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Abstract. Itis shown that for any surface & with constant negative Gaussian curvature
and two straight asymptotic lines there exists a cone such that the distances from all its
points to the surface are bounded. Analytic and geometric descriptions of the cone are
obtained. This cone is asymptotic also for constant mean curvature pldkewith inner
rotational symmetry.

1. Introduction

We study the surfaces with constant negative Gaussian curvaitgerfaces)

and two straight asymptotic lines, introduced by Bianchi [3]. The Gauss
equation of these surfaces reduces to an ordinary differential equation. This
equation is a special case of the third Paigleguation in a trigopnometric
form. Further study and the first plot of these surfaces are due to Amsler [1].
In his honor we callK -surfaces with two straight asymptotic lines Amsler
surfaces.

Our study of the Amsler surfaces is based on recent progress in asymptotic
analysis of the Painlé&equationsand, in particular, on results obtained in
[11]. We show that the Amsler surfaces have asymptotic cones, i.e., for any
Amsler surface there exists a cone such that the distances from its points to
the surface are bounded. This is the main result of the paper formulated in
Theorem 4. To prove it we need some advanced asymptotic results for the
particular case of the third Painieequation, which we obtain in Section 7.

In previous studies [4] of surfaces with constant mean curvature and inner
rotational symmetry there also appeared a cone which describes asymptotic
properties of these surfaces. In our discussions U. Pinkall conjectured that
asymptotic cones for both types of surfaces coincide. This remarkable uni-
versality property of the asymptotic cone is proven in Section 5. In Section 6
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we give a geometric description of the asymptotic cone, in particular, in a
form of the smoke-ring evolution (see [13]) of a curve.

2. Surfaces with constant negative Gaussian curvature

In this section we recall basic facts concerning a description of surfaces with
constant negative Gaussian curvature (K-surfaces) in terms of quaternions
(see, for example, [5] for details and missing proofs). EetR? — R3 be

the Chebyshev net parametrization of a (weakly regutagurface¥ . It is

the asymptotic line parametrization with,| = const |F,| = const, where

the subscripts denote the corresponding partial derivatives. For the Gauss
mapN : R? — S2one has

Fy, Fy, Fex, Fyy L N. (2.1)

With each K-surfaceF one can associate a one-paraméter 0) family
{F (Mher, of K-surfaces the associated familygiven by the following
fundamental forms:

| (dx, dy) = p?(A\%a’dx? + 2abcosp)dxdy + 1 ~2b%dy?), (2.2)

Il (dx,dy) = 2pab sin(¢)dxdy, (2.3)
wherea, b, p > 0 are independent of, y, A and¢ = ¢(x, y) is the angle
between the asymptotic lines. Thus the associated family can be viewed as a
deformation (with the deformation paramet¢of the K-surfacef” = F (1),

which preserves the second fundamental form, the Gaussian cuntere,
—ﬁ—lz, and the angle between the asymptotic lines.

We will use the well-known isomorphism betwe®a and3JH, the space
of imaginary quaternions:

3
F=-i) Flo,€3H = F=(F' F? F%eR®

a=1

wherego, are the Pauli matrices:

01 0—i 10
n=(30) == (T6) =(o%)

Henceforth we adopt the same notations for the vectors regardless whether
they are considered as elementsRSfor JH. Recall that, the usual scalar

(F, G)and crosg” x G products of vectors in the matrix notations (r.-h. s.’s

of the following equations) read:

1
(F, G)=—§trFG, FxG=FG+(F, G).
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A moving frame on the surfac& (1) can be chosen as follows:

ig 1A i9
A 0 e 2 ibp 4 0 ez
Fy = —iaprd~ 1| ; o, Fy=——-07 j P,
rap (eg 0 ) y A e % 0
N = —i® o350, (2.4)
whered isamap® = ®(x, y, 1) i RZx R, — SU(2).
Theorem 1. The functiond(x, y, A) is a solution of the system:

O, =UD, D, =VO, (2.5)

i iaq —19® igy b &
X __)Le Vi _ 2 —e2
U = . 4 i¢ 2 . . V == . 414) 2. ) (26)
_Wre7T _i¢x ﬁe—j Py
2 2\

.
4
¢ = ¢(x, y) solves the sine-Gordon equation

¢ry = absing. 2.7)

The asymptotic line parametrization &f is given by the Sym-formula (see

[16])
N
F(x, y, 1) = 2p0® 18—/\q>. (2.8)

Conversely, ifp(x, y) is a solution of the sine-Gordon equation (2.7),
then there exists a functioh(x, y, ) € SU(2), which fori € R, defines

via (2.8) the asymptotic line parametrization of an associated family of K-

surfaces with the Gaussian curvatute= —ﬁ—lz.

Corollary 1. The Gauss map/ = N(x, y, A) of a K-surface is Lorentz-
harmonic:

Ny, = abcos¢)N (2.9
and|Ny| = ai, |Ny| =b/A.

Corollary 2. Principle curvatures off (1) are as follows:

1 , 1 ,
k= stan? g, o Lo ) (2.10)
P 2 0 2
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3. The Amsler surface

In this section we give an analytic descriptionfbfsurfaces with two straight
asymptotic lines. These surfaces were first studied by Bianchi[3], who proved
their existence and has shown that in this case the sine-Gordon equation
reduces to an ordinary differential equation. A more detailed treatment of
these surfaces is due to Amsler [1], who produced a first plot. We call a
K -surface with two non-parallel straight asymptotic ling®" and.£”) an
Amsler surface

Lemma 1. The anglep(x, y) between asymptotic lines for the Amsler sur-
face is constant along the straight asymptotic lines:

d(x, y)

=00, Y|, =00, (3.1)

whereg(0) is the angle betwee*and L. In a proper parametrization
condition(3.1)reads as

¢ (x, 0) =¢(0, y) = ¢(0). (3.2)

Proof. SinceL*, £ are the straight lines ard| = pai, |Fy| = ‘1—”, we
get that

Fxx

= Fyy] o =0 (3.3)
Conditions (2.1) and Eq. (2.9) imply:
(Fx, Nyy)={Fy, Ny,)=0. (3.4)

