ϕ(r) ≡ 0) = exp
(−ir2µσ3/16

)
, in which (+)-ray

corresponds toµ ≥ 0 and (-)-ray toµ ≤ 0.

Proof. If a point (ax, by) belongs to quadrant I ofR2, then we writer =
ir̂, µ = −µ̂, where r̂ , µ̂ > 0. Now using Propositions 1, 2, and 3 one
finds: 9(ir̂, −µ̂, ϕ(ir̂, ϕ(0))) = 9(ir̂, −µ̂, π + ϕ(r̂, ϕ(0) − π)) =
9(r̂, µ̂, ϕ(r̂, ϕ(0) − π)). To justify these equations one proves that9 -
functions solve the same system (3.15) and have the same asymptotics (3.18).
When the point(ax, by) is in quadrant II ofR2, we putr = ir̂, thenr̂ , µ >
0. Instead of previous calculation now we have:9(ir̂, µ, ϕ(ir̂, ϕ(0))) =
9(ir̂, µ, π + ϕ(r̂, ϕ(0)− π)) = σ19(r̂, µ, ϕ(r̂, ϕ(0)− π))σ1.
In quadrant IV we can directly use Proposition 2. The proof for quadrant III
is analogous to the one for quadrant II.ut

As a result of Corollary 5 we see that to construct the parametrizationF

(3.14) for Amsler surface it is enough to use the function9(r, µ) only for
positive values ofr andµ. Its asymptotic properties are summarized in the
following theorem, the proof of which is given in Chapter 6 of [11].

Theorem 3. If ϕ(0) : 0< ϕ(0) < π , then

ϕ(r, ϕ(0)) =
r→+∞

α√
r

cos(θ(r))+ o

(
1√
r

)
, θ(r) = r − β ln r + γ,

(4.4)

whereα > 0:

β = α2

16
= − 1

π
ln cos

(
ϕ(0)

2

)
, γ = 3π

4
− arg0 (−iβ)− 2β ln 2,

(4.5)



Asymptotic cone and the third Painlevé equation 499

and0(·) is the gamma function [2].
Denote

4ξ = (ν − 4)
√
r, ν = rµ > 0. (4.6)

For
r → +∞, |ξ | < O

(
r1/6)

the following asymptotics holds:

9(r, µ, ϕ(r, ϕ(0))) = (1 + o(1))exp

(
−πβ

4
− iθ

2
σ3

)
D(ξ)E, (4.7)

E = exp

(
iπ

8
σ3 − i

2
arg0(−iβ)σ3

)
, (4.8)

D(ξ) =

 D−iβ

(
ξe

iπ
4

)
α
4e

iπ
4 Diβ−1

(
ξe−

iπ
4

)
− 4
α
e−

iπ
4 ∇D−iβ

(
ξe

iπ
4

)
−∇Diβ−1

(
ξe−

iπ
4

)

 . (4.9)

HereD•(·) is the parabolic cylinder function [2], and

∇ = e
iπ
4
∂

∂ξ
− e−

iπ
4
ξ

2
. (4.10)

For
r → +∞, ξ ≥ O (rε) > 0, ε > 0,

and also forν → +∞ and boundedr the asymptotics of the9-parametri-
zation is given by

9(r, µ, ϕ(r, ϕ(0))) =
(
T (r, ν)+O

(
1

ξ

))
exp(−iσ3J (r, ν)), (4.11)

where

T (r, ν) =
(
I − 16

ν2
Q−1(r) cos

ϕ(r, ϕ(0))

2

)
ν2

ν2 − 16
,

J (r, ν) = r

(
ν

16
+ 1

ν

)
+ α2

16
ln

|ν − 4|
ν + 4

,

andQ(r) is defined in (4.2).
For

r → +∞, ξ ≤ O (rε) < 0, ε > 0,

and also forν → +0 and boundedr one has the following asymptotic
expansion,

9(r, µ, ϕ(r, ϕ(0))) =
(

T (r, ν)

cos(ϕ(r, ϕ(0))/2)
+O

(
ν

ξ

))
× exp(−iσ3J (r, ν))Q,

whereQ = Q(0) is defined in (3.13).
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Corollary 6. Between any pair of the rays(Lx
±, L

y
±) the Amsler surface

F (λ) has infinite number of cusps,E±±
n , i.e., the curves on which one of

the principle curvatures is collapsing. In the parametrization of Corollary 5:
E++
n andE−−

n are images of the curves−4abxy = (r+n )
2, n ∈ N; E+−

n and
E+−
n are images of−4abxy = (r−n )

2, n ∈ N, where{r+n }n∈N and {r−n }n∈N

are sequences of zeroes of the functionsϕ(r, ϕ(0) − π) and ϕ(r, ϕ(0)),
respectively. These sequences have the following asymptotics:

r±n =
n→∞

π

2
+ πn+ β± ln(πn)− γ± + o(1), (4.12)

whereβ−, γ− are given by (4.5),β+, γ+ are given by the same equations
whereϕ(0) is replaced byϕ(0)− π .

