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Confocal conics
Given a1 ą a2 ą 0.
The one-parameter family of confocal conics is given by:

Qpλq “

"

px1, x2q P R2 |
x2

1
a1 ` λ

`
x2

2
a2 ` λ

“ 1
*

, λ P R.

y

x
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Confocal quadrics
Given a1 ą a2 ą . . . ą aN ą 0.
The one-parameter family of confocal quadrics is given by:

Qpλq “

#

px1, . . . , xNq P RN |

N
ÿ

k“1

x2
k

ak ` λ
“ 1

+

, λ P R.
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Projective point of view
The confocal quadric equation may also be written as

p x1 ... xN 1 q

¨

˚

˝

1
a1`λ

. . .
1

aN `λ

´1

˛

‹

‚

looooooooooomooooooooooon

Qλ

¨

˝

x1
...

xN
1

˛

‚ “ 0

The dual quadrics of this family are given by

Q´1
λ “

¨

˝

a1`λ

. . .
aN `λ

´1

˛

‚ “

¨

˝

a1

. . .
aN

´1

˛

‚ ` λ

¨

˝

1
. . .

1
0

˛

‚

Confocal quadrics as dual pencils
A family of confocal quadrics is a dual pencil of quadrics containing the

absolute quadric
#

xN`1 “ 0
x2

1 ` . . . ` x2
N “ 0

.

5 / 1



Projective point of view
The confocal quadric equation may also be written as

p x1 ... xN 1 q

¨

˚

˝

1
a1`λ

. . .
1

aN `λ

´1

˛

‹

‚

looooooooooomooooooooooon

Qλ

¨

˝

x1
...

xN
1

˛

‚ “ 0

The dual quadrics of this family are given by

Q´1
λ “

¨

˝

a1`λ

. . .
aN `λ

´1

˛

‚ “

¨

˝

a1

. . .
aN

´1

˛

‚ ` λ

¨

˝

1
. . .

1
0

˛

‚

Confocal quadrics as dual pencils
A family of confocal quadrics is a dual pencil of quadrics containing the

absolute quadric
#

xN`1 “ 0
x2

1 ` . . . ` x2
N “ 0

.

5 / 1



Projective point of view
The confocal quadric equation may also be written as

p x1 ... xN 1 q

¨

˚

˝

1
a1`λ

. . .
1

aN `λ

´1

˛

‹

‚

looooooooooomooooooooooon

Qλ

¨

˝

x1
...

xN
1

˛

‚ “ 0

The dual quadrics of this family are given by

Q´1
λ “

¨

˝

a1`λ

. . .
aN `λ

´1

˛

‚ “

¨

˝

a1

. . .
aN

´1

˛

‚ ` λ

¨

˝

1
. . .

1
0

˛

‚

Confocal quadrics as dual pencils
A family of confocal quadrics is a dual pencil of quadrics containing the

absolute quadric
#

xN`1 “ 0
x2

1 ` . . . ` x2
N “ 0

.

5 / 1



Intersecting confocal quadrics

Given px1, . . . , xNq P RN with x1 ¨ ¨ ¨ xN ‰ 0 the equation

N
ÿ

k“1

x2
k

ak ` λ
“ 1

has N roots, ´a1 ă u1 ă ´a2 ă u2 ă ¨ ¨ ¨ ă ´aN ă uN .

The N roots correspond to N confocal quadrics Qpuiq that intersect
at the point px1, . . . , xNq.
The N quadrics Qpuiq all have different (affine) signature and
intersect orthogonally.

6 / 1



Intersecting confocal quadrics

Given px1, . . . , xNq P RN with x1 ¨ ¨ ¨ xN ‰ 0 the equation

N
ÿ

k“1

x2
k

ak ` λ
“ 1

has N roots, ´a1 ă u1 ă ´a2 ă u2 ă ¨ ¨ ¨ ă ´aN ă uN .
The N roots correspond to N confocal quadrics Qpuiq that intersect
at the point px1, . . . , xNq.

The N quadrics Qpuiq all have different (affine) signature and
intersect orthogonally.

6 / 1



Intersecting confocal quadrics

Given px1, . . . , xNq P RN with x1 ¨ ¨ ¨ xN ‰ 0 the equation

N
ÿ

k“1

x2
k

ak ` λ
“ 1

has N roots, ´a1 ă u1 ă ´a2 ă u2 ă ¨ ¨ ¨ ă ´aN ă uN .
The N roots correspond to N confocal quadrics Qpuiq that intersect
at the point px1, . . . , xNq.
The N quadrics Qpuiq all have different (affine) signature and
intersect orthogonally.

