PANORAMAS OF MATHEMATICS
BANACH CENTER PUBLICATIONS, VOLUME 34
INSTITUTE OF MATHEMATICS
POLISH ACADEMY OF SCIENCES
WARSZAWA 1995

DENSITY OF HEAT CURVES IN THE MODULI SPACE

A. BOBENKO!
Technische Universitat Berlin, 10623 Berlin, Germany

N. ERCOLANI?
University of Arizona, Tucson, AZ 85721, USA

H. KNORRER
E. TRUBOWITZ
ETH-Zentrum, CH-8092 Ziirich, Switzerland

1. Introduction. Let
I' = (Ll,O)Z D (0, LQ)Z Ly, Lo 75 0.

For ¢ in L?(R?/T), let

0 o?

be the corresponding heat operator. Set

H(q) = {(k1,k2) € C?| there is a nontrivial 9 € HZ(R?),
such that (H + q)y = 0},
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20 A. BOBENKO ET AL.

where

H2(R?) = {y € H2 (R?)| such that ¥(z + v) = e"<F7>¢(x) for all y € T'}.

2T 2T
I = (—,o) 7o (o, -—) 7
L1 L2

acts by translation on H. The heat curve associated to q is, by definition,

The dual lattice

H(q) = A()/T".

In [7] it is shown that H is a complex analytic subvariety of C2.

In [10] it is shown that for generic ¢ the heat curve H(q) is smooth and of
infinite genus. In [7] a normalized basis of L2-holomorphic one forms is construc-
ted, the Riemann operator and associated theta function are analyzed, a vanishing
theorem is proved and a Torelli theorem is obtained. Using these results we expect
to solve the periodic Kadomtsev-Petviashvili (KP) equation with initial data ¢
and to show that the solution is almost periodic in the time whenever H(q) is
smooth. In [10] it is shown that for any 7' the solution of KP can be arbitrary
well approximated on 0 < ¢t < T by a finite (but large) gap solution of KP. This
is done by approximating H(q) with curves of finite genus.

The results mentioned above suggest that heat curves are a very natural class
of transcendental curves. In this paper we further substantiate this suggestion, by
proving that every compact Riemann surface can be arbitrarily well approximated
by the normalisations of heat curves.

Recall that the normalisation H(q) of H(q) is obtained by constructing the
analytic configuration [12] (in the sense of Weyl) associated to any smooth germ

of H(q). It is a Riemann surface. One can imagine that H(q) is the affine part of
a finite genus curve when there are enough singularities.

THEOREM 1. For each g > 1, the set of Riemann surfaces of genus g that
are normalisations H(q) of heat curves H(q), where q € L*(R?/T) for some
rectangular lattice I', is dense in the moduli space M, of all Riemann surfaces of
genus g.

Let C be any compact Riemann surface, p a point on C and (¢ a local coordinate
centered at p. Also, let
82

u(x,y,t) = 2ﬁlog O(zU +yV +tW + D) + 2¢ (1)
T

be the solution of the Kadomtsev-Petviashvili equation
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generated by C' (see [9]). If this solution is periodic in z and y, then C' — {p} is
isomorphic to H(u(z1, z2,t)) for any ¢, D.

Denote by M the space of triples (C, p, (). Here, C' is a compact Riemann sur-
face, p a point on C and ( the 3-jet of a local coordinate centered at p. Theorem 1
is a direct consequence of

THEOREM 2. Let Mpe, be the set of points (C, p, () for which there are Ly, Ly # 0
such that the solution of KP given above satisfies

u(x + L1,y,t) = u(z,y + Lo, t) = u(z, y, ).

Then, Mper 1s dense in M.

The technique of Schottky uniformisation used to prove Theorem 2 also yields
similar results for curves that generate real solutions of the KP-equation and the
KdV-equation. To formulate them, let MR be the set of all quadruples (C, p, (, o)
with (C,p,{) € M and o an antiholomorphic involution on C whose fixed point
set consists of g+ 1 ovals, contains p and satisfies 0*({) = ¢. For these quadruples,
the solution (1) is real whenever D is real. We have

THEOREM 3. Let MR ., be the set of points (C,p,(,0) in Mg for which there
are L1, Lo, T # 0 such that the corresponding solution (1) satisfies

uw(x + L1,y,t) = u(z,Y + Lo, t) = u(z,y,t), u(z,y,t+7T)=u(z,y,t).

