Balancing-Related M odel Reduction of Circuit
Equations Using Their Topological Structure

Tatjana Stykel

Abstract In recent years, model order reduction has been recognizbd & po-
werful tool in analysis and simulation of integrated citsulWe consider balancing-
related model reduction methods for differential-alg@bemuations arising in cir-
cuit simulation. We show how positive real and bounded reddiced truncation
can be used for passivity-preserving model reduction afudirequations. These
methods are based on balancing the solutions of projectéd buRiccati matrix
equations and provide the computable error bounds. We &soass the efficient
algorithms for solving such matrix equations that explbé topological structure
of circuit equations. Numerical experiments demonstrage gerformance of the
presented model reduction methods.

1 Introduction

Modern integrated circuits have hundreds of millions of memductor devices
whose feature size is reaching nowdays the nanometer rdahgse devices are
placed on several layers and interconnected to each othveiréy. Due to increased
packing density and interconnect length, modelling ofriedrand electromagnetic
effects is highly required in order to verify that the heabgagation and internal
electromagnetic field do not disturb signal propagationsi@e of VLSI circuits
with distributed elements such as transmission lines @mdistors is no longer pos-
sible without computer simulations that involve numerigalution of coupled sys-
tems of partial differential equations and differentilgebraic equations (DAES).
After space discretization, such systems have very lagje space dimension that
makes the analysis and simulations unacceptably time agingiand expensive. In
this context, model order reduction is of great importance.
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A general idea of model order reduction is to approximatddige-scale system
by a much smaller model that captures the input-output behafithe original sys-
tem to a required accuracy and also preserves essentiatghgsoperties such as
stability and passivity. Many different model reductiorpepaches have been deve-
loped in computational fluid dynamics, control design aratgical and mechani-
cal engineering, see [2, 10, 54] for recent books on thitdpne of the most used
model reduction techniques in circuit simulation islament matching approxima-
tion based on Krylov subspace methods, e.g., [4, 22, 28]. Althdhgse methods
are efficient for very large sparse problems, the resulteduced-order systems
have only locally good approximation properties. Anotheveback of the moment
matching methods is that stability and passivity are noessarily preserved in the
reduced-order models, so that usually post-processirggided to realize these pro-
perties. Recently, passivity-preserving model reducti@thods based on Krylov
subspaces have been developed for structured systenmganisiircuit simulation
[23, 25, 36, 44] and also for general systems [3, 21, 32, 56jvéver, none of these
methods provides computable global error bounds.

Balanced truncatioris another model reduction approach commonly used in
control design. In order to capture specific system progeriiifferent balancing
techniques have been developed in the last thirty yearstémdard state space
systems [29, 42, 43, 46] and also for DAEs [6, 48, 58]. An intaatr property
of balancing-related model reduction methods is the exigteof computable er-
ror bounds that allow an adaptive choice of the order of thee@pmate model.
Unfortunately, these methods have a reputation for being expensive since they
involve solving (projected) Lyapunov and/or Riccati magguations. However, re-
cent developments on iterative methods for such equat®&r9] 45, 55, 59] show
that balanced truncation methods can also be applied te-Egale problems.

In this paper, we give a brief survey on model reduction ofudirequations
using balanced truncation and its relatives. In Section & pnesent some basic
foundations from graph theory and network analysis requimethe following. In
Section 3, we describe a balanced truncation model reduapproach for DAEs.
Passivity-preserving model reduction methods for ciregitations based on posi-
tive real and bounded real balanced truncation are alsadaresl. In Section 4, we
discuss numerical solution of projected Lyapunov and Riezpuations with large-
scale matrix coefficients. Section 5 contains some restitisimmerical experiments
demonstrating the efficiency of the balancing-related rhiozthiction techniques.

Throughout the papé&™™ andC™™ denote the spaces nf« mreal and complex
matrices, respectively. The open left and right half-ptaaee denoted b{’  and
C_, respectively, and = /—1. The matricesA” andA* denote, respectively, the
transpose and the conjugate transposg ©fC™™, andA~T = (A~1)T. An identity
matrix of ordem is denoted by, or simply byl. We denote by ran(d) and kefA)
the rank and the kernel @&, respectively. A matrixA € C™" is positive definite
(semidefinity if v*Av > 0 (v*Av > 0) for all non-zerov € C". Note that positive
(semi)definiteness oA does not imply tha#A is Hermitian. ForA,B € C™", we
write A > B (A > B) if A— B s positive (semi)definite.
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2 Circuit equations

In this section, we briefly describe the formulation of lin€a.C circuits via DAEs
and discuss their properties. For more details on graphmyteea network analysis,
we refer to [1, 17, 35, 61].

