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Abstract. In this paper sufficient optimality conditions are established for optimal control of
both steady-state and evolution Navier-Stokes equations. The second-order condition requires coer-
civity of the Lagrange function on a suitable subspace together with first-order necessary conditions.
It ensures local optimality of a reference function in a L®-neighborhood, whereby the underlying
analysis allows to use weaker norms than L°°.
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1. Introduction. In this paper, we discuss second-order sufficient optimality
conditions for optimal control problems governed by steady-state and instationary
Navier-Stokes equations. These conditions form a central issue for different mathe-
matical questions of optimal control theory. If second-order sufficient conditions hold
true at a given control satisfying the first-order necessary conditions, then this con-
trol is locally optimal, it is unique as a local solution, and it is stable with respect
to certain perturbations of given data. Moreover, the convergence of numerical ap-
proximations (say by finite elements) can be proven, and numerical algorithms such
as SQP methods can be shown to locally converge.

Consequently, second-order conditions have been important assumptions in many pa-
pers on optimal control theory of ordinary differential equations, and it became im-
portant for partial differential equations as well. We only mention the case of elliptic
equations studied by Casas, Unger, and Troltzsch [10], Casas and Mateos [8], the dis-
cussion of pointwise state-constraints in Casas, Unger, and Troltzsch [11], Raymond
and Troltzsch [22], or the convergence analysis of SQP methods in Arada, Raymond
and Troltzsch [3] and Troltzsch [26]. The papers mentioned above are concerned with
semilinear elliptic and parabolic equations with nonlinearities given by Nemytski op-
erators. Therefore, the associated state functions have to be continuous to make these
operators twice continuously differentiable.

The situation is, in some sense, easier for the Navier-Stokes equations. The nonlinear-
ity (y-V)y appearing in these equations is of quadratic type, and the associated Taylor
expansion terminates after the second-order term with zero remainder. This property
has been addressed by Hinze [20] for the optimal control of instationary Navier-Stokes
equations. It simplifies the application of second-order conditions, since spaces of L2-
type for the control and W (0, T)-type for the state function are appropriate.

In [23], it was shown for the case of steady-state Navier-Stokes equations that second-
order conditions are sufficient for Lipschitz stability of optimal solutions with respect
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to perturbations. However, second-order conditions were applied in a quite strong
form without showing their sufficiency for local optimality.

Here, the issue of second-order sufficiency is studied more detailed. We present the
conditions in a fairly weak form that invokes also first-order sufficient conditions. More
precisely, by using strongly active control constraints we shrink the subspace where
the second derivative of the Lagrange function must be positive definite. Moreover,
we carefully study the norms underlying the neighborhood, where local optimality
can be assured, which enables us to prove local optimality in an L®-neighborhood
of the reference control with s < co. We discuss the steady-state and instationary
Navier-Stokes equations in one paper, since the arguments are very similar for both
cases.

As concerns strongly active constraints, we follow an approach by Dontchev, Hager,
Poore and Yang [14] that has been successfully applied in other papers on second-order
conditions as well. By this technique, a certain gap between second-order necessary
and second-order sufficient conditions appears. This gap seems to be natural for
problems in infinite-dimensional spaces. In a paper by Bonnans and Zidani [5], the
gap was tightened under the assumption that the second-order derivative of the La-
grangian defines a Legendre form. Casas and Mateos [9] extended the applicability of
this concept by an assumption of positivity on the second derivative of the Hamilto-
nian with respect to the control. Using these techniques, we also resolve the problem
of the two-norm discrepancy: an appropriate formulation of the sufficient optimality
condition implies L2-quadratic growth of the objective in a L2-neighborhood of the
reference control.

Our arguments are influenced by various papers, where first-order necessary optimality
conditions and numerical methods for optimal control of instationary Navier-Stokes
equations are presented. We only mention Abergel and Temam [1], Casas [7], Gun-
zburger [17], Gunzburger and Manservisi [19], Fattorini and Sritharan [16], Hinze [20],
Hinze and Kunisch [21], Sritharan [24] and the reference cited therein. We partially
repeat some known arguments for proving first-order necessary conditions only for
convenience.

2. The optimal control problems.

2.1. Control of the steady-state Navier-Stokes equations. In the first part
of the paper, we consider the optimal control problem to minimize

Hwn) = [ ole) = atw)Pda+ 3 [ futa) s (21)
subject to the steady-state Navier-Stokes equations,

—vAy+ (y-V)y+Vp=u in{,
divy =0 in Q, (2.2)
y=0 onT,

and the box constraints
ua(z) < u(z) < up(a)

to be fulfilled a.e. on €. In this setting 2 is an open bounded Lipschitz domain in
R"™ with boundary I'. In the steady-state case, we will restrict the space dimension n
to 2 < n < 4. In this case, H}(Q) is continuously imbedded in L*((2).



SECOND-ORDER CONDITIONS 3

To complete the problem setting, we require the desired function y4 to be an element
of L?(Q)™. The parameters v and v are assumed to be positive constants. In the box
constraints on u two functions ug, up € L7(Q)™ are given, satisfying uq ;(z) < upi(z)
for all s = 1...n and almost all x € ). The exponent s will be precised later. We set

Uga ={u € L ()" : ugi(z) <ui(x) <ups(x), i=1...n, ae. on Q}.

Up to now we did not explain, in which sense the state equations (2.2) has to be
solved. The state y associated with u is defined as a weak solution of (2.2) in the
next section.

2.2. The instationary case. In the second part, we consider the optimal con-
trol problem to minimize

T
Hu) =5 [ e =yr@Pde+5 [ [ e~ volw.)Pduat

+%/OT/Q|u(x,t)|2dxdt (23)

subject to the instationary Navier-Stokes equations.

Yy —vAy+(y-Viy+Vp=u inQ,
divy=0 inQ, (2.4)
y(0) =yo in £,

and the control constraints u € U,q with control set re-defined below, where @ =
(0,T) x Q. Here, functions yr € L*(Q)", yo € L*(Q)", and yo € H C L*(Q)" are
given. The parameters v and v are adopted from the last section. Let two functions
Ug, Up € L*(Q)™ be given such that ug ;(z,t) < up;(z,t) holds almost everywhere on
Q@ and for all i = 1,...,n. The set of admissible controls is now defined by

Usa = {u e L*(Q)" : ugi(z,t) <wui(z,t) <wupi(z,t) ae on Q}.
Again, the exponent s will be specified later.

3. Optimality conditions for the steady-state problem. In this section,
we provide basic results on the state equation and first-order necessary optimality
conditions. These results are more or less known from the literature. However, they
are mostly presented in a different form and not directly applicable for our purposes.
Therefore, we recall them for convenience.

3.1. The state equation. First, we define a solenoidal space that is frequently
used in the literature,

Vi={ve H;(Q)": divv = 0}.

This space is a Hilbert space endowed with the standard scalar product of H{,

n

(. v)v = > _(Vyi, Vi) 20

i=1
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The associated norm is denoted by | - |y. Further on, we will denote the pairing
between V' and V as (f,v), where f € V' and v € V. To simplify the notation, we
define for u € LI(Q)"

lulg == ulLa()n-

The pairing between L9(Q)™ and L9 (Q)" is denoted by (-,-)g.q', 1/q+ 1/¢' = 1. For
q = ¢’ = 2 we get the usual scalar product of L?(Q)", and we write (-,-)2 := (+,-)2,2. In
the following, we will make use of the well-known interpolation inequality, cf. Brezis
[6]-

LEMMA 3.1. Let 1 < g <2 be given. Define s by s =q/(2—q) for q <2, or s =00

for q = 2, respectively. Further, let D C R™ be a bounded and measurable set. Then
it holds for all u € L*(D)

ulZa(py < [ulpr(pylulLs (-
Additionally, we need the following well-known lemma of imbeddings of LP-spaces,
cf. Adams [2].