6 / 1



Towards a parametrization

To obtain the coordinates if the intersection points solve the linear system
$

’

’

&

’

’

%

x2
1

a1`u1
` . . . `

x2
N

aN `u1
“ 1

...
x2

1
a1`uN

` . . . `
x2

N
aN `uN

“ 1

for x2
1 , . . . , x2

N .

By evaluating the residues at λ “ ´ak of

N
ÿ

k“1

x2
k

ak ` λ
´ 1 “ ´

śN
i“1pλ ´ uiq

śN
i“1pai ` λq

.

we obtain

x2
k “

śN
i“1pui ` akq

ś

i‰kpak ´ aiq
, k “ 1, . . . ,N.
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Parametrization from confocal quadrics (confocal
coordinates)

Thus, for any pu1, . . . , uNq P U with

U “
 

pu1, . . . , uNq P RN | ´ a1 ă u1 ă ´a2 ă u2 ă . . . ă ´aN ă uN
(

there are exactly 2N intersection points px1, . . . , xNq P RN , one in every
hyperoctant of RN .

We obtain a parametrization of, e.g., the first hyperoctant U Ñ RN
` by

xkpu1, . . . , uNq “

śk´1
i“1

a

´pui ` akq
śN

i“k
?

ui ` ak
śk´1

i“1
?

ai ´ ak
śN

i“k`1
?

ak ´ ai
, k “ 1, . . . ,N.

This parametrization is uniquely determined by the family of confocal
quadrics up to replacing ui “ uipsiq (reparametrization along the
coordinate lines).
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Example 2D

x1pu1, u2q “

?
u1 ` a1

?
u2 ` a1

?
a1 ´ a2

, x2pu1, u2q “

a

´pu1 ` a2q
?

u2 ` a2
?

a1 ´ a2
,
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Example 2D: reparametrization

x1pu1, u2q “

?
u1 ` a1

?
u2 ` a1

?
a1 ´ a2

, x2pu1, u2q “

a

´pu1 ` a2q
?

u2 ` a2
?

a1 ´ a2
,

Introduce a reparametrization according to

u1ps1q ` a1 “ f1ps1q2, u2ps2q ` a1 “ f2ps2q2

´pu1ps1q ` a2q “ g1ps1q2, u2ps2q ` a2 “ g2ps2q2

This is a consistent reparametrization, if and only if

f1ps1q2 ` g1ps1q2 “ a1 ´ a2, and f2ps2q2 ´ g2ps2q2 “ a1 ´ a2,

which may be solved by
f1ps1q “

?
a1 ´ a2 cos s1, f2ps2q “

?
a1 ´ a2 sin s2

g1ps1q “
?

a1 ´ a2 cosh s1, g2ps2q “
?

a1 ´ a2 sinh s2.

uniformizing the square roots and leading to the parametrization

x1ps1, s2q “
?

a1 ´ a2 cos s1 cosh s2, x2ps1, s2q “
?

a1 ´ a2 sin s1 sinh s2.
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Example 2D: parametrization by trigonometric functions
Thus,
x1ps1, s2q “

?
a1 ´ a2 cos s1 cosh s2, x2ps1, s2q “

?
a1 ´ a2 sin s1 sinh s2.

parametrizes all quadrants by confocal conics at once (periodically in s1).
y

x

This parametrization is conformal (complex cosine function).
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Example 3D
Parametrization of the first octant by square roots:

x1pu1, u2, u3q “

?
u1 ` a1

?
u2 ` a1

?
u3 ` a1

?
a1 ´ a2

?
a1 ´ a3

,

x2pu1, u2, u3q “

a

´pu1 ` a2q
?

u2 ` a2
?

u3 ` a2
?

a1 ´ a2
?

a2 ´ a3
,

x3pu1, u2, u3q “

a

´pu1 ` a3q
a

´pu2 ` a3q
?

u3 ` a3
?

a1 ´ a3
?

a2 ´ a3
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Example 3D: parametrization by elliptic functions
Reparametrization by elliptic functions allows to parametrize all octants
simultaneously:

x1ps1, s2, s3q “
?

a1 ´ a3 snps1, k1q dnps2, k2q nsps3, k3q

x2ps1, s2, s3q “
?

a1 ´ a3 cnps1, k1q cnps2, k2q dsps3, k3q

x3ps1, s2, s3q “
?