Now (2.3), (3.3), and (3.4) yield:

9 sin(g)| = 19 (Fv, Ny)=0= 12 (Fy, Ny)= 9 sin(¢)
0x pmooabdx VT T T ab gy VT T gy o

Additionally, we know that| ., (¢| ., ) is independent of (of x), since the
latter variables are fixed on corresponding asymptotic lines. Finally, using
that¢ (x, y) is supposed to be a smooth functionxofind y, one obtains
(3.1). o

Lemma 2. Any two intersecting straight lines;* and .£> uniquely define
an Amsler surfac& with the asymptotic line€* and.£”. Vice versa, given
an Amsler surfacé& the pair of its straight asymptotic lineg* and.L”, is
uniquely defined.
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Proof. The intersection poin® of £* and.LY divide them on the rays’

and £ correspondingly. In parametrization (3.2, £} are the images

of the coordinate semi-axes> 0, y > 0. Let(0) be an angle between
the rays.£? and.£?. Itis well known that the boundary value problem (3.1)
for the hyperbolic sine-Gordon equation (2.7) is uniguely solvable (see [3]).
The solution of this problemp (x, y) defines via (2.5), (2.6), and (2.8) a
part of # bounded by£? and.£’ . Another part off bounded by£* and

L’ is defined by the unique solution of the boundary value problem (3.1)
for Eq. (2.7) but with the angle(0) changed tap(0) — . This gives us a
half of the surface. The remaining part®fresults from a revolution of the
constructed part with respect to the akigx, 0) x F,(0, y) by angler.
Conversely, lett} and £ be another pair of straight asymptotic lines®n
One of them, say’7, is intersecting” with the anglep(0). Thus, the angle
betweent} and L7 is also equal tg(0). Using this and denoting a value
of the parametey (in the parametrization (3.2)) corresponding4¢ asy:

one findsip(x, 0) = ¢(x, y1) = ¢(0). Thus,p,(0, 0) = ¢,(0, y;) = 0.
Hence, ify; # 0 (i.e. L] # L£¥), theng,, (0, y2) = 0= sin(e(0, y7)) =
sin(p(0)) = 0 for y, : 0 < y» < y1, which proves thatl; = £*. In
analogous manner one finds tha} = £*. O

Lemma 3. The angle functio (x, y) of an Amsler surface is a similarity
solution

o(x, y) =), r=+/—4abxy, (3.5)

of the sine-Gordon equatiof2.7). The functionp(r) is the unique solution
of the following initial value problem

d
o(r)],_o = ¢(0), —o() L 0, (3.6)

for the third Painlee equation in the trigonometric form

1 .
¢"(r) + ;W(i’) +sin(e(r)) = 0. (3.7)

Proof. If ¢ (x, y) is the solution of the boundary value problem discussed
in Lemma 2, therp(ax, y/a) for arbitraryae > 0 is also the solution of
this problem. Due to the uniqueness of the solution we aie y) =
¢(ax, y/a). Differentiating this equation with respect to and putting

a = 1, one gets

xPu(x, ¥) = ypy(x, y), (3.8)

which means thap (x, y) is a function ofxy. By introducing the similarity
variables (3.5) into Eq. (2.7) we obtain (3.7). The second condition in (3.6)
follows from the fact that, (x, 0) and¢, (0, y) are bounded. O
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Since the functiorp (r) plays an important role in our studies we summarize
its properties in the following

Proposition 1. Denotep(r, ¢(0)) := ¢(r), the solution of the initial value
problem(3.6)for Eq. (3.7). For r, ¢(0) € R, itis a real-analytic function of
these variables with the following symmetry properties:

o, (0) = o(—r, ¢(0), o(r, —¢(0) = —(r, ¢(0)),
o(r, 0) £ 21) = £27 + ¢(—r, ¢(0)),

p(ir, 9(0) =7 + ¢(r, (0) — ). (3.9

Proof. Identities (3.9) follow from the unique solvability of the boundary
value problem (3.2) for the sine-Gordon equation (2.7). Sireg¢ andg’ (r)

are bounded, the Cauchy theorem from the analytic theory for ordinary dif-
ferential equations [10] ensure that) is an analytic function of € R\ 0.

The proof of the analyticity op () atr = 0 is analogous to the one for the
Cauchy theorem, i.e., one can prove the convergence of the corresponding
Taylor series in some neighborhood of the origimm

Theorem 2. An Amsler surface is uniquely characterized by the apg®
between its straight asymptotic lines, whére: ¢(0) < 7.

Proof. Ifan Amsler surfaceis given, thenaccording Lemma 2 the an@lge:

0 < ¢(0) < % is uniquely defined, and using Lemma 3 the corresponding
functiong(r, ¢(0)) can be obtained. The inverse map is given by Lemma 3
and Theorem 1. O

Corollary 3. The associated family of an Amsler surface consists of one
surface.

For the analytic studies presented in the next sections it is convenient to
specify the mapping described in Theorem 2 in a more explicit form.

Lemma 4. Let £ (1) be an associated family of Amsler surfaces. Consider
the systen{2.5), in which the matriced/ and V are given by (2.6) with

o (x, ¥y) = @(r, ¢(0)). There exists a solutio® = ®(x, y, ) € SU(2) of

this system which satisfies the following equation

] by y

—b=(ZU—-=V)o. 1

aA (AU Av> (3.10)
Conversely, if a real-analytic functiop(x, y) is such that the system of
three equation$2.5), (2.6) and(3.10)is compatible, then its solutiod; =
®(x, y, M) € SU(2), defines via E((2.8)the Amsler family® (1).
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Proof. Lemma 3 states that the angle functiptx, y) of £ (1) is a similar-
ity solution of the sine-Gordon equation (2.7). The similarity condition for
¢ (x, y) (3.8) in terms of the matricds andV reads as:

AVi+V =xV, —yV,, AU, — U =xU, — yU,. (3.11)

Since the system (2.5), (2.6) is compatible, Egs. (3.11) are equivalent to
the compatibility condition of Eq. (3.10) with this system. Conversely, the
compatibility means that the functi@n(x, y) has the properties (3.5), (3.6),
and (3.7), so that we can use Theorem B.