Then, MR per is dense in My.

Theorem 3 has been proved in [8] by a different method. A stronger version of
Theorem 2 has been announced by I. Krichever in [11].

To formulate the last result, let N be the set of points (C,p,(,0) in MR for
which C is hyperelliptic and p is Weierstrass point on C. In this case, (1) is
independent of y and is a solution of the Korteweg-de Vries equation

THEOREM 4. Let Nper be the set of points in N for which there are L, T # 0
such that the corresponding solution of the Korteweg-de Vries equation satisfies

u(x + L,t) =u(z,t +T) = u(z,t).

Then, Nper 1s dense in N .

Again, a stronger version of Theorem 4, namely that the differential of the

map (7) below has a maximal rank everywhere, has been proven by 1. Krichever
(see [3]).
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2. Proofs. To begin the proofs we first specify the constants in (1). Let
(C,p,¢) € M and ay,...,aq4, b1,...,b; be a normalized basis of H1(C,Z) and
w = (wy,...,w,) the vector of differentials on C' normalized so that

/wm:27ri5mn, m,n=1,...,q.

an

Furthermore, let

R(C)pm = / W,
bm
be the Riemann period matrix of C. Observe that the theta function of C depends
on the choice of the basis of homology, but the second logarithmic derivative in
(1) does not and that u(z,y,t) only depends on the point U + yU +tW + D in
Jac(C) = C%9/{2nZ9 ® R(C)Z9}.
The constants U, V, W of (1) are characterized by

w=Ud(+ V{d¢ + WE2de
near p. We first prove Theorem 2. Write

U =2milA1 + R(C)A,
V =2miAsg + R(C)A4 (2)

with vectors A; € QY. Clearly (1) has the required periodicity if A; € QY. Observe
that this property is independent of the choice of the basis of homology. Let M
be the covering of M consisting of points (C, p, () of M together with a choice of
a basis of homology. Associating to each element of M the vector (Aq,...,Ay) €
R%9 as above we get a real analytic mapping

A: M —RY,

To prove Theorem 2 it suffices to show that A has maximal rank almost
everywhere. As this map is analytic it is enough to show that A has maximal
rank at one point of M. For this purpose and also for the proofs of Theorems 3, 4
we use the technique of Schottky uniformization [2|, [4], [5], which we now briefly
review.

For (A, B,u) € C9 x C9 x C*Y let gy, be the linear transformations defined by

0,2—Bn = z— By
onz — A, —'Lan—An

(zeC), n=1,...,g.

The map o, maps the outside of the circle of radius
|An — Bh|
1
|\/ Hn — \//Tnl




DENSITY OF HEAT CURVES 23

and centered at

Bn\/ Hn — An\/}Tn
Vin = 7=

to the inside of the circle of the same radius and center at

An\/ Hn — Bnﬁ

Let S be the set of all (A4, B, u) € C9 x CI x C*9 for which all the discs bounded
by these circles are disjoint. Clearly S is an open subset of C9 x C9 x C*9 and
contains the full-dimensional subset of all points for which all A’s, B’s are mutu-
ally different and u’s are sufficiently small. For (A, B, u) € S the complement of
the discs mentioned above is a fundamental domain for the Schottky group G ge-
nerated by o1, ...,04. Let Q be the region of discontinuity for G. Then C = Q/G
is a compact Riemann surface of genus g. It has a distinguished local coordinate
¢ = 271, Further the images of the circles above define a-cycles on C, so that C
is extended with a marking of homology. Thus we get amap Y : S — M whose
image is an open subset of M.

In order to describe the map A oY we give formulas for the relevant data in
terms of A, B, u. Denote by G, the cyclic subgroup of G generated by o,. The

series . |
Wy = Z ( )dz, n=1,...,g9,

— z—0cA
yieh z—oB, z—0A,

(where G/Gy, is the right coset space) define the normalized holomorphic diffe-
rentials on G. The period matrix is given by

R(C)nm = Z log{Bm, Am,0Bn,0A,}, m #n, (3)
ceG\G/Gn

R(C)pnn = logpuy, + Z log{Bn, An,0Bn,0A,},
c€G\G/Gn,0#1

where the curly brackets indicate the cross-ratio

(21 — 23)(22 — 24)
(21 — 24)(22 — 23)

{Zla 2y %3, Z4} —

These are (—2)-dimensional Poincaré theta-series and they converge absolutely,
if p is sufficiently small [1], [6]. Furthermore

U, = Z (cAp — oBy),
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Vo = % ((04n) = (0Ba)?), (4)
ceG/Gy,

Wo = Y ((04n)° = (0Bn)?).
ceG/Gy,

LEMMA 1. The asymptotics of the series (3), (4) as u — 0 are
Up = Ap—Bp+ O(I\/ﬁDa Vi = A?L - BT2L + O(|\/ﬁ|),
Rnm = 0O(1), n#m, Rp,=logu,+ O(1).
These O-estimates are uniform in derivatives in A and B.

