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Di�erential Geometry II: Analysis and Geometry on

Manifolds

Exercise Sheet 7

(preparation for the test)

Exercise 1

Let real projective space RPn be the quotient of Rn+1nf0g by the equivalence
relation

(y1; : : : ; yn+1) � (�y1; : : : ; �yn+1) ;

for any non{zero real number �. Let [y1 : � � � : yn+1] denote the equivalence
class of (y1; : : : ; yn+1). Consider the maps

�i : Vi := f[y1 : � � � : yi : � � � : yn+1] j yi 6= 0g ! R
n;

[y1 : � � � : yi : � � � : yn+1] 7!
1

yi
(y1; : : : ; ŷi; : : : ; yn+1)

for all i = 1; : : : ; n + 1. Show that the collection (�i; Vi)1�i�n+1 de�nes a
smooth structure on RPn. Is RPn compact? What happens if one replaces
the real numbers by the complex numbers? What is the dimension of CPn?

Exercise 2

Show that RP1 and S1 are di�eomorphic.

Exercise 3

Let A be a real symmetric n� n matrix and b 6= 0. Show that

M := fx 2 Rn j xTAx = bg

is an n� 1 dimensional submanifold of Rn. If all eigenvalues of A are greater
zero then M is di�eomorphic to Sn.



Exercise 4

Let f : M ! N be an embedding with f (p) = q. Show

i) f � : C1 (q) ! C1 (q) is onto,

ii) f� : TpM ! TqM is injective.

Exercise 5

On R3 consider the vector �elds

X := x3
@

@x2
� x2

@

@x3
; Y := x1

@

@x3
� x3

@

@x1
; Z := [X; Y ] :

Compute the coordinate expression of Z and describe (in words, geometri-
cally) the ows of all three vector �elds.

Exercise 6

Let X be a vector �eld on S2, which is never tangent to the equator S1 :=
S
2
T
(R2 � f0g). Show that the integral curves of X intersect the equator at

most once.

Exercise 7

We consider functions P;Q de�ned on R4 and coordinates x; y; u; v. Let

!1 := dx� Pdu+Qdv; !2 := dy �Qdu� Pdv:

Show that !1 = !2 = 0 de�nes a two-plane distribution. Determine the
conditions on P and Q under which this distribution is completely integrable.

Exercise 7

Let i : S3 ! R
4 denote the inclusion map

i) Show that for every p 2 S
3 the kernel of the map i� : T �pR

4 ! T �p S
3

equals � (x1dx1 + x2dx2 + x3dx3 + x4dx4), � 2 R.

ii) Prove that the restriction i�� of

� = x1dx2 � x2dx1 + x3dx4 � x4dx3

to S3 is nowhere zero.


