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Abstract

We consider optimal distributed and boundary control problems for semilinear parabolic equa-
tions, where pointwise constraints on the control and pointwise mixed control-state constraints of
bottleneck type are given. Our main result states the existence of regular Lagrange multipliers for
the state-constraints. Under natural assumptions, we are able to show the existence of bounded and
measurable Lagrange multipliers. The method is based on results from the theory of continuous

linear programming problems.
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1 Setting of the problem

Let © C R” be an open bounded domain with boundary 1" and let T" > 0 be given fixed. We consider

the following semilinear partial differential equation:

yi+ Ay +d(z,ty) =u in @ =Qx]0, T,
O, y+b(z,ty) =v on Y , (1.1)
y(z,0) =y,(z) inQ,
where A is a uniformly elliptic differential operator defined below, ¥ denotes the lateral boundary

of @ and 0,,y denotes the outward conormal derivative of y associated with A. Let us specify the

assumptions on the data:



(A1) The boundary I is of class C?. The operator A is defined by

Ay = — Z Or;(ai;(7)0z,y) with
i,7=1
a;; = aj; € CYP(Q), fori,j=1--n,

Vz € Q,V€ € R™, ngf < Z a;; ()& < Mfo with m > 0 .
=1 t,7=1 =1
(A2)
(i) The function d = d(z,t,y) : @ x R = R is a Carathéodory function. It is supposed to satisfy the

following assumption of smoothness :
e lLor almost every (z,t) € Q, d is continuously differentiable with respect to y.

e There exists a continuous monotone nondecreasing function 7 : [0,00) — R* with 7(0) = 0 such

that, for all M > 0, there is a constant cp; > 0 satisfying

ldy (- y1) — dy(+, y2) || Lo (@) < em (Y1 — yal)
for all real y; with |y;| < M, i = 1,2. Moreover,
de('v 0, O)HL‘”(Q) + Hd('v -0, O)HL‘Z(Q) <c¢B
holds with some constant ¢z and some ¢ > N/2 + 1.

(ii) Analogous conditions are imposed on b = b(z,t,y) on ¥ x R with the same constants, where L*(X)
is substituted for L?(Q)) with some s > N + 1.
Let us fix ¢ > N/2+ 1 and s > N + 1 throughout this paper.

(iii) y, belongs to C'(2).

We shall denote the real function d and the associated Nemytskii operator d : y(-) — d(,y(+)) by
the same symbol. In other words, we write d(z,t,y(z,t)) := d(y)(z,t), (z,t) € @, since this will not
cause confusion.

We consider the following optimal control problem

min J(y, u,v)

(P) (y, u,v) satisfies (1.1)
(y7 u’ U) E C Y



where

[0} (6779 ay Qi Ay
J(y,w,0) = =2y = z0ll3 + S y(1) = zalla + 5-lly — 25113 + Sl + S lolf3. (1.2)
2 2 2 2 2

|| - ||ls denotes the natural norm of L%(S), and ag, aq, ax, @, @, are nonnegative real constants
such that ag + ag +ax + o, +a, # 0. Moreover, zg € LY(Q) , 2z € L*(X) and zg € L* () are given
fixed.

C'is a convex set of constraints of bottleneck type. We consider two kinds of such sets.
e () is the set of all (y,u,v) € C(Q) x L>=(Q) x L*(¥) satisfying the inequalities

0<u,0<w (Ia)
I <
(@ u<eq+Poy (Ib)
v<ecs+ oy

a.e. on () and X, respectively, where cg, g € L*(Q) and ¢y, By € L*(X) are given nonnegative
functions. We assume the existence of § > 0 such that cx,cg > 4 > 0 holds a.e. on () and X,

respectively.
o (5 is the set of all (y,u,v) € C(Q) x L>(Q) x L>°(X) satisfying
(1) {Ogugub,ogvgvb (ITa)
and (Ib)
a.e. on  and X, respectively, where uy € L*(Q) and vy € L*(X) are given.
Remark 1.1 The simple choice for J was taken for convenience. It is quite standard in the context

of least squares problems. Any other sufficiently smooth integral functional can be chosen as well. For

instance, we refer to the objectives defined in Casas [3] or Raymond and Zidani [5].