Proof. The existence of the infinite sequence of zeroes ofϕ(r, ·) and their
distribution (4.12) follows from the asymptotics (4.4). The appearance of the
edges is clear from the formulas for principle curvatures (2.10).ut
Remark.Each edgeE±±

n is winding around both corresponding raysLx
±,L

y
±

approaching them asx or y → 0.

Asymptotic results of Theorem 3 combined with the Sym formula (2.8)
motivate the following

Definition 1. LetF (λ) be an Amsler surface parametrized as in Proposition
2. We call the coneAF(λ) with9-parametrization given by

9A = exp

(
−πβ

4
− iθ

2
σ3

)
D(ξ)E (4.13)

the asymptotic cone of the surfaceF (λ). HereD(ξ) and E are defined in
Eqs.(4.9) and (4.8) forx > 0 andy < 0. For other signs ofx andy 9A is
defined by the same formulas as the9-parametrization forF in Corollary
5.

Corollary 7. The immersionFA = FA(x, y, λ) of the asymptotic coneAF
in the notations of Proposition 2 and Theorem 3 is given by

FA = ρ̂
√
rE−1D−1(ξ)

(
−ξiσ3 − αi

2
σ2

)
D(ξ)E, (4.14)

Remark.Note that: 1) The asymptotic cone is independent of the parameter
λ so that, we designate it also asAF ; 2) The origin ofAF coincides with
the intersection pointO of the straight linesLx andLy ; 3) It is natural to
consider asymptotic linesLx andLy as belonging toAF . In this case by
considering the limitsξ → ±∞ one finds that sections ofAF by spheres
are compact.
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Fig. 1.An Amsler surface with its asymptotic cone

Definition 2. Any cone defined asAF (see Definition 1) but with|ξ | < ξ0

for someξ0 > 0 is called a proper sub-cone ofAF . It is designated further
asPAF .

Theorem 4. AnyPAF is lying in a finite neighborhood of the the surface
F (λ).

Proof. The proof is given in Section 7.ut
Remark. It means that distances from points ofPAF to the surfaceF (λ)are
bounded by a constant depending onξ0. Note that the assignment of Theorem
4 does not necessarily imply thatF (λ) lies in a finite neighborhood ofPAF .

An example of the Amsler surface and its asymptotic cone is presented
in Fig. 1. Actually, the figure depicts adiscreteAmsler surface introduced
and studied in [14]. Surfaces with constant negative Gaussian curvature have
a natural discrete version – discreteK-surfaces [8]. The latter are the maps
F : Z

2 → R
3 with special geometric properties. Every image point together

with all its nearest neighbors lie in a plane. In addition to this property the
distance between neighboring image points in each of the two coordinate
directions is constant. Discrete Amsler surfaces are defined (exactly as in
the smooth case) as the discreteK-surfaces with two straight lines. Starting
with this geometrical definition a discrete third Painlevé equation is derived
in [13]. In addition to the assertion of Theorem 4, Fig. 1 demonstrates that
an Amsler surface can be approximated by discrete Amsler surfaces.
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5. Universality of the asymptotic cone. Constant mean curvature
surfaces with internal symmetry

As mentioned in the introduction, the cone defined in Sec. 4 also describes
asymptotic properties of some special surfaces with constant mean curvature
(CMC). These surfaces are CMC immersions ofR

2 with internal isometry
(actually, with the inner rotational symmetry, see below). There are several
papers where these surfaces are studied [15,18,4,9]. In particular, in [18]
it is proved that these immersions are proper. A more detailed description
is obtained in [4], where the asymptotics of these surfaces at infinity are
computed. Each surface of the family is asymptotic to a cone2. Our main
goal in this section is to prove that the coneAF of Sec. 4 and the one
introduced in [4] coincide.

LetF : C → R
3 be a conformal parametrization of a topological planeF

with the constant mean curvatureH = 1 andN : C → S2 its Gauss map. The
Hopf differential is holomorphic and the conformal metriceu = 2 〈Fz, Fz〉
satisfies the Gauss equation

uzz + 1

2
eu − 2|Q|2e−u = 0. (5.1)

The set of umbilic points is discrete. Assume thatF has a continuous group
of internal isometries (i.e., the conformal factoreu is invariant with respect
to the action of a vector field onC) and at least one unbilic pointP0. One can
explicitly describe all surfaces of this class.

