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Summary. We give a complete classification of the small-amplitude finite-gap solu-
tions of the sine—-Gordon (SG) equation on an interval under Dirichlet or Neumann
boundary conditions. Our classification is based on an analysis of the finite-gap so-
lutions of the boundary problems for the SG equation by means of the Schottky
uniformization approach.
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Introduction

This paper is devoted to analysis of the small-amplitude finite-gap solutions of the
sine-Gordon equation on an interval |

Uy = Uyxx — SIN U, O<x<m. SG)
We consider this equation under Dirichlet or Neumann boundary conditions:
u@, O =u@,7)=0 (D)

or
U, (t,0) =u,(t,n)=0. N)

The results and the proofs in the (D) and (N) cases are parallel, so we mostly restrict
ourselves to the Neumann problem and give a brief reformulation of the main results
for the Dirichlet problem.

The equation (SG) + (N) [as well as (SG) + (D)] defines a dynamical system in
the phase space Z of pairs U(¢, x) = (u(¢, x), v = u(t, x)) [Z should be given some
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Sobolev norm | - ||, for example, Z = H'(0, ) x L2(0, ) in the Dirichlet case]. The
equations (SG) + (N) and (SG) + (D) are well known to be Hamiltonian: one should
supply the phase space Z with the symplectic structure given by the 2-form w;,

T
w2 (U1, v1), (42, v2)) =f0 (u1v2 — viug) dx,
and consider the Hamiltonian
T
/ (%(v2 + u)zc) + cos u) dx.
0

To get an idea of the qualitative behavior of solutions of (SG)+(N), let us con-
sider the linearization of (SG):

Ut = Uxx — U. (1)

The equation (1)+(N) is a linear oscillating system with the frequencies 0%, 1%, 2*, ...,
where we denote

Jr=NP L

The solutions with frequency j* have the form (u;, v;), where
u;(t,x) = Ijsin j*(t 4+ ¢;) cos jx, [; > 0.
Fix any » > 1 wavenumbers j,
jev=d ..., vd cNu{0}, 2)

and consider superpositions (=sums) U" = (u", v") of solutions (u;,v;) with j €
V, " = u1 + ...+ u,, which are time—quasiperiodic solutions of (1)+(N) with
the frequency vector w = (V2*, ..., ¥0%). Altogether, the solutions U” fill the 2n-
dimensional linear subspace E?" of Z:

E*" :=span{(cos V%, 0), (0,cos¥'x) | j=1,...,n}. (3)

Each solution U” lies in an invariant torus 7" (I), where dim 7" (I) = n if all I; > 0.
So the space E?" is foliated into invariant tori and

E*" ~ R x T".
The equation (SG) has well-known finite-gap solutions, given by the theta formula

6G(Vx+Wt+ D+ A))
6G(Vx+Wt+ D))

which was first obtained by Kozel and Kotlyarov [KK] and Its (see [M]). The so-
lution (4) defines (and is defined by) its spectral curve X, which is a hyperelliptic
Riemann curve with a real involution. In general, any hyperelliptic curve X with
a real involution determines a solution of the SG equation. Moreover, there are
usually many connected components of the solutions corresponding to the same X,
which makes a general picture rather complicated (for details see [BBEIM, EF)).

u(t, x; N\, D) = 2ilog 4)
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The picture simplifies if we consider only small-amplitude solutions. In this case, the
genus g of the curve equals the number of nontrivial spectral branches of the cor-
responding L-operator (see [McK, EFM, BBEIM]); the branching points of X are
{0, 00}U{A1, A1; -+ Ag, Mg}, Where A;, A; (j = 1, ..., g) are the edges of the nontrivial
spectral branches. The vector (A1,...,1,) € C® and D € T® are parameters of the
solution.

In Section 1, following [Bo2] and [BiK], we single out among g-gap solutions
(4) real-valued 2r-periodic solutions, satisfying the boundary conditions (N) or (D).
Moreover, thus obtained solutions U = (u, &) of (SG)+(N) form 2n-dimensional
analytic varieties T2 C Z, n = [¢/2] + 1, which are ‘similar to the solutions of the
Dirichlet problem. The solutions in J J2" of amplitude < p form a smooth analytic
manifold J 0”2” , foliated to invariant tori of (SG)+(N):

_ U T"(X). (5)
X

The solutions with the same curve X lie in the same invariant torus, so the union in
(5) is with respect to the curves X giving rise to solutions (4), which meet (N).
The spaces tangent to the manifolds J f," at zero are exactly the spaces E?" as

in (3), so the spaces E?" [or, equivalently, the vectors V as in (2)] parametrize the
manifolds .

Despite the fact that the solutions of the sine-Gordon equation are given by the
explicit formula (4), their investigation is a serious problem due to a complicated
parametrization. To solve this problem in the present paper, we use an approach,
suggested in [Bol] (for details, see Chapter 5 of [BBEIM]) and based on the
Schottky uniformization of the spectral curve X. The Schottky uniformization pro-
vides a convenient coordinate system {u} on the manifold formed by the curves X as
in (5).

This approach allows us to investigate the manifolds J 0”2", including the nontriv-
ial proof of their smoothness up to zero. Moreover, we obtain representations by
convergent series for the frequencies A;(u), the vectors W (u), and the “Bloch-like”
solutions of the linearized sine—~Gordon equation.

We study also the linearization of the equation (LSG) about the solution (4) in
the small-amplitude limit (Theorem 7).