Proposition 2. Let ¥ =% (1) be the Amsler surface defined by a pair of
straight lines.L* and LY with the intersection angle(0). Choose a coordi-
nate system iR such that parametrization of* and.£” reads:

[ ob
L7 F(x, 0, ) = —ipaxios,  £7: FO, y, 5=~ 0030,
(3.12)
where
_ [ cost#3) isin(*?) . (3.13)
i sin(2Y) cog£Y)

Then fory £ 0 a parametrization ofF is given by the following equations:

F(x, y, M) =2ppV 0, AV, p), r=+/—dabxy, p= —Z—;
(3.14)
where¥ = ¥ (r, p) is the solution of the system:
U, =AY, U, =Wy, (3.15)

Lo it - irg.(r) 1 (i cosp(r)) —sin(p(r)) ) (3.16)

167 4 T2\ sin(e(r) —i coSp(r))
_drp o ige(r)
W = 8 2 o1, (317)

with the asymptotic expansion

v = (1 +0 G)) exp(—i}féuag) . (3.18)

The functionp(r) = ¢, ¢(0)) in (3.16) and (3.17)s defined in Proposi-
tion 1.
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Proof. The coordinate system is chosen such that the intersection@ainht
L* and.L? is at the originL£* coincides with the third axis, the first axis is a
normal to the plane spanned g and.L”, and the angle between the second
axis and£” is equal to5 + ¢(0). Note thatL* and.L* are independent of.

One can rewrite Eq. (3.10) asb, = x®, — yd,. The last equation
implies that®(x, y, A) is a similarity solution of the system (2.5), (2.6),
which depends on the similarity variableand onu (see the two last Eqgs.
in (3.14)). It enables us to introduce a new function

1 (11 ig(x, y)
\Il(r, /,L) = 72 <_1 1) eXp(TO':g) d)(x, y, }\.), (319)

where¢ (x, y) is the similarity solution from Lemma 3. Now, using the
system (2.5), (2.6) we find that for =£ 0 function ¥ satisfies the system
(3.15)—(3.17), and the Sym formula 2.8) implies the first equation in (3.14).
The asymptotics (3.18) follows from the parametrization (3.12) of the straight
linesL* andLY. O

It can be checked by direct computation that Eq. (3.7) gains a Hamiltonian

form

dq dp

E :{‘}(7 q}’ dr —{Jf, p}

with respect to the canonical Poisson structure:

{p. P} =1q. ¢} =0, {p,q}=1

and the Hamiltonian

2

H(p., q) = % +r(1— cosq))

as soon ap andg are defined as follows:
p=re(r), q=¢).

Corollary 4. The square of the distance from the originf{1) to its point
with the coordinateg”(x, y, A) is given by the following formula,

, pr? (4 V\? 2
|F(~x’ ) )")l = 4 ;_Z +;H(7") ) V=rpu,

whereH (r) is a Hamiltonian functior (r) = #(p(), q()),

2
H@):r(%;)

+1-— cosw(r)) ,
of Eq. (3.7).

Proof. According (3.14) F(x, y, A)|? = 4p%u?detA. O
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4. Asymptotic cone

In this section we carry out an asymptotic analysis of system (3.15) in order
to investigate asymptotic properties of the Amsler surface. This system was
studied from the point of view of Isomonodromy Deformation Method in
[11] and, in particular, we use results obtained in this book.

For general solutions of Eq. (3.7) the functidr, ) (3.18) is defined
on the universal covering of the complex sph&res . punctured at the
pointsu = 0 andu = oo. It means that (r, ) onC \ 0 gains a non-trivial
monodromy, while analytical continuation around circles centered-at0
andu = oo:

W(r, we?™)|mo = W(r, WMo, W(r, e )| 0o = W (r, WM.

Here the |.h.s.’s are considered the analytical continuation of the functions in
ther.h.s.’s along the circles mentioned above. Moreover, in a general situation
the monodromy matrice®y andM,, are factorized in products of the Stokes
multipliers (see [11] for details). But in our case the monodromy properties
of the function¥ (r, ©) become trivial.

Proposition 3. The functionV = W (r, ) (3.15), (3.18) is defined d@d\ 0,
i.e. all its Stokes and monodromy matrices are trividy = M, = 1. In
the neighborhood oft = 0, the function® has the following asymptotic
expansion:

Vo= 00N+ 0w) exp(—ias) 0. (4.1)
n—0 7
where
00 — ( cosy) isin(_«’(zr))) w2
i sin(4) cog 4y ) '

and Q = Q(0) is defined in (3.13).

Proof. According the second equation in (3.15) the monodromy data are
independent of so that we can calculate them just by setting 0 in the
first EQ. (3.15). Thus we get

WO, ) = Q‘leXIO(—ﬁGs) 0. .3)

Here, the right factoQ corresponds to the asymptotic expansion (3.18). All
the Stokes multipliers and monodromy matrices for the function (4.3) are, of
course, trivial.

Substituting the asymptotic expansion (4.1) in system (3.15) we gétfor

the expression (4.2) up to a right diagonal matrix independentted. (4.3)
implies that this factoris equal th O
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Remark.In [11] Q is called the connection matrix.

Now we are ready to formulate symmetry properties of the Amsler sur-
face in terms of the functiod, which generates the corresponding immer-
sion by the Sym-formula (3.14). Henceforth, we call it for brevity the
parametrizatiorof a surface.

Corollary 5. Let ¥ be an Amsler surface in the parametrization of Propo-
sition 2. Then the followin@’ -parametrizations describg :

W(r, u, @, ¢(0) — m)) between £, and.L?,
(—io)W(r, w, o(r, 9(0) — m))ioy between L' andL’,
W(r, i, o(r, p(0))) between £% and.£”,
(—io)W(r, 1, o(r, p(0))ioy between £* and.L’.

Herer, u > 0. The notation¥(r, u, ¢, ¢(0) — 7))) means that the
functionW (r, w) is defined by (3.15)—(3.18) with(r) = ¢, ¢(0) — 7).
TheW-parametrization of the ray£’, is defined by Eq. (4.3) and of the rays
LX is given byl (r, u, ¢(r) = 0) = exp(—ir?unos/16), in which (+)-ray
corresponds tqe > 0 and (-)-ray tou < 0.