Actually, in a neighborhoodU 3 P0 one can introduce a conformal co-
ordinatez : U → V ∈ C such thatz(P0) = 0 andQdz2 = 1

2z
mdz2, where

m ≥ 1 is the order of the umbilic pointP0. The level sets of|Q| are pre-
served by internal isometries, therefore, in the chosen parametrization ofU ,
the conformal factoreu depends on|z| only. The Gauss equation (5.1) onU
becomes an ordinary differential equation, which by the transformation

ev := eu
(

4

(m+ 2)ρ

) 2m
m+2

, ρ := 4

m+ 2
|z|1+m

2

is reduced to the following form of the third Painlevé equation:

vρρ + 1

ρ
vρ + sinhv = 0. (5.2)

2 Note that using the results of [11] only the leading term of the asymptotics of the Smith
surfaces is computed in [4]. In particular, it is not yet proven that the asymptotic cone lies
in a finite neighborhood of the corresponding surface. To prove this statement one should
use technically more advanced results similar to those of Section 7.
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The solution of Eq. (5.2) which corresponds to the surfaceU has the following
behavior asρ → 0,

v(ρ) = − 2m

m+ 2
ln ρ + 2m

m+ 2
ln

4

m+ 2
+ u(0)+ o(ρ).

It is uniquely determined by the valueu(0) of the metric at the central point
z = 0. According to [18] this solution can be smoothly continued for all
ρ ∈ (0,∞). The latter solution of Eq. (5.2) andQ = 1

2z
m defines the CMC

immersionF5 : C → R
3 on the whole complex plane. We denote the latter

CMC surface by5m(u(0)). The surface5m(u(0)) has a common partU
with the original surfaceF we started with and, due to the uniqueness (CMC
surfaces are real analytic) of CMC surfaces, coincides withF . The previous
discussion can be summarized in the following

Proposition 4. Up to Euclidian motion there exists one and only one family
of the CMC planes5m(u(0))with continuous internal isometries and at least
one umbilic point of orderm ≥ 1. This family is parametrized by the value
u(0) of the metric3 at the central pointz = 0.

Theorem 5. (see [18,4]). The surface5m(u(0)) possessesm + 2 symme-
try planes which intersect along the axisl passing through the central point
z = 0. This central point is umbilic4 of orderm.
The 1

2(m+2) -part of the surface5m(u(0)) lying between consequent sym-
metry planes is asymptotically (see [4] for details) described by the cone
A5m(u(0)) given by the following

Definition 3. The coneA5m(u(0)) given by the parametrization

(r, ξ) ∈ R+ × R+ H⇒ FA5 = i

2
rP̃−1

(
0 α5

4ξ2

α5
+ α5 0

)
P̃ , (5.3)

is called the asymptotic cone of the CMC surface5m(u(0)). The matrixP̃
is defined as follows:

P̃=
(

1 0
− 2ξ
α5

1

)(
D−

−s5 −α5
4 e

iπ
4 D+

s5−1

− 4
α5

4e
iπ
4 D

′+
−s5 −D′+

s5−1

)

3 The coordinate is normalized by the Hopf differential.
4 in the casem = 0 we obtaine a surface with the intrinsic rotational isometry without

umbilics. The central point is a fixed point of the isometry.
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with

α5=
√

−16

π
ln

sin π
m+2

cosh
√
β5

> 0, s5 = − iα
2
5

16
,

p=tanh
√
β5 sin

π

m+ 2
+ i cos

π

m+ 2
,

√
β5= 2

π
(4m+ 8)

m
m+2e−

u(0)
2 sin

π

m+ 2
02

(
m+ 1

m+ 2

)
,

whereD±
(·) andD

′±
(·) are the parabolic cylinder function and its derivatives

by the argument whose values are taken at the pointsξe±
iπ
4 , i.e.,D±

(·) =
D(·)

(
e±

iπ
4

)
andD

′±
(·) = d

dr
D(·)(r)

∣∣∣
r=e± iπ

4
, respectively.

Remark.The cone (5.3) differs from the one defined in [4] by non-essential
rotations.

Proposition 5. Under the condition

cos
φ(0)

2
= sin π

m+2

cosh
√
β5

(5.4)

the coneAF coincides, up to the rotationσ1e
−σ3

(
iπ
8 + i

2arg0(s5)
)
, with the cone

A5m(u(0)).