LEMMA 3.2. Let D C R™ be a bounded and measurable set with vol(D) := [, 1dx <
00, and let 1 < p < g < oo be given. Then for all u € LY(D) it holds

| 2o (py < (vOI(D))P~ 9 u| o py.

Let us introduce for convenience a trilinear form b: V x V x V — R by

3

- Ov;
b(u,v,w) = ((u-V)v,w :/ w2~ w; d.
(u,0,w) = ((u- V)v,w)2 Z: Ba, i

The following result was proven in [25].

LeEMMA 3.3. For all u,v,w € V it holds
b(u, v, w) = —b(u, w,v).

There is a positive constant C,, depending on the dimension n but not on u, v, w and
Q, such that

[b(w, v, w)| < Cp |ulafv|v|wls (3.1)

holds for all u,v,w € V.

As a simple conclusion of the previous lemma, we get b(u,v,v) = 0 for all u,v € V.
The estimate (3.1) expresses the continuity of b. We refer to [12, 20] for further
estimates of b.

Furthermore, we introduce for p < 2n/(n — 2) by N, the norm of the imbedding of
H(Q)™ in LP(Q)™, ie. |y, < Nplyl gz @yn- For 2 <n <4, the imbedding of H Q)"
in L*(Q)" is continuous. This fact will be frequently used. Moreover, we conclude
from (3.1)

[b(u, v, w)| < C’nNZ|u|V|v|V|w|V Yu,v,w € V.



SECOND-ORDER CONDITIONS 5

To obtain optimal regularity properties of the control-to-state mapping, we select real
numbers ¢, ¢, s satisfying the following assumption

The numbers q, q¢', s > 1 satisfy the following conditions:
(i) The imbedding of HE(Q) in LY (Q) is continuous.
(A1) (i) The exponents q and q' are conjugate exponents, i.e. 1/q+1/q" = 1.
(1ii) For all w € L*(Q)™ it holds

[ulg < luliluls.

Notice that condition (iii) implies ¢ < 2. Here we have in mind two different situations.
At first, ¢ = ¢’ = 2 and s = co meet this assumption. Then the second-order sufficient
condition of section 3.3 yields local optimality of the reference control in a L*® = L*°-
neighbourhood. This means more or less that jumps of the optimal control have to
be known a-priorily. To overcome this difficulty, we employ a second configuration,
namely ¢ = 4, ¢ = 4/3, s = 2, confer Lemma 3.1. Here we are able to work with a
L?-neighbourhood of the reference control.

The use of the L*-neighbourhoods with s < oo is possible since the control u appears
linearly in the equation and quadratically in the objective. Moreover, control and
state are separated in the objective funtional.

DEFINITION 3.4 (Weak solution). Let u € LY(Q)™ be given. A function y € V is
called weak solution of (2.2) if it satisfies the variational equation

v(y,v)v +b(y,y,v) = (u,v)q,y YveV. (3.2)

Observe that v € V implies v € L (Q). This fact permits us to work with controls
that are less regular than L?(Q)"™. Moreover, we recall (—vAy,v)s = v (y,v)y. It is
known that (3.2) admits a unique solution y if the norm of the inhomogeneity w is
sufficiently small or the coefficient v is sufficiently large:

THEOREM 3.5 (Existence and uniqueness of weak solutions). For given f € V' the

equation

v(y,v)v +b(y,y,v) = (f,v) YveV. (3.3)
admits at least one solution y € V. If the smallness condition
v > CnN42|f|V’
is satisfied, then this solution is unique.

This is proven for instance in [25, Theorems I11.1.2, 11.1.3].
If the functional f in (3.3) is generated by a L9-function wu,

(f,v) = (u, U)qu/a
then we have to impose some restrictions on the L7(£2)-norm of u. Let the L9(€2)-norm
of the admissible controls be bounded by My, i.e.

My = sup |ulg.

u€Uad
Then the following condition ensures existence and uniqueness of y = y(u):

The set of admissible controls Uqq is bounded in L1(Q2)™. The bound M,
satifies, together with the viscosity parameter v,
(A2)
2C, Ny N2
I AM, <L (3.4)

v
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In the sections dealing with the steady-state case we assume that these two Assump-
tions (A1) and (A2) are satisfied.

LEMMA 3.6. For all u € Uygq, the variational equality (3.2) admits a unique solution
yeV. Ify1, yo €V are weak solutions of (3.2) corresponding to u1, us € Ugg, then

’ N, 2N,
lyilv < 7q|ui|q < TQMq and |y1 — yaly < Tq|ul — Us)g,

i.e. the solution mapping u — y is Lipschitz on Ugq.

Proof. Existence and uniqueness of solutions follow by Theorem 3.5 in view of as-
sumption (3.4). Testing (3.2) with v =y yields

2 Vo2 Ng/ 2
viyly +0(y,y,y) = (w,y)g,q < lulglyly < §|y|v + E|U|q

by the Young inequality. Since b(y,y,y) = 0 for all y € V, the first estimate follows
immediately. The second is obtained in the following way: We test the variational
equalities for y; and y2 by y1 — y2 =: z and substract them to get

V|Z|%/ + b(ylayla Z) - b(yQay% Z) = (ul — U2, Z)q,q’-
Since b(y1, 2z, 2z) = 0 because of z,y; € V, we can write
b(y1, Y1, 2) = b(y2, Y2, 2) = b(y1,y2, 2) — b(y1, 2, 2) — by2, y2, 2) = b(z,y2, 2).

Then we obtain in view of (3.4)

N, 1%
1b(y1, 91, 2) = by2, 92, 2)| = |b(z, 2, 2)| < Cul2lilyalv < CulNEI2[y —E My < S 2[5

(3.5)
Finally, using Young’s inequality again, we arrive at
2
2 ! 2
|z|V < ng |’LL1 - U2|q,
and the claim is proven. d

To derive first-order necessary optimality conditions, we also need estimates of solu-
tions of linearized equations.

COROLLARY 3.7. Let gy € V be the state corresponding to a control u € Uyq. Then
for every f € V' there exists a unique solution y € V' of the linearized equation

v(y,v)v +b(y,5,0) +0(F,y,v) = (f,v) YveV. (3.6)

It holds
2
lylv < —1flv- (3.7)
Proof. Existence can be argued as in the proof of [25, Theorem II.1.2]. Here it is

necessary that 4 is the state associated to some control 4 € U,q. In this case, we have
some smallness property of 7 which ensures the solvability.
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The a-priori estimate (3.7) can be shown along the lines of the previous proof. We
multiply (3.6) by y to obtain

V|y|%/ = <f7 y) - b(y7ga y)
The nonlinear term is treated as in the previous Lemma, confer (3.5). Therefore,
it holds [b(y,7,y)| < %ly[{,. Here we used that § is the state associated with an
admissible control, hence |g|y < %Mq holds by Lemma 3.6. We end up with

1 v v
2 212 L Y2 L Y2
vlyly < V|f|v + 4|?/|V + 2|?J|V,
which gives the claim immediately. ad

3.2. First order necessary optimality conditions. So far, we provided re-
sults concerning the properties of the state equation. Now, we concentrate on the
aspects of optimization. We denote by G(u) = y the solution operator u — y of the
steady-state Navier-Stokes equations (3.2).

LEMMA 3.8. The solution operator G : LYQ)™ — V is Fréchet-differentiable. In
particular, G is Fréchet-differentiable from L*(Q2)™ to V. The derivative G'(u) is
given by G'(u)h = z, where z is a weak solution of

v(z,0)v +0(2,5,0) + b(F, 2,0) = (h,v)s Yo eV, (3.8)

with @ € Uyq, § = G(u), h € L2(Q)".

