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Introduction: cumulants in financial stochastics

@ cumulants of asset returns

e guide for statistical modeling of price processes

o the 3rd and 4th cumulants characterize high-frequency asymptotic
error distribution of discrete hedging; cf.
Fukasawa, 2011, “Discretization error of stochastic integrals”

@ cumulants of price under pricing measure
. characterize deviation from the Black-Scholes model

3rd cumulant as the at-the-money implied volatility skew (slope)
4th cumulant as the at-the-money implied volatility curvature
Edgeworth expansion of option price

model selection

control variate for the Monte-Carlo pricing

@ cumulant “risk premium” characterizing the aggregate utility

e expected return interpreted as a risk premium
o realized and implied variance deviation as the variance risk premium
o higher-order ?
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Introduction: realized variance

Let I, be a partition of an interval (a, b] C R, that is, a collection of
disjoint subintervals of (a, b] with

U (s, t] = (a, b].
(S,t]Gﬂa’b

Denote |M, 5| = max(s yjen, , |t — .

For a process Z, denote Zs s = Z; — Zs.

Let M be a (log) price process. The realized variance (a.k.a realized
quadratic variation) on a period (a, b] (associated with I1, ;) is defined as

> Mg

(svt]ena,b

For a sequence of partitions M7 , with |17 ;| — 0, we have

Z |Ms.¢ 2 Mlap = (M )ap+ Z |AM;|? in prob.
(s,tleny, te(a,b]
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Introduction: high-frequency data for estimating
low-frequency distribution

If M is an L?(Q) martingale, then
EQ|My,e?] = EQ[|Mo,c|* — [Mo,s|*]
and so

2| = EQM,

ECL > M,

(szt]ena,b

’]

that connects high and low frequency distributions.
Neuberger (2012) introduced the notion of the aggregation property:

E[g(Xs,u)‘]:s] = E[g(Xs,t)‘fs] + E[g(Xt,u)‘]:s]

for s < t < u. This property is met by g(x) = x> and X = M if M is a
martingale.
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Introduction: realized skewness

The aggregation property implies

El Y 8(Xer)| = Elg(Xap)]

(Svt]ena,b

for any partition 1, ;. Neuberger also found that the aggregation property
is met by
B(x,y) =x*+3xy, X = (M, M)
if M is an L3 martingale, where Mt(") = E[(M1 — My)"|Fi] for t < T.
Noticing
2
Elex(X57)] = E[(Mr — Mo,

Neuberger named Z gg(Xs?t)) the realized skewness.
(s,tleMo, T
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Introduction: realized kurtosis

Recently, Bae and Lee (2020) further extended the idea to find that the
aggregation is met by

gs(x,y,2) = x* + 6x%y +3y* + 4xz, X =(M,M® MO)).

Further,

Elgs(X$))] = E[(Mr — Mo)*] — 3E[(Mr — Mo)?)>.
Comments:

@ the way to find those polynomials was brute-force; actually they
showed that there is no other analytic function of X(3) with the
aggregation property (up to a linear combination).

e moments (and cumulants) of an asset under the pricing measure can
be computed from its option market data. A bias of the realized
cumulant is interpreted as a risk premium.
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Introduction: our finding
Our finding is that

gn(x1,. .., xn) = Bpy1(x1, ..., xs,0)
satisfies the aggregation property with
x(m — (X(l), o ,X("))

for any n € N, where Bj, 1 is the (n+ 1)-th complete Bell polynomial and
XU is the ith conditional cumulant process of an L"*1 integrable r.v. X.
In fact, we show

n n+1
Elgn(X2,)| 7] = —EIX{TV|F).
When X = Mr, then X = (M, M® M®)), X{ = 0 for n > 2, and

X = Elgn(X{IF = E | 30 an(Xi0)| 5

)

(t,u]el‘ls’T
for any partition [ 7.
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The complete Bell polynomials

Definition.
For (x1,...,xn) € R", the n th complete Bell polynomial By(x1,...,Xp) is
defined by
n n Zi
Bo(x1,- -y %n) = 57 Zx,-ﬁ
i=1 =
with By = 1

Examples are

o]

1(x1) = x1,

o

X1,X2,X3) = xf + 3x1x0 + x3,

(
2(x1, %) = X¢ + xe,
3(

(

o)

(X1, X0, X3, Xa) = X7 + 6xx0 + dx1x3 + 353 + x4,
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Bixo oy = 1 K 0" 1 n "
n(X17 ey )_ 92" ZH(Xlz) 8an(xlz) o - (Xl) )
k=0 z=0 z
" =1 [ Z"\* " [ 2"
Bn(ov s 7O7Xn) - @ kz_% ﬂ (Xnn!> B - 82" (Xnn!> ’z_o = Xp.