The main reason why the manifolds 92” and the tori 77(X) are interesting is
their robustness—most of the small- amphtude tori T"(X) pers1st in the nonlinear
Klein—-Gordon (NKG) equation

Upr = Uxx —mu + f(u), O<x <L, (NKG)
where the function f = o(|u|) is odd and nondegenerate,
f@)=—=f(-uw), [P0 #0,

and the equation is supplemented by (N) or (D) boundary conditions. Indeed, af-
ter rescaling the dependent and independent variables, the equation (NKG) can be
rewritten in the form

Upr = Uy — sin(u) + O(Jul?), 0<x < Lq; (NKG)
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i.e., as a higher-order perturbation of the (SG) equation. Detailed information about
the tori 7" (X), the manifolds 9”?,”, and their vicinities that we obtain in this paper
allow us in [BoK2] to apply the infinite-dimensional KAM theory [K1, K2] to prove
persistence for most of the tori 7" (X) in the equation (NKG’). Jointly the persistent
tori form “partial central cantorfolds” of (NKG’), which means the following. Using

polar coordinates, a manifold IJ f,” can be written as

9?)" =T" x D",

where D" is an n-disc of a radius r(p). A tangent space to OJ%” at the origin equals

E?"—an invariant subspace for the equation linearized at zero and filled with its
bounded solutions. So ?Tf,” is a partial central manifold of the (SG) equation. In
[BoK2] we prove that (NKG) has an invariant manifold

~2n ~
J p = T x D",
where D" is a Cantor subset of D", having density 1 at zero (i.e., its intersection with
the e-disc centered at the origin occupies most—in the measure sense—of the disc

~2 , , ~2
when ¢ — 0). Besides, J pn has a tangent space at the origin that is equal to E?"; J pn
and is filled by invariant n-tori, formed by time-quasiperiodic solutions of (NKG).

. ~2 . . o
Jointly the cantorfolds J pn of the equation (NKG) are infinitesimally dense at
zero: each nonempty open cone in Z (vertexed at the origin) has a nonempty intersec-

. . . ~2 . . . .
tion with the union of all J pn. This explains why small-amplitude solutions of (NKG)
appear to be time-quasiperiodic—a fact, well known from numeric investigations of
the ¢*-equation

Uy = Uxx _mu+u3

[which is an important example of (NKG)]. In particular, for the KAM technique

we apply in [BoK2] to the (NKG) equation, the nondegeneracy of the amplitude-

frequency modulation is critical for solutions forming the manifold ?fi”:
det 3W7/dux |07 0,

and some nonresonance properties of the frequencies, both of which are proved in
[BoK2] based on the analysis of the present paper. Similar nondegeneracy results
for the periodic finite-gap solutions of the Korteweg—de Vries (KdV) equation were
obtained in [BoK1].

1. Small-Amplitude Finite-Gap Solutions of Boundary-Valued Problems for the
Sine-Gordon Equation

We start with some basic facts from the finite-gap theory of the SG equation (see

[McK, EF, BBEIM] for the proofs and details). Let X = {P = (X, )} be the hyper-
elliptic Riemann surface of the polynomial

g
=1l -2 -1, (6)
i=1
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where Ap, ..., Ag are pairwise different complex numbers from the upper half-plane
C. (we restrict ourselves to the solutions with complex branching points because the
small-amplitude finite-gap solutions we are interested in are of this type). We denote
the hyperelliptic involution and the conjugation involution as follows:

Tl()., IL) = (A" _/~‘L)’ IZ(AH IL) = (X1 _ﬁ)

Let us make on X the cut yy = [0, co) and the cuts y;,i =1,..., g, where y; is

a path from A; to A;. Let us choose the canonical basis of cycles (a;, b;),i =1, ..., g,
on I' in such a way that the circle a; surrounds the cut y; (see Fig. 1) and fix a basis
of holomorphic differentials dwy, ..., dwg of X normalized by the conditions

% wj = 2midp;, jjm=1 ..., g
am

The Riemann matrix B = (Bp;),

bm
defines the theta-function 6,

6(z|B) = ) _exp(3(Bm,m) + (z,m)).

This function has the matrix of periods (27i/, B).

The function +/A is not single-valued on X. To correlate the local parameters /A
at the points A = 0 and A = oo, we should fix a branch of +/A on X. This branch
is fixed if a contour &£ on X is specified, where /A has a jump alternating its sign
(+/A is analytic on X — ¥ and boundary values of /A at two edges of & differ by
a sign v/Aig, = —v/Aj¢_). We choose & to be a union (see Fig. 1) of the contours
surrounding the cuts y;, which are mapped to y;’s by the projection (A, u) — A. Let

Fig. 1. The spectral curve with the canonical basis.
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us consider the Abelian differentials dQ24., d29 With zero a-periods and such that
d2.c has the only pole in co and d2¢ has the only pole in zero:

dQso(P) = d(V/N), P — oo,

dQ(P) = d(%), P 0. (7)

We denote the b-periods of dQ2s., 2y as B>, BY,

B;l)0,0 =f ono,O,
bn

and define the vectors

vV =1B* - BY, w = L(B® + BY).

ENTEN

The antiholomorphic involution 1, acts on the basis of the cycles and on the local
parameters as follows:

Ta, = a,, »b, = —b, + a, rz*«/x = —/A.
These relations imply
3 dQ® = —dQ®,  15dQ° =—-dQ0

and prove the real-valuedness of the g-vectors V, .

The finite-gap (theta functional) solutions of (SG) are given by the formula (4),
where A= (A1, ..., A5), V=V(N), W =W); iA =i(m, ..., ) is the vector of the
half-periods and D € T® = R#/2n7Z?¢ is the phase of the solution.

The construction just described corresponds to each vector A = (A1, ...,4p) €
M, where

ME = {(A1,...,Ag) | Aj € Cq, Aj # A Vj £k}, (8)

the toroidal family of the finite-gap solutions (1.4), where the phase D varies in the g-
torus. [In fact, the construction corresponds to each set {11, ..., Az}. With some abuse
of notation, we do not distinguish a vector (A1, ..., Ag) from the set {A1,..., Az}.]