Proof. Let @, h € L1(2)™ be given. Denote by g the state associated with @ and by
yn the one associated wiht h, hence § = G(u) and y, = G(u + h), and the following
variational equalities hold:

v(g,v)v +0(7,7,v) = (4,0)qq
v (yhaU)V + b(yhayhav) = (

]
+
=9
S
i~}
:Q\

<

4

m
=

Since

b(ga g,U) - b(yha yhvv) = b(y - yhvgvv) =+ b(yhvg - yhvv)
= b(g - yhvgvv) + b(g7y - yhvv) - b(y - yhvg - yhvv)v

the difference d := § — yj solves
v (da U)V + b(d7 ya U) + b(yv d7 1}) = (h’a v)q,q’ + b(g — Yh, g — Yh, U) YvoeV.

Next we split this difference into functions z and r, d = z + r, that solve the two
linear equations

v (Z, 'U)V + b(za Y, U) +b(7, 2, U) = (h7 U)Q#Z’

v (’I“, U)V + b(?"7:lj7’l)> + b(@,r,v) = b(:lj - yhag — Yh, ’U) Vo e V.
Existence and uniqueness of z and r follow by Corollary 3.7. Let us denote the solution

operator of these linear equations by A(g), then z = A(g)h. Clearly, this operator is
linear. Its boundedness is a consequence of Corollary 3.7. We arrive at

g—uyn—2=G(U) — Ga+h)— Ala)h =r.



8 F. TROLTZSCH, D. WACHSMUTH

To prove Fréchet-differentiability of G, we have to estimate the norm of r. By subse-
quent application of Corollary 3.7, Lemma 3.3, and Lemma 3.6 we obtain

2, -~ 2 ) 2 2N, \°
Irlv < ;|b(y — Y ¥ — Yn, )|y < ;CnNzﬂy —ynlir < ;C’an <Tq) |h3-

Then it follows |r|y /|h|; — 0 as |h|, — 0. In this way, the Fréchet-differentiability of
G is proven, and we can identify G’ (@) := A(@). Since ¢ < 2 by Assumption (Al), G
is Fréchet-differentiable from L?(Q)" to V. 0

Before discussing the second-order sufficient optimality condition, we derive for con-
venience the standard first-order necessary optimality condition.

DEFINITION 3.9 (Locally optimal control). A control @ € Ugq is called locally optimal
in L*(Q)", if there exists a constant p > 0 such that

J(F,w) < J(yn, un)

holds for all up, € Ugq with |t —wupl2 < p. Here, § and yp, denote the states associated
to w and uyp, respectively.

THEOREM 3.10 (First-order necessary condition). Let @ be a locally optimal control
for (2.1) with associated state §j = y(u). Then there exists a unique solution A € V' of
the adjoint equation

v (A o)y +b(7,0,A) +b(0,5,A) = (§ — ya,v)2 Vv e V. (3.9)
Moreover, the variational inequality
(Y 4+ M\ u—1)e >0 Yu € Uy (3.10)

is satisfied.
Proof. The objective functional can be written as

H(u) = J(Clu), ) = 51G () — yuli + 5l

where G : L2(Q)" — V stands for the solution operator G restricted to L?(Q)". By
Lemma 3.8, G is also Frec¢het-differentiable. The standard necessary condition for @
to be a local optimum of ¢(u) is ¢'(u)(u — @) > 0 for all u € Uyg, i.e.

¢ (u)(u — @) = (G(@) — ya, G"(@)(u—0))2 + 7 (Gu—1a)2 >0 Yue Usg. (3.11)

We set z := G'(@)(u — @), then z satisfies the linear equation (3.8). Let X be the
solution of (3.9). Its existence can be reasoned like in Corollary 3.7. Testing (3.8) by
A, we get

v (2 v +b(2,4,0) +b(5,2,0) = (u— @ N (3.12)
Testing (3.9) by z yields
v(X2)v +0(7,2,A) +b(,5,A) = (§ — ya, ). (3.13)

The left-hand sides in (3.12) and (3.13) are equal, so the right-hand sides are equal
as well,

(u— 11N = (§ — ya, 2)2 = (§ — ya, G' (@) (u — @))a.
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Therefore, we obtain A = G'(@)*(7 — ya) = G'(@)*(G(@) — yq). The variational
inequality now reads,

(YO + A\ u—12)2 >0 Yu € Uyg,

hence, the claim is proven. ad

The solution X of the adjoint equation (3.9) is said to be the adjoint state associated

with ¢. It can be easily verified that A is a weak solution of the adjoint partial
differential equation

VAN — (- VAN (VDTN + V=9 —yqs onQ,
divi=0 on (2,
A=0 onI'.

The function g might be interpreted as the adjoint pressure.

COROLLARY 3.11. The adjoint state \, given by (3.9), satisfies

- 2
Ay < ;N2|§ — Ydl2-

Proof. Testing (3.9) by ), we get
VA < Nolg — yal2|Alv + b(X, 7, V).

The nonlinear term is estimated as in (3.5), which yields
Y - 3 Y12~ 2132 N V32
6O\ 7, M) < CulAl5lgly < CalNFIAR —= Mg < SIAR,

by (3.4). Now the claim follows by Young’s inequality. O

To simplify notations we denote the pair (y,u) by v. It is called admissible, if u
belongs to Ugq and y is the weak solution of (2.2) associated with u.

Let us introduce the Lagrange function £ : V x L2()" x V + R for the optimal
control problem as follows:

‘C(yvua )‘) = J(uvy) -V (y’ )‘)V - b(ya Y, )‘) + (u7 )‘>2

This function is twice Fréchet-differentiable with respect to u and y. The reader can
readily verify that the necessary conditions can be expressed equivalently by

L,(g,4,\)y=0 YyeV, (3.14)

and
L7, 0, \)(u—18) >0 Yu € Uyg. (3.15)
Here, Ly, £, denote the partial Fréchet-derivative of £ with respect to y and u. The

Fréchet-differentiability of £ is shown in the next Lemma.

LEMMA 3.12. The Lagrangian L is twice Fréchet-differentiable with respect to v =
(y,u) from V x L2(Q)" to R. The second-order derivative at v = (g, ) fulfills together
with the associated adjoint state A

Loy (0, M)[(21, h1), (22, h2)] = Luu (0, A)[h1, ha] + Ly (0, X)[21, 22]
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and

|Lyy (0, N)[z1, 22]| < eclzlv]zalv
for all (zi,hi) € V x L*(Q)"™ with some constant ¢ > 0 that does not depend on
’L_),)\,Zl,ZQ.

Proof. The first-order derivatives of £ with respect to y and u are

L,(0,N)z= (2,7 —ya)2 — v (2, v — b(2,7,\) — b, 2, \)

T, A
L, (0, X)h = (h,u) + (u, /_\)2.

The mappings § — L,(v,\) and @ — L, (9, )) are affine linear. Their linear parts
are bounded, hence continuous. Therefore, both mappings are Fréchet-differentiable.
This shows that £ is twice Fréchet-differentiable as well. The second-order derivative
of £ with respect to v is

E’U’U(’Dv 5\)[(21; h1>(227 h’2)] = Euu(/l_]a X)[h’la h?] + Eyy(ﬁv 5\) [Zlv Z?]