Proof. By using the following identities for the parabolic cylinder functions
(see [2])

D
′−
−s5 = −s5D−

−s5−1 + ξ

2
e−

iπ
4 D+

−s5, (5.5)

D
′+
s5−1 = −D+s5 + ξ

2
e
iπ
4 D+

s5−1, (5.6)

one finds that

P̃ = e
iπ
4 σ3σ1D5σ1e

− iπ
4 σ3, (5.7)

where

D5 =
(

D+
s5

α
4e

iπ
4 D−

−s5−1

−α
4e

− iπ
4 D+

s5−1 D−
−s5

)
. (5.8)

The parametrization of the immersion (5.3) by means of Eq. (5.7) can be
rewritten as follows:

FA5 = √
ρe

iπ
4 σ3σ1D−1

5

(
−iξσ3 − α5i

2
σ3

)
D5σ1e

− iπ
4 σ3. (5.9)
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On the other hand, by applying the identities (see [2])

∇D+
−iβ ≡ βD+

−iβ−1 and ∇D−
iβ−1 ≡ −D−

iβ,

where the operator∇ is defined in Eq. (4.10) in Eq. (4.9) one arrives at

D(ξ) = D5

provided that−iβ = s5. The latter equation implies (5.4). Comparing
Eqs. (4.14) and (5.3) one proves thatA5m(u(0)) is a rotation ofAF de-
fined by the matrix

e−
iπ
8 σ3+ i

2σ3 arg0(s5)σ1e
− iπ

4 σ3 = σ1e
−σ3

(
iπ
8 + i

2 arg0(s5)
)
. ut

6. Geometry of the asymptotic cone

The analytic description of the asymptotic coneAF given in Sec. 5 is not
quite satisfactory since the formulas are rather complicated and do not reveal
much about the geometry of the cone. To describe any cone it is enough to fix
a curve lying on it. In this section we consider two different curves generating
AF . Both these curves have interesting geometric properties.

Consider the curve,

γ (ξ) := D−1

(
−iξσ3 − αi

2
σ2

)
D, (6.1)

whereD is given in (5.8). Note that as shown in Section 4 this curve is visible
on the Amsler surface. After an appropriate scaling the cusp curvesEn for
n → ∞ are close toγ (ξ).

One can check that

dD
dξ

D−1 = 1

2

(
−iξσ3 − αi

2
σ2

)
. (6.2)

Proposition 6. The generating curve (6.1) is arclength parametrized and
governed by the equation

γ
′′ = γ

′ × γ, (6.3)

where the primes denote the derivative with respect toξ . Its curvature and
torsion are equal to

κ = α

2
, τ = ξ.
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Proof. Using (6.2) one finds that

γ
′ = D−1(−iσ3)D, γ

′′ = α

2
D−1(iσ1)D.

Thus,γ
′
and 2

α
γ

′′
build a Frenet frame of the curve. The expressions forκ

andτ follow directly.
Recall the well-known (see [13]) smoke-ring evolution,γ̃ (t, ξ), of a curve

γ̃ (ξ) = γ̃ (0, ξ) , which is the evolution of the curvẽγ (ξ) in the binormal
direction with the velocity equal to the curvature. The functionγ̃ (t, ξ) solves
the followingsmoke-ring propagation equation,

˙̃γ ≡ dγ̃

dt
= γ̃

′ × γ̃
′′
. (6.4)

Proposition 7. Under the smoke-ring flow (6.4) the generating curveγ (ξ)

evolves by a homothety:

γ̇ = −γ + γ
′ 〈
γ, γ

′〉
. (6.5)

Proof. The proof follows immediately from Eqs. (6.3) and (6.4). The first
term in the r.-h.s. of Eq. (6.5) corresponds a homothety, whereas the second
one is the tangential vector field which preserves the arclength parametriza-
tion.

Let us now investigate geometry of another curve describing the cone
AF ,

ϒ(ξ) := γ (ξ)

|γ (ξ)| = D−1
(−iξσ3 − αi

2 σ2
)

D√
ξ2 + α2

4

,

which is the intersection ofAF with the unit sphere. ut
Proposition 8. The curveϒ lies on the unit sphere and has the total length
π . Its geodesic curvature, as the function of the arclength parameters, is as
follows,

κ(s) = α2

4 cos3 s
, s ∈

(
−π

2
,
π

2

)
. (6.6)

Proof. Computingϒ
′
(ξ) we obtain for the arclength parametrization,s, and

the unit tangent vector,T , the following expressions:

ds

dξ
= 2α

4ξ2 + α2
, T := ϒ

′∣∣ϒ ′∣∣ = D−1
(
iξσ2 − αi

2 σ3
)

D√
ξ2 + α2

4

.

The first equation can be solved,

ξ = α

2
tans, s ∈

(
−π

2
,
π

2

)
.
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To compute the curvature note that the third vector of the orthogonal frame
(ϒ, T ,N) is given by the equation

N = T × ϒ = D−1(iσ3)D.