We remember that a solution U = (u, v) of (SG) satisfies the Neumann boundary
conditions (N) if it satisfies “even periodic” boundary conditions with the doubled
period:

Ui, x)=U@,x +2n), Ui,x) =U(@, —x). (EP)

Similarly, U (¢, x) satisfies the Dirichlet boundary conditions (D) if it satisfies the “odd
periodic” boundary conditions

Ut,x)=U(t,x +2m), U, x)=-U(, —x). (OP)
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Lemma 1. If the set N = {)Aq, ..., Ag} is symmetric with respect to the inversion
A — A7
and the divisor D satisfies
Dj = Dgy1-, j=1...,g 9
then the solution (4) is even. If the set N\ is as above and the divisor D satisfies
Dj = Dgy1-j +m,
then the solution (4) is odd.

Proof. Since the set A is invariant with respect to the inversion, the spectral curve X
[see (6)] is invariant with respect to the holomorphic involution 73, where

I u
3(A, u) = (X’ W) (10)
The local parameters and the basis of cycles are transformed as follows:
VA = 7 Ban=agriom Ty =bgion,
which implies
‘L'?;k dQ2sc = dS2,

so for the periods of d2y, dQ2w, and dw, we have
3B = B, T3BT3 = B,

where T3 is the g x g matrix

I3 =
1

The vectors V' and W are antisymmetric and symmetric, respectively,
YV = -V, LW =W,
and the theta-function is symmetric,
0(I3z) = 0(z) = 0(—2),

SO
O(iVx+Wt+ D+ A)+i(D— T3D))

O(T3i(Vx +Wt+ D)y+i(D—T3D))
This function is equal to u(¢, x) if 73D = D and to —u(¢, x) if 73D = D+ A (because
the transformation D — D + A interchanges the numerator and the denominator of
the logarithm’s argument). O

u(t, —x) = 2ilog
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Remark. One can show that the symmetries of X, D described above are necessary
for the solution u(x, t) to be even or odd. This fact can be proved using the “direct
approach” [BBEIM] of constructing the finite-gap solutions.

Due to the complete analogy between the (OP) and (EP) cases in what follows,
we prove the results for the (N) boundary conditions only and briefly reformulate
them for the (D) case.

For a vector A € M#, we denote by A\™1 € M# the g-vector with the inverse
components

A h, =) ji=1,...,g

The vector A € M2 gives rise to an (EP) solution, if (possibly, after some renumeration
of its components)

Ml <1,..., A/ <1 and N 1=\, (11)
(Vla et Vg) (A) € Zg9 (12)

where

n=n(g =1+ |:gT—1]

Let Mg, , be the set of all A € M# satisfying (11). Since all A;’s are different,

sym
Al =1 VA e MEif gis odd.

As we have already proved, for A € Mg, the vectors ¥, W inherit the symmetries

of the surface X. We formulate this fact as the next lemma.

Lemma 2. If A € M, then the vector W is symmetric and V is antisymmetric with

respect to the involution T3 (i.e., TsW = W, T3V = —V). These vectors are given by the

formulas

Vi = 3(B° — B30, Wi = (B + BX4_p)- (13)

By Lemma 1, to extract from the set of even (odd) solutions (4) the solutions
of (SG)+(OP) [(SG)+(EP)], we should solve the equation (12) with A € M§ . We

sym*
start an analysis of this equation with simple small-gap limits for ' and W vectors

when A € Msgym tends to a real vector 1 with positive components:

V(N — VO, W) — WOl asN—>1eRE,

where

1 1
Vi =) = 5(\/5 — ﬁ)

1 1
i =Wl = 5 (\/17+ ﬁ)

(see [McK], [EFM], and Theorem 3 below). From (11) we obtain the estimates for
components of the limiting vector I:

(14)

O<h,....n <1 <lpjq,....,1q
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We suppose that all components of the vector 1 are different. Then, after unessen-
tial reordering of the first and the last » of them, we have

O<lh<---<h=<l<lg- <y, li-lgp1—j=1 Vj. (15)
After this reordering, the components of the vector V¥ are increasing:
V)< <WW<0<V)<- <V, V) =-v?

n n+1° J g+1—j°

As V9 e Z2, then we obtain from (14) that

{lh, ..., 1} € {n-vectors with components of the form
2
(,/j2+1—j) |j=0,1,2,...},
(16)
{lit1, ..., g} € {(g — n)-vectors with components of the form

(\m—j)z‘j=—l,—2,...}.

We shall prove below in Theorem 3 that each vector 1 € R% satisfying (15) and
(16) gives rise to a family of small-amplitude solutions of (SG)+(EP). As a suit-
able parameter for these families of solutions, we choose the integer n-vector V =
—VL, VD, ..., VD), varying in the set £¥, where

PE=(V=V1,..., V) €Z"® |V, >.--> V1 >0, V1 =0iff gis odd}.
For V € &% fixed, we denote
N, =N,(V) = NU{Op \ {=V,..., =V}

We treat V = (=7, ..., —V0} and N, as the lists of open and closed gaps of the
solution (4).
By (14) and (16), components WJQ of the limiting vector W0 have the form

W= =J0P2+1,  1<j<g

Small-amplitudes solutions we are discussing now correspond to the situation
when all the cuts in Figure 1 are small. Our analysis of these solutions is based on
the uniformization of Riemann surfaces with small cuts [A;, A;], given by the Schottky
parameters (see Section 2). Below in Theorem 3 we give the final results of this
analysis. For the proofs, we refer the reader to Section 2.

Theorem 3. For every V € &2 there exists p > 0 and real-analytic map
N MS={neC||ujl<pVji}—>C8  u- N,
such that:

(@) For p € My = MpC NRY, the vector N(w) lies in Mg, C C% and the Riemann
surface (6) with N = N(u) satisfies (11) and (12).
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(b) The maps
u— U, x; Mu), D), p = W(A()),
are analytic in ME and U(t,x; N(0), D) =0, W;(0) = WJ(.).