= (h1, h2)2 + (21, 22)2 — b(21, 22, A) — b(22, 21, A),
since mixed derivatives do not appear. Then we can estimate
|Lyy (0, N)[21, 22]| < |21]2]22]2 + [b(21, 22, )| + [b(22, 21, M)
< |z1l2]22l2 + 2Cn| 21 |4]z2]a] Alv
< ccla|v]zelv.
Here we used the estimates of b in Lemma 3.3 and the boundedness of the adjoint
state, see Corollary 3.11. d

The Lagrangian has only non-zero derivatives up to order two. Derivatives of higher
order vanish. Therefore, it holds

1 1
L(y+z,u+h)=L(y,u)+ Ly(y,uw)z+ Ly(y,u)h+ Eﬁyy(y, u)[z, 2] + iﬁuu(y, w)[h, h].
A remainder term does not appear. To shorten notations, we abbreviate [v, v] by [v]?,
ie.

Loy ('Dv 5‘)[(2’ h)]2 = Loy ('Uv )‘)[(Z’ h)? (2, h)]

3.3. Second-order sufficient optimality condition. In the following, v =
(g,u) is a fixed admissible reference pair. We suppose that the first-order necessary
optimality conditions are fulfilled at .

DEFINITION 3.13 (Strongly active sets). For fited ¢ > 0 and all i = 1,...,n we
define sets Qe ; by

Here, v;(z) denotes the value of the i-th component of a vector function v € V at
x € Q. Since 4 and \ are measurable functions, the sets Q.,; are measurable, too.
Moreover, for uw € LP(Q)™ and 1 < p < oo we define the LP-norm with respect to the
set of positivity by

n 1/])
[ulLr0. = (Z |ui|1[)‘p(gzi,i)> .
i=1
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Notice that the variational inequality (3.10) uniquely determines @; on €. ;. If
Yui(x) + Xi(z) > € then u;(x) = us(z) must hold. On the other hand, it follows
i(x) = up(x), if va,;(z) + Ni(z) < —¢ is satisfied.

COROLLARY 3.14. It holds
Z/ (vti(x) + Ni(@)) (ui(2) — i(2))dz > e |u — Ul q,
i=1 "8,

for all u € Ugyg.

Proof. From the variational inequality (3.10) we conclude the pointwise condition
(vai(z) + Ni(@))(u(z) - a(z)) = 0

for almost all z € Q, i =1,...,n. Therefore,
/ (y @i(z) + Xi(@)) (ui(x) — w(x)) do = / [y @i(z) + Xi(@)| |(ui(x) —a(x)] de
Qe.i Qe i
>e [ l(ute) (o) do

=& |’LL — a|L1(Q£,i)
is satisfied. The claim follows by summing up this expression over i =1,...,n. d

We shall assume that the optimal pair o = (g, ) and the associated adjoint state A
satisfy the following coercivity assumption on £” (7, A), henceforth called second-order
sufficient optimality condition:

There exist € > 0 and § > 0 such that
Loy (0, N)[(2,h)]? > 6 |h|3 (3.17)
holds for all pairs (z,h) € V x L*(Q)™ with
(SSC) h=u—1a, u€ Uz hi=0o0nQ,; fori=1,...,n,
and z € V being the weak solution of the linearized equation

v(z,w)y + b7, z,w) + b(z,§,w) = (h,w)2 YweV. (3.18)

The parameter q is chosen according to Assumption (A1).

REMARK 3.15. Notice that the definition of h implies h(x) > 0, where G(z) = uq(x),
and h(z) < 0, where w(x) = up(z). The condition ¢ > 0 can not be relazed to e = 0,
see the counterexample in [15].

Next we will prove that (SSC), together with the first-order necessary conditions, is
sufficient for local optimality of (7, a).

THEOREM 3.16. Let © = (g,u) be admissible for the optimal control problem and
suppose that v fulfills the first-order necessary optimality condition with associated
adjoint state \. Assume further that (SSC) is satisfied at ©. Then there exist o > 0
and p > 0 such that

J(v) > J(v) +a|ufﬂ|3
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holds for all admissible pairs v = (y,u) with |u— a|s < p. The exponents s and q are
chosen such that the Assumptions (A1) and (A2) are met.

Proof. Throughout the proof, ¢ is used as a generic constant. Suppose that v fulfills
the assumptions of the theorem. Let (y,u) be another admissible pair. We have

J(©) = L(7,A) and J(v) = L(v, \),

since ¥ and v are admissible. Taylor-expansion of the Lagrange-function yields
_ _ _ 1 _
ﬁ(’l), A) = E(ﬁa A) + Ey(ﬁa A)(y - g) + Lu(l_}a /\)(u - ’L_l,) + 5‘67117(1_)7 A)[’U - 1_}3 v — 1_)]'

Notice that there is no remainder term due to the quadratic nature of the nonlinear-
ities. Moreover, the necessary conditions (3.14), (3.15) are satisfied at ¥ with adjoint
state A. Therefore, the second term vanishes. The third term is nonnegative due to
the variational inequality (3.15). However, we get even more by Corollary 3.14,

ﬁu(l_’aA)(U*ﬂ):/(’yﬂ+5\)(ufﬂ)dx
Q
ZZ/ (vt + i) (us — @) da > e lu— |1,
i=1 Y Qei

confer the Definition 3.13 of |- |11 .. So we arrive at

T(0) = J(8) + Ly (5, )y — §) + Lot N (u— ) + %Ew(ﬁ, N — 32 o
> J(@) +elu—alp o + %Em(@, Nv —2)%

Next, we investigate the second derivative of £. Here, we invoke assumption (3.17) on
the coercitivity of L, on a certain subspace. To do so, we introduce a new admissible
control & € L*(Q)" by

U; Qe s .
dga) = 4@ o e (3.20)
u;(x) on O\ Q.
Then, we have u—4 = (u—a) + (4 —u), where (u—a); = 0on Q\ Q. ; and (a—a); =0
on ) 4, so that h := @ — @ fits in the assumptions of (SSC). The difference z :==y — gy
solves the equation
v(z,w)y +b(z,g,w) + b7, z,w) = (u—T,w)gey —bly—7g,y—y,w) YweV.

We split z = y — ¢ into yp, + y,-, where y,- and yp solve the equations

v (Yn, w)v +b(yn, J, w) + (Y, yp, w) = (h,w)g,qy Yw eV (3:21)

and

v (yraw)V + b(yrang) + b(g>yraw) = (u - u7w>q,q’ - b(y -Y,9y—9, U)) Yw e V.
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Notice that (3.21) is linear and that (ys,h) belongs to the subspace where (SSC)
applies. The norm of these auxiliary states has to be estimated. Using Lemma 3.6
we obtain

lynlv < clhly < c(ja—ulg +u—alg). (3.23)

To estimate |y,|v, we have to investigate the V’'-norm of the right-hand side in (3.22),
which defines a linear continuous functional on V. By Lemma 3.3 we find

|b(y - ?Ly - g? ')|V’ < Canly - g|%/
Now we apply Corollary 3.7 and get
2
v

lyrlv < = (CulNEly = 1% + Ny lu = dlg) < c(ju—alf + |u—ilg). (3.24)

Denote the pair (yp, h) by vp. This pair fits in the assumptions of the theorem.We
continue the investigation of the Lagrangian by

Loy (0, 5‘)[“ - 77]2 = Luu(9, 5‘)[” —u+ h]2 + Ly (0, 7)[yh + yr]2
= Lo (T, N)[vn]? + 2Luu (0, N)[u — @, h) (3.25)
+ Lo (0, N[ — @) + 2L (0, N[y, y] + Lyy (0, ) [y:]°

(SSC) applies to the first term L., (7, A)[vn]?. The second-order derivative with respect
to u satisfies

2L (T, N) [t — 1y B] + Lo (0, \)[u — @) = 27y (u — @, h)a + 7y |u — @3-

By definition of & we know that (u — @); vanishes on Q \ Q. ; whereas (h); vanishes
on ). ;. So their scalar product is zero. Therefore, it holds

2Ly (0, A) [ — 11y B] + Lo (0, N[ — 0)* =y [u — 172 o > 0. (3.26)