For the curvatureκ = − 〈T , dN
ds

〉 = −
〈
T , dN

dξ

〉
dξ

ds
this implies formula (6.6).

ut

7. Proof of Theorem 4

By substitutingξ for µ in the first Eq. (3.15), whereξ is as introduced in
(4.6), one arrives at the following equation

∂

∂ξ
9 = A(ξ, r)9, (7.1)

where the matrixA(ξ, r) can be developed in the Taylor series

A(ξ, r) =
∞∑
l=0

Pl(r)

4

ξ l(√
r
)l−1 . (7.2)

The coefficientsPl ≡ Pl(r) are given by the equations:

P0 = −iσ1ϕ
′
(r)− iσ2 sin(ϕ(r))− 2iσ3 sin2

(
ϕ(r)

2

)
, (7.3)

Pl = (−)l ((l + 1)P−iϕ ′
(r)σ1

)
, P = iσ3 cos(ϕ(r))−iiσ2 sin(ϕ(r)).(7.4)

According to the results stated in Theorem 3 one has the following estimations
asr → ∞:

P0 = O

(
1√
r

)
, Pl = (−)l(l + 1)

(
iσ3 + O

(
1√
r

))
. (7.5)

It is clear that these estimations are uniform onl and the radius of convergence
for the series (7.2) is equal to

√
r.

Define the function90 ≡ 90(ξ, r) as a fundamental solution of the
following ODE

∂

∂ξ
90 = (B0 + B1ξ)90, B0 = P0

√
r

4
, B1 = P1

4
. (7.6)

Proposition 9. The following series

9 =
∞∑
k=0

Qk(r)ξ
k90, (7.7)
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where

Q0 = I, Q1 = Q2 = 0, Q3 = P2

4
√
r
, (7.8)

and fork ≥ 4

kQk = [
B1, Qk−2

]+ [
B0, Qk−1

]+ 1

4

k−1∑
l=2

PlQk−l−1(√
r
)l−1 (7.9)

is a formal fundamental solution of the equation (7.1).

Proof. Just a substitution of series (7.7) into Eq. (7.1) in whichA(ξ, r) is
defined in (7.2). ut
Some of the following results are formulated in a slightly more general form
than we actually need for the proof of Theorem 4.

Lemma 5. Given a sequence of numbersfl, (l ≥ 0) such that

‖P0(r)
√
r‖ ≤

r→∞
f0, ‖Pl(r)‖ ≤

r→∞
fl, fl =

l→∞
o
(
(1 + ε)l

)
,

the coefficientsQk = Qk(r), (k ≥ 1) can be written as

Qk =
l=k−1∑
l=2

Ql
k(r)

(
1 + ε√
r

)l−1

, (7.10)

whereε > 0 is arbitrary and for the functionsQl
k(r) the following estimations

asr → ∞

‖Ql
2n(r)‖ <

K(ε)b2n−l−1

(2n− l − 1)!!2n
, ‖Ql

2n+1(r)‖ <
K(ε)b2n−l

(2n− l)!!(2n+ 1)
,

(7.11)

are valid uniformly onl andk. Hereafter‖ ·‖ denotes arbitrarily fixed matrix
norm. The functionK(ε) > 1 is independent ofr. The parameterb is defined
as follows

b = max{3, ‖B0‖, ‖B1‖},
which means thatb is actually a function of the coefficients of Eq.(7.1).

Proof. Let us putQ1
0 = Q0 = I andQl

k = 0 for all pairs(l, k) ∈ Z2 which
belong to the following set{(l ≤ 0)& (∀k)} ∪ {(∀l)& (k < 0)} ∪ {l ≥ k ≥
1} ∪ {(l = 1)& (k 6= 0)} ∪ {(l 6= 1)& (k = 0)}. Substituting Eq. (7.10) into
Eq. (7.9) and using initial conditions (7.8) we get the following equation for
Ql
k(r)

kQl
k = [

B0, Q
l
k−1

]+ [
B1, Q

l
k−2

]+ 1

4

k−1∑
m=2

PmQ
l+1−m
k−1−m

(1 + ε)m−1 ,



Asymptotic cone and the third Painlevé equation 509

Now the statement of the lemma can be obtained by mathematical induction.
ut
Remark. In our case, Eq. (7.5) shows that we can choose the numbersfl =
(l + 1)‖σ3‖ for l ≥ 1. Thus, the functionK(ε) is universal for all functions

ϕ(r) such thatϕ(r), ϕ
′
(r) =

r→∞ O
(

1√
r

)
.

Proposition 10.

