Differentialgeometrie 11
Notes from 28.01.2009

1 Theorem. Any closed form w € \"(R") is exact.

What follows is an alternative presentation of what you can find in Boothby lemma VI.7.11, lemma VI.7.12.

We must find ¢ € /\kil(]R") such that d¢ = w. I will start describing ¢ indirectly (I will give an explicit expression
below). All manifolds are understood to be oriented. We will use the stronger version of Stokes’ theorem, valid for
boundaries with edges and corners.

Let I' C R™ be a (k — 1)-dimensional submanifold (possibly with boundary). Join each point of T' to the origin with
a segment and build the cone OT), that is, the set {(ta!,t2?,... ta™)} with t € [0,1], («!,...,2™) € I'. This is not, in
general, a submanifold: try to picture some examples.

Consider the map H : [0,1] x R™ — R” sending (t,z,...,2") to (tz!,...,tz"™). Then OT = H([0,1] x T).
Now suppose we find a (k — 1)-form ¢ such that, for any I" as above, for w= fr ¢. Then we have the following

Lemma 1 For any k-dimensional submanifold B, we have [,w = [, d¢.

Proof.
Consider the (k + 1) dimensional manifold [0, 1] x B. Its boundary is ({0} x B) U ({1} x —=B) U ([0, 1] x dB).
Beware of orientations: —B denotes B with opposite orientation, and [0, 1] has the standard orientation.

H*w e N*(]0,1] x R") is a closed form, as d o H*w = H* o dw = 0. Thus we have
0:/ dOH*w:/ H*w:/ H*w —|—/ H*w —|—/ H*w
[0,1]xB a([0,1]x B) {0}xB {1}x—B [0,1]x0B
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where we have used that H({0} x B) = (0,...,0) and H({1} x ...) is the identity map on R"™.
But [,p5w = [,5® = [ d¢, which proves the lemma. I
The fact that d¢ = w follows from

Lemma 2 If for any k-dimensional submanifold B, [,w = [pw’, then w =w'.

The proof is left to you. It is basically the same as one of last week’s exercises. ll

So we have used a generalisation of the strategy we have seen in class for the case w € /\1(R”) and ¢ a function
(a “potential”). Tt remains that show that a (k — 1)-form ¢ with the property [, w = [, ¢ exists. Let w =

D oi<iycocipen G, (Tt @) dat A - Ada' . An explicit solution is
1k -
¢ = Z / Z iy (2t ta™) 2t th T ()T aE datt A Adaie A - A dat (1)
1<ir<--<izg<n’0 a=1

It is a good exercise to check that the above expression when integrated on a (k — 1)-dimensional manifold " gives the
integral of w on the cone OT'. Try it first for some simple low dimensional examples.



Remark The ¢ given in (1) is the explicit expression for JH*w given in Boothby, VI.7.12.
To derive (alternatively) d¢ = w by direct computation from (1) might be tricky.
Remark The proof holds for any “star-shaped” subset of R™.(cfr. definition in lemma VI.7.12)

Corollary 3 H*(R") 20 fori > 1.

Remark You already know from Boothby theorem VI.7.8 that HY(R™) & R.

2 Example

Let M = R*\{0}. Let w := d(arctan(¥)) € A'(M). w is closed: this follows from d o d = 0. w is not exact: for any
closed (i.e. with no boundary) non self-intersecting curve ~, fv w = £27 if v goes round the origin (the sign depends
on the orientation of ), zero otherwise. This is obvious, especially if we think of w = df in polar coordinates. If w were
closed, then the value would have been zero in all cases (if w = d¢ with ¢ € A°(M), then for any curve 7 : [0,1] — M,
fvw = ¢(7(1)) — ¢(7(0)) and in the case the curve is closed (1) = v(0)).

Note that whether we think of it as a multivalued functlon a function on a Riemann surface or a function defined
on M with a dlscontmulty on the y-axis, arctan(£) ¢ A’(M). But there is no problem in considering darctan(¥) =

Tl + = 2 dy e N'(M).

We cannot choose to integrate w around the unit circle S* and invoke Stokes’ theorem to conclude that the integral
should be zero as the unit ball without the origin B\(0,0) is not compact.

You can also observe how the strategy of the theorem proved above breaks down: we cannot use the expression (1) as
the domain of integration is not compact (in fact the integral diverges), nor can we choose another starting point for
integration, as then some of the paths would meet the origin (0, 0).

3 Example

o H9(5?) =R follows from the fact that S? is connected.

e H'(S?) = 0 follows from the fact that any closed non self-intersecting curve « in S? cuts the sphere into two
disjoint parts. Thus v = O is a boundary of a surface. So for any closed w € A'(S2), f_y w = [;,dw = 0. This
implies that f_ﬂ w= f'm w for any two paths with same starting and ending points. Thus w is exact(see problem

1),
e H2(S2?) # 0. The volume form Q is not exact (see theorem VI.7.9). Were Q = d¢ with ¢ € A'(52), then
Js2 = [s2dd = [p50 6= [y =0

4 Solution to one of the problems

The following was given as an optional problem some time ago.

Problem 4 Let M be an n-dimensional manifold. Letw € N*(M). Show that w = Yoo pagdaf A--- Adaf, for some
set of functions a € /\O(M). If M is compact, a finite set of functions can be chosen.

Solution Use Boothby lemma V.4.1 to find a countable locally finite covering {(Ugs, V3)} with V3 C Ug and local charts
(Ug, ®3) with coordinates xﬂ, ..., xp. For each of these charts we have w, =>",_; woip<n @iy, _das“ - A dzg“
8 < <...ixg<n seens?

with a;, ..., € /\ (Ug). Choose for each V,, a C*° function f, with suppf C Us and f, = 1 on V,. Define now
On = 21<11< in<n Ja@iy, i N d(fazy) A-o Ad(faxy) Extend all the functions appearing in this formula to

functions in /\ (M) wich are zero out of Us. We have wy,, = ¢q|,, - Choose a partion of unity {h,} subordinate
to the covering {Va} (striclty speaking, in order to use Boothby theorem V.4.4, you should first apply lemma V.4.1
again, this time to the covering {V4}). Then w =} ha¢o. If M is compact, we can choose a finite covering.