The remaining terms in (3.25) are treated by Lemma 3.12 and the estimates (3.23),
(3.24),

2Ly (0, M) [Yrs yn] + Loy (0, Dyr wrl| < ¢ (lynlvlyelv + [y l3)
<c{(la—ul, +u—alg) (Ju—al+|u—dlg) +|u—aul; +u—al>}. (3.27)

Now we can proceed with the investigation of L, in (3.25). Invoking (3.26) and
(3.27), we obtain from (3.25)

Lo (T, N[ — 0] > 6 |h|3 —c{(la—ul,+u—ulg) (ju— ﬂ|3 + u —alq)

3.28
+|u—ﬂ|3+|u—&|§}. (3.28)

Our next aim is to eliminate h such that only terms containing u—u and @ — u appear.
To achieve this goal, we first notice that

|u—a|3:|u—ﬁ+h|3§2(|u—ﬁ|3+|h|g),

which immediately gives

1 _ .
|h|3 > §|u — u|3 —Ju— u|3
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Applying Young’s inequality several times to separate the powers of |u — 4|, and
|t — ul|q we get from (3.28)
5 _ J _ _ _ 9~
L (T, N)[v — 9] > §|u — u|3 — c{|u - u|3 + |lu— u|3 +|u— u|3|u — ulq
+ | — alglt — ulg + 0 — u|3}
] _ _ _ -
> Z|u—u|§ —c{|u—u|;1 + |u —u|§ + |u—u|3}
29 _ _ .
> |u— u|3 (Z — c{|u - u|3 +|u— u|q}> —cla — u|3,

If w is sufficiently close to 4, i.e. |u—aly < Nggq|u —u|s < Nggq4p1, then the term in
brackets is greater than ¢/8. Hence we arrive at

Loy (0, N[ — 0] > = |u — €L|3 —clu— u|§.

| >

Now we are able to complete the estimation of the objective functional. We continue
(3.19) by

1 _
J@ﬁiﬂ@+€wfﬂhu%+§hdaMh76P
> J@) + e lu—alpig, +lu—af — i —uf?
> J(0) +el|lu—1ulp g, 16u ulg — 5l —ulg.

By definition, @ and w differ only on the sets Q \ €, ., while @ and @ coincide on
Q\ Q, ., hence we conclude using Lemma 3.1,

= 2 < [ — ulu i — ul = |u— @l 01,0, Ju—als < polu— @l g,

if the L*-norm of the difference is sufficiently small, i.e. |u — @|s < po. Hence,

)
J(v)ZJ(6)+€|ufﬂ|L1,QE+—|u—u|272|u—u

16 72 a
> J®) + (2 Spa) I o, + ok fu—
> J(v € 5P2) lu =1l q, 6 u — 1.

Choosing py so small that ¢ — §p2 > 0, we prove the claim with o = §/16 and
p = min(py, pa). .

The next result is a immediate conclusion.

THEOREM 3.17. Suppose that the assumptions of Theorem 3.16 hold true. Then 4 is
a locally optimal control in the sense of L*(Q)™.

REMARK 3.18. The second-order sufficient optimality condition can be adapted to
general objective functionals following [10]. However, then one obtains differentia-
bility of the functional J with respect to control and state only in L°°-type spaces.
Consequently, one has to work with L -neighborhoods of the reference control.

3.4. An equivalent formulation of second-order sufficient optimality
conditions. Here, we comment on other formulations of second-order suficient con-
ditions known from literature, [4, 5, 9]. Let us consider the sufficient optimality
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condition (SSC) with parameters ¢ = ¢’ = 2. We assume in this section that the As-
sumptions (Al) and (A2) are satisfied. Let us recall (SSC) for ¢ = 2 for convenience:

There ezist € > 0 and § > 0 such that

Lon(® N[(2, W) = 5B (3.20)
holds for all pairs (z,h) € V x L*(Q)™ with
(SSC) h=u—a €U, hi=0on Qi fori=1,...,n, (3.30)

and z € V being the weak solution of the homogeneous and linearized equa-
tion

v(z,w)y +b(7,z,w) +b(z,7,w) = (h,w), YweV. (3.31)

We prove that (SSC) is equivalent to another formulation, introduced first by Bonnans
[4, 5]. The tangent cone on Uyq at @, denoted by T'(@), is defined by

uk—u, ug, € Uqa, tklo}-

h = lim
k—oo k

T@):{heL%QW

T (u) is convex, non-empty and closed in L?(2)™, hence also weakly closed. By T'(#),
we are able to formulate (SSC) in the following way:

It holds
Loo(@N)[(2,h)]* >0 (3.32)
) 2 n . _
(SSCy) 4 Jor @il pairs (z,1) €V x LA(Q)" with h #0, h € T(@), and
hi = 0 on QO,'L'
for alli = 1,...,n, where z is the solution of the associated linearized

equation (3.31).

Notice that Qg ; = {x € Q: |ya;(x) + \i(z)| > 0}.

THEOREM 3.19. The conditions (SSC) and (SSCy) are equivalent.

Proof. Tt is easy to see that (SSC) implies (SSCq). Let 0 # h € T'(a) with h; = 0
a.e. on {lg;. Since .; C Qp,, it holds h; = 0 on 2. ;. Further, there exists a
sequence hy = (i —uy)/tx converging to h in L2(2)". After extracting a subsequence
if necessary, we find that @;(z) — ur(z) — 0 a.e. on ;. Hence, we can choose
uy, such that wuy ;(x) = @;(x) on ;. This implies hg; = 0 on Qg ;, and hy can be
used as test function in (SSC). Let z, z; be the associated solutions of the linearized
equation and v := (z,h), vk := (2, hx). Then it holds

Lo (0, N)[0]2 = Lo (T, N)[v — v + vi]?
= Lo (0, N)[vr)? + 2Lo0 (T, N[V — vk, V8] + Lo (7, ) [v — w2

Using assumption (3.29), estimates of L£,, in Lemma 3.12, and Corollary 3.7, we
obtain

- 1
Low(®, M[v]* 2 0lhwl3 = e1lh = hilalhuls = calh = bl > Slhil5 = clh = hal3
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which gives in the limit k — oo

Lo (0, \)[v]* >

< )
3105 >0,
and (SSCyp) is satisfied.

Let us prove the converse direction. Assume, that (SSCq) holds true but not (SSC).
Then for all € > 0 and § > 0 there exists hs . € L%(2)" such that (hs.); =0 on Q. ;,
hJ,s =Use — U, Use € Uad, and

£vv (’D, 5\)[(’2(5,8’ hé,a)]2 <0 |h576|§

is fulfilled with associated z5.. Multiplying hs. by some positive constant, we can
assume |hsc|o =1 and hs e € T'(a). Choosing oy = e, = 1/k, hy := hs,, «,, we find

Loy (0, N[ (21, )] <

)

> =

where zj, is the weak solution of (3.31), hence

liin sup Loy (7, \)[(21, hi)]? < 0.

Since the set {hg}32, is bounded in L?(Q)", there exists an element h € L?(2)", such
that, after extracting a subsequence if necessary, the hj converge weakly in L2(Q)"
to h. The tangent cone T'(@) is weakly closed, therefore h € T(@).

Next, we want to show hy;(z) — 0 a.e. pointwise on Qg ;. Let xg € Qo be given.
Then it holds |y@;(zo) + Xi(wo)| = 7/ > 0, which implies by definition zq € Q. ; for
all 0 < 7 < 7’. Hence, there exists an index k;(zo) such that zo € Q., ; = Qy 3, for
all k > k;(zo). By construction of hy we conclude hy ;(xo) = 0 for all k > k;(xq). It
follows h(z) = 0 on € almost everywhere.

