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Discrete confocal quadrics
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Confocal quadrics

Given a > b > c. Corresponding one-parameter family of confocal quadrics:

2 2 2
) = R3 | X 4 Z __1!, xeRr
QM {(X’y’z)e | hen e » A€
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Confocal quadrics
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Decomposition into three families:

X2 y2 22 1
mw+a wm+b wm+c

X2 2 22
U2+3+U2y+b+U2+C_
X2 y2 22

uz + a us+ b U3+C_

with —a<um < —-b< i < —c< us.
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Confocal quadrics
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Decomposition into three families:

X2 y2 22

+ +
mw+a wm+b wm+c
2 2 2
X p4
+ 4 +
u +a u+ b up + ¢
2 2 2
X p4
+ 4 +
uz + a us+ b uz +c¢

with —a<um < —-b< i < —c< us.

=1

This leads to the system of confocal coordinates (x, y, z) = r(uy, ua, u3):

X2 _ (u1 + a)(U2 + a)(U3 + a)

(a—b)(a—c¢)

o _ (u1 + b)(uz + b)(us + b)
(b—a)(b—rc)

2 _ (up + ¢)(up + ¢)(uz + ©)
(c—a)(c—b)
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Confocal quadrics
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For any reparametrization u; = u;(s;) the system of confocal coordinates
m has a diagonal first fundamental form:

I =dr dr = Hids? + Hadss + Hids3,

H2 V,'(S,' S/)
with — = -~
HZ  Vi(sk,si)
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For any reparametrization u; = u;(s;) the system of confocal coordinates
m has a diagonal first fundamental form:

I =dr dr = Hids? + Hadss + Hids3,
H? — Vi(si,s)

with i — Vs S)
H2  Vi(sk,s1)

m has diagonal second fundamental forms:

Iy = —dr-dNj, = e,'de,'2 + g,'de,%,
€k U,'(S,') 1 ul{2

ith — = — U= - )
Y ek T Uk(se)’ 4 {0+ 2)(u + B)(u + 0)

where N ~ r,, is the unit normal of the quadric u; = const.
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For any reparametrization u; = u;(s;) the system of confocal coordinates
m has a diagonal first fundamental form:

I =dr dr = Hids? + Hadss + Hids3,
H?  Vi(si,s)

with b = 2005
HZ  Vi(sk,si)

m has diagonal second fundamental forms:

Iy = —dr-dNj, = e,'de,'2 + g,'de,%,

. €k Ui(s) 1 u’?
th — = — U=+ : .
Y ek T Uk(se)’ 4 {0+ 2)(u + B)(u + 0)

where N ~ r,, is the unit normal of the quadric u; = const.

In particular

Orthogonal coordinate system along curvature lines of its isothermal coordinate surfaces.
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Confocal quadrics
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. . u/2
2 > '
i = eixds; + gidsi, — == ) :

1
Ui = 4 (ui + a)(ui + b)(uj + ¢)
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Confocal quadrics
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j Ui(si) 1 u??
II; = ¢ d5-2+ ,'d52, ﬂ:, S R U= - ! .
k KOS T Bik Ak 8ik Uk(5k> 4(u,-+a)(u,-+b)(u,-+c)

Theorem

There exists a unique parametrisation u; = u;(s;) of confocal coordinate lines (up to a scaling
of the s; by the same constant) such that the second fundamental forms of the confocal
quadrics are “conformally flat”, that is,

1T ~ d512 + ds22, II;3 ~ d512 — ds327 II3 ~ d522 + ds32.
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uj

Sik Ui(si) U- _1
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Theorem

There exists a unique parametrisation u; = u;(s;) of confocal coordinate lines (up to a scaling
of the s; by the same constant) such that the second fundamental forms of the confocal
quadrics are “conformally flat”, that is,

1115 ~ dS% ar d522, II13 ~ d512 = d$327 IIr3 ~ d522 4 ds32

Solve Uy = —U, = Us = const >0 —  Weierstrass p-function.
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Confocal quadrics Mutual agonal nets efo ( al webs Incircular nets in

[e]e]e] )

There exists a unique parametrisation u; = u;(s;) of confocal coordinate lines (up to a scaling
of the s; by the same constant) such that the second fundamental forms of the confocal
quadrics are “conformally flat”, that is,

1115 ~ dS% ar d522, II13 ~ d512 = ds%, IIr3 ~ d522 4 ds32

Solve Uy = —U, = Us = const >0 —  Weierstrass p-function.

In terms of Jacobi elliptic functions this parametrization is given by

X sn(sy, k1) dn(sy, ko) ns(ss, k3)
y |=+va—c| cn(si,ki)cn(sy, ko)ds(ss, k3) |,
dn(sy, ki) sn(sa, ko) cs(ss, k3)

N

with kf = 228 j2 =b=c =142, k3= k.

a—c’ a—c
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Mutually diagonal nets
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Net

A two-parameter family of curves on a surface, such that there exist exactly two curves of the
family passing through any point on the surface.
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Net

A two-parameter family of curves on a surface, such that there exist exactly two curves of the
family passing through any point on the surface.

Two diagonally related nets

N e
L
R
) =
5

For any quadrilateral of N7 with one pair of opposite vertices connected by a curve of N>, the
other pair of opposite vertices is also connected by a curve of N5.
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P1 P3
N
’ I

A 0.

