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Abstract By means of a new method, a synthe-
sis of the ideas of the Krichever scheme and

the Riemann matrix problem, general finite-

gap solutions of the XXZ and XYZ Landau-Lifshitz
equations are constructed. The final formulae
for the finite-gap solutions in terms of the
Riemann and Prym theta-functions are obtained.
A1l real solutions of the XXZ case are iso-
lated.

The Landau-Lifshitz (LFTL) equation,
St=SxSXX+SxJS,|S|=1, J = diag (J4,J5,J%), (1)

can be investigated on the basis of the inverse
scattering method (ISM). E.K. Sklyanin 7 and

A.E. Borovik have independently found that (1) is
a compatibility condition for theset of two linear
equations

WX=U(u)W,Wt=V(u)W+Ut-VX+|U+V|= 0, (2)

where the spectral parameter U 1s a point on an
elliptic curve.

However, for a long time, explicit solutions
of the equation had been obtained by direct
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methods, not by using the ISM algorithm or by
methods that used this algorithm only partially
(one can find the corresponding literature and
physics in A.M. Kosevich's review 5). Recently,
A.V. Borisov and the author 4 independently sug-
gested the '"'dressing-up'" procedure using the Rie-
mann problem formulation for (1) by A.V. Mikhailov.
Here, on the basis of reference 3 and 6, we shall
present the finite-gap solutions of the LL equation.
For the corresponding literature, see the lists of
references of those papers.

If two of the constants Ji coincide (XXZ
case), than the elliptic pair (2) degenerates, be-
comping a rational pair, i.e. the parameter u is
a point on a curve of genus zero. The finite-gap
solutions of the XXZ LL equation were found by
A.R. Its, R.F. Bikbaev, and the author. 3 To con-
struct the real finite-gap solutions of the XXZ LL

equation with the external field

§,=SxS_, +SxJS+SxH, J=diag(0,0,¢),H=(0,0,H(t)),
(3)

we have to consider the hyperelliptic surface T

of genus g,

g
w2=(zz-a2) Il (z—ci)(z-Ei), a=ive/?2
1=1

Let dUi(p),peT be the basis of normalized holo-

morphic Abelian differentials. Then as, b i=1,

i’
g form the canonical homology basis of H1(F).

Also let the cycle a; enclose the cut |-a,a| and
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other a cycles enclose other cuts. 6(z) is a cor-
1 and QZ
are the b-period vectors of the normalized Abelian
integrals of the second kind, 91(p) and Qz(pz,

which are defined by their singularities at o~

responding Riemannian theta-function.

(<>°ir PZoo, w/zg+1+i1)91(p)+$z+...92(p)+i222+... >t
Theorem. The real finite-gap solutions of

the LL equation (3) (e<0O,easy plane and >0, easy

axis anisotropy) are given by the formulae

+BC

CD-AB -.CD+AB S = A
-BC 2

S, = , 9, =1
1 Ap-BC 2

)

AD-BC’ 35 A

iJ

A=8 (Q+z)exp (iSTH(s)ds),B=6 (Q+z+r)exp (iSTH(s)ds),
C = 6(Q+z+n), D = -8 (Q+g+n+r),

Q=(Q1X+ta)/2ﬂ, n=(1/2,0,...,O),CECg,Jmc=-er/2,

+

T = J dU, where the path of integration

o0

crosses the cut |-a,a].

By the technique used in references 1 and 2,
it is easy to isolate some interesting classes of
solutions expressed in terms of elliptic functions;
for example, the periodic solutions (g = 1,2,3).

The precise formulae for the finite-gap so-
lutions of the XYZ LL equation (all the constants
Ji are different and the U-V pair is elliptic) ]
were recently found by R.F. Bikbaev and the author.
The corresponding finite-gap VY-function is defined
on the elliptic-hyperelliptic surface I', i.e., a
two-sheeted ramified covering of some torus T=T/m
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(the automorphism 7m transposes the sheets of T).
In addition, ' has the automorphism t:T>I' without
fixed points with the properties that T2= I and

Tm = mt. The genus of ' is equal to g = 2n+1,where
n is a dimension of the Prym type, P ={A-1A,AeJ(T)}
(J(T) is the Jacobi type of I and TA denotes the
induced action T on J(I')). The ¥-function has

the following structure:

y (p) y (mp)
Y(p) = ( )
Y(mtp) Y(tp) .

One can find all the formulae in reference 6. We
must note further only that simple arguments show
that the dynamics in x,t and the higher flows

are restricted from J(I') to P, remaining linear on
it. So the finite-gap solutions expressed in terms
of n-dimensional Prym theta-functions are deter-
mined by 3n parameters.
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