(c) The vector V (N(i)) equals VO for all p.
(d) The matrix OW /9 at the point u = 0 equals

_16/W°, £k,

W5/ 3ttklu=0 = { —12/w0,  j=k

() For u=(,...,u;j,...0), where u; >0,
U(0, x; u, D) = 16, /i; (cos Vx cos Dj, =W} cosV)xsinD;) + O(u).  (17)
Corollary 4. The map
Mf—>(C”, i W, ..., Wy)(u),
is an analytic diffeomorphism on its image, provided p is small enough.

Proof. We should check that detdaW;/ou; # 0 at u = 0. This determinant differs
by a nonzero factor from the determinant of the matrix m = (mj;), where mj; = 3

and m;; = 4 if j # k. The matrix m clearly defines an invertible linear map, so
detm # 0. O

Thus, g-gap solutions U(t, x; u, D) of (SG)+(N) analytically depend on u and
D and are parametrized by the discrete parameter V € £2.

Due to the symmetry relations, the vectors V', W, and D are uniquely defined by
their first n components (belonging to R” and T"). With some abuse of notation, we
denote these n-vectors by the same symbols V', W, and D.

The coordinate system (u, D) is singular in the points where some p; vanish,
because for u = 0 the zone [A;, A;] shrinks to a point and the solution U does not
depend on the phase D;. This observation and asymptotics (11) hint that the functions
{21, D) | j=1,...,n} form a “good” polar coordinate system and the solution
u analytically depends on the corresponding Cartesian coordinates (p, q),

pj = /2/,Lj CcOS Dj’ qgj = ‘/2/,Lj sin Dj. (18)

Direct calculations, given in Section 3, Lemma 16, prove this conjecture:
Lemma 5. The map

®p: D :={(p.q) | p; +q7 <2pVj} > Hy,  ®o(p.q)(x) =U(Q,x; p,q),
is real-analytic for every s € N, and

2 94(0) = 8v2 (cos V. 0), %%(O) =8v2(0, W cos¥;x).  (19)

op; q;

Moreover, the map ®g is odd: y(p, q)(x) = —Po(—p, —q)(x).
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In the lemma we denote by H; the Sobolev space of vector-valued even periodic
functions U(x) = (u(x), v(x)); that is,

2T
HS={U(x)| Ux)=U(—x)=Ukx+2n), / |8iU(x)|2dx<oon§s}.
0

The formula (19) results from (17). The last statement of the lemma follows
directly from the formula (4), since the transformation D — D+ A interchanges the
numerator and the denominator of the logarithm’s argument in (4).

The following statement (with p small enough) is an immediate consequence of
the lemma.

Corollary 6. The set T, = <I>0(D%”) is a 2n-dimensional analytic submanifold of H;.
This manifold passes through zero, 0 € H,, with the tangent space

ToJ, = E*" := span{(cos ¥x,0), (0,cos¥/x)|j=1,...,n}.

The manifold is invariant under the flow of (SG)+(N) and is foliated by the invariant
analytic tori of the form

Qo(T"(w),  T"(w) ={p;+q;=2u;201j=1,....n}.

The dimension of the torus T" (i) equals n in the general case and drops by 1 if some
W vanishes.

Thus, equations (11) and (12) define an n-dimensional analytic subvariety of
the g-dimensional domain Msgym. Due to Theorem 3, this subvariety has nonempty
components M$, parametrized by the vectors V from £2. The g-gap solutions of

(SG)+(N), corresponding to vectors from M§, form in H; a 2n-dimensional variety

J = J™WV), diffeomorphic to M§ x T". The intersection of J2"(V) with small
enough neighborhood of zero in the phase space forms a smooth analytic manifold;
its closure is a 2n-dimensional smooth analytic manifold J , = J ,(V), diffeomorphic
to the 2n-dimensional polydisc D%”.

Due to Corollary 6, manifold 7, is stratified as follows:

where 9”2 — g (V) N T, is an open part of J,, filled with g-gap solutions, and
analytic submanifolds J , o are filled with (g’ < g)-gap solutions of (SG)+(N).
We consider equation (SG) linearized about the g-gap solution U = (u, v),

S = Sy, — (cOsu(t, x)) bu, (LSG)

supplemented by (N) [or (D)] boundary conditions.
There is a natural way to construct solutions du(?,x) of (LSG): to write
u(t,x; u, D) = u(t, x; N(u), D) as a degenerate (g + 2)-zone solution

u(t, x; u, D) = u" 1t x; w, tins1; D, Dus1)lp,.1=0s
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where "1 is a (g + 2)-gap solution of (SG)+(N), corresponding to a vector V**!1 =
\'Z Vn0+1) e P&t? (V € &% corresponds to the solution » and VnOJrl € N,). After this
we obtain a solution of (LSG) as

. 1 aun+l
lim : (20)
n1=>0 \/Unt1 0 Dpyq
where the factor u;i{Z appears in the formula because not (D41, un+1) but

(Pn+1,9n+1) [see (18)] forms a smooth coordinate system near pu,+1 = 0. The
solution (20) depends on the choice of the phase D,.;. Different solutions are
parametrized by elements of the set N,, which enumerates the closed gaps of the
solution U.

Theorem 7. For each j € N, there exists a linear combination 5u; of the solutions (2.2)
with VnOJrl = j of the form

8uj(D, t; w)(x) = W (W ()t + D, p)(x),

where w; and W’/ are analytic functions. The frequency w;(1) equals the (n + 1)th
component of the W -vector of the solution "' with ,,1 = 0. It can be analytically
extended to some complex polydisc My = {|u;| < p}, where

wj(w) — j*| < Cmin(lul, A+ H7H.
The function W/ is even in (p, q). It can be analytically extended to some domain
0, ={(p,q) € D5} x {x € C | |Imx| < p},

where
c __ 2n 2 12 )
D, ={(p,q) € C7 | |p;I” +1g;1" <2p Vj}.

The function W/ can be represented as
W/ =cos jx + WOWt + D, n)(x),

where
WD, u) = 3 W/N(D, w)(x) + e WD, p)(—x)).