We shall denote by (P;) the problem (P) under the choice C'=C; ,i=1,2.
Let us fix the state-space for y as follows:

Y={yeW(O,T) | uw+Ayecl¥Q), dye LX), y(0) €C() },
where 0, ,y is defined according to [5], and W (0,7) = {y € L2(0,7; H{(Q)) | v € L*(0,T; H{(Q)") } .

Y is endowed with the norm

lylly = llye + Aylla) + 10vayllLz) + 1¥(0)]lc -

Then Y is a Banach space continuously embedded into C(Q) (see [1] for example).



Our main task is to show the existence of regular Lagrange multipliers for the state-constraints
(Ib). The space for these multipliers depends on how the inequalities are considered. We might define
the inequalities in the space L>(Q)) x L*(X), since u and v are bounded and measurable. In this
case, the multipliers have to be defined in the associated dual space. We aim to avoid this space of
nonregular multipliers for several well known reasons. Let us briefly sketch the main idea we have in

mind. Introduce the Lagrange function £ : Y x L*®(Q) x L*>(X) x W(0,T) x L>®(Q) x L*(X) - R

ﬁ(yauavapaﬂla:MZ): J(y,u,v) _/ [yf+/4y+d(y)_u]pdxdt_/[auAy+b(y)_U]pdadt
Q )

+/(U—CQ—ﬁQy)mdwdH/(v—CE—ﬂzy)uzdadt
Q %

(1.3)

(do = do(z) denotes the surface measure on I'). In this way, the mixed pointwise control-state-
constraints are eliminated by multipliers py, g2, while the control constraints remain unchanged. Let
(y,u, ) be a locally optimal triplet for (P). Tacitly assuming that we shall be able to find regular

multipliers py, pg, the first order necessary optimality conditions for (g, @, ) read

ﬁy(gaﬂaﬁapaulaFQ)y =0 Vye{yey | y(O)ZO}
Lo, 4, 0,p, pta, p2)(u—a) > 0 Yu€ Uy (1.4)
Lo(F,1,0,p, 1, p2)(v—0) > 0 Yv € V.

Moreover, the complementary slackness conditions
p (i —cg — Boy) =0 a.e. onQ and P2 (0 —ex —Prg)=0ae. on ¥ (1.5)

must be satisfied. From these relations we obtain the first order optimality system consisting of the

state-equation, all inequality constraints, the adjoint equation

—p+Ap+dy(Gp = ag(y—zQ)—Pom nQ
Ouptdy(y)p = ax(§—2n) —Pypz onk, (1.6)
p(T) = aqy(T) - 2) in
the variational inequalities
/(auﬂ+p+ﬂl)(u—ﬂ)dmdt > 0 Vue U (1.7)
Q
/(ozyﬁ—i—p—l—,ug)(v—ﬁ) dodt > 0 Yv€ Vi, (1.8)
v

the complementary slackness conditions, and the nonnegativity conditions

M1($7t) > 0, MQ(wvt) >0



to be fulfilled for almost every (z,t). Let (p,p1,p2) € W(0,7) x L*(Q) x L>(X) be any triplet
satisfying, together with (y, @, v), the optimality conditions formulated above . Then the function p is
said to be an adjoint state, and the y; are called Lagrange multipliers associated with (y, @, v).
We shall derive conditions ensuring the existence of Lagrange multipliers f1q, f1o in L% (Q) x L*(X).
The idea is as follows: A constraint qualification is formulated for the state-constraints in L°°, where
the natural cone of nonnegative functions has a nonempty interior. Therefore, this condition has a
good chance to be satisfied. Next a known result by Zowe and Kurcyusz [7] yields that (7,7, ) is a

solution of the associated linearized problem
(/Pé) min ']I(ga 7_1'7"_]) (y,u,,v)
subject to the linearized equation

wt+Ay+dy)+dy(y) (y-y) = u
Oy +0(J) +0,(y) (y—y) = v (1.9)
y(z,0) = y,(z)

and to the (linear) constraints (y, u,v) € C .