We decompose L,,, and use |hi|z =1 to get

Low (0, M[(20, hi)]* = v|heel3 + Q2x) = v + Q(zx), (3.33)

with Q(2) = |z|2 — 2b(z, 2, A). The solution mapping h + z associated with (3.31) is
linear and continuous from L?(Q)" to V. Thus, we obtain z;, — Z in V and 2z, — 2 in
H, since V is compactly imbedded in H. A well-known result of Temam [25, Lemma
11.1.5] yields b(zx, 21, A) — b(Z, 2, \). We conclude limy,_, o, Q(2x) = Q(2). Passing to
the limit in (3.33), we get

Q(2) < limsup Loy (0, V)[(2k, b)) =7 < =7 <0,

which proves that i cannot vanish, remember Q(0) = 0. Finally,
Low(@N[E D) =7k +Q(2) <v -7 <0

is obtained, which contradicts (SSCy). O

Another second-order sufficient optimality condition introduced by Casas and Mateos
[9] involves the Hamiltonian of the optimal control problem. Due to the special form
of our objective functional, this formulation is equivalent to (SSCjy).
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Following the lines of Bonnans [4], we can prove that (SSCp) even implies a L?-growth
condition in a L?-neighborhood around (, i).

THEOREM 3.20. Let o = (g,u) be admissible for the optimal control problem and
suppose that v fulfills the first-order necessary optimality condition with associated
adjoint state \. Assume further that (SSCy) is satisfied at v. Then there exist a > 0
and p > 0 such that

J() > J(@) + a|u—al3 (3.34)

holds for all admissible pairs v = (y,u) with |u —als < p.
Proof. Let us suppose that (SSCy) is satisfied, whereas (3.34) does not hold. Then
for all @ > 0 and p > 0 there exists uq,p € Ugqg With |uq,, — 4la < p and

H(vap) < J(@) +  ltay — 3, (3.35)
where va,, = (Ua,p, Ya,p) a0d Yq,, is the solution of (3.2) associated with u, ,. We
choose ai, = pr, = 1/k and ur = Ua, pr» Yk = Yor.,px -

By construction, it follows uy — @ in L?(Q)" as k — oo. Hence, we can write
ug = U+ tihg, |hgla = 1 and t; — 0 as k — oco. Because the set of these hy is
bounded in L?(2)" we can extract a subsequence denoted again by (hy) converging
weakly to h € T(u) C L2(Q)". In the following, let z; be the solution of (3.31)
associated with hy.

Since (@,7) and (u,yx) satisfy the state equation, it holds £(9,\) = J(v) and

L(v, A) = J(vg). Then we obtain
J(vg) = L(vg, N) = L(0, N) + 1 Lo (T, Ny + t, Ly (0, Nz + t3 Low[(25, hi)?]. (3.36)

The first-order necessary conditions (3.14), (3.15) are fulfilled, so we find £, (v, \)z), =

0 and L, (9, \)hg > 0. At first, we show h = 0 a.e. on €. We derive from (3.35) and
(3.36)

_ 1 1
0<L EU(T), )\)hk = 5 (J(Uk) - J(@)) — tkﬁvv[(zk; hk)2] <t {E - ‘va[(zk; hk)2]} ,
. (3.37)
which gives £, (9, \)h = 0 since Lyy[(2k, hr)?] is bounded. The variational inequality
(vai(x) + Ai(2))hii(2) > 0
holds a.e. on Q, i =1,...,n, so the weak limit ﬁz(z) satisfies
(v (x) + Ai(@))h(z) = 0

as well. This, together with £, (7, 5\)?1 =0, yields iL(I) = 0 on g, cf. the definition
of Qo.
Finally, we show that (3.35) contradicts (SSCp). Obviously (3.37) implies

1
ﬁw[(zk, hk)Q] < E

Arguing as in the proof of the previous Theorem 3.19, we find that h satisfies
Loo(0, V[(Z,h)* <0,
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with h # 0. Since h is admissible as test function in (SSCp), this shows that the
positivity assumption of (SSCy) is violated. O

REMARK 3.21. Observe that this theorem overcomes the two-norm discrepancy typ-
ically appearing in optimal control of semilinear equations. This is due to the very
special form of the quadratic cost functional (2.1), the linear appearance of the control
u in the state equation, and the differentiability of the monlinearity of the Navier-
Stokes equations and the associated solution operator G in weaker than L°°-norms.

REMARK 3.22. Casas and Mateos [9] require positivity of L., for increments vanish-
ing on Q\ Qo together with uniform positivity of the second derivative of the Hamilto-
nian with respect to the control on Q\ Q. for some T > 0. The last property is fulfilled
for our optimal control problem. The Hamiltonian is given by

1 g
H(I,y,U,A) = §|y*yd($)|2 + §|u|2 + A u.

Its second derivative with respect to u is

0?H
W(ﬂf,y,%)\) =7,

which is uniform positive on Q. Therefore, we are able to work with active sets g ;

In Dunn’s counterezample [15], the second derivative of the Hamiltonian with respect
to the control is nonnegative on Q\ Qo but indefinite on Q\ Q. for every T > 0. Hence,
the use of the active set Qg in (SSC) causes a contradiction.

4. The instationary case. In this secion, we consider in a very similar way
the optimal control problem (2.3)—(2.4) for the instationary Navier-Stokes equations.
The similarity of arguments will permit to shorten the presentation.

4.1. Notations and preliminary results. Here, we will restrict ourselve to the
two-dimensional case, n = 2, since a satisfactory theory of the instationary Navier-
Stokes equations is only available for this space dimension. In the two-dimensional
case, a unique weak solution of (2.4) exists that depends continuously on the given
data. First, we introduce some notations and provide some results that we need later
on.

To begin with, we define the solenoidal space
H :={ve L*(Q)?*: divv = 0}.

Endowed with the usual L?-scalar product, denoted by (-, )z, this space is a Hilbert
space. The associated norm is denoted by | - |z. We shall work in the standard
spaces of abstract functions from [0,7] to a real Banach space X, LP(0,7; X) and
C(]0,T]; X), endowed with their natural norms,

1/p

T
lyllLe(x) = IIyIILv<o,T;x>=</O Iy(t)lf%dt> :

. = t
||?J||C([0,T],X) tg%&’;] ly(t)|x,
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1 < p < oo. To deal with the time derivative in (2.4), we introduce the following
spaces of functions y whose time derivative y; exists as abstract function,

W(0,T;V) == {y € L*(0,T; V) : yr € L*(0,T;V")},
where 1 < o < co. Moreover, we write for convenience
W(0,T) := W2(0,T; V).
Endowed with the norm

lyllwe = ||y||Wa(0,T;v) = ||y||L2(V) + ”ytHL“(V’)v
these spaces are Banach spaces, respectively Hilbert spaces in the case of W (0, 7). In
the sequel, we will use for u € LP(Q)? the notation
lully == [ulLe(q)>-

In all what follows, || - || stands for norms of abstract functions, while | - | denotes
norms of "stationary” spaces like H and V.

COROLLARY 4.1. Letv € V and y € W*(0,T;V) be given. It holds
[ola < 2440l %o/ %, (4.1)

If a > 1 then y is, up to changes on sets of zero measure, equivalent to a function of
C([0,T],H), and there is a constant ¢ > 0 such that

Iyl + lylleqo.r.m < clylwom- (4.2)

Proof. The first claim is proven in [25, Lemma II1.3.3]. Note that W*(0,T; V) for
a > 1 is continuously imbedded in C([0,77], H), cf. [13, p. 483]. The L*-claim follows
from integrating (4.1) over [0,7],

T T T
lyld = / (o)lddt < 2 / WOR @O dt < 211l 0200 / ()2 dt
<2lyllE0.1,m 1917200y < €llyllswo.7)-

|

In view of inequality (4.1), we can state another estimate of the trilinear form b. In
the two-dimensional case it holds

1/2 1/2 1/2 1/2
1b(w, v, w)| < V2Jul3? [uli/ o]y fw]3  Jw]i, (4.3)

for all u,v,w € V. This follows directly from the estimate given in (3.1) and the
previous corollary.