a1 ´ a3 dnps1, k1q snps2, k2q csps3, k3q

with k2
1 “ a1´a2

a1´a3
, k2

2 “ 1 ´ k2
2 , k2

3 “ k2
1 .
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Properties of confocal coordinates
Confocal coordinates is a parametrization with the following properties:

The coordinate functions xkps1, . . . , sNq factorize, i.e.

xkps1, . . . , sNq “ f k
1 ps1qf k

2 ps2q ¨ ¨ ¨ f k
N psNq

All parameter lines intersect orthogonally.
All two-dimensional coordinate surfaces are parametrized by
conjugate lines (N ě 3).
(For N “ 3 this follows from Dupin’s theorem.)
All two-dimensional coordinate surfaces are isothermic.
(Though in general not conformally parametrized.)
Satisfies the Euler-Poisson-Darboux equation for γ “ 1

2
(up to reparametrization)

Bui Buj x “
γ

ui ´ uj
pBuj x ´ Bui xq, i , j P t1, . . . ,Nu
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Characterization of confocal coordinates

Theorem
If a coordinate system x : RN Ą U Ñ RN satisfies two conditions:

i) xps1, . . . , sNq factorizes, in the sense that
$

’

’

’

’

’

’

&

’

’

’

’

’

’

%

x1ps1, . . . , sNq “ f 1
1 ps1qf 1

2 ps2q ¨ ¨ ¨ f 1
NpsNq,

x2ps1, . . . , sNq “ f 2
1 ps1qf 2

2 ps2q ¨ ¨ ¨ f 2
NpsNq,

...

xNps1, . . . , sNq “ f N
1 ps1qf N

2 ps2q ¨ ¨ ¨ f N
N psNq,

with all f k
i psiq ‰ 0 and

`

f k
i
˘1

psiq ‰ 0;
ii) x is orthogonal, that is,

xBix, Bjxy “ 0 for i ‰ j,

then all coordinate hypersurfaces are confocal quadrics.
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Discrete orthogonal nets

Definition
A discrete net (on a stepsize 1/2 square lattice)

x : p 1
2ZqN Ą U Ñ RN .

is called orthogonal if any pair of dual stepsize 1 edges is orthogonal:
`

xpnq, xpn ` e iq
˘

K
`

xpn ` 1
2σq, xpn ` 1

2σ ` e jq
˘

,

where σ “ pσ1, . . . , σNq P t˘1uN with σi “ 1, σj “ ´1.
xpn ` ekq

xpn ´ 1
2 e i ´ 1

2 e j ` 1
2 ekq xpn ` 1

2 e i ´ 1
2 e j ` 1

2 ekq

xpn ` 1
2 e i ` 1

2 e j ` 1
2 ekqxpn ´ 1

2 e i ` 1
2 e j ` 1

2 ekq

xpnq
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Remark
Each stepsize 1/2 discrete orthogonal net x : p 1

2ZqN Ñ RN , contains
2N´1 pairs of combinatorially dual stepsize 1 nets, e.g.

x : ZN Ñ RN and x˚ : ZN ` 1
2σ Ñ RN .

with orthogonal dual edges.
We call any such pair, a pair of discrete orthogonal nets.

xpn ` ekq

xpn ´ 1
2 e i ´ 1

2 e j ` 1
2 ekq xpn ` 1

2 e i ´ 1
2 e j ` 1

2 ekq

xpn ` 1
2 e i ` 1

2 e j ` 1
2 ekqxpn ´ 1

2 e i ` 1
2 e j ` 1

2 ekq

xpnq
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Theorem ((classical) Dupin’s theorem)
The coordinate surfaces of a triply orthogonal coordinate system intersect
each other in curvature lines.

Theorem (discrete Dupin’s theorem)
All elementary quadrilaterals

pxpnq, xpn ` e jq, xpn ` e j ` ekq, xpn ` ekqq (1)

of a generic orthogonal net are planar.
xpn ` ekq

xpn ´ 1
2 e i ´ 1

2 e j ` 1
2 ekq xpn ` 1

2 e i ´ 1
2 e j ` 1

2 ekq

xpn ` 1
2 e i ` 1

2 e j ` 1
2 ekqxpn ´ 1

2 e i ` 1
2 e j ` 1

2 ekq

xpnq
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Möbius invariant formulation
Given a pair of two combinatorially dual stepsize 1 nets x, x˚, introduce
circles / spheres with centers x, x˚ and radii r , r˚ respectively.