(P*) is a linear continuous programming problem of bottleneck type, for which the duality theory
of linear programming holds. In [2], we have proven existence of bounded and measurable solutions
i > 0 for the associated dual problem. These solutions are Lagrange multipliers for (P%). Then it is
easy to verify that they are multipliers for (P), too.

2 Existence of optimal solutions to (P;)
2.1 Existence of a solution to the state-equation
The following theorem ensures the existence and uniqueness of the state y associated with (u, v).

Theorem 2.1 For each pair (u,v) € LY(Q)x L*(X), equation (1.1) has a unique solutiony = y(u,v) €

Y. Moreover

ly (e, )llwo.m) + 1y, 0)lleggy < CO+ lullza@y + 19uegsy + Iolle) - (2.1)

Proof - See [4]-Theorem 4.13 or [5]-Theorem 3.1. [}



Thanks to this result, the operator 7T,

T YXL¥Q)x L®(E) — L®(Q)x L*() x C(Q)
yr + 4y+d (2.2)
(y,u,v) — 8Z,Ay-|—b

is of class C'.

2.2 Boundedness properties for feasible elements

In the sequel, the set of (y,u,v) € Y x L™(Q) X L*(X) satisfying all constraints of (P) including the
state equation, is said to be the feasible set. We shall prove in this section that the feasible set is

uniformly bounded for both the problems (P;), i = 1,2. Let us first state some auxiliary results.

Proposition 2.1 (Comparison principle for the linear equation) Suppose that functions a, u

€ L1(Q), a,v e L*(X), and y, € C(Q) are given, such that
a(z,t) > ¢, ae. in Q, a(z,t) > ¢, a.e. on X
holds with some constant c, € R. Let y € C(Q) be the unique solution of the linear parabolic equation

ytt+Aytay =u
Do y+ay =v (2.3)
y(2,0) = yo(z).

If u, v and y, are nonpositive a.e. on their domains of definition, then y < 0 holds everywhere in ().

This result can be found in [5], Proposition 3.2. It holds even for y, € L?(f2) in the sense that y
and its trace are almost everywhere nonpositive.

Now we are able to derive a comparison principle for the nonlinear state-equation. If u is a
bounded and measurable function being nonnegative almost everywhere on its domain of definition,

then we shall write for convenience u > 0.

Theorem 2.2 (Comparison principle for the state-equation)
Assume (A1)-(A2) and suppose u; € L(Q) and v; € L*(X), i = 1,2. Let y; be the corresponding
states, that is T (y1,u1,v1) =0 and T (y2, uz,ve) = 0. If uy > uy and vy > vy, then y1 > ys.



Proof - We know that the states y; belong to C(Q). Since d is of class C! with respect to y, we may

use the mean value theorem so that

(o1, 2(2,0) — d(a, 1,313, 8)) = dy (2,8, yo(2, 0) 22, 6) — 1 (2,1))

where yg(z,t) = yi(z,t) + 0(z,t) (y2(z,t) — y1(z,t)), and the function § € (0,1) can be taken
measurable. As y; is continuous and d, is a Carathéodory function, it is easy to conclude that
a(z,t) = dy(x,t,ys(x,t)) is bounded and measurable in Q. In particular, @ is bounded from below.

The same argument applies to b, setting a(xz,t) = by (z,t,ys(x,t)) on X. In view of this, yo — 3 is the

solution of the linear equation

(e—y)e+ A —y)+a(ya—y) =ur—uw
Oy (2 —)+a(ye—y) =va—1y
(y2 —y1)(2,0) =0.

We complete the proof by Proposition 2.1 [

Corollary 2.1 Let all assumptions of the previous Theorem be satisfied. Then its conclusion remains

true, if (d,b) is replaced by (d — By, b — PBxy) in the nonlinear state-equation.

