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Exercise Sheet 11

Exercise 1: Alternative definition of the cross-ratio for a conic. (4 pts)

Given a non-degenerate conic v C RP?, the cross-ratio of four points B; € v, i =
1,2,3,4, is defined by cr(Py, Py, P3, Py) := cr(QP1,QP,, QPs, QP,), where @ is an
arbitrary point on 7.

Suppose that £ is an arbitrary tangent line to v C RP?. Let P, i = 1,2,3,4, be four
points on 7. Let ¢; be the tangent lines to y at P; and let R; := ¢; N (. Prove that

Cl”(Pl, PQ, Pg, P4) = CI"(Rl, RQ, Rg, R4)

Exercise 2: Inversion of circles. (4 pts)
Prove the following claims:

1. Let  be a circle with centre O. The inverse of any line ¢, not through O, is a circle
through O and the diameter through O is perpendicular to .

2. A pair of intersecting circles « and (3, with common points O and P inverts into a
pair of intersecting lines o’ and (3’ through the inverse point P’.

Exercise 3: Inversion of circles. (4 pts)

Let vy be a circle with centre O and let ¢ be a circle, not through O, having centre C'. Let
C’ be the inverse of C' with respect to . Let the circle ¢ be the inverse of § with respect
to v. Show that C" is not the centre of ¢'.

(Hint: show that any circle /3 through C” and O is orthogonal to ¢’ by observing that the
image 3’ of  under inversion in -y is a line orthogonal to ¢).

Exercise 4: The Mobius group. (4 pts)

The Mobius group Mob (V) is defined as the group of maps RY U {oo} — RY U {0}
generated by reflections in hyperplanes {z € RY : (v,2 — a) = 0,v,a € RV},
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and by inversions in hyperspheres {z € RY : ||z — ¢|| = r*,c € RV, r > 0},
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Show that the following maps are in the Mobius group by writing them as a composition
of reflections in hyperplanes and inversions on hyperspheres:

1. The translations in RY, z — x + b, b € RY;
2. The scaling transformations in RY, z — Az, A € R\ {0};

3. The rotations in R3.

Due: Tutorial on 05.02.10