Then two adjacent circles px, rq, px˚, r˚q are orthogonal if

}x ´ x˚}
2

“ r2 ` pr˚q2

ô }x}
2

` }x˚}
2

´ 2xx, x˚y “ r2 ` pr˚q2

ô xx, x˚y “
1
2 p}x}

2
´ r2q

loooooomoooooon

ρ

`
1
2 p}x˚}

2
´ pr˚q2q

looooooooomooooooooon

ρ˚

ô xx, x˚y “ ρ ` ρ˚ (‹)

Given x, x˚, interpret (‹) as a map ρ ÞÑ ρ˚.

Proposition
(‹) is compatible ô x, x˚ is a pair of discrete orthogonal nets

In this sense, discrete orthogonal nets (plus a choice of orthogonal
spheres / 1 global parameter) are Möbius invariant.
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Discrete confocal quadrics: definition

Definition
A discrete coordinate system x :

` 1
2Z

˘N
Ą U Ñ RN is called a discrete

confocal coordinate system if it satisfies two conditions:
i) xpnq factorizes, in the sense that for any n P U

$

’

’

’

’

’

’

&

’

’

’

’

’

’

%

x1pnq “ f 1
1 pn1qf 1

2 pn2q ¨ ¨ ¨ f 1
NpnNq,

x2pnq “ f 2
1 pn1qf 2

2 pn2q ¨ ¨ ¨ f 2
NpnNq,

. . .

xNpnq “ f N
1 pn1qf N

2 pn2q ¨ ¨ ¨ f N
N pnNq,

with f k
i pniq ‰ 0 and ∆̄f k

i pniq “ f k
i pniq ´ f k

i pni ´ 1q ‰ 0;
ii) x is orthogonal.
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Discrete confocal quadrics: main theorem

Theorem
For a discrete confocal coordinate system, there exist N real numbers ak ,
1 ď k ď N, and N sequences ui :

1
2Z ` 1

4 Ñ R such that the following
equations are satisfied for any n P U and for any σ P t˘1uN :

N
ÿ

k“1

xkpnqxkpn ` 1
2σq

ak ` ui
“ 1, ui “ uipni ` 1

4σiq, i “ 1, . . . ,N.

Equivalently,

xkpnqxkpn ` 1
2σq “

śN
j“1puj ` akq

ś

j‰kpak ´ ajq
, uj “ ujpnj ` 1

4σjq, k “ 1, . . . ,N.
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Geometric interpretation
The discrete confocal quadric equation

N
ÿ

k“1

xkpnqxkpn ` 1
2σq

ak ` ui
“ 1, ui “ uipni ` 1

4σiq, i “ 1, . . . ,N.

allows for the following

geomemtric interpretation
The point xpn ` 1

2σq lies in the intersection of the polar hyperplanes of
xpnq with respect to the confocal quadrics Qpuiq, i “ 1, . . . ,N.
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Geometric construction

Given a sequence of quadrics from a confocal family with the parameters

ui :
` 1

2Z ` 1
4
˘

X Ii Ñ R.

Suppose xpnq “ x is already known. Construct a neighboring point
xpn˚q “ x˚ as the intersection point of the N polar hyperplanes

x˚ “

N
č

i“1
PQpui qpxq, ui “ uipni ` 1

4σiq.
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Closeness and orthogonality

Proposition
This construction closes and yields discrete confocal coordinates.

The construction is purely projective and closes for any dual pencil.

Proposition
Let Π be a hyperplane. Then the poles of Π with respect to all quadrics
of a dual pencil of quadrics lie on a line `.

For a family of confocal quadrics this line ` is orthogonal to Π.
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Finding explicit solutions

Looking at

xkpnqxkpn ` 1
2σq “

śN
j“1puj ` akq

ś

j‰kpak ´ ajq
, uj “ ujpnj ` 1

4σjq, k “ 1, . . . ,N,

we might want to rewrite the coordinate functions as

xkpnq “

śN
j“1 f k

j pnjq
śk´1

i“1
?

ai ´ ak
śN

i“k`1
?

ak ´ ai
, k “ 1, . . . ,N,

where

f k
i pniqf k

i pni ` 1
2 q “

$

&

%

uipni ` 1
4 q ` ak , k ď i ,

´
`

uipni ` 1
4 q ` ak

˘

, k ą i .
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Finding explicit solutions

Construction1

1 Prescribe a1 ă . . . ă aN and functions uipni ` 1
4 q

2 Solve

f k
i pniqf k

i pni ` 1
2 q “

$

&

%

uipni ` 1
4 q ` ak , k ď i ,

´
`

uipni ` 1
4 q ` ak

˘

, k ą i .

to find f k
i ’s.