Proof - This is obvious, since (d — fqy), = dy — fg belongs to L>(Q) and therefore is bounded from
below. The same argument holds for b. [

To prove the next theorem, we consider the state function y = g, which corresponds to controls u
and v acting at their upper limits, that is, u = cg + Bg y and v = ¢y + Bz y. Inserting these controls

in the equation of state, we arrive at the system

According to Theorem 2.1, this system admits a unique solution § € C(Q).

Theorem 2.3 The feasible sets of (P;), i = 1,2, are bounded in C(Q) x L*=(Q) x L>=(X).

Proof - (i) For Cy, the result is obvious: Here, the admissible controls u(z,t) and v(z,t) belong to
the uniformly bounded sets [0, u] and [0, vp], respectively. Therefore, relation (2.1) yields that all

associated states y = y(u, v) are uniformly bounded as well.



(i) The situation is more interesting for Cy : Let u > 0 and v > 0 satisfy, together with y, the
state constraints. Then v =cg — g + Bgy, v = cx — éx + By y, where g > 0, éy, > 0. Therefore,

v+ Ay+d(y)—Poy =cq—do <cq
D,y +b(y)—Psy =cx—dy <ex (2.5)
y(O) = Yo-
Corollary 2.1 yields y < g, hence u < ¢g + By < cg + Bg y (notice that B¢ is nonnegative). This

shows that all admissible controls u are uniformly bounded. The same holds for v. Thanks to the

estimate (2.1), all y are uniformly bounded, too. ]

Remark 2.1 A study of the proof reveals that the property u € L™(Q), v € L (X) was not needed
to apply the comparison principle. To apply this principcle, it is sufficient to have u € L4(Q)) and
v € L*(X). In this case, the uniform boundedness u < cg+ Pq § still holds. Therefore, we are justified
to regard the sets C; in L1(Q) x L*(X). This will not change them in comparison with their former
definition in L™ (Q) x L*(X), and the statement of the Theorem remains valid.

We are mainly interested in necessary optimality conditions for optimal controls. This refers to
locally optimal controls as well. Therefore, we are justified to assume that a pair of locally optimal
controls is given. Nevertheless, we briefly discuss the existence of (globally) optimal controls, since

this is an important information on the well-posedness of the problem.
Theorem 2.4 Problem (P;) (i=1,2) has at least one optimal solution (§,4,0) € Y x L°°(Q) x L*(X) .

Proof - We shall only briefly sketch the idea of the proof. Thanks to Remark 2.1, we are justified to
view C; as a bounded set of ¥ x L1(Q) X L*(X). If {(yn, un,vs)} is a minimizing sequence, we can
therefore assume that {u, —d(y,)} and {v, —b(y,)} are weakly converging in L? and L*, respectively.
By compactness of the linear solution mapping, {y,} tends strongly to 7 in C(Q), hence also d(y,)
to d(y) and b(y,) to b(y). Moreover, u, — @ and v, — © (weakly). We obtain by the continuity
of the linear solution mapping that (7, @, ©) solves the nonlinear state-equation. Moreover, the lower

semicontinuity of J with respect to (u, v) permits to show in a standard way the optimality of (y, @, v).

3 Linearization of (P)

Let us write for short w := (y, v, u). With this notation, problem (P) admits the abstract form

min { J(w) | T(w)=0, weC},



where 7 is differentiable and the convex and closed set C stands for C7 or (3. To formulate a

corresponding regularity condition, we define the linearized cone of C' at w,
C(m) = { Mw-) | A2 0, w= (y,u,0)€C ).
The following general result is known for the linearization of (P) at the optimal point [7, 6] :

Theorem 3.1 Assume that the reqularity assumption
T'(w) - C(w) = L*(Q) x L=(Q) x L=(X) (3.1)

is satisfied at w. Then W is solution of the linearized problem

min  J'(w) - w
T'(®) - (w—1)=0,
weCl .

Remark 3.1 The original result of [7] states that
J'(@w)-h>0 YheC(w): T'(w)h=0.

