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Exercise 1 5 points

A smooth vector field X on a manifold M determines two operations on
differential forms,

ix: A"(M) =AY (M), Lx: AF(M) — A*(M),
as follows: If w € A*(M), then
(ixw) (X1, .., Xem1) =w(X, X1, ..., Xpo1),

and, as we already know,

Lyw= — dFw
T

where ®; denotes the local flow of X. Show that for k > 1

wa = ixdw + d(zxw)

Exercise 2 5 points

Show that all line integrals of w = P dz+Q dy+ R dz in R? are independent of
the path if and only if the value of the integral over any closed (piecewise C')
path is zero. Use this and Stokes’ theorem to obtain a condition on P,Q, R
which is sufficient to show independence of path. (Assume w is defined on

all of R3.)



Exercise 3 5 points

Let (M ; g) be a Riemannian manifold of dimension n and €2 the correspond-
ing volume form. For a vector field X on M we define its divergence by

LxQ =: (div X ).

Further we consider the inward pointing unit normal vector field N on oM
and define a volume form w on OM by

CL)(Xl, Ce ;anl) = iNQ(Xl, ce 7Xn71)-

Prove the divergence theorem of Gaufl

/Mdiv(X)Q _ /8Mg(X, M.