A general electrical circuit can be modelled aslieected graph® = (91,8)
whose verticesy, € 9 correspond to the nodes of the circuit and whose edges
by K, = <nkl,nk2) € B correspond to the circuit elements like capacitors, induc-

tors and resistors. For the ordered pgir, = (n,_,n, ), we say thab, , leaves
d enters, . An alternating se ueﬁc{ga b 1n : n, b nr )zof ver-
erl anden A 9s€eq Ky Tk T kg0 Tk g7 s
tices and edges i is called apath connect|ng1kl andnkS if b = (n,n 1> and
J J I+
e #n, for 2<i < j <s A pathisclosedif My, andnkS are the same, arapenif
]

they are different. A closed path is calledoap. A graph® is calledconnectedf
for every two vertices there exists an open path connedtiegt Acutsetis a set of
vertices whose removal disconnects the remaining subgmaglthis set is minimal
with this property. A subgraph of the graghis called atreeif it has all nodes of
&, is connected and does not contain loops.

Any directed grapl® = (9,B) with 0 = {n,,... ’n”n+l} and® = {by,...,bn }

can be described by ancidence matriA, = [a,] € R™ "1 defined as

1 ifedgeb, leaves vertex,,
a, =4 —1 ifedgeb, enters vertex,,
0 otherwise

Ina connected graph, amy rows ofA are linearly independent. Thus, the deleting
any row fromA, yields a full rank matrixA € R"-™ known asreduced incidence
matrix. For circuits, this row corresponds to a reference (or giding) node.

We now consider a general linear RLC circuit that containedr resistors, in-
ductors, capacitors, independent voltage sources angéndent current sources
only. Such circuits are often used to model the intercoméatnsmission lines and
pin packages in VLSI networks. They arise also in the liresdion of nonlinear
circuit equations around DC operating point. RLC circuits @ompletely described
by the graph-theoretic relations like Kirchhoff’s curremtd voltage laws together
with the branch constitutive relations that characterieedircuit elementsKirch-
hoff’s current lawstates that the sum of the currents along all edges leavidg an
entering any circuit node is zerKirchhoff’s voltage lawstates that the sum of the
voltages along the branches of any loop is zero.jLet] &, jL, I, ¥, if |7 € R™
andv = [v&,vE, v, W, v ]T € R™ denote the vectors of branch currents and branch
voltages, respectively, and let the reduced incidenceixnate [Ag, Ac, AL AL A, ]
be partitioned accordingly, where the subscript€, L,V andl stand for resistors,
capacitors, inductors, voltage sources and current seunespectively. Then Kirch-
hoff’s current and voltage laws can be expressed in the confipan as

Aj=0, ATn =y, 1)
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respectively, wherg € R™ denotes the vector of potentials of all nodes excepting
the reference node.

Thebranch constitutive relationf®r the linear capacitors, inductors and resistors
are given by

CEEO=icl),  WO=LTi0, WO=Ri0, @

wherec e Re'c, £ ¢ R™" and® € R™®"r are thecapacitanceinductanceand
resistance matricesespectively. These matrices are often diagonal whogmdal
entries are the capacitances, inductances and resist@fritescapacitors, resistors
and inductors, respectively. However, the diagonal stineagjets lost in case of mu-
tually coupled elements. I§ and £ are nonsingular, theg = 9{’1 ands =, *
are theconductanc@ndsusceptance matricegespectively.

Using relations (1) and (2), the behaviour of a linear RL€wircan be described
via modified nodal analysis (MNA) [61] by the following systieof DAES

Ex(t) = Ax(t) +Bu(t),

y(t) = Cx(t) +Du(t), <
where
A-C A(T; 0O O —ARQAE A A
E— 0 L 0], A= AI 0 S
0 0 0 A 0 0 (4)
AT 0 o] .
C= =B s D= Oa
0 0 -l
n(t) i® ()
A

The number of state variablas= n, +n_+n,, is called theorder of system (3), and

m = n, +n,, is the number of inputs and outputs. In the following we wisame
that the circuit iswell-posedin the sense that it has neither V-loops nor I-cutsets.
These assumptions can be written in terms of the incidentecasias follows:

(A1) The matrixA, has full column rank, i.e., rafR,) = n,.