To specify the problem setting, we introduce a linear operator A : L2(0,T;V) +—
L?(0,T; V') by

/ (A)(t), v(t))vr vt = / (u(t), v(t) v,
0 0
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and a nonlinear operator B : L2(0,T;V) — LY(0,T; V') by

T T
| (B0, w®)y, = [ b0,y 00
0 0

where y, v € L2(0,T;V) and w € L>(0,T;V), respectively.

We need a bound on the admissible controls to establish a Lipschitz estimate of
solutions of (2.4). Without loss of generality, we assume in the sequel that the set
Uy,q is bounded in L?(Q)?, i.e. there exists a constant M > 0 such that

sup |luflz < M. (4.4)
u€EUad

If this assumption is violated then we can introduce an artificial bound. For that
purpose, let % be the optimal control and J = J(u) the corresponding value of the
objective. Then « is also optimal for the same optimal control problem with changed
set of admissible controls Uag = Uag N {u € L2(Q)? : ||ulla < 2(J +1)/7}.

As in the stationary case, we want to derive a sufficient optimality condition that
ensures local optimality of the reference control not only in L>°(Q)? but also in L*(Q)?,
with some s < co. It remains to specify the exponent s.

Let q, ¢', s be real numbers such that the following statements are true.
(i) ¢ <A4.
(i) The exponents q and q' are conjugate exponents, i.e.
(i4i) For all u € L*(Q)? it holds

1 1 _
E+_’_1'

Q

(A3)

lullg < llullsflulls-

Here we find that the two triplets (q,¢’, s) = (4/3,4,2) and (q,q’, s) = (2,2, 00) fulfill
this assumptions as they did in the stationary case. The assumption (i) is needed to
obtain by Lemma 3.2

lylly < (vol@)V4 14|y 4 (4.5)

for all y € W(0,T). In the rest of this section we assume that Assumption (A3) is
satisfied.

4.2. The state equation. We begin with the notation of weak solutions for the
instationary Navier-Stokes equations (2.4)

DEFINITION 4.2 (Weak solution). Let f € L2(0,T;V') and yo € H be given. A
function y € L*(0,T;V) with y, € L*(0,T; V") is called weak solution of (2.4) if

yt+VAy+B(y) :f7
y(0) = vo.

Results concerning the solvability of (4.6) are standard, cf. [12, 25] for proofs and
further details.

(4.6)

THEOREM 4.3 (Existence and uniqueness of solutions). For every f € L?(0,T;V’)
and yo € H, the equation (4.6) has a unique solution y € W(0,T).

Notice that the regularity y € W(0,T) is more than the regularity needed to define
weak solutions. As in the stationary case, we want to work with the weakest norms
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of the control as possible. In the presence of a distributed control u € L?(Q)?, the
inhomogeneity f is formed by

<f(t)v v(t»V’,V = (u(t)v U(t))qu/ CAS L2(0aT; V)vt € [07T]a

where ¢ is an exponent less or equal 2. Next we will derive some useful estimates of
weak solutions. Observe, that we need u € L?(Q)? to prove that the solutions are
of class C([0,T], H), but the estimates contain L9(Q)?*-norms of u, which are weaker
since ¢ < 2.

LEMMA 4.4. For each u € L*(Q)? there exists a unique weak solution y € W(0,T) of
(2.4). It holds

1Yllz2vy + Yl e o,y < e (Jyolm + [lully) (4.7)

where cg = ¢p(q) is independent of yo and w. If y1, ya are two solutions of (2.4)
associated with control functions uy, us € Ugq, Tepectively, then the Lipschitz estimate

lyr — v2ll2cvy + llyr — valleqor,my < cr [lur — uallg (4.8)

is satisfied with some constant cp, > 0.

Proof. Existence and regularity follow from Theorem 4.3. Let y be the unique weak
solution of (2.4) defined by (4.6). We test (4.6) by y. Then the nonlinear term
vanishes due to b(y(t),y(t),y(t)) = 0 for almost all ¢ € [0,T]. We get the following
differential equation:

Sl +vlyOF = (u®),y(t))ee  ae. on[0,T].
Integration from 0 to t € [0, 7] yields

SO = 5lwli + [ s = [ @) p@)pds 49

Using Holders inequality, the inequalities (4.1), (4.5), and Young’s inequality, we
derive

[ stais < [ Wlotslas < ( [ otszas) " ([ wgas) v

t o ' 1/d
gcawnq( [ e ds)

1/2 1/2
< callulla Iyl o, r1,m 11 o2 0 0

where ¢, = 2Y/4(volQ)* and p = 1/q' — 1/4 are given by (4.1) and (4.5). Notice,
that ¢’ <4 implies ¢’/2 < 2, hence we can apply Lemma 3.2 with respect to the time
interval [0, ¢] to proceed

1/2 1/2
< ca T |[ullgllylle oy, 1911 t0.civr

1 v
< epllullf + ZHQH%‘([O,T],H) + §||y||%2(0,t;V)’ (4.10)
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where ¢, = 1(vol Q)?#T**v~1/2. Putting (4.9) and (4.10) together, we find that

1 v 1 1
SOl + 519112 0,6v) < S lola + eollullg + Z 1901 0,79, m)

holds for almost all ¢ € [0,T]. Here, the C([0,T], H)-norm of y appears on the right-
hand side to bound |y(¢)|g. Since y € C([0,T],H) is given by Theorem 4.3, this
inequality makes sense. Taking the maximum for ¢ € [0,7] on the left-hand side we
get

1 1
ZHQH%‘([O,T],H) < §|y0|%r + cpull}-

The L2(0,T;V)-estimate of y follows immediately,

2 4c 2 2
072y < lwolh + =P llullf < ~lyolf + —55M2 = K. (411)
In this way, we have derived a uniform bound on ||y|| 12y for all states y associated
with admissible controls. It remains to prove the Lipschitz-estimate. Let y1, yo be
two solutions of (2.4) associated with the control functions uj, us. Denote by y and u
the difference of them, y = y; — yo and u = u; — us. We substract the corresponding
variational equalities, test with v = y, and integrate over [0,¢]. This yields

SO +v [ s = [ o) ds = [ 6(s) (). p(s)ds. (@12

since y(0) = y1(0) — y2(0) = 0. For the treatment of the nonlinear terms we refer to
equation (3.6). Analogously as above, we conclude

¢ 1 v
/0 (u(s),y(8))q,qgds < Cu||“||§ + N”yué([o,T],H} + §||y||%2(0,t;v)’

with ¢, = 1(vol Q)?*T**N1/2y=1/2 and a constant V' > 0 to be specified later. The
nonlinear term is estimated by (4.3),

IN

/b(y(S)vyz(S),y(S))dS \/5/ ly(s)|ely(s)vlya(s)vds
0 0

IN

t t
v 2
7 [ s+ 2 [ )l ds.
0 viJo
Inserting these estimates in (4.12), we obtain
1 2 V2 2 1 2 2 [ 2 2
§|y(t)|H + ZHyHLZ(O,t;V) < cullullz + JT/'HyHC([O,T],H) +7 ; ly(s)| 7 |y2(s)]y ds.