We have h = X (w — w). Inserting this for X\ =1, J'(w) - (w — @) > 0 follows, so that ¥ attains the

minimal value.

In our case, the sets C' = C}, i = 1,2, have obviously a nonempty interior in the space C(Q) X

L>®(Q) x L*°(X). Therefore it makes sense to assume the following stronger regularity condition,

which is known to be sufficient for (3.1) to hold ([6]):

(g, @, 0) € int C' such that 52
T'(g,4,9) (§ — g — 4, ® — v) = 0. '

Here, int C' denotes the L*°-interior and 7 belongs to Y. In other words, we have to find a triplet
(7,1, D) of Y x L*(Q) x L°°(X) such that

and
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holds a.e. on ¢ and X, respectively, where ¢ is positive. We shall verify this condition under the
following very natural assumption:

(A3) There is a positive constant § such that

)
J5.

colz,t)+ Bo(z,t) y(z,t)
ex(w,t) + Bu(w,t) §(z, 1)
In other words, the sets {u € L*(Q)|0 < u < ecg+ 07} and {v e LX) 0< v <ex+0n7}

(defined upon y) are assumed to have a nonempty interior. In particular, this assumption is satisfied,

(AVAR AV

if ¢ and ey are bounded from below by a positive constant (a condition being assumed in this paper)
and 7 is known to be nonnegative.
To verify that (A3) implies (3.2), we introduce the “maximal linearized solution” § by inserting

i := cqg + Boy, ¥ := cx + By in the linearized equation (1.9). In this way, § is defined by

G+ AG+d@H) +dy(H)(G-9) = co+Poi (=14)

0y, 9 + () + by (7)(

<y

N
—_
=N
N ~—r e

o

[\l

+

)

1

<

—_

Il

(w4}

~—

—_

w

(W]

~—

(] = Yo

Lemma 3.1 The relation §(z,t) > j(z,t) holds for all (z,t) € Q.
Proof - The function 3(z,t) satisfies
G+ Ay+Hdy) = u=cq+ ¥ - b
0u,g+b(7) = v=rcc+Pey—Is (3:6)
g( ) = Yo,

(]

where dg and dg are nonnegative. Subtracting (3.6) from (3.5) yields

The comparison principle yields § — 7 > 0. [
Theorem 3.2 Assumption (A3) implies the regularity condition (3.1).

Proof - To construct (7, i, ), we take a constant A < 1 close to 1 and define § by

G+ AJ+dH) +dy(5)(T-7) = Aeg+ By (=:1)
O 0 +bY) +o,()(G—y) = Aes+Psy (=:0) (3.7)
g0) = v,

10
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hence the equation 7'(@)(#® — @) = 0 holds. Moreover, by continuity, § tends uniformly in @ towards

7, as A tends to 1. Therefore,

N | &

= Mg+ foi > 5 and § = heg + fuf >
follows from assumption (A3) and Lemma 3.1 for A sufficiently close to 1. Moreover,
U= Aeg + Py < cq+ By and 0= ey + Oy < ex + fyy

Altogether, the last relations show that (7, @, 0) belongs to the L*-interior of C'. [
From now on, we assume that (A3) is fulfilled so that Theorem 3.1 is applicable.
The linearized problem has been defined in an abstract setting. Inserting the concrete expressions for

J" and 77, it admits the following explicit form:

min  ag /Q(gj —z4)y dz dt + ag / (G(T) — zq) - y(T) da+

Q
(Pf) ag/(gj—zE) <y do d,t—l—ozu/ a-ude dt-l—ozv/ v-vdo dt
) Q )
subject to
yt+Ay+dy(i)y =u+dy(y)y—d(y)
Dy +by(H)y =v+by(5)7 - b(y) (3.9)
y(0) = Yo,

(v u,0) € C

For convenience, we set
B = d(F) — dy(7) - 7 € L7 (Q), Ty 1= b(F) — b,(7) -7 € L7()
and
ag = —[J — z4] € L7(Q), ag = —aq[y(T) — 2] € L7(Q), as = —ax [§ —2x] € L7(X),

Ay = —a 0 € L7(Q), ay := —a,0 € L™(X)

11



so that (Pf) can be written as

k3

max /adem dt—l—/agy(T) dm—l—/azydadt—l—/auudm dt—}—/ayvdadt
Q Q o Q ¥

subject to

y+Ay+dy(§)y =u-wq
O y+by(7)y =v—-0x
y(0) =y,

(u, v) satisfies Ia or IIa and

u<cg+Pqy, vies+Puy.