Proposition. (binomial property)
Let n € N and (x1,...%5), ()1,-.-,¥n) € R". Then,

n

n
Bo(xt+ Y1, X+ yn) = Y <J> Bo—j(x1, .-y Xn—j) Bi(y1, - - -, ¥j)-
=0

In particular, we have a push-out property:
Bn(x1, .-y Xn—1,%n) = Bn(x1,...,%n—1,0) + Bn(0,...,0,x,)
= Bu(x1,- -+ Xn-1,0) + Xp.
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Cumulants

Let p>1and X € LP. For n < p, the n th cumulant x, of X is defined by

, 0" 1
wn = (VD)5 log EleV 1|,

We have
E[X"] = Bn(k1,...,kn) = Bn(k1,- -, Kn-1,0) + Kn

because
n

= zZ" z
exp ZX”F ZB X1y-nny X l
n=1 ’

as long as convergent, and it is convergent for x, = E[X"] when X € L™
(Note L is dense in LP).
On a filtered probabllity space, we define the n th conditional cumulant
process X (") = {X } by Xt(l) = E[X|F:] and

x(" = ElxX"F] - Ba(x™M, ..., xI" V. o).
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|
Key lemma
Denote X(") = (x(1), . x(M).
Lemma.

For any stopping times 7 < v,

E[Ba(X1))| ] = 0

Consequences:

o Let gnh(x1,...,xn) = Bpy1(x1,...,xn,0). Then,
Elgn(XUD)Fo] + EIXUD|F] = E[Bra (XU Fr] =0

hence the aggregation property:

Elgn(XYN)IF5) + Elgn(XID)|Fo] = Elga(XE))IFo).
o Not only B,(X{") = E[X"|F,] but also B,(X{)) is a martingale.
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Proof of Lemma. When X € L*°,

-1
1 > z" > z"
[ E[X"|F. 1= — _ x(mZ_
E[e™X|F,] (2% [ |]:]n!> eXp( ; g n!>

V4
_ _x(myZ
_En:o: Ba(—X\")

on a neighborhood of z = 0. This implies

n

(X% E[X”]-‘T]:> (2% B,,(X@)i:) -y (3’) EDX"|F 18, X9) 2

n=0 j=0
is equal to 1, and so for n > 1,

n n

0= (7)ewir1a-x0) £

Jj=0

() izl

Jj=0

The right hand side coincides with E[B,,(Xg,") - X(T"))|.7-"T] by Proposition.
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-
Example: Lévy process

When X = L1 for a Lévy process L with triplet (u, 02, v),
XY =L, +(T - ),
Xt(2) =(T—-1) <02 + /X21/(dx)) ,

x" = (T - t)/x"y(dx) (n>3)
and so,

X =L~ Lo — pt,

Xéi) =t (02 + /le/(dx)> ,
x§7) = —t/x”u(dx) (n>3).

We have that B,,(X(()"g) is a martingale. In particular for L = W (a Brownian
motion), Bn(Xgrjg) = t"2H,(t~Y/2W,), where H, is the n th Hermite polynomial.
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Main result

Theorem.

Let p>2, T >0 and X € LP be F1 measurable. Then, for any (possibly
stochastic) partition I, 7 and for any n < p —1,

XM =£| > an(x)

(T,'L)]Ean

Fo

Proof: Use the aggregation property and the fact that

Elg(xX\)1Fo] = —EIX{7|Fo] = X,

g,
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Realized cumulants

If M is a martingale and X = My, then X() = M. We name

Y ax)

(mv]eNs r

the n+ 1 th realized cumulant for M associated with the partition 1, 7 of
the period (o, T].
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A cumulant recursion formula

By taking the high-frequency limit |I1, 7| — 0, we have the following.

Theorem.

If X € ),~1 LP and Fr measurable, then

p>1
X =E | Y gn(AX) + %Z ( f 1) (x(r1=De xOe), 7 F,
s€(o,T] j=1

for any n € N, where XU):€ is the continuous local martingale part of the
semimartingale X ().

@ An independent derivation by Friz, Hager and Tapia (2021).

e Continuous case (AX(") = 0) by Lacoin, Rhodes and Vargas (2019),
and Friz, Gatheral and Radoitic (2020).
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The second term of the RHS comes from the fact that the quadratic terms
contained in Byi1(x1, ..., Xn4+1) are

1< n+1
12 (7 Y
j=1

since

= N S Y N ?
exp E Xiﬂ =1+ E X,IT—i—E E Xiﬁ + ...
i=1 i=1 i=1
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