Proof. If a point (ax, by) belongs to quadrant | d&?, then we writer =

i, u = —i, where7, i > 0. Now using Propositions 1, 2, and 3 one
finds: W(i7, —i, @@r, ¢0)) = V(ir, —i, 7 + oF, ¢(0) — 7)) =

v, i, o, ¢(0) — m)). To justify these equations one proves tHat
functions solve the same system (3.15) and have the same asymptotics (3.18).
When the pointax, by) is in quadrant Il ofR?, we putr = i7, then?, u >

0. Instead of previous calculation now we have(ir, u, ¢(ir, ¢(0))) =

V@ir, u, T+, ¢0) —m)) =01V (i, u, o, ¢0) —m))o1.

In guadrant IV we can directly use Proposition 2. The proof for quadrant llI

is analogous to the one for quadrant I

As a result of Corollary 5 we see that to construct the parametrization
(3.14) for Amsler surface it is enough to use the functiofr, ) only for
positive values of andu. Its asymptotic properties are summarized in the
following theorem, the proof of which is given in Chapter 6 of [11].

Theorem 3. If (0) : 0 < ¢(0) < 7, then

o 1
o 0O = Jr cos0(r)) +o (ﬁ) , 0 =r—pInr+y,
(4.4)
wherex > 0:
_ o ¢(0) 3 .
=16~ - In cos(7> , =7~ argl’ (—ip) —2B1In2,

(4.5)
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andTI'(-) is the gamma function [2].

Denote
4e = (v —BHJr, v=ru>0. (4.6)
For
r — 400, &] < O (rl/e)
the following asymptotics holds:
W(r, u, o, 9(0)) = (1+0(1) eXp(—n— - 303) D()E, (4.7)
E= exp(%ag — —argl'(— zﬂ)crg) (4.8)

D_ig ge't ge%Diﬁ—l g7
D& =| , . ( ) N () : (4.9)
—4e-FVD_y (ge 4) —VDis1 (ge 4)

Here D,(-) is the parabolic cylinder function [2], and
v:ﬂ%—e %% (4.10)
For
r—4oo, £>0(0°)>0 £>0,

and also forv — 400 and bounded the asymptotics of th&-parametri-
zation is given by

W(r, u, o, ¢0))) = (T(r, V) + O (g)) exp(—iosJ(r, v)), (4.11)

where

2 v2 — 16’

I v) = v+l +a2|n|v—4|
m V=16 16 vi4’
and Q(r) is defined in (4.2).

For

2
T, v) = (1 28 g1 cost” sD(O))) v

r — +00, £E<0(f) <0, e >0,

and also forv — +0 and bounded- one has the following asymptotic
expansion,

W ol 9(0) ( v L (”))
r, u, o(r, = —
Ho oI cosp(r, ¢(0))/2) £
X exp(—iosJ(r, v))Q,
whereQ = Q(0) is defined in (3.13).
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Corollary 6. Between any pair of the rayst®, L£) the Amsler surface

F (0 has infinite number of cuspg§*=, i.e., the curves on which one of
the principle curvatures is collapsing. In the parametrization of Corollary 5:
& and &~ are images of the curvesdabxy = (r;)?,n € N; &~ and
€+~ are images of-4abxy = (r;)% n € N, where{r}},en and {7 }nen
are sequences of zeroes of the functipis ¢(0) — ) and p(r, ¢(0)),
respectively. These sequences have the following asymptotics:

rE = % +7n+ BEIn(n) —y* 4+ 0(1), (4.12)
whereg™, y~ are given by (4.5)8", y* are given by the same equations
wheregp(0) is replaced by (0) — .

Proof. The existence of the infinite sequence of zeroeg(@f -) and their
distribution (4.12) follows from the asymptotics (4.4). The appearance of the
edges is clear from the formulas for principle curvatures (2.10).

Remark. Each edgé £+ is winding around both corresponding rags, £
approaching them asor y — 0.

Asymptotic results of Theorem 3 combined with the Sym formula (2.8)
motivate the following

Definition 1. Let# (A1) be an Amsler surface parametrized as in Proposition
2. We call the conet F (1) with W-parametrization given by
0
v, =exp(-"2 9, Vb (4.13)

4 2
the asymptotic cone of the surfag&()). Here D(¢) and E are defined in
Egs.(4.9) and (4.8) fox > Oandy < 0. For other signs ofc andy W, is
defined by the same formulas as thgparametrization for¥ in Corollary
5.

Corollary 7. The immersiorF, = F4(x, y, A) of the asymptotic coné F
in the notations of Proposition 2 and Theorem 3 is given by

Fu = p/TETID () <—§i03 = %iaz) D(§)E, (4.14)

Remark. Note that: 1) The asymptotic cone is independent of the parameter
A so that, we designate it also &sF'; 2) The origin ofA¥ coincides with

the intersection poin® of the straight linesc* and .£”; 3) It is natural to
consider asymptotic line€* and.£” as belonging toA ¥ . In this case by
considering the limit§ — oo one finds that sections ofF by spheres

are compact.
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Fig. 1. An Amsler surface with its asymptotic cone

Definition 2. Any cone defined ag ¥ (see Definition 1) but withe| < &
for somety > Ois called a proper sub-cone of ¥ . It is designated further
asPAF .

Theorem 4. Any P AF is lying in a finite neighborhood of the the surface
F ).

Proof. The proof is given in Section 7.0

Remark. It means that distances from points® # to the surfaces (1) are
bounded by a constant dependingggrNote that the assignment of Theorem
4 does not necessarily imply that(i) lies in a finite neighborhood o A F .

