
Discrete zN

Jan Techter

TU Berlin

10.07.2014

Jan Techter Discrete zN



Overview

Introduction, discrete conformal maps

Second constraint from monodromy problem

Discrete zγ , 0 ă γ ă 2

Discrete zN , N P N
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Discrete conformal map

Definition

f : Z2 Ñ C discrete conformal

:ô qpf , f1, f12, f2q “
f ´ f1
f1 ´ f12

f12 ´ f2
f2 ´ f

“ ´1

for all elementary quadrilaterals pf , f1, f12, f2q

(1)

Möbius invariant

smooth limit: ´1 “ q Ñ
f 2x
f 2y
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First try to obtain discrete zγ

Initial data on coordinate axes from continuous case:

f pm, 0q “ mγ , f p0, nq “ pinqγ for m, n ě 0

Figure: γ “ 0.8
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Discrete immersion

Definition

f : Z2 Ñ C immersed :ô adjacent quadrilaterals are disjoint

How to obtain immersed discrete conformal zγ?
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Isomonodromic solutions

Let f : Z2 Ñ C,

Upλq “

ˆ

1 f ´ f1
λ

f1´f 1

˙

, V pλq “

ˆ

1 f ´ f2
λ

f ´f2
1

˙

,

Apλq “
B

1 ` λ
`

C

1 ´ λ
`

D

λ
: Z2 Ñ glp2,Cq.

Then

$

’

&

’

%

ψ1 “ Upλqψ

ψ2 “ V pλqψ
dψ
dλ “ Apλqψ

has a solution if and only if

B, C , D are of a certain form (with free parameters ϕ, θ, β, γ, δ),
(1) and

βf 2`γf `δ “ 2pm´ϕq
pf1 ´ f qpf ´ f´1q

pf1 ´ f´1q
`2pn´θq

pf2 ´ f qpf ´ f´2q

pf2 ´ f´2q
.
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Discrete zγ, 0 ă γ ă 2

f ´ f1
f1 ´ f12

f12 ´ f2
f2 ´ f

“ ´1 (1)

γf “ 2m
pf1 ´ f qpf ´ f´1q

pf1 ´ f´1q
` 2n

pf2 ´ f qpf ´ f´2q

pf2 ´ f´2q
(2)

Definition

For 0 ă γ ă 2 define Zγ : Z2
` Ñ C as the solution of (1) and (2)

with initial conditions:

Zγp0, 0q “ 0, Zγp1, 0q “ 1, Zγp0, 1q “ e i
π
2
γ

Jan Techter Discrete zN
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Discrete zγ, 0 ă γ ă 2

Figure: γ “ 0.8

Theorem (Agafonov, Bobenko)

Discrete Zγ , 0 ă γ ă 2 is immersed.
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Discrete zN , N P N

Definition

For N P N define ZN : Z2
` Ñ C as the solution of (1) and (2) with

initial conditions:

ZNpm, nq “ 0 for n ` m ă N,

ZNpN, 0q “ 1,

ZNpN ´ 1, 1q “ i
2N´1Γ2pN2 q

πΓpNq
“

#

i pN´2q!!
pN´1q!! for N odd

i 2π
pN´2q!!
pN´1q!! for N even
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Discrete zN on the real line

x
pNq
m :“ ZNpN ´ 1 ` m, 0q for m ď 0.

x
pNq
m P R

equidistant property: x
pNq

2k`2 ´ x
pNq

2k`1 “ x
pNq

2k`1 ´ x
pNq

2k ą 0

explicit formula: x
pNq

2k “ 2
`

N`k´1
N

˘

“integral property”: x
pN`1q

2k “

k
ÿ

l“0

x
pNq

2l
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(2) at the origin of discrete zN

Proposition (equidistant property at the origin)

Let m ` n “ N, f´1 “ f´2 “ 0, |f | “ |f1 ´ f | “: r .
Then

p2q ñ |f2 ´ f | “ r

equidistant property on real/imaginary line

equidistant property at the origin

ë (1) ñ orthogonal circle pattern
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Radii at the origin

How do radii propagate around the origin?

rk`2 “
k ` 1

N ´ pk ` 1q
rk for k “ 0, . . . ,N ´ 1

ÝÑ

Figure: N “ 4
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Radii at the origin

How do radii propagate around the origin?

rk`2 “
k ` 1

N ´ pk ` 1q
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Initial conditions for odd N from symmetry

rk`2 “
k ` 1

N ´ pk ` 1q
rk for k “ 0, . . . ,N ´ 1

r3 “
2

N ´ 2
r1

r5 “
4

N ´ 4
r3 “

4

N ´ 4

2

N ´ 2
r1

...

rN “
pN ´ 1qpN ´ 3q . . . 4 ¨ 2

pN ´ 2qpN ´ 4q . . . 3 ¨ 1
r1 “

pN ´ 1q!!

pN ´ 2q!!
r1

rN “ 1 ñ ZNpN ´ 1, 1q “ ir1 “ i
pN ´ 2q!!

pN ´ 1q!!
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Initial conditions for all N from asymptotics

Figure: N “ 2

rk
Rk

Ñ 1 ñ ZNpN ´ 1, 1q for all N P N
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