(A2) The matrixA-| ry=[Ac, AL, Ag,Ay] has full row rank, i.e., ranté. gy) =ny.
We will also assume that

(A3) ¢, G andL are positive definite.

Assumptions (A1)-(A3) together guarantee that the maixqil A E — Ais regular,
i.e., defAE —A) # 0 for someA € C, see [24]. In this case we can define a transfer
matrix G(s) = C(sE— A)~1B+ D that describes the input-output relation of (3) in
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the frequency domain. The transfer funct@ris calledproperif ganG(s) < oo, and
improper, otherwise. IfsﬂmG(s) =0, thenG is calledstrictly proper.
Any regular pencih E — A can be reduced into th&eierstrass canonical form

__[ln, O A0
ET||:O Eoo:|Tr’ AT||:0 |n°°:|TI'; (5)

whereT, andT; are the left and right nonsingular transformation matrie@slE is
nilpotent with index of nilpotency, see [26]. The eigenvalues At are the finite
eigenvalues oAE — A, andE., corresponds to an eigenvalue at infinity. The number
U is called thandexof AE — A and also of the DAE system (3). Index concept plays
an important role in the analysis and numerical solutionAEB, e.qg., [15, 37, 50].
The following proposition characterizes the index of the Méguations (3), (4).

Proposition 1. [20] Let E and A be as if4) and let(A1)-(A3) be fulfilled.
1. The index of the pendllE — A is equal to zero if and only if

n, =0, rank(Az) = n,. (6)

2. If at least one of the conditions () fails, then the index of E — A is at most
two. It is equal to one if and only if

rank(QCA,) =y rank|Ac, Ag, Ay] ="y, (7)
where Q is a projector onto kefAL).

Considering the topological structure of the circuit, thaditions (6) imply that
the circuit does not contain voltage sources and the cigraibh contains a capa-
citive tree. Furthermore, the first condition in (7) implig&t the circuit does not
contain CV-loops except for C-loops, whereas the secondition in (7) means
that the circuit does not contain LI-cutsets.

2.1 Stability

Stability is a qualitative property of dynamical systemsickhdescribes the be-
haviour of their solutions under small perturbations inittigal data. For the linear
time-invariant DAE system (3), stability can be charactediin terms of the finite
eigenvalues of the penclE — A, e.g., [18]. System (3) istableif all the finite
eigenvalues oA E — A lie in the closed left half-plane and the eigenvalues on the
imaginary axis are semi-simple, i.e., they have the samebedic and geometric
multiplicity. System (3) issymptotically stablé the pencilAE — Ais c-stablei.e.,

all its finite eigenvalues lie in the open left half-plane.eTiollowing proposition
gives the topological conditions for the asymptotic sigbf the MNA equations

@3). 4.
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Proposition 2. [51] Let the matrices E and A be as {(8) and let (A1)-(A3) be
fulfilled. Assume that the matricesand £ are symmetric and one of the following
two pairs of topological conditions holds:

1. ranklA, Ayl =n_+ny, rank[Ag, A, ] =ny, (8)
2. ranklAc, A, Ayl =nc+n_+ny, rankA , Ag, A/] =ny. 9)

Then the DAE syste(), (4) is asymptotically stable.

Conditions (8) are equivalent to the absence of LV-loops@lidcutsets (except
maybe for LI-cutsets), whereas (9) implies that the cirdeiés not contain CLV-
loops (except maybe for CV-loops) and Cl-cutsets.

If system (3) is asymptotically stable, then ffig-normof its transfer functior
is defined a§G||;; = sup||G(iw)||, where]| - || denotes the spectral matrix norm.

weR

2.2 Passivity and positive realness

Passivity is a crucial property of circuit equations. Gaflgrspeaking, passivi-
ty means that system does not produce energy. It is well krniawthe network
theory [1] that the DAE system (3) ipassiveif and only if its transfer func-
tion G(s) = C(sE— A)"1B+ D is positive real i.e., G is analytic inC, and
G(s)+G(s)* >0forallse C,.

Using the Weierstrass canonical form (5) and partitionfrggrnatrices

By

71 _
e o

}, CT 1 =[C, Cu)

accordingly, the transfer function of (3) can be additiveécomposed as
G(s) = Gsp(S) + My +SM +...+8 M, 5,

whereGsp(s) = C; (sl — A;) "B, is a strictly proper part 06, My = D — C,Bs,
andM, = —C«EXB., for k > 1. One can show tha is positive real if and only if
its proper parGp(s) = Gsp(s) + M, is positive realM; = M; > 0 andM, = 0 for
k> 1, see[1].