‖Ql
k(r)‖ <

√
πK(ε)

bk0
(
k−l+1

2

) ( b√
2

)k−l
, (7.12)

where0(·) is the standard gamma function [2].

Proof. Rewritek!! in Eqs. (7.11) in terms of0-function and apply the double
argument formula [2]. ut
Proposition 11.

‖Qk(r)‖ <
r→∞

(
k − 3

2
+

√
πK(ε)√

2k

)(
1 + ε√
r

)k−2

+ yk

(
b√
2

)k−2

, (7.13)

yk =
l=k−2∑
l=2

k − 1 − l

k − 2

( √
π
2K(ε)

k0
(
k−l+1

2

)
) k−2

k−1−l

. (7.14)

Proof. Apply Young’s inequality,AB ≤ Ap

p
+ Bq

q
, whereA > 0, B >

0, p > 1, q > 1,and 1
p

+ 1
q

= 1, to the firstk − 2 entries of the sum (7.10)
and use estimation (7.12).ut
Proposition 12. Letx(k) > 0be a point of the absolute minimum of the func-

tion g(x, k) = (k0(x + 1))
k−2
2x on the positive semi-axis, i.e.g(x(k), k) =

min
x>0

g(x, k), then lim
k→∞

x(k) = +∞.

Proof. The minimum value exists since asx → +0 and asx → +∞
k−2
2x lim(ln k+ln0(x+1)) = +∞. The critical points ofg(x, k)are solutions

of the equation

0
′
(x + 1)

0(x + 1) (ln k + ln0(x + 1))
= 1

x
.

If x0(k) is the point of the first local minimum, i.e. the smallest solution of
this equation, thenx0(k2) > x0(k1) for k2 > k1 andx0 → +∞. The assertion
of the lemma ensue from the inequalityx(k) > x0(k). ut
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Proposition 13.

lim
k→∞

k
√
yk = 0. (7.15)

Proof. As it is resulted from Eq. (7.14), one can estimateyk as follows

yk ≤ (k − 4)

(√
π

2
K(ε)

)k−2

max

{
1

g(x(k), k)
,

1

g(k−3
2 , k)

,
1

g(1
2, k)

}
.

Now using for the0-function asymptotics asx → ∞ (see [2]), one finds

g(x(k), k)
1
k >

(
x(k)+ 1

e

)1/3

, g

(
k − 3

2
, k

) 1
k

>

(
k − 1

2e

)1/3

.

According Proposition 12x(k) → ∞ ask → ∞ andg
(

1
2, k

) 1
k >

(√
π
2 k
)1/3

and thus Eq. (7.15) holds.ut
Lemma 6. The radius of convergence of the series

Q(ξ, r) =
∞∑
k=1

Qk(r)ξ
k (7.16)

equals
√
r. That means that the construction of Proposition 9 yields the

classical fundamental solution of equation (7.1) in the domain|ξ | < √
r.

Proof. According Proposition 11 the absolute value of partial sums of the
series

∑∞
k=1 ‖Qk‖ξk can be estimated as the sum of two partial sums for

series, where the first one has the convergence radius equal to
√
r/(1 + ε)

for arbitraryε > 0. The result stated in Proposition 13 means that the radius
of convergence of the second series is equal to∞. ut
Lemma 7. The functionϕ(r, ϕ(0)) admits the following asymptotic expan-
sion

ϕ(r, ϕ(0)) =
r→∞

∞∑
k=1

Tk(θ(r))

r
k
2

, (7.17)

whereTk(θ(r)) are trigonometric polynomials ofθ(r) of powerk.

Proof. One proves asymptotic expansion (7.17) by changing the order of
summation of the convergent double series obtained as a representation of
the solution of the third Painlevé equation in [17]. Note that after this re-
summation one getsasymptotic(divergent) series. ut
Remark.The first term of the sum (7.17) is given in the expansion (4.4).
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Lemma 8. The general solution of system (3.15) can be presented in the
following form

9(µ, r) = Q(ξ, r)90(ξ, r)9
−1
0 (0, r)I (r)C, (7.18)

whereξ is defined as in (4.6),Q(ξ, r) as defined in Eq. (7.16),90(ξ, r) is
a fundamental solution of Eq. (7.6),C ∈ Mat(2, C) is an arbitrary matrix
whose entries are independent ofξ andr, and I(r) is the fundamental solution
of the ODE

d

dr
I (r) = − i

4
{(1 + cos(ϕ(r)))σ3 − sin(ϕ(r))σ2 + ϕr(r)σ1} I (r), (7.19)

with the following asymptotic expansion

I (r) =
r→∞

(
I +

∞∑
k=1

ψk(θ(r))

rk/2

)
exp

(
− iθ(r)

2

)
, (7.20)

whereθ(r) is defined as in (4.4),andψk(θ) are periodic (bounded asr → ∞)
functions ofθ .