This kind of linear control problems has been studied in our paper [2].

4 Existence of regular Lagrange multipliers

Let us assume from now on that I and the coefficients of A are sufficiently smooth to ensure the exis-
tence of a Green’s function G = G(z,&,t) associated with the linearized partial differential equation.
This assumption can certainly be avoided. However, we want to directly apply our results of [2], where
all main theorems were proved on using Green’s functions. A study of our technique in [2] reveals
that the theory can be developed also for weak solutions satisfying comparison principles. We shall

not discuss this generalization here. The solution y of (3.9) has the integral representation

y(z,t) = /QG(ac,f,t) Yo(€) df-l—/o /QG(m,f,t—s) (u(&,s) —wg(&,s)) déds
+/t/G< 61— 5) (0(E,5) — (&, 5)) do(€) ds (4.1

- //C - s)u(e, s dgds+//c; = 8)v(E, 8) do(€) ds,

where y, denotes the constant part of y corresponding to (y,, —wg, —wx). Inserting the expression (4.1)
in (Pf), and using the Fubini theorem in the objective, we arrive at the following linear continuous

programming problem of bottleneck type:

max/ ar(z,t)u(z,t) dacdt-l—/ az(z,t)o(z,t) dodt
Q b

12



subject to

vt s feln JétJ/ Ba (o, )G (a,€,t = 5) (€, s) dE ds
[ [ el )ie 6.t 5)vie, ) do (@) s

vt < ) [ [ BslnG €t s i) deds 4.
/ot/ﬂ( NGz, &t~ ) v(, 5) do(€) ds,

wwt)2 0, (ul(e,t) Sw)

w2 0 (o) < w)

where the upper bounds for the controls are only required in (P{). The function a; € L*(Q) is defined
by

a /G 6T = 1) agl€ d£-|-/ /G &5 — 1) agl, ) de ds
/‘/G & 5= 1) ay(€,s) do(€) ds+ a2, 1)

while a; € L*(X) has the same form with a,(z,t) substituted for the last item. Moreover, é¢g =

cQ + BQYe, €x = cx + PByy. were introduced. Let us define another auxiliary function 3 € J by

—Pe+ A+ dy (DY = aq
O +by(PY = ay (4.3)
P(T)= = aq.

Then we have a; = ¥ + a, and ay = Y|y + a,, and the relation

/al(ac,t) u(z,t) dmdt+/a2(x,t)v(ac,t) dodt =
Q Q (4.4)

/agy(T)dac—I—/adexdt+/agydadt+/auudmdt—l—/auvdadt
Q Q ) Q )

is obtained integrating by parts on using . In this formula, y is defined by the linearized equation
(3.9) with zero constant parts @wq, @y, Y, (in other words, y. is substracted from the solution of the
system linearized at (y,u,v)).

The associated dual problem has the form

(DY) min / (Eq p1 + up pi3) da dt + / (Cx po + vp pa) do dt
Q )

13



subject to

T
i) +e ) > o)+ [ [ G610 o6, (e, s) dsds
T
+/ Gla,€,5— 1) B (€, 5) palE, ) do(€) ds
T

T
/LZ(mat)+u4(mat)2 a2(xat) +/ QG 57 ﬂQ(Sa )/Ll(fas)dfds
T
4 / G(a,€, 5 1) B (€, ) pualé, s) do(€) ds,
T

pi(z,t) > 0, i=1,..,4.