An example of the Amsler surface and its asymptotic cone is presented
in Fig. 1. Actually, the figure depicts discreteAmsler surface introduced
and studied in [14]. Surfaces with constant negative Gaussian curvature have
a natural discrete version — discrekesurfaces [8]. The latter are the maps
F : 7? — R3 with special geometric properties. Every image point together
with all its nearest neighbors lie in a plane. In addition to this property the
distance between neighboring image points in each of the two coordinate
directions is constant. Discrete Amsler surfaces are defined (exactly as in
the smooth case) as the discr@&esurfaces with two straight lines. Starting
with this geometrical definition a discrete third Pairdexquation is derived
in [13]. In addition to the assertion of Theorem 4, Fig. 1 demonstrates that
an Amsler surface can be approximated by discrete Amsler surfaces.
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5. Universality of the asymptotic cone. Constant mean curvature
surfaces with internal symmetry

As mentioned in the introduction, the cone defined in Sec. 4 also describes
asymptotic properties of some special surfaces with constant mean curvature
(CMC). These surfaces are CMC immersiongRdfwith internal isometry
(actually, with the inner rotational symmetry, see below). There are several
papers where these surfaces are studied [15,18,4,9]. In particular, in [18]
it is proved that these immersions are proper. A more detailed description
is obtained in [4], where the asymptotics of these surfaces at infinity are
computed. Each surface of the family is asymptotic to a €oB®er main
goal in this section is to prove that the comegr of Sec. 4 and the one
introduced in [4] coincide.

Let F : C — R®be a conformal parametrization of a topological plane
with the constant mean curvatute= 1andN : C — S?its Gauss map. The
Hopf differential is holomorphic and the conformal meteic= 2 (F,, F,)
satisfies the Gauss equation

Uz + %e” —2|0)%e " = 0. (5.1)
The set of umbilic points is discrete. Assume tlfahas a continuous group
of internal isometries (i.e., the conformal factdris invariant with respect
to the action of a vector field dfi) and at least one unbilic poi#. One can
explicitly describe all surfaces of this class.

Actually, in a neighborhood > P, one can introduce a conformal co-
ordinatez : U — V e C such that(Py) = 0 andQ dz? = 1z"dz?, where
m > 1 is the order of the umbilic poin®y. The level sets of Q| are pre-
served by internal isometries, therefore, in the chosen parametrization of
the conformal factoe* depends ofz| only. The Gauss equation (5.1) 6h
becomes an ordinary differential equation, which by the transformation

v u 4 mre 4 1+Z
e =" | ——— . opi=—7lzlT 2
(m+2)p m+2

is reduced to the following form of the third Painkequation:

1 .
Vpp + ;vp + sinhv = 0. (5.2)

2 Note that using the results of [11] only the leading term of the asymptotics of the Smith
surfaces is computed in [4]. In particular, it is not yet proven that the asymptotic cone lies
in a finite neighborhood of the corresponding surface. To prove this statement one should
use technically more advanced results similar to those of Section 7.
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The solution of Eg. (5.2) which corresponds to the surtadmas the following
behavior ap — 0,

v(p) = — Inp+ In

m+ 2 m-42 m+2+u(0)—|—0(,0).

It is uniquely determined by the valugO) of the metric at the central point

z = 0. According to [18] this solution can be smoothly continued for all
p € (0, 00). The latter solution of Eq. (5.2) and = %z”’ defines the CMC
immersionFr; : C — R3on the whole complex plane. We denote the latter
CMC surface byIl,, (#(0)). The surfacdl,, (1(0)) has a common pail/
with the original surfac& we started with and, due to the uniqueness (CMC
surfaces are real analytic) of CMC surfaces, coincides @it he previous
discussion can be summarized in the following

Proposition 4. Up to Euclidian motion there exists one and only one family
of the CMC plane$§I,, (1 (0)) with continuous internal isometries and at least
one umbilic point of ordem > 1. This family is parametrized by the value
u(0) of the metrié at the central point = 0.

Theorem 5. (see [18,4]). The surfac#l,, (u(0)) possesses + 2 symme-

try planes which intersect along the aXipassing through the central point

z = 0. This central point is umbilitof orderm.

The z(m—1+2)-part of the surfacdl,,(u(0)) lying between consequent sym-
metry planes is asymptotically (see [4] for details) described by the cone

AT, (u(0)) given by the following

Definition 3. The coneaTl,, («(0)) given by the parametrization

i~ 4 0 an
(7,5)€R+XR+:>FAH=§FP iinz—i'an 0

) P, (5.3)

is called the asymptotic cone of the CMC surfatg(x(0)). The matrixP
is defined as follows:

5 ( 1 0)( D, —“Tﬂe"ZD;_l>
g 4 2,7+ "+
U\-i-desDZ,  -D

ot sn—1

3 The coordinate is normalized by the Hopf differential.
4 in the casen = 0 we obtaine a surface with the intrinsic rotational isometry without
umbilics. The central point is a fixed point of the isometry.
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with

ap=,—I"————— >0, sp=——1,
H\/ m  coshy/Bp " 16
T ticos——

l ’
m+ 2 m+ 2

2 m u@ . T m+1
== (4m + 8)mize” 2 sin r2 ,
N n(m+)+e g2 <m+2>

in-Z- ;2
16| SN+ !

p=tanh,/fBpn sin

whereDf) and D;f are the parabolic cylinder function and its derivatives
by the argument whose values are taken at the pdiats:, i.e., D =
Dy, (ei%) andD = £D,(r) ___ip  respectively.

Remark. The cone (5.3) differs from the one defined in [4] by non-essential
rotations.

Proposition 5. Under the condition

$(0) sin 7

cos =
2 coshy/By

(5.4)

the coneA F coincides, up to the rotatiomlef‘”(%y?argrm)

AL, (u(0)).