Proof. The general solution of the system (3.15) can be written as follows

9(µ, r) = Q(ξ, r)90(ξ, r)C(r), (7.21)

whereC(r) is a matrix independent ofξ which is determined by the condition
that the function9(µ, r) defined in Eq. (7.21) solves the second equation
of system (3.15). Since system (3.15) is compatible for allξ and the matrix
C(r) is independent ofξ , it is entirely determined by the equation (7.19)
which, in fact, is the equation for the function9(4/r, r) and deduced from
system (3.15). To get formula (7.18) one should notice thatξ = 0 means that
µ = 4/r andQ(0, r) = I .
To prove the asymptotic expansion (7.20), we make the following transfor-
mation

I (r) = exp

(
i
θ(r)

2
σ3

)
J (r). (7.22)

The functionJ (r) is a fundamental solution of the ODE

d

dr
J (r) = W(r)J (r), (7.23)

where

W(r) = − i
4
(1 + 2θr(r)+ cos(ϕ(r)))σ3 −

− i
4

(
0 e−iθ(r)(ϕr(r)+ i sin(ϕ(r)))

eiθ(r)(ϕr(r)− i sin(ϕ(r))) 0

)
,
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Using the definition ofθ(r) (see (4.4)) and the expansion forϕ(r) established
in lemma 8 one finds that

W(r) =
r→∞ − i

(
1 − 3α2

32r
+ α2

16r
cos(2θ(r))

)
σ3

+ αi

4
√
r
σ2 +

∞∑
k=3

wk(θ(r))

r
k
2

,

(7.24)

wherewk(θ(r)) are trigonometric polynomials ofθ(r). As follows from
Eq. (7.24) the function J(r) has an irregular singular point atr = ∞ and
therefore its asymptotic expansion is as follows

J (r) =
r→∞

(
I +

∞∑
k=1

jk(θ(r))

rk/2

)
exp(−iθ(r)) , (7.25)

wherejk(θ(r)) are the periodic functions ofθ(r). The proof of this expansion
can be done in the way analogous to the one for ODE with the rational
coefficients [12]. ut
Remark.To prove theorem 4 we actually only need the first two terms of the
expansions (7.17) and (7.20). One can find that

T2(θ(r)) = 0, j1(θ(r)) = −αi
8
σ1. (7.26)

Proposition 14. The quaternionic parametrization of the Amsler surface has
the following representation

9(r, µ, ϕ(r, ϕ(0)))

= Q(ξ, r)90(ξ, r)9
−1
0 (0, r)ei

θ(r)
2 σ3J (r)e−

πβ
4 D(0)E,

(7.27)

where the matricesD(·)andE, the functionsϕ(r, ϕ(0))andθ(r), the variable
ξ , and the parameterβ are defined in Theorem 3. The functionQ(ξ, r) is
constructed in Lemma 6,J (r) is the fundamental solution of Eq. (7.23) with
asymptotics (7.25), and9(·, r) is a fundamental solution of Eq. (7.6).

Proof. Set the right-hand sides of Eqs. (7.18) and (4.7) equal, then putξ = 0
and take the limitr → ∞. ut
Proposition 15. Fundamental solutions of Eq. (7.6) can be written as follows

90(ξ, r) = K(r)

(
9A(ξ, r)+ 1√

r
4(ξ, r)

)
N(r), (7.28)

where9A(ξ, r) is the9-parametrization for the asymptotic coneAF (see
Eq. (4.13)),4(ξ, r) is an entire function ofξ ,K(r)andN(r)are the functions
independent ofξ ,

K(r) =
r→∞ I + O

(
1/

√
r
)
, 4 =

r→∞ O(1), and
∂

∂ξ
4 =

r→∞ O(1). (7.29)
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Proof. Equation (7.6) can be solved explicitly in terms of the parabolic cylin-
der functions [2], namely,

90(ξ, r) = ∼
K (r)exp

(
− iθ(r)

2
σ3

) ∼
D(

∼
ξ , r)N(r). (7.30)

Here the function
∼
K (r) brings the matrixB1 into the diagonal form

∼
K

−1
(r)B1

∼
K (r) = b1(r)σ3, b1(r)

= −i
√

detB1,
∼
K (r) = (B1σ3 + b1(r)I )

2b1(r)
.

(7.31)

Using Eq. (7.4) forl = 1 and asymptotics forϕ(r) obtained in Theorem 3
and Lemma 7 one proves that

b1(r) =
r→∞ − i

2
− iα2

16r
sin2(θ(r))+ O

(
1

r3/2

)

and
∼
K (r) has the same asymptotic expansion asK(r) in Eq. (7.29).