The following proposition gives sufficient conditions ftietMNA equations (3),
(4) to be stable and passive.

Proposition 3. If AssumptiongAl)-(A3) are fulfilled and the matrices and £ are
symmetric, then systef8), (4) is stable and passive.

Proof. The result follows from the relatiors=ET > 0,A+ AT <0,B=C".O

It should be noted that a general passive DAE system is netssadly stable.
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2.3 Contractivity and bounded realness

An important class of dynamical systems are the contrastigéems for which the
L,-norm of the output does not exceed thg-norm of the input. System (3) is
contractiveif and only if its transfer functiorG is bounded reali.e., G is analytic
in C, andl —G(s)*G(s) > 0 for all se C_, see [1]. Note that the bounded real
transfer function is necessarily proper.

Positive real and bounded real square transfer functiensstated to each other
via aMoebius transformatiodefined as

M (G)(8) = (1-G(9)(1 +G(s) .

One can show thds is positive real if and only if the Moebius-transformed ftion
G(s) = .#(G)(s) is bounded real [1]. For system (3) with nonsingular D, the
functionG(s) is given byG(s) = C(sE — A) B+ D, where

E=E, A=A-B(+D)'c, B=-v2B(I+D)},
C=Vv2(1+D)'c, D=(1-D)(I1+D)~

For the MNA matrices as in (4), we have

AcCAL 0 0 —ARGAL—AA A A,
E= 0 <« 0|, A= A 0O 0 |, (10
0 00 A 0 I

It has been shown in [49] that under Assumptions (A1)-(A%) pencilAE — A in
(10) is of index at most two. It is equal to one if and only ifkaA-, Ag, A, A, | =n;,.
This condition means that the circuit does not contain lsetst.

2.4 Reciprocity

Another relevant property of circuit equations is recifgtypcWe call a matrix
Se R™Masignaturef Sis diagonal an& = I,. System (3) iseciprocalwith an ex-
ternal signatur&,,, € R™M if its transfer function satisfieS(s) = S,G(S) " Sux for
all se C. The following proposition shows that the symmetry@f. andg gua-
rantees the reciprocity of system (3), (4).

Proposition 4. [47] Let AssumptionéA1)-(A3) be fulfilled and let the matrices,
L andG be symmetric. Then systé8), (4) is reciprocal with the external signature

Soxe = diag(ln; —In, )-
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3 Balancing-related model reduction

The aim of model order reduction for circuit equations is pp@ximate the DAE
system (3), (4) with a reduced-order model

EX(t) = AX(t)+Bu(t),

- . ~ (11)
y(t) = CX(t) +Du(t),

whereE, Ac R, Be R C e R™, D e R™M and/ < n. It is required for
the approximate system (11) to preserve physical propdikie stability, passivity
and reciprocity. Such a system can then be synthesized a&ci@kircuit in an
standard netlist format, e.g., [31, 47, 65] that is ofterunesggl in the industrial circuit
simulators. It is also important to have a small approxioragrrory—y or G — G,
whereG(s) = C(sE — A) 1B+D. Inideal case, we would like to have a computable
error bound that allows us to approximate the system to angiceuracy and makes
model reduction fully automatic.

Most of the model reduction methods for linear dynamicaktesys are based
on the projection of the system onto lower dimensional sabsg. In this case the
system matrices of the reduced-order model (11) have the for

E-W'ET, A=W'AT, B=w'B, C=cCT, (12)

where the projection matric&¥, T € R™’ determine the subspaces of interest. For
example, in modal model reduction the columnsfand T span, respectively,
the left and right deflating subspaces of the peadd — A corresponding to the
dominant eigenvalues, e.g., [19, 40]. In the moment matchjpproximation, one
chooses the projection matricdsandT whose columns form the bases of certain
Krylov subspaces associated with (3), e.g., [4, 22].

3.1 Balanced truncation model reduction

Balanced truncation also belongs to the projection-basedemreduction tech-
niques. This method consists in transforming the dynansigstem into a balanced
form whose controllability and observability Gramians bath equal to a diagonal
matrix. Then a reduced-order model (11), (12) is obtainegrbjecting (3) onto the
subspaces corresponding to the dominant diagonal elemifethis balanced Grami-
ans, see [42].

For standard state space systems \Eith |, the balanced truncation model re-
duction method makes use of the dual Lyapunov equations

AG.+ G:AT = —BB', ATG,+G,A=—-C'C.
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The solutionss. andG,, of these equations are called tmntrollability andobser-
vability Gramians respectively. They exist if all the eigenvaluesfoliave negative
real part.