The function W/ is analytic in x and (p, q)-variables and everywhere in O,
W/ < Cluld + N~ 21

Proof. See Lemma 18 in Section 2. To obtain the estimate (21), one should use the
direct and inverse estimates for the norm of an analytic function in a complex strip
via its Fourier coefficients (see [A] and [K1], Appendix B to Part 3). O
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2. Proofs: Schottky Uniformization of the Spectral Curve and Parameters of the
Finite-Gap Solutions

Here we describe a different parametrization of the spectral curve (we restrict our-
selves to the case of even genus g = 2n), which allows us to investigate the behavior
of the solutions in the small-amplitude regime. This parametrization is provided by
the Schottky uniformization of the spectral curve. Details of the theory can be found
in [Ba, Bu, Sch] (the Schottky uniformization) and in [Bol, BBEIM, Chapter 5] (ap-
plication to investigation of the finite-gap solutions).

An arbitrary hyperelliptic curve shown in Figure 1 with the symmetry t3 can be
uniformized in the following way in the z-plane. Let Cy, ..., C, be disjoint circles (in
this section we use the notation z for the uniformizing variable) orthogonal to the
real axis and intersecting it only between the points z = 0 and z = 1. The symmetry

1
732 = — 22)
z

maps Cy onto a circle Cg1_4, and the symmetry
T1Z2 = —Z2 (23)

maps C; and Cyi1—4 onto circles C; = 11Cy and Cé +1-k = T1Cgt1-4- These circles
comprise the boundary of a 2g-connected domain F (see Fig. 2).
The Moebius transformation oy,

0,z + Ay z+ Ay
— = — Mk ;
z— Ay

= O<ur <1, 0< A4 <1, k=1,...,n,

o,z — Ay
maps the outside of the boundary circle C into inside of the boundary circle C;,
0xCr = C}, and preserves the real axis. The points 4; and — 4y are the fixed points of
the transformation oy; Ay is inside Cy. The numbers A, ux are uniquely determined
by the circle Ci. (Note that to identify formulas of this section with analogous formulas
of [Bol, BBEIM], one should replace u© — —u.) The radius of Cy is equal to

2A;
1/ /i + /1k

Fig. 2. Schottky uniformization of the spectral curve.
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and the center of Cj is given by

4 1 — /i
1+
The transformations og1— are defined by the rule
(2) -
(o) — = .
S 51/2)

They map the outside of C,,1_; onto the inside of C'g +1_x and are given by the
formula

Og+1-kZ + Agi1-k _ Z+ Agr1-k

I

I
=
oQ
+
[y
-

Ogt1-kZ — Agy1-k
-1
Ag+1—k = Ak » Mg+l1—k = Mk-

The elements o1, ..., 0, generate a classical Schottky group [Sch, Bu], which
in this case preserves the real axis. F is the fundamental domain of G. Identifying
the boundary points of F by the holomorphic transformations oy, ..., o5, wWe get a
real hyperelliptic Riemann surface of genus g, possessing an additional holomorphic
involution 73. [In a more invariant way X can be defined as X = Q(G)/G, where
Q(G) is the discontinuity set of G.] As a matter of fact, r; is a hyperelliptic involution
of X with 2g + 2 fixed points, z = 0 and z = 0o, and the pairs of mutually conjugate
points given by o,z = —11z or, equivalently,

(2 — Am)? = —pim (z + Ap)? (24)

Also we see that

Tz =—2

is an antiholomorphic involution of X. Fixed points of 7o comprise a real oval iR.
Another antiholomorphic involution (t172)z = z has a fixed oval F N R (all the
intervals of FNR are glued in one oval of X by the transformations o1, ..., 0z). The
fundamental domain F is invariant with respect to 73, which means that X possesses
a holomorphic involution (22) with two fixed points z = £1.

Let us choose a canonical basis of cycles of X such that a,, coincides with the
positively oriented C, , and b,, joins the points z, € C, and o,z € C,, (see Fig. 2).
This is the same basis that we used before (see Fig. 1) in Section 1.

Abelian differentials on X are well determined by the (—2)-dimensional Poincaré
theta series. For the Schottky group with invariant circle (a real axis in our case), these
series converge [Bu, Fo]. We denote by G,, the subgroup of G generated by o,,. Cosets

G/Gn, and G,,\G/G,,, are sets of all elements o = al.j L. -al/kk such that iy # mq

and, for G,,,\G/G,, additionally i; # m;. The following result is classic [Bu, Ba]:

Theorem 8. The series

1 1
d m = - d
on= ) (z—a(—Am) z—aAm) ‘

oceG/Gp,
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define holomorphic differentials normalized in the basis fixed above. The period matrix
is given by

Bm1m2 == Z log{_Amz’ Am29 0(_Am1)’ U(Aml)}, ml 75 m29
0€Gmy\G/Gnm,
(25)
Bum =10g(—pm) + Y log{—Am, Am, 0 (= Ap), 0 A},
0€Gm\G/Gn
o#l

where { } denotes the cross-ratio

(z1 — z3)(22 — z4)
(z1 — z4)(z2 — z3)

{z1, 22, 273, z4} =

G is a discrete subgroup of PLS(2, C). We denote the coefficients of 0 € G as

follows:
oz = 2P (“ 5)ePSL(2,C).
yz+8 y o

For the generators o, they are equal to

The hyperelliptic involution (23) implies a group involution
o — o* =10T1], « P > ¢ =B . (27)
y o -y 0

Finally, to identify two descriptions of the spectral curve, we construct the func-
tion A(z), which has a double zero at z = 0 and a double pole at z = co. Hence it is
given by

1
rMz) = =) [(62)* = (00)] (28)
¢ oeG
with some constant c. Due to (27), the following asymptotics hold:
22
A—> —, zZ —> 00,
0 (29)
A — =22, 0=) §*'A-28y), z—0.
c

ceG

To determine c let us identify the reductions (22) and (10):

A(l))\(z) = 1.
z
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Using (29), we get
c=+/0>0

since A(z) - +o0o, when z — *o00. The contour & (see Section 1) coincides with
the boundary of F; therefore, the branch of v/ is single-valued on the fundamental
domain F. At the points z = co and z = 0 it behaves as follows:

Ao 2, 25 oo
1 (30)

x/X—>qz, z — 0, q2=c.