The function
∼
D (

∼
ξ , r) is given by the same equation asD(ξ) (see Eq. (4.9))

but with the functions:

α(r) = 4iexp(−iθ(r))√
2ib1(r)

( ∼
K

−1
(r)B1

∼
K (r)

)
21

, β(r) = α2(r)

16
,

and
∼
ξ =

√
2ib1(r)ξ + 2i√

2ib1(r)

( ∼
K

−1
(r)B1

∼
K (r)

)
11

substituted for the variablesα, β, andξ respectively. The asymptotic prop-
erties ofϕ(r) yield the following estimations asr → ∞:

α(r) = α + O

(
1√
r

)
, β(r) = β + O

(
1√
r

)
,

∼
ξ= ξ

(
1 + O

(
1

r

))
+ O

(
1√
r

)
.

Now, one proves representation (7.28), (7.29) using the analytical properties
of the parabolic cylinder functions or directly their integral representations
[2].

To finish the proof of Theorem 4 let us rewrite the Sym formula (3.14) in
terms of the variableξ ,

F(x, y, λ) = 2ρ̂
√
r

(
1 + ξ√

r

)
9−1A(ξ, r)9, (7.32)
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according to the Eqs. (7.2)–(7.4), (4.4), and (7.17)

A(ξ, r) = − i
2
ξσ3 − αi

4
e−

i
2θ(r)σ3σ2e

i
2θ(r)σ3 + O

(
1√
r

)
. (7.33)

Now Eqs. (7.32) and (7.33) together with Eqs. (7.27)–(7.29), (7.25) and the
results stated in Lemmas (5), (6) yield the following estimation

F(x, y, λ)− FA(x, y, λ) =
r→∞, |ξ |≤ξ0

O(1), (7.34)

whereFA(x, y, λ) = FA(ξ, r) is the parametrization of theAF (λ) (see
(4.14)) in whichξ andr for the givenx, y, λ are calculated via formulae
(3.14). ut

Estimation (7.34) proves Theorem 4 since the distance between a point
onPAF (λ) and Amsler surfaceF (λ) is smaller or equal√

det(F (x, y, λ)− FA(x, y, λ)).

According Eq. (7.34) the last magnitude is uniformly bounded for all points
onPAF .

Remark.Although the above construction shows that

det(F (x, y, λ)− FA(x, y, λ)) → ∞
asξ → ∞, it does not mean that the whole asymptotic coneAF does not
lie in a finite neighborhood of the corresponding Amsler surfaceF . Quite
possibly, det(F (x, y, λ) − FA(x̂, ŷ, λ)) is uniformly bounded for the
appropriately chosen functionsx̂ = x̂(x), ŷ = ŷ(y).

Actually, the results stated above allow the distance betweens the points
onPAF and the surfaceF to be estimated more precisely. As an example,
an estimation is made below of the distance between the points lying onF
and thebisectrixof AF , which is the straight lineFA(0, r) (see (4.14)).

It is also natural to call an infinite curve (i.e. a curve which is not contained
inside a sphere) anasymptotically straight line, if there exists a straight line
such that any cylinder coaxial to this line contains all the curve besides,
possibly, its finite part (the part which is contained in a sphere).

Lemma 9. The curveF
(
x,−λ2

16
a
b
x, λ

)
on the surfaceF (λ) is asymptoti-

cally parallel to the bisectrix ofAF (λ). More exactly,

F

(
x,−λ

2

16

a

b
x, λ

)
= FA(0, r)+ α2

8

→
e +O

(
1√
r

)
, (7.35)
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where
→
e= −iE−1D−1(0)σ3D(0)E (7.36)

is the unit vector orthogonal to the bisectrixFA(0, r). Moreover the plane

spanned onFA(0, r) and
→
e is tangent toAF .

Proof. To prove Eq. (7.35) we substituteξ = 0 ⇒ y = −λ2

16
a
b
x (see

Eqs. (4.6), (3.14)) into Eq. (7.32) and make calculation analogous to the
one used for the derivation of Eq. (7.34). Since in this case we are concerned
about a more explicit approximation than that obtained in Eq. (7.34), we must
use longer asymptotic expansions forϕ(r) andJ (r), namely, we need the
terms calculated in Eq. (7.26). Differentiating Eq. (4.14) one finds that the
unit vector,

→
e (ξ) ≡ 1

ρ̂
√
r

∂

∂ξ
FA(ξ, r) = −iE−1D−1(ξ)σ3D(ξ)E,

is tangent toAF . Moreover, ifξ = 0, then
→
e=→

e (0) ⊥ F(0, r). ut
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