, with the cone

Proof. By using the following identities for the parabolic cylinder functions
(see [2])

D, =-suD -+ %e—%’ Dt . (5.5)
DY = —D¥sy+ %e%” D} .. (5.6)
one finds that
P = 6%030’1Dn0'1€_%03, (5.7)
where
Dp = Do 4e7 Do), (5.8)
—"‘Ze_T D D~

The parametrization of the immersion (5.3) by means of Eq. (5.7) can be
rewritten as follows:

Fan = \/567”301Dﬁl<—i50'3 — a—glo's) Dnglei%@'- (5.9)
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On the other hand, by applying the identities (see [2])

VD' =pDT, , and VD, =-Dy,

where the operatdv is defined in Eq. (4.10) in Eq. (4.9) one arrives at
D(¢) = Dn

provided that—i8 = sp. The latter equation implies (5.4). Comparing
Egs. (4.14) and (5.3) one proves thail,, (u(0)) is a rotation ofAF de-
fined by the matrix

_ima i . _in —o ("l+iarrs
e 803+203argl"(m)0_1€ 198 — gy 3| ‘g+sarg (n)) O

6. Geometry of the asymptotic cone

The analytic description of the asymptotic cosnd’ given in Sec. 5 is not
quite satisfactory since the formulas are rather complicated and do not reveal
much about the geometry of the cone. To describe any cone it is enough to fix
acurve lying on it. In this section we consider two different curves generating
AF . Both these curves have interesting geometric properties.

Consider the curve,

y(§) =D" (—i$03 - %ioz) D, (6.1)

whereD is given in (5.8). Note that as shown in Section 4 this curve is visible
on the Amsler surface. After an appropriate scaling the cusp c@yvés
n — oo are close tg ().

One can check that

dbD_ ., 1. . ai
ED = E (—1503 — 762) . (62)

Proposition 6. The generating curve (6.1) is arclength parametrized and
governed by the equation

v =y xvy, (6.3)

where the primes denote the derivative with respeét tits curvature and
torsion are equal to
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Proof. Using (6.2) one finds that

’ " a
y =D X—iog)D, y = ED—lacrl)D.

Thus,y" and 2y" build a Frenet frame of the curve. The expressionscfor
andz follow directly.

Recall the well-known (see [13]) smoke-ring evolutigiiz, &), of a curve
7€) = y(0, &) , which is the evolution of the curvg(¢) in the binormal
direction with the velocity equal to the curvature. The functign &) solves
the followingsmoke-ring propagation equatipn

b d); ~! !
= = . 6.4
v=_=V XV (6.4)
Proposition 7. Under the smoke-ring flow (6.4) the generating cup(é)
evolves by a homothety:

y=-y+vy <J/, )/>- (6.5)

Proof. The proof follows immediately from Egs. (6.3) and (6.4). The first
term in the r.-h.s. of Eqg. (6.5) corresponds a homothety, whereas the second
one is the tangential vector field which preserves the arclength parametriza-
tion.

Let us now investigate geometry of another curve describing the cone
AF,

T = X8 _ D! (—iko3— %02) D

G fezyaz

which is the intersection oft F with the unit sphere. O

Proposition 8. The curveY lies on the unit sphere and has the total length
7. Its geodesic curvature, as the function of the arclength parametstas
follows,

- e (2. (6.6)

Proof. ComputingY'(¢£) we obtain for the arclength parametrizationand
the unit tangent vectof,, the following expressions:

k(s)

ds 20 e D™ (i§02 — 403) D

—=———, Ti=1>=
dg¢ 424 a2 T g2 4 a2
The first equation can be solved,

f=%tans, se(-17)
=3 s, S .
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To compute the curvature note that the third vector of the orthogonal frame
(T, T, N) is given by the equation

N=Tx7Y =D io3)D.
For the curvature = — (T, 2¥) = — <T, i—@’) 2 this implies formula (6.6).
O
7. Proof of Theorem 4

By substitutings for u in the first Eqg. (3.15), wheré is as introduced in
(4.6), one arrives at the following equation

a
— v = v 7.1
T AE, NV, (7.1)
where the matrixA (¢, r) can be developed in the Taylor series
— Pi(r) ¢
AE, r)=) ————77- (7.2)
g 4 (\/7)[ 1

The coefficients?, = P,(r) are given by the equations:

Po = —ic1¢ (r) — io2SiN(@(r)) — 2ia SiN? (@) , (7.3)
P = (-) ((l + 1)P—ig0/(r)01) , P=iozcoq¢(r))—iiossin(e(r)).(7.4)

According to the results stated in Theorem 3 one has the following estimations
asr — 00:

Po=0 (%) ., P=()+1) (iog +0 (%)) . (7.5

Itis clear that these estimations are uniforni and the radius of convergence
for the series (7.2) is equal tgr.

Define the functiondy = Wy(€, r) as a fundamental solution of the
following ODE

0
—VW¥y = (B B Yo, Bop=——, B1=—. 7.6
T 0 = (Bo+ Bi1§) Yo () ) 1= (7.6)

Proposition 9. The following series

V=) 0urE v, (7.7)
k=0
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where
P
Qo=1, 01=0,=0, Q3= 4—j7, (7.8)
and fork > 4
1P Ok—i1-1
kQi = [B1, Q2]+ [Bo, Q-1]+> ) ———— (7.9)
4 lzzz (\/F)Z 1

is a formal fundamental solution of the equation (7.1).

Proof. Just a substitution of series (7.7) into Eq. (7.1) in whi6E, r) is
definedin (7.2). O

Some of the following results are formulated in a slightly more general form
than we actually need for the proof of Theorem 4.

Lemma 5. Given a sequence of numbefis (I > 0) such that

||Po(r)«/;||r§ fo IBOI = fis fi = o(1+e)),

—>00 — 00 — 00

the coefficient®);, = O (r), (k > 1) can be written as

I=k—-1

0=Y 0 (r)(”e)l_l (7.10)
=2 ‘ \/; ’

wheree > 0is arbitraryandforthefunctionQﬁ((r)thefollowing estimations
asr — oo

K(E)bzn_l_l
2n—1—-D"2n’

K(E)bzn_l
2n—-DN(2n+1)°
(7.11)
are valid uniformly ori andk. Hereafter|| - | denotes arbitrarily fixed matrix

norm. The functiorK (¢) > 1is independent of. The parameteb is defined
as follows

105, 1M <

105, () <

b =max{3, ||Boll, lBall},
which means thak is actually a function of the coefficients of Eq.(7.1).