The asymptotics (7) and (30) show that the Abelian integral Q®° = [*dQ™ is

equal to
1
Q®(z) == ) (oz—00).
9 oceCG
Its periods can be calculated directly or by using the reciprocity law, expressing them
in terms of the normalized holomorphic differentials

B® = 1 Y [o(—A4m) — 0 4n]. 31)

9 56G/Gn
Below we consider the limit of small us,
Um = EVp, e—>0 m=1,...,g, (32)

with finite vs and calculate all the parameters of the finite-gap solutions as the series

with respect to ¢. This limit corresponds to small gaps [A;, A;], since, due to (24) and
(28),

Am — Am| =~ 8A,2nv.um~

As already mentioned, since G preserves the real axis, all the series in this section
are absolutely convergent. For small C,,s [which is the case (32)] these series can be
rewritten as absolutely convergent series with respect to . |

Lemma 9. The series

Rp= )  (0(dm) —0(—A4nm)) (33)

0€G/Gnm

converges absolutely and in the limit (32) has the following leading terms:

g
Rn =24, +¢ Z Vitml + 0(82),
| 1=1 (34)
164, A2

=m, l£m, rmm =0.

Fmi
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Proof. For the difference oz; — 0z one has

Z1 — 22
(yz1 +8)(yz2 +8)

O0zZ1 —02p =

If o is one of the generators o*! and both z, z; are outside of C,, and C/, then

using (26) we see that

o'zt — 0 = (21 — 22) O ().
For the terms of (33) corresponding to o = ol.j L. -O’i],;k this implies

cAy —0(—Apy) = 0(8|j1|+-..+|jk|).

The detailed estimates proving absolute convergence of the series are presented in

[Ba] and [Bu]. To get the terms of the zero and first order we have to take into

account only o = I and the generators 0 = 01,0, LI Og, Oy 1.

g
Ry =24m + ) (014m — 0/(—=Aw) + 0] ' Ay — 0] ' (—An)) + O(?).
=1

Direct calculation of this sum gives (34). O

Lemma 10. The following asymptotics for Q hold.

n

Q=) 6*1-2By)=1+32e) v+ 0. (35)

oeG k=1

Proof. 1t is easy to see that the leading terms are given by the generators. Because of

(26), for o = oy, ak_l, Ogt1—k = T30%T3, and ag_+11_k = ‘L’3O'k_1t3, we have

1-28y

T 8Lk,

which proves (35). O

Two possible choices of the square root (30) for ¢ correspond to the simple
transformation of the solution

u(t,x) - u(—t, —x).

We choose g negative. Then (35) implies

g l=—-14+8) v+ 0. (36)

n

k=1
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Lemma 11. The components of the vectors V , W are given by absolutely convergent series
Vm = — g+l—m> W = g+1—m):

1 1
Vin = _E(Rm — Rg+1—m)’ Wi = _4_q'(Rm + Rg+1—m)- (37)

The asymptotics at ¢ — 0 are differentiable and start with the following terms:

n
Vi =sinhay + ¢ Z VIV + 0(82),
=1

n
Wi = coshay + ¢ Z VWi + 0(82),
=1

2
Ve = —8sinh gy + — ,
sinh ar (38)
wir = —8cosha, — 2 ,
cosh a;

cosh? ay )

= —8sinha;( 1
Ukl St ak( T sinh(ay + a;) sinh(a; — a;)

sinh? aj
sinh(ay + a;) sinh(a; — ay)

wk1=—8005hak<1—|— ) k #1,

where e* = Aj.

Proof. The expressions (37) follow from (31), (33), and (13). Combining in (34) the
terms with the same vs, we have

n
Ry — Rgy1 ¢ = [2Ak + eVt gr1—k + € Z Vi (P + rk,g+1—l)]
I=1
1%k

n
— [2/1;1 + EVkFgr1—k ik + € Z Vi (Fg41—k,1 + rg+1—k,g+1—1)] + O(e?).
I=1

14k

After some simple calculations, we get

+ 0(82).

. 8¢ n sinh a; cosh?
Ry — Rgy1 ¢ = 4 sinh a;, + P _ 32¢ E Vi . A
=1

sinh a; sinh(ay + a;) sinh(a; — ay)
Ik

Multiplying this expression by (36), we get the first line in (38). The proof of the

asymptotics for W is absolutely the same. O
Lemma 12. For any Vy(l) and sufficiently small parameters © = (w1, ..., u,) an ana-
lytic map

p—>a) = (@), ...,a (1))
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exists such that V (u, a(un)) = Vo(l) is independent of w. Furthermore, W is an analytic
function of u and

d 16
—Wn(u,a(u))|p=0 = — : k#m,
oLk cosh a,,
(39)
2 (1, a(u)) =
m 9 a frd _ — .
3 tm Ho @) Tu=0 cosh a,,

Proof. The series (38) is invertible with small ¢. The equality
Vi a)=r°(0)

due to the implicit function theorem determines a = a(u) and

aa, 1
_ —_ Umks
Ok |9  coshap mh
which gives
. dam
—Wn(u,a(u))|p=0 = Wmi + sinh a, —— = Wmk — Umk tanhay,
ok Ok

and finally (39). The analyticity of W (1) follows from the analyticity of W (u,a). O

From the general g-gap solution described by the formula (4) we arrive by a
limiting procedure at the case of small-amplitude waves. Now we describe asymptotics
with respect to ¢ and also prove facts about the solutions of the linearized equation
formulated in Section 1. First we consider general small-amplitude waves of the sine-
Gordon equation. We impose symmetries on the spectral data [reduction (22) and
symmetry (9) of (D)] later on in final formulas.