3 Substitute into

xkpnq “

śN
j“1 f k

j pnjq
śk´1

i“1
?

ai ´ ak
śN

i“k`1
?

ak ´ ai
, k “ 1, . . . ,N,
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Example: Parametrization in terms of Γ-functions
Choosing

uipni ` 1
4 q “ ni ` εi , i “ 1, . . . ,N,

we obtain

f k
i pniqf k

i pni ` 1
2 q “

$

&

%

ni ` ak ` εi , k ď i ,
´
`

ni ` ak ` εi
˘

, k ą i .

which may be solved by

f k
i pniq “

$

&

%

∆

b

ni ` ak ` εi for i ě k,
∆

b

´ni ´ ak ´ εi ` 1
2 for i ă k.

with the “discrete square root” function ∆

b

u “
Γpu` 1

2 q

Γpuq
, which satisfies

∆

b

u ∆

b

u ` 1
2 “ u.

The parameters εi can be used to achieve certain boundary conditions.
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Example 2D

xpn1, n2q “
∆
b

n1 ` a1 ´ 1
2

∆
b

n2 ` a1 ´ 1
?

a1 ´ a2
, ypn1, n2q “

∆
b

´n1 ´ a2 ` 1 ∆
b

n2 ` a2 ´ 1
?

a1 ´ a2
,

with a1 “ α1 ` 1
2 , a2 “ α2 ` 1 and α1 ą α2 integers.

y

x
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Example 2D

x1pn1, n2q “
f1pn1qf2pn2q

?
a1 ´ a2

, x2pn1, n2q “
g1pn1qg2pn2q

?
a1 ´ a2

,

where
$

&

%

f1pn1qf1pn1 ` 1
2 q “ u1pn1 ` 1

4 q ` a1,

g1pn1qg1pn1 ` 1
2 q “ ´

`

u1pn1 ` 1
4 q ` a2

˘

,

$

&

%

f2pn2qf2pn2 ` 1
2 q “ u2pn2 ` 1

4 q ` a1,

g2pn2qg2pn2 ` 1
2 q “ u2pn2 ` 1

4 q ` a2.

Eliminating u1 and u2 we obtain

f1pn1qf1pn1 ` 1
2 q ` g1pn1qg1pn1 ` 1

2 q “ a1 ´ a2,

f2pn2qf2pn2 ` 1
2 q ´ g2pn2qg2pn2 ` 1

2 q “ a1 ´ a2.
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Example 2D

f1pn1qf1pn1 ` 1
2 q ` g1pn1qg1pn1 ` 1

2 q “ a1 ´ a2,

f2pn2qf2pn2 ` 1
2 q ´ g2pn2qg2pn2 ` 1

2 q “ a1 ´ a2.

This can be solved via

f1pn1q “

d

a ´ b
cos δ1

2
cospδ1n1 ` c1q, g1pn1q “

d

a ´ b
cos δ1

2
sinpδ1n1 ` c1q,

and

f2pn2q “

d

a ´ b
cosh δ2

2
coshpδ2n2 `c2q, g2pn2q “

d

a ´ b
cosh δ2

2
sinhpδ2n2 `c2q.

leading to
ˆ

x1pn1, n2q

x2pn1, n2q

˙

“

d

a1 ´ a2

cos δ1
2 cosh δ2

2

ˆ

cospδ1n1 ` c1q coshpδ2n2 ` c2q

sinpδ1n1 ` c1q sinhpδ2n2 ` c2q

˙

.
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cosh δ2

2
coshpδ2n2 `c2q, g2pn2q “

d

a ´ b
cosh δ2

2
sinhpδ2n2 `c2q.

leading to
ˆ

x1pn1, n2q

x2pn1, n2q

˙

“

d

a1 ´ a2

cos δ1
2 cosh δ2

2

ˆ

cospδ1n1 ` c1q coshpδ2n2 ` c2q

sinpδ1n1 ` c1q sinhpδ2n2 ` c2q

˙

.
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Example 3D

Discrete “square root” parametrization.
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Example 3D
Discrete parametrization by elliptic functions.
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Example 3D
Discrete parametrization by elliptic functions.

38 / 1



Further properties of discrete confocal quadrics

Discrete version of metric coefficients (Lame coefficients / first
fundamental form)

All two-dimensional coordinate surfaces are isothermic (using above
metric coefficients)
Satisfy a discrete Euler-Poisson-Darboux equation.
Discrete focal conics and corresponding discrete Dupin cyclides.
Connection to incircular nets and elliptic billiards.
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Discrete focal conics
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Discrete Dupin cyclides
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IC-nets as discrete confocal conics
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x
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