Proof. Let us putQ3 = Qo = I andQ', = 0 for all pairs(l, k) € Z2 which
belong to the following set( < 0)& (Vk)} U {(VD&(k < O)}U{l > k >
BU{l =D&k #0)}U{(l # D&k = 0)}. Substituting Eq. (7.10) into
Eq. (7.9) and using initial conditions (7.8) we get the following equation for
Q0 (r)

k-1 [+1-m

1 Pm Qk—l—m
KO\ = [Bo. Q) 1]+ [Br Qo]+ X:; Aot
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Now the statement of the lemma can be obtained by mathematical induction.
]

Remark.In our case, Eg. (7.5) shows that we can choose the nuntpers
(I + D)|los|| for I > 1. Thus, the functiorK (¢) is universal for all functions

¢(r) such thaip(r), ¢ (") = O (%)

— 00

Proposition 10.

, JTK () ( b )"’
10N < =y =\ z) (7.12)

wherel'(-) is the standard gamma function [2].

Proof. Rewritek!!in Egs. (7.11) in terms of -function and apply the double
argument formula [2]. O

Proposition 11.

k—3 K 1 k-2 b\ k2
||Qk<r>||r<( + Y (e))( +"‘) +yk(ﬁ) . (71.13)

—e\ 2 vk vr
2
Ye = k—I+1 : .
P k—2 kI (T+)

Proof. Apply Young’s inequality,AB < ATP + %q whereA > 0, B >
0, p>1 ¢g>1and:+ % = 1, to the firstc — 2 entries of the sum (7.10)
and use estimation ('}).12).13

Proposition 12. Letx (k) > Obe a point of the absolute minimum of the func-
tiong(x, k) = kI'(x + 1))%2 on the positive semi-axis, i.e(x(k), k) =
migg(x, k), thenk limx (k) = +oo.

Proof. The minimum value exists since as— +0 and asx — +o0
E21lim(Ink+InT'(x+1)) = +oo. The critical points of (x, k) are solutions
of the equation

I'x+1) 1

Ta+)nk+INTx+1) x

If xo(k) is the point of the first local minimum, i.e. the smallest solution of
this equation, themg (ko) > xo(ky) for ko > ki andxg — +o00. The assertion
of the lemma ensue from the inequalitgk) > xo(k). O
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Proposition 13.
lim ¥y, =0. (7.15)
k— 00

Proof. As itis resulted from Eq. (7.14), one can estimgtas follows

k—2
m<w—®(/EMQ) max|——~ 1 1 1
- 2 gk, b g5 k) g, k)

Now using for thel'-function asymptotics as — oo (see [2]), one finds

1/3 _ i _A\1/3
g(x(k), k)F > (M) g (k_3 k) . (k 1) .
e 2 2e

According Proposition 12(k) — ccask — coandg (3, k)* > (/Zk)"°
and thus Eq. (7.15) holds.

)

Lemma 6. The radius of convergence of the series
QE 1 =) QulrE" (7.16)
k=1

equals./r. That means that the construction of Proposition 9 yields the
classical fundamental solution of equation (7.1) in the donf@in< /.

Proof. According Proposition 11 the absolute value of partial sums of the
series) -, || Ok can be estimated as the sum of two partial sums for
series, where the first one has the convergence radius eqyal/td + ¢)

for arbitrarye > 0. The result stated in Proposition 13 means that the radius
of convergence of the second series is equabto O

Lemma 7. The functionp(r, ¢(0)) admits the following asymptotic expan-
sion

e¢]

T.(0
(. 90) = 4 fr)), (7.17)
=1 T2

whereT;(6(r)) are trigonometric polynomials @f(r) of powerk.

Proof. One proves asymptotic expansion (7.17) by changing the order of
summation of the convergent double series obtained as a representation of
the solution of the third Painlévequation in [17]. Note that after this re-
summation one gesymptotiqdivergent) series. O

Remark. The first term of the sum (7.17) is given in the expansion (4.4).
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Lemma 8. The general solution of system (3.15) can be presented in the
following form

W(u, r) = QE, r)Wo, rNYy0, nNir)C, (7.18)

where¢ is defined as in (4.6)Q (&, r) as defined in Eq. (7.16Wq(&, 1) is

a fundamental solution of Eq. (7.6), € Mat (2, C) is an arbitrary matrix
whose entries are independentaindr, and I(r) is the fundamental solution
of the ODE

d j .
El(i’) = —2—1 {(1+ codp(r)))os — sin(p(r))oz + ¢, (r)o1} 1 (r), (7.19)
with the following asymptotic expansion
o Yk (0(r) i0(r)
1) = (1 + ; T) exp(— 5 ) , (7.20)

wheref (r) is defined as in (4.4),antk (6) are periodic (bounded as— o0)
functions ob.

Proof. The general solution of the system (3.15) can be written as follows

W, r) = Q(@&, N, rC{), (7.21)

whereC (r) is a matrix independent gfwhich is determined by the condition
that the functiond(u, r) defined in Eq. (7.21) solves the second equation
of system (3.15). Since system (3.15) is compatible fo& ahd the matrix
C(r) is independent of, it is entirely determined by the equation (7.19)
which, in fact, is the equation for the functidn(4/r, r) and deduced from
system (3.15). To get formula (7.18) one should notice4hatO means that
uw=4/randQ(, r)=1.

To prove the asymptotic expansion (7.20), we make the following transfor-
mation

%
I1(r) =exp (i%@) J(r). (7.22)
The functionJ (r) is a fundamental solution of the ODE
iJ(r) = W(r)J(r), (7.23)
dr
where

W) = —%(1 1 26,(r) + CO(r)))0 —

i 0 e 90 (@, (r) +i sin(p(r)))
4\ &9 (@, (r) — i sin(p(r))) 0 '
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Using the definition of (r) (see (4.4)) and the expansion {ai-) established
in lemma 8 one finds that

i 3u? o?
W(r) ot (1 ~ 3o + 16 COSZ@(r)))

o2+ Z wk(i(r))’

V2

(7.24)

where w (6(r)) are trigonometric polynomlals af(r). As follows from
Eq. (7.24) the function J(r) has an irregular singular point at co and
therefore its asymptotic expansion is as follows

0(r
Jr) = (1 + Z ]"(k/(z))) exp(—if(r)), (7.25)

wherej, (6 (r)) are the perlodlc functions éf(r). The proof of this expansion
can be done in the way analogous to the one for ODE with the rational
coefficients [12]. O

Remark. To prove theorem 4 we actually only need the first two terms of the
expansions (7.17) and (7.20). One can find that

T0(r)) = O, 100 = —“—8101. (7.26)

Proposition 14. The quaternionic parametrization of the Amsler surface has
the following representation

V(r, w, o, ¢0)))
= Q(&, rWo(&, NV, r)e &3 "3J(r)e‘TD(0)E

where the matrice®(-) andE, the function®(r, ¢(0)) andé (r), the variable
&, and the parameteg are defined in Theorem 3. The functigé, r) is
constructed in Lemma @,(r) is the fundamental solution of Eq. (7.23) with
asymptotics (7.25), andi (-, r) is a fundamental solution of Eq. (7.6).