For system (3) with nonsingul&t, the Gramians are defined as unique symmet-
ric, positive semidefinite solutions of the generalizeddwy@ov equations

AG.E"T +EG.A" = -BB", ATG,E+E'G,A=-C'C, (13)

provided the pencihE — A is c-stable. IfE is singular, these equations cannot be
used any more to determine the Gramians for the DAE systerA§3he following
example shows, the generalized Lyapunov equations (18)siigularE may not
have solutions even KE — A is c-stable. Moreover, if the solutions of (13) exist,
they are always nonunique, see [57] for detailed discussion

Example 1Consider a simple RL circuit shown in Figure 1. This circaitlescribed
by the DAE system (3) with

L
00 00 0o 0 -1 1
oo oo , | 0-1/& 1 0
w P E=loocol A7 1 “1 o0 of
R 00 00 -1 0 00

T _ _
Fig.1 A simple RL circuit. B = [O’ 0,0, _1} =C.

The pencilAE — A has only one finite eigenvalue= —%® /£ < 0. However, the
generalized Lyapunov equations (13) are not solvable.

An extension of the balanced truncation method to DAEs basegrojected
Lyapunov equations has been first presented in [58]. Unfikestandard state space
case, the DAE system (3) has two pairs of the Gramians. If§2)symptotically
stable, then thproper controllabilityandobservability Gramiansf (3) are defined
as unique symmetric, positive semidefinite solutions ofghsected generalized
continuous-time Lyapunov equations

E GpcAT +AGyE" = -RBB'R",  Gpe=PRGpcP', (14)

whereR and PR are the spectral projectors onto the left and right deflasing-
spaces of the pencE — A corresponding to the finite eigenvalues along the left
and right deflating subspaces corresponding to the eigsaalinfinity. Using the
Weierstrass canonical form (5), these projectors can hesepted as

11 0 I O|_
Pr:Tr1|:0 0:|Tra PI:TI|:0 o:|TI1'

Furthermore, th@nproper controllabilityandobservability Gramiansf system (3)
are defined as unique symmetric, positive semidefinite isolsitof theprojected
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generalized discrete-time Lyapunov equations

AGA' ~EGE'=QBB'Q(,  G.=QG.Q, (16)
ATGA-ETGE=QICICQ, G, =Q[G,Q. (17)
whereQ, =1 - R andQ; = | — R are the complementary projectors. Note that

unlike generalized Lyapunov equations considered in [&3,68], the existence
and uniqueness results for the projected Lyapunov equsatiet)-(17) can be stated
independently of the index of the pengiE — A, see [57].

Using the proper and improper Gramians, we can define thespeoyl improper
Hankel singular values that characterize the importanstadé variables in (3). Let
n; be the dimension of the deflating subspacesBf- A corresponding to the finite
eigenvalues. Then theroper Hankel singular values; of system (3) are defined
as the square roots of the largasteigenvalues of the matri@,,cETGpoE, and the
improper Hankel singular value§; are defined as the square roots of the largest
Nw = N—n; eigenvalues of the matri@, AT G, A. We assume that the proper and
improper Hankel singular values are ordered decreasifgistem (3) idhalanced
if the Gramians satisfy

Gpc = Gpo=diagZ, 0) with X =diag;,...,0n ),

G, = G, = diag 0, ©) with © =diag,,...,6h,).
States of the balanced system corresponding to the smalepidankel singular
values are less involved in the energy transfer from inputaitputs, and, therefore,
they can be truncated without changing the system progeasigmificantly. Further-
more, we can remove the states of the balanced system condisg to the zero
improper Hankel singular values. Such states are uncéadtfeland unobservable
at infinity and do not influence the input-output relation.wéwer, if we truncate
the states that correspond to the non-zero improper Haivkglilar values, even
if they are small, then the approximation may be inaccurBitese states are sub-
ject to constraints, and their elimination may lead to uirdéte disturbances in the
approximate system and physically meaningless results.

Example 2 Consider system (3) with

010 10 0.04
E=[001], A=l B=|01|, C'=]30]. (18)
000 0 1

SinceE is nilpotent, this system has only the improper Hankel disgealues given
by 6, = 3.4, 6, =4.7-10°°, 6, = 0. The truncation of the state corresponding to
the Hankel singular valué, = O results in the reduced-order model
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R R AN L E A

J(t) =[1.84-10°, —2.25-1073] K(t).