In the case of (Py), the functions ps, 4 do not appear: The associated dual problem is obtained by
setting ps = pa = 0. If we denote by ¢ the solution of the system

—prtApt+dy(y) o = Bom
uap+by(@ e = Prpe (4.6)
e(T) =0,

then the constraints of the dual problem admit the simpler form

prtps > a1+
Mo+ pa 2 az+ @
g > 0i=1,....4.

In this way, the dual problem is seen to be a linear parabolic control problem with state-constraints.
The theory in [2] yields the following theorem on the existence of at least one bounded and mea-

surable optimal solution (fiy, fiz, fis, fia) for the dual problem:

Theorem 4.1 Suppose that (A3) is satisfied. Then the dual problem (Dl) admits at least one optimal
solution (fiy, iz, fi3, fla) that belongs to L*°(Q) x L°(X) x L*=(Q) x L= (X).

The proof of the theorem was performed separately for the cases of boundary control and dis-
tributed control. However, it is clear that it can be extended to the general problem above (see
the remarks in the last section of [2]). The idea of [2] is as follows: First of all, the feasible set of
(DY) is nonempty. This is a consequence of the duality relation max (P?) = inf (D), which follows
from the simple structure of the constraints of (P%). If a feasible (u1, pa, i3, pt4) is given such that
p1(z,t) + ps(z,t) is positive on some subset of @, and py(z,t) + ps(z,t) > ai(z,t) + ¢(z,t) holds
there, then we are able to diminish gy 4+ pz on this set, until the equality pq + p3 = max{a; + ¢, 0}
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is achieved. In the same way, pg 4 p4 is handled. Here, we essentially use the positivity of G(z,&,t).
The value of the dual objective decreases, since g, €5, up, vy are positive. Finally, one is able to
show that the infimum of (D) is attained in a uniformly bounded set. The solution is found by weak

compactness.

Remark 4.1 Assumption (A3) implies that g and &, are strictly positive. This can be seen as
follows: The difference y. — 1y satisfies a linear system with homogeneous initial condition , where the
nonnegative functions 4 and v stand on the right hand side. The comparison principle yields y.—i > 0,

hence ¢g = cq + Boy. > cq + Bgy > 0.

We recall the complementary slackness conditions,
(I + s —ar —)u=0, fis(@—u)=0 aein @, (4.7)

(o + fra —as —p)v=0, pa(v —v) =0 a.eon X, (4.8)
which are well known from the theory of linear continuous programming.

Theorem 4.2 If (fi1, iz, fi3, fia) is a bounded and measurable optimal solution of the dual problem
(DY), then jin and fiy are Lagrange multipliers for the (nonlinear) optimal control problem (P), asso-

ciated with the state-constraints u < cg + By and v < cx + fyy, respectively.

Proof - We define p := —(¢ + ¢) and verify the optimality conditions (1.6), (1.7), (1.8): The adjoint
equation (1.6) is easily obtained by adding the systems for ¢ and ¢ with negative sign. Let us show
the variational inequality (1.7). We find

/(aﬂ-l—p-l—ﬂl)(u—ﬂ)dacdt:/(—au—l—p-l—,ul)(u—u)dwdt
Q Q

:/(¢—01+P+ﬂ1)(u—ﬁ)d$dt:—/(01+¢—ﬁ1)(u—ﬂ)dmdt:
Q Q

/(al—l—go—,ul—,ug)udwdt—/(al-l—cp—,ul—,ug)udwdt-l—/ ,ug(u—ub)dacdt—/,ug(u—'ub)dxdtZO.
Q Q Q Q

The last inequality follows from the complementary slackness conditions (4.7), (4.8) for the terms
containing #, the nonnegativity of ji;, iz, and from the inequality constraints u > 0, u < up. We have
shown (1.4). The variational inequality (1.8) is verified in the same way. In view of the complementary
slackness conditions, fiy, fio satisfy all properties of Lagrange multipliers.

We have performed the proof for problem (P;), the case of (P;) is treated by fis =0, iy =0. m
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