So, from now on Cy,...,C, are disjoint circles orthogonal to the real axis,
Ci, e, Cé are the circles obtained from them by the map z — —z, and 44, ..., 4,,
M1, ..., lg are the uniformization parameters.

In the limit (32) the circles C, and C, collapse to the points 4, and —A4,,
respectively. In this degenerate case, for all nonidentity mappings o and for arbitrary
a, b € F, the equality ca = ob holds. Therefore, in the series (25) and (33) only the
terms corresponding to ¢ = I do not vanish. More detailed calculations as in the
proof of Lemma 9 show that the following asymptotics hold:

CXp(lB,m) = v —HUn l_[ (AA” — o4 ) = l\/g\/E(l + 0(¢)), (40)

2 0cG\G/G, \An — 0 (—4n)
o#l1
2 2
exp(B )_(Am—A,,) 1—[ ( Am — 0 Ay, )
e Am+An) ,cG\G/6, \Am —0(—4n)
o#l1

2
= (ﬁ) (1+0(@), n#m. (41)
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Lemma 13. For any A° = (4Y, ..., Ag) with all components different, A? £ 49, A? £
—Ag, and for
zeD.={z| |IRez| <c, k=1,...,g},

there is ¢ > 0 such that, if all |ux| < e, k = 1,...,g the theta function 6(z) is an
analytic function of A1, ..., Ag, lying in a sufficiently small neighborhood of AY. ... Ag
and of w1, ..., e Its asymptotics for ¢ — 0 start as follows:

0(z) =1+6'(2) + O(e),

g 42
0'(z) = ZiZ«/u,k cosh z, (+2)
k=1

where O(e) < Ce uniformly for all z € 9..

Proof. When ¢ — 0 the theta function can be represented as a rapidly convergent
series with respect to . The formulas (40) and (41) show that

exp(% Bkkmlzc) ~ Sm%/z,

whereas By, k # I, remains finite. This shows that the theta function analytically
depends on 4s and us.

The zero order term &° in the expansion of 6(z) is given by m = (0, ...0) € Z5.
To calculate the term of order /e we should take all m € Z*® of the form m =
©,...,0,+£1,0,...0) with only one nonvanishing component equal to +1, which
gives 0’(z) as above. Since the theta function is 27iZ* periodic, z can be taken on
the compact set

B ={z210<Imz<2%, |Rezx|<c, k=1,...,g},
which proves the uniformity of the estimates with respect to z. O

Lemma 14. The finite-gap solution (4) of the sine—Gordon equation in the limit (32)
in the first approximation represents a linear superposition of g noninteracting Fourier
modes of small amplitudes

g
u(t, x) =8y Y /v cos(Vix + Wit + Di) + OC(e). (43)
k=1

Proof. This lemma follows immediately from the first terms of the series (42),

O(z+ A) . 1+0@¢E+A
T~ ~2ilog
0(z) 14+6'(2)

~ 2i(0'(z + A) — 6'(2)),

u(t,x) = 2ilog

where z=i(Vx + Wt + D). O
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Corollary 15. The solution of the Neumann boundary problem in the small-amplitude
case is of the form

u(t, x) = 163/€ Y _ \/vi cos(Vix) cos(Wit + Dy) + O(e).
k=1

This corollary follows directly from (43) if we take g = 2n, impose the symmetries
Dy = Dgy14, Vk = Vgt1—k, k=1,...,n, (44)

explained in this section and in Section 1, and take into account
Veri—k = —Vx, Weri—k = Wk. (45)

Lemma 16. For small p the theta function 6(z) is an analytic function of A
‘//,Lj CXp(:I:Zj), and Mj, ] = 1, e &

Proof. The formula (40) shows that
exp %Bkk = i/1Lk €Xp %Bkk,

where exp %ﬁkk is an analytic function of i and A4. For the theta function this implies

6(z) = ) CXP{ Z Bumj + Y Bamym; + kaZk}

V43 k<l
me . (46)
Z l_[ )mkezkmk eXp{Z Bklmkml + 5 Z Bkkmk}
meZ8 k=1 k<l
Rewriting the first term in the product above as
(i«/“'_k)miezkm" — (imezk)mk(_Mk)(mk(mk—l))/z,
we see that all the terms in (46) are analytic in 4, u, and ,/uexp(£z). O

In the symmetrical case (44) and (45), taking into account Lemma 12, we get the
following lemma.

Lemma 17. For small us and for all t and x the solution u(t, x, 1, ..., Un, D1, ..., Dy)
of the Neumann boundary problem for the sine-Gordon equation is an analytic function

of
«/,ukeiiD", k=1,...,n,

or, equivalently, of

Pk = /21 cos Dy, gk = v/ 244k Sin D.
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Let us pass now to solutions of the linearized SG equation (LSG). As it was
explained in Section 1, to obtain them we should take a solution ug, (¢, x) of genus
g+ 2 (g = 2n), parametrized by

M1y .-y Un41, Dl’ R Dn+1,
differentiate it by D,,1, and put u,+1 = 0. More exactly,

_ 1 aug+2(t’ x)
A/ Mn+1 0 D11 tnt1=0

is a solution of the LSG equation.

Let us denote by Xy the limiting nonsingular Riemann surface of genus g, uni-
formized by the Schottky group Gy and generated by oy, ..., 0,. To simplify the
notations we slightly change the numeration of cycles of X. The numeration of cycles
and generators for Xy is the same as above: the cycles ay, by, agi1—k, bgr1-k coOrTE-
spond to oy (or, equivalently, to ux); the cycles agi1, bgy1 and agy2, bgyn correspond
to wn+1 (With 4,1 and A;}_l, respectively).