Two diagonally related nets

For any quadrilateral of N7 with one pair of opposite vertices connected by a curve of N>, the
other pair of opposite vertices is also connected by a curve of N5.

m symmetric relation
m If r(u,v) is a parametrization, then the two nets given by

u = const u+ v = const

const

const u—v

v

are diagonally related.
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Mutually diagonal nets
oeo

On any one-sheeted hyperboloid, the lines of curvature and the (straight) asymptotic lines form
mutually diagonal nets.
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A

Every one-sheeted hyperboloid is part of a confocal family.
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Mutually diagonal nets
oeo

On any one-sheeted hyperboloid, the lines of curvature and the (straight) asymptotic lines form
mutually diagonal nets.

A

Every one-sheeted hyperboloid is part of a confocal family.
Second fundamental form: Il;3 ~ ds? — ds? = (ds; + ds3)(ds; — ds3).
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Mutually diagonal nets
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What is the meaning of the curvature lines on confocal ellipsoids being parametrized such that

1112 ~ d512 + C/5227 1123 ~ d522 + dS?%?
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Mutually diagonal nets
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What is the meaning of the curvature lines on confocal ellipsoids being parametrized such that

1112 ~ d512 + C15227 1123 ~ d522 + ds32?

i N
A7 NN
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What is the meaning of the curvature lines on confocal ellipsoids being parametrized such that

1112 ~ d512 + C15227 1123 ~ d522 + ds32?

L7
R
N

These lines are characteristic conjugate lines
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What is the meaning of the curvature lines on confocal ellipsoids being parametrized such that

1112 ~ d512 + C/5227 1123 ~ d522 + ds32?

P e
22N mvx‘g

s

(55

These lines are characteristic conjugate lines:
m analogue of asymptotic lines on positively curved surfaces
m conjugate directions that are bisected by curvature lines
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Mutually diagonal nets
ooe

What is the meaning of the curvature lines on confocal ellipsoids being parametrized such that

1112 ~ d512 + C/5227 1123 ~ d522 + d532?

These lines are characteristic conjugate lines:
m analogue of asymptotic lines on positively curved surfaces
m conjugate directions that are bisected by curvature lines

On any ellipsoid / two-sheeted hyperboloid, the lines of curvature and the characteristic
conjugate lines form mutually diagonal nets.
12/26



“Isometric” deformations
@000000

Additional property (for asymptotic lines on hyperboloids)

If P1, P3, P;, P5 are the vertices of a quadrilateral of asymptotic lines with curvature lines as
diagonals, then P1P; + PiP; = P1P; + PiP;3.

P; 3 7
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“Isometric” deformations
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Sphere model of a one-sheeted hyperboloid:
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“Isometric” deformations
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Disk model of a one-sheeted hyperboloid:
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sometric” deformations
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Indisk model of a one-sheeted hyperboloid:
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“Isometric” deformations
00@0000

The deformation between the one-sheeted hyperboloids of a confocal family
m preserves lines of curvature / asymptotic lines and their mutual diagonal relation
m is isometric along the asymptotic lines

m produces skew parallelograms
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“Isometric” deformations
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“Isometric” deformation of hyperboloids
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Incircular nets
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“Isometric” deformations
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“Isometric” deformation of ellipsoids
Circular sections and “diagonal” curvature lines.
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Hyperbolic incircular net




Octahedral webs
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Is there a version of confocal coordinates where the curvature lines on all quadrics are
diagonally related to straight lines?
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Octahedral webs
[ Jelele]

Is there a version of confocal coordinates where the curvature lines on all quadrics are
diagonally related to straight lines?
— replace (Euclidean) confocal quadrics by Minkowski confocal quadrics:

X2 y2 22

+ —
w+a p+b p+c

All second fundamental forms: I1; ~ ds? —ds?, i<
20/26



Octahedral webs
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Octahedral webs of planes

Theorem

The four “diagonal” families of planes of a system of Minkowski confocal coordinates, given by

const

S1+ S+ s3 const, S1+ S — S3

S1 — S2 + S3 = const, S1 — S» — s3 = const

form an octahedral web of planes.
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Octahedral webs
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Octahedral webs of planes

Theorem
The four “diagonal” families of planes of a system of Minkowski confocal coordinates, given by

Ss1 + s2 + s3 = const, S1 + S» — s3 = const

S1— S+ 83 const, S1 — S» — s3 = const

form an octahedral web of planes.

@ R. Sauer, Die Raumeinteilungen, welche durch Ebenen erzeugt werden, von denen je vier sich in einem Punkt schneiden,

Sitzgsb. der bayer. Akad. der Wiss., math.-naturw. Abt. (1925) 41-56

@ W. Blaschke, Topologische Fragen der Differential, rie . Achtflachgewebe,
Math. Z. 28 (1928) 158-160.
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Octahedral
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Conical octahedral grids
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Octahedral webs
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(Checkerboard) incircular nets
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Octahedral webs
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(Checkerboard) incircular nets
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Incircular nets in space forms
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(Checkerboard) incircular nets in space forms

@ A.l. Bobenko, C.O.R. Lutz, H. Pottmann, J. Techter
Laguerre geometry and incircular nets in space forms,
in preparation

24 /26



Incircular nets in space forms
oeo

Hyperbolic checkerboard incircular net

25 /26



Inc
00
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Thank you!
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