Since yo € L2(0,T;V), the norm square |y2(+)|? is integrable and Gronwall’s lemma
applies to get

4 2
O < exp (el ) (colul?+ 2l )

We choose N := 8 exp (£K), where K is given by (4.11). The uniform bound derived
also in equation (4.11) yields that the following inequality holds for all ¢ € [0, T):

1 1
§|y(t)|%1 < ZHQH%‘([O,T],H) + ¢f|ull.
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With the same arguments as above, we conclude

lyllcqo,m,m + 1wl < cllullg,

and the Lipschitz dependence of the states on the controls is proven. ad

To establish optimality conditions, we will also need estimates of solutions of linearized
equations. Therefore, we introduce the derivative B’(y;) of the nounlinear operator B
which is given by

/0 (B (0 (t)y(t), w(t)) v vt := / [b(u(t). y(t), w(®)) + by (), ya(t), w(t))} de.

In view of (4.3), it can be shown that B'(y;) € L(L?*(0,T;V), L*/3(0,T;V")) for
y € W(0O,T) .
LEMMA 4.5. Let y; € W(0,T) be the state associated with a control u; € Uyq. Then,

for all u € L*(Q)?, there exists a unique weak solution y € W(0,T) of the linearized
equation

ye +vAy + B'(y1)y =

l
”(0) (4.13)

U,
0.

It satisfies the estimate

1Ylleqo.r).m + lyllz2v) < allullq. (4.14)

Proof. For the proof of existence we refer to [19]. A similar result was proven in [7]
for the three-dimensional case. The estimate (4.14) can be shown as in the previous
lemma. The uniqueness of solutions is a consequence of the linearity of the equation
and the continuity estimate (4.14). O

4.3. First order necessary optimality conditions. Now we return to our
optimal control problem. Before stating the second-order sufficient optimality con-
dition, we briefly recall the necessary conditions for local optimality. For the proofs
and further discussion see [1, 7, 18, 20] and the references cited therein.

DEFINITION 4.6 (Locally optimal control). A control @ € U,q is said to be locally
optimal in L?(Q)?, if there exists a constant p > 0 such that

J(y,u) < J(yn, un)

holds for all up, € Ugq with ||t —upl|2 < p. Here, § and yp, denote the states associated
with @ and uy, respectively.

In the following, we denote by B’(y)* the formal adjoint of B’(g). For § € W(0,T),
it is a continuous linear operator from L2(0,T; V) to L*/3(0,T;V").

THEOREM 4.7 (Necessary condition). Let @ be a locally optimal control with asso-
ciated state § = y(u). Then there exists a unique solution \ € W4/3(O,T; V) of the
adjoint equation

—M\t + VAN + B/ () A =
AT)

Y—9YQ
3(T) = yr. (4.15)
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Moreover, the variational inequality
(’}/17,+5\,U71_L)L2(Q)2 >0 VYue€ Uy (416)

is satisfied.

Proof. A proof can be found in [18, 19]. It can be carried out along the lines of
the proof of Theorem 3.10 for the stationary case. First, one can show the Fréchet-
differentiablity of the solution operator of the instationary equation. The adjoint
system and the variational inequality is then derived by the method of transposition.
The regularity of \ is proven in [21]. O

Next, we state an estimate of the norm of the adjoint state, see [20] for the details.

COROLLARY 4.8. Let A\ € W*/3(0,T;V) be the weak solution of (4.15), where y €
W(0,T) is a state associated with an admissible control u € Uyq. Then it holds

IMZ2) < e (1WT) = yrl2 + 1y — val3)
Let us introduce the Lagrange function £ : W (0,T) x L?(Q)? x W*4/3(0,T; V) of the

instationary optimal control problem by

T
Ly N) = J(u, ) + / (e Ny — v, Ny — by, 5, A) + (u, A)} dt.

One can easily verify that the necessary optimality conditions given in Theorem 4.7
are equivalent to

Lo(@, 0, ) (u—1) >0 Yu€ Uy,
and
L,(5,a,\h =0 YheW(0,T) with h(0) = 0.

As in the stationary case, it can be proven that £ is twice Fréchet differentiable with

respect to y and u, confer Lemma 3.12. Here we derive an estimate of the norm of
Lyy.

In the analysis of the second-order condition estimations of the time derivative y; of
a state y € W(0,T) are not needed. Therefore, we introduce a space W by

W =L20,T;V)nC([0,T), H).
equipped with the norm
Hy||123/ = ||y||%2(V) + ||y||20([o,T],H)~

LEMMA 4.9. The second derivative of the Lagrangian L aty € W(0,T) with associated
adjoint state X\ in the direction z1,z2 € W(0,T) satisfies the estimate

[Lyy(y,u, N[z1, 2] < e llzallyp Mzl
for all z1,2z0 € W(0,T).

Proof. The second derivative of £ is given by

Lyy(y,u, N)[21, 22] = (21(T), 22(T))2 +/O (21,22)2 — b(21, 22, A) — b(22, 21, A) dt.
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The nonlinear terms are estimated by (4.3),

T T
[ vezmna] <c [ 1@ a0 0 =00 Mol
0 0

T
1/2 1/2
< ellzlle oy, m 122l io my,m) / |21 (01222 (/2 M) |t

1/2
< cllalleior.mlzledor.mllz s

<cllallwllzellw Az vy

1/2 1/2

N EA Y

Corollary 4.8 together with Lemma 4.4 and the boundedness of the controls (4.4)
yields a uniform bound on all adjoint states, ||A||.2v) < C, independently of y and
u. Now the claim follows immediately. ad

4.4. Second-order sufficient optimality condition. In what follows we fix
¥ := (g, a) to be an admissible reference pair. We suppose that o satisfies the first-
order necessary optimality conditions.

DEFINITION 4.10 (Strongly active sets). Let € > 0 and i € {1,2} be given. Define
sets Qe,i CQ =Qx1[0,T] by

Qei = {(z,t) € Q : |yui(x,t) + Ni(w,t)| > €}.

For u € LP(Q)? and 1 < p < oo we define the LP-norm with respect to the sets of
strongly active control constraints

9 1/p
ullLe,q. = (Z |“i|€p<QE,i>> :
=1

As in the previous section, we can show the following conclusion, cf. Corollary 3.14.

COROLLARY 4.11. For all u € Uyq it holds

2 7
S et + Rt ustent) - w0 dode > ¢ u— .
i=170 e
We assume that the reference pair v = (g, u) satisfies the following coercivity as-
sumption on £”(7, A), in the sequel called second-order sufficient condition:
There exist € > 0 and § > 0 such that
Lo (0, N)[(2,)]* > 8 ||Al3
holds for all pairs (z,h) € W(0,T) x L*(Q)? with
(SSC) h=u—1u, u€ Uy, hi =0 on Q.; fori=1,2,

and z € W(0,T) being the weak solution of the linearized equation

ze+Az+ B'(g)z=h
z(0) = 0.
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Now, we collected all tools to prove that (SSC) is sufficient for local optimality of
(g, @), provided the first-order necessary conditions are fulfilled. The proof in the
instationary case follows exactly the lines of the proof in the stationary case, cf.
Theorem 3.16. So we only state the associated results without proof.

THEOREM 4.12. Let © = (§,u) be admissible for the optimal control problem and
suppose that v fulfills the first-order necessary optimality condition with associated
adjoint state . Assume further that (SSC) is satisfied at ©. Then there exist a > 0
and p > 0 such that

Jw)>J0)+a Hu—aHi

holds for all admissible pairs v = (y,u) with ||u—4||s < p, where the exponents s and
q are chosen according to Assumption (A3).

REMARK 4.13. As in the stationary case, cf. Section 3.4, one case establish an
equivalent sufficient condition (SSCy), which ensures together with first-order neces-
sary optimality conditions local optimality of a reference control without any two-norm
discrepancy.

Acknowledgements. The authors are very grateful to E. Casas for his com-
ments that led us to the remarks in Section 3.4.
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