Proof. Set the right-hand sides of Egs. (7.18) and (4.7) equal, the gud
and take the limit — oco. 0O

(7.27)

Proposition 15. Fundamental solutions of Eq. (7.6) can be written as follows
1
Yo(§, r) = K(r) (‘IJA(S, r)+ ﬁE(S, r)) N(r), (7.28)
whereW, (&, r) is theW-parametrization for the asymptotic coaeF (see

Eq.(4.13))E(&, r)isanentire function of, K (r) andN (r) are the functions
independent of,

K@) = 1+0(1/Jr). E = 0, and %: = 0. (7.29)
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Proof. Equation (7.6) can be solved explicitly in terms of the parabolic cylin-
der functions [2], namely,

i0(r)
2

Wd&r)=§00wm(— <n)5é}any (7.30)

Here the functiory} (r) brings the matrixB; into the diagonal form

1 -
K (r)B1 K (r) = ba(r)os, bi(r)

~ B bi(r)1
— —i/dethy, K (r) = POPEADD.

(7.31)

Using Eq. (7.4) foi = 1 and asymptotics fop(r) obtained in Theorem 3
and Lemma 7 one proves that

. .2 1
), = 5 g5 P00 +0 ()

andx (r) has the same asymptotic expansiorkds) in Eq. (7.29).

The functionB (gN, r) is given by the same equation@g£) (see Eq. (4.9))
but with the functions:

. _. —— -~ 2
mmzﬂfﬁi%ﬁ(Klmvao LBy =20

J2ib1(r) , 16
~ 2i -1 ~
and & = /2iby(r) + \/ﬁ (K (r)By K (r))
11

substituted for the variables B, andé respectively. The asymptotic prop-
erties ofp(r) yield the following estimations as— oo:

a(r) =oz+(9(%>, B(r) :ﬁ+(9(%),
§=$<1+0<%>) +0<%).

Now, one proves representation (7.28), (7.29) using the analytical properties
of the parabolic cylinder functions or directly their integral representations
[2].

To finish the proof of Theorem 4 let us rewrite the Sym formula (3.14) in
terms of the variablé,

F(x, y, \) = 2p/r (1+ i) Ut AE, r)Y, (7.32)
Jr
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according to the Egs. (7.2)—(7.4), (4.4), and (7.17)
i ol i i 1
AE, r) = —5803 = Ze_?e(’maze?e(’m + 0(?) . (7.33)

Now Egs. (7.32) and (7.33) together with Egs. (7.27)—(7.29), (7.25) and the
results stated in Lemmas (5), (6) yield the following estimation
F(x, y, L) — Falx, y, A) :IEI ) 0@, (7.34)
r—00, <&o0
whereF,(x, y, A) = F4(&, r) is the parametrization of th& % (1) (see

(4.14)) in whiché andr for the givenx, y, A are calculated via formulae
(3.14). o

Estimation (7.34) proves Theorem 4 since the distance between a point
on PAF (L) and Amsler surfac& (1) is smaller or equal

VAet(F(x, y, 1) — Fa(x, y, A)).

According Eq. (7.34) the last magnitude is uniformly bounded for all points
ONPAF.

Remark. Although the above construction shows that
det(F(X,y,)\) - FA(-x’yv)\')) — 0

asé — oo, it does not mean that the whole asymptotic ceft€ does not
lie in a finite neighborhood of the corresponding Amsler surf@ceQuite

possibly, detF(x, y, A) — Fa(x, 3, A)) is uniformly bounded for the
appropriately chosen functiods= x(x), y = y(y).

Actually, the results stated above allow the distance betweens the points
onPAF and the surfac& to be estimated more precisely. As an example,
an estimation is made below of the distance between the points lyitf on
and thebisectrixof A%, which is the straight lind"4 (0, r) (see (4.14)).

Itis also natural to call an infinite curve (i.e. a curve which is not contained
inside a sphere) amsymptotically straight lingf there exists a straight line
such that any cylinder coaxial to this line contains all the curve besides,
possibly, its finite part (the part which is contained in a sphere).

Lemma 9. The curverF | x, —%%x, A) on the surfacef (1) is asymptoti-

cally parallel to the bisectrix of4 F (A). More exactly,

)\.261 062 — 1
F ———x, A) = F4(0 — Ol — 7.35
(x’ 16bxa ) A( ’ r)+ 8 € + (ﬁ)’ ( )
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where
¢= —iE"'D1(0)03D(0)E (7.36)

is the unit vector orthogonal to the bisect (0, r). Moreover the plane
spanned orF, (0, r) ande is tangent toA F .

Proof. To prove Eq. (7.35) we substitute = 0 = y = —%%x (see

Egs. (4.6), (3.14)) into Eq. (7.32) and make calculation analogous to the
one used for the derivation of Eq. (7.34). Since in this case we are concerned
about a more explicit approximation than that obtained in Eqg. (7.34), we must
use longer asymptotic expansions o) and J(r), namely, we need the
terms calculated in Eq. (7.26). Differentiating Eq. (4.14) one finds that the
unit vector,

N 1 o
e (§) = ﬁ—ﬁ@ms, r) = —iE"'D7}(&)ao3D(#)E,

is tangent toA ¥ . Moreover, ifé = 0, thene =¢ (0) L F@, r). O
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