We postpone the proof of this Lemma and continue with the proof of The-
orem 2. From (2) one deduces that

A1 A3\ [ 5 —2(ImR)(ReR)™! ImU ImV
| Ay Ay | 0 (Re R)™! ReU ReV |

Usinyg the Lemma this gives

@0n = o tm(An =B+ 0 ().
(B2)n = logllﬂnl Re(An = Ba) + 0 <(logllul)2) |
@A) = otm(a2 =B +0 (=)
(Ban = logﬁunlv RG(A% B+ 0 ((logllul)Q) |

So if we choose (A\, B, i) € S with A;, B; all different and 7 sufficiently small then

the derivative of A oY with respect to A and B is invertible at this point, since
the map C%9 — R%,

(A, B) = (Re(An — Bn);Im(Ay — Bn); Re(A2 — B});Im(4}, - B))

is invertible at 121\, B.
For the proof of Theorem 3 we need a more detailed expansion of (U, V) than
in Lemma 1.

LEMMA 2.
U, = An — B, + Z PiUnk + O(lN‘Q)a
k#n
Vo = A2 - B2+ mvns +O(|ul?),
k#n
Wo = A2 - B3+ wwnr +O(|pf?),

k#n
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where
B B B 9 [ 1 1 ]

Unk = (An Bn)(Ak: Bk) _(Ak "An)(Ak — Bk) + (Bk — An)(Bk- — Bn)_ )
_ B B 5 [ 2By 2A; ]
— _ L 2 331% 3A%

wnk = (An = Bn) (g = By) [(Ak — An)(Ax — By) i (Br — An)(Bk — Bn)] |

Proof of Lemma 2 and Lemma 1: We only discuss the formula for U,
the other cases being similar. Every element o of Schottky group is a loxodromic
linear transformation and is represented by a matrix in PSL(2, C) of the form

1 rFy; — T_le F1F2(7‘_1 — T)
Fy — Fy r— 1 ’l“_lFl —rFy ’

where F4, Fy are the fixed points of o. If £ is the length of o represented as a
word in o1,...,04 (ie. £ = |my|+ ...+ |mg| if 0 = o't...0 % is a reduced
representation), then r = O(|u|%). In particular

(21 — 22)(F1 — F3)
(—z1 4+ F1)(—22 + F1)

If we take 0 = I in the series (4) for U,, we get the term A, — B,. If we take
o = o and 0 = 0 we get the terms ppunx + O(Ju|?). Because of (6) all other
terms in this series are of order |u|?.

Proof of Theorem 3: Let
. Sp={(A4,B,u)eS|B=A4, pcRI}.

+O(|ul ). (6)

021 — 029 =T

The image of SR under the map from S to M described above is Mg (2], [5]. In
this case the vectors U, V, W are purely imaginary. The associated solution of
the K P equation is triply periodic if (2}m U, 271m. V, 2}mW) € Q39. Therefore it is
enough to show that the map given by

(U, V,W): Sgp — iR%

has maximal rank at one point. The determinant of the Jacobian of this map with
respect to A, B,u at up =0 is

ou, oU, 0dU,
aAk 8Bk 8,uk
ov, 0oV, 0V,
A, OBr Ouk
ow, ow, ow,
0Ar 0By 3/Jk

p=0
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where in u,r and wyk given by (5) we should substitute B = —A. After this
substitution the determinant of the Jacobian of the map (7) with respect to A
and u at p =0 is

ou, oU,

0Ar Opgk 21 Unk B
= = 29det F,

8I/Vn 8I/an, 6 diag(A%, oo 7A3) Wnk

0Ar  Ouk

l_j,:

~

Fpp = Wai — 3A2Up,

g

det F' = (24)9 H A3 det F,
k=1

For = 2, k;én, Frn =

Again, det F' # 0 proves the nondegeneracy.
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