Formulas (40) and the symmetry of the period matrix show that in the limit
un+1 — 0 the period matrix behaves as follows:

ou

By S Ts
B — sT log(i\/ins1) + 2r / , (CY))
(Ts)T I log(i /Bn+1) + 27
where By, s, r, and [/ are finite, and the n x n matrix T is
1
T — 1
1
Here By is the period of Xj, s is a g-dimensional vector with the components
s g o pf Ao ) Y y
Sk = Bk,g+1 = Bgr1-k,g+2 = G;() Og<A;i1 - a(—A;1)> ; (48)
and A = 0 Ans
a 0;;:0 log(An+1 - U(_An+1)).
o#l
Since i D,1 always enters as an additive term in z,41 and zg42, we have
1 0

On+1)(z|B) = 0(z|B) |u,,,=0

Az Mn+1 0Dy 41

i d 0
= + 0(z|B) |u,i1=0
v/ Hn+1 (32g+1 82'g+2) Hoet

: 1
N T Z (Mmgy1+mgi2) exp(i(Bm,m) + (z,m)) | i1 =0 -
T mezet?
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In the limit (47) only the terms with mgy; = £1 or mg,» = %1 in the series above
persist. So 6(,+1)(z| B) converges to

(GXP(%BgH,gH))/x/ﬁH_l

X ( Z exp(%(BOn, n) + (s, n) + (2o, n))ezg+1

neZ8

— e (ezg+19(z() + s|By) + e %10 (z9 — s|Bp)
+ €%+20(z9 + T's| By) + €#+26(z9 — T's| By)),

where zj is a vector consisting of the first g components of
z = (20, Zg41, Zg+2)-
Applying this formula to §u and substituting
Zgy1 = L(Vpy1X + Wyy1t + Dpy1),
Zgy2 = i(—Vpy1x + Wyt + Duy1),
we get
Su = de" (ve'Prtt 4 pe D1y,

1eiW,,+1t{eiV,,x(9(ZO + s + Al Byp) 4+ 0(z0 + S|BO))

V= —

2 6 (z0 + A|Bo) 6 (20| Bo) (49)
+e_ian(0(zo+Ts+A|B0) 9(zo+Ts|B0))}
0(z0 + A|Bo) 6 (zo| Bo) ’

where zg = i(Vx + Wt + D) and V, W € R?# are determined by xg. Since D, is
arbitrary, v is also a solution of the LSG equation.

Lemma 18. The solution v; of the LSG equation with the Neumann boundary conditions
corresponding to the jth opening gap (V,+1 = j) is given by the formula

v; = WX F(Vx + Wt + D, p)
+e V*F(—Vx +Wt+ D, p)),

OVx+Wt+ D+ s+ AlBy) (50)
O(Vx +Wt+ D+ A|By)

O(Vx + Wt + D+ s|Byp)
O(Vx+Wt+ D|By) ]

1
F(Vx+Wt+D,;L)=§(
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For
x€D={x||Imx| < ¢},

there is ¢ > 0 such that for all \|ux| <¢, k=1,...,n:

(1) FWVx+Wt+ D,u) = F(Vx + Wt, P1,q1s - --» Pn>qn), Where F is an analytic
function of all py = \/m cos Dy, qr = \/m sin Dy, invariant with respect to the
transformation py,qy — —pr, —qx for all k =1, ..., n, simultaneously, and having
the following asymptotics:

F=1+O(£_), £ — 0, j— 00, 51)
J

where O(e/j) < Ce/j uniformly for all x € 9.
(i1) w;(u) is an analytic function of w1, ..., u, with the asymptotics

w=j*4+0@¢), &—-0,
wi=j4+00GYH,  j— oo,

where j* = \/j* + 1.

Proof. Since T(Vx +Wt+ D) = —Vx + Wt + D (see Section 1), the formula (49) is
equivalent to (50). First we investigate the asymptotics of w;. We have seen already
in (38) that when ¢ — 0,

Vat1 = sinha, 1 4+ O(e), Wn+1 = cosha, 1 + O(e),
where 4,1 = e**'. Combined with the equality

Vn+1 - _j’

wj(u) = j*+ 0(e), Jr=47+ 1L

The calculation of the asymptotics with j — oo is also straightforward. Formulas (37)
(we recall the special numeration for the » + 1th gap) imply

this implies

Wntl Wy _ Roi1+ Rgy2
Un+1 —J  Rgy1 — Rgy2

where

Rer1= D (04wt — 0(=4ns1)),

oeGy

Rgi2 = z (G(A;-il—l) - 0(“’4;11 ).

oceGy
In the limit 4,1 — 0 we have

d
Rgp1= ) E(GZ — 0(=2)):=04n41 + O(47 ),

gelGy

Rgt2 =24, 1 + O(1),
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which yields

.(1 + Rg+1/Rg+2

Wi = = j+ O( "1), J — o0.
1= 1_Rg+1/Rg+2> / g

The asymptotics for F follow from the simple estimate

‘0(2+A+s) N 0(z+ s) _2‘
0(z+ A) 0(z)
(52)
(0/0z)0(z + A + &) n (0/021)0(z + &)

6(z+ A) 0(2)

Sk |

g
<)
k=1

with some &;s in [z + A, z 4+ A + s]. Indeed, formula (48) shows that

1— Apr1o (A7 )2
Sk = Zlog( +10 k_l ) = O(4n+1)
Go 1—Api10(—4;7)

for all i. Since 4,,1 ~ 1/2j, we get for |s;| in (52),
s/ = 0. (53)
On the other hand, formula (42) implies

(0/02)0(z + A + &) " (8/02;)0(z + &)
6(z+ A) 0(z)

_ 2i /i sinh(zg + & +im) + O(¢)
C1+42i Y% Jmicosh(z +in) + O(e) (54)

2i /g sinh(zx + &) + O(e)
1+2i Y% | /micosh(z) + O(e)

= 0(¢).

These estimates are uniform with respect to x € %, since, as in the proof of
Lemma 13, we can consider x varying in a compact set. Combining (52)—(54) we get
(51).

Finally, the change (p,q) — (—p, —q) in F is equivalent to the common shift
z — z + A of the arguments of all theta functions. This shift preserves F. O
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