(19)

Figure 2(a) shows the output functions of the original ard#duced-order systems
with the inputu(t) = sin(t). They coincide since both systems have the same trans-
fer function. However, if we truncate one more state comwesjng to the second
Hankel singular value, which is relatively small, we obttdie standard state space
system

X(t) = 850X(t) + 1567u(t),  Y(t) = 1.84X(t). (20)

This system is unstable, and, as Figure 2(b) demonstrégestput has nothing in
common with the output of the original system.

u(t) = sin(t)

8

4x 10
=
> 3
° —

=

© =
. 2
=
=

1

0

0 0.01 0.02 0.03

t
(b)

Fig. 2 (a) The output functions of the original system (3), (18) and thecedtorder system (19);
(b) the output of the reduced-order system (20). In both cases,gheigu(t) = sin(t).

We summarize the balanced truncation model reduction rdefiio DAES in
Algorithm 1. For this method, we have the following a priomiad bound

1Y, <18 =Gl lull, <2(0;, 3+ ..+ 0n)ull .

see [58] for details. This computable global error bound esdkalanced truncation
outperforming Krylov subspace model reduction methodstheumore, the result-
ing reduced-order system (11) is asymptotically stablei@riddex does not exceed
the index of (3). IfC, £ and g in (4) are symmetric, i.e., (3), (4) is reciprocal with
the external signaturg,,; as in Proposition 4, then the reduced-order model com-
puted by Algorithm 1 is also reciprocal with the same sigratWnfortunately, the
Lyapunov-based balanced truncation method does not, ergkensure the preser-
vation of passivity. However, for special reciprocal citsuisuch as RC networks
without voltage sources, Algorithm 1 provides a passiveiced-order model. In-
deed, for such networks, we have
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Algorithm 1. Balanced truncation model reduction for DAEs.
GivenG = (E, A, B,C, D), compute a reduced-order modz}k= (E, A, B,C,D).

1. Compute the Cholesky factd®p andL, of the proper GramianG. = R,R}, andGpo = LLp
that satisfy the projected Lyapunov equations (14) and (15), c&sply.

2. Compute the Cholesky factdRsandL; of the improper Gramian§,, = RR" andG,, = L;L
that satisfy the projected Lyapunov equations (16) and (17), c&sply.

3. Compute the singular value decompositigfER, = [U,, U,]diag %, %,)[V;, V,]T, where
the matrices[U;,U,] and [V,,V,] have orthonormal columnss; = diag(0y,..., 0, ) and

2, =diag(; ;- -1 0n ).

4. Compute the singular value decompositigiAR = U,0V; , whereU, andV, have orthonor-
mal columns an® = diag(6;,...,6,_) is nonsingular.

5. Compute the reduced-order systéi, A, B,C,D) = (WTET, WTAT, WTB,CT, D) with
W = [LpU; 72, LU;@ 2] andT = [RpV, 2, /2, RV,0 Y2,

E:ACCA(E:ETZ(), A:_ARQAE:ATSO’ B:—A|:CT

SinceE andA are both symmetric anél = C', thenW = T and the reduced-order
model (11) with

E=T'ET=E">0, A=T'AT=AT<0, B=T'B=(CT)"=C"

is obviously passive.

3.2 Positive real balanced truncation

In this section, we describe passivity-preserving modeélicton of general DAES
based on positive real balancing.

Passivity of the DAE system (3) can be characterized vigtbgcted positive
real Lur'e equations

AXET +EXAT = —KK!, X=PRXP" >0,

EXC' —BB = —KJ{, My+MJ =33 (21)

and
ATYE+ETYA= —K[K,, Y=RTYR>0,
ETYB-R'CT = —KlJ, My+M{ =33,

with unknownsX € R™ K. € R™™ J. € R™MandY € R™", K, € R™", J, € R™M,
respectively. Such equations are known in the literatige as Kalman-Yacubovich-
Popov equations [30]. Similar to [49, Theorem 4.1], one daowsthat if the MNA
system (3), (4) is passive, then (21) and (22) are solvabiew€sely, solvabi-
lity of the projected Lur'e equations (21) and (22) togethéth the conditions
M; = MI >0 andM, = 0 fork > 1 implies that (3) is passive.

(22)
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Given passivés = (E, A, B, C, D), compute a reduced-order systém= (E, A,B,C,D).

1. Compute the matrii, = C(5,E — A)"1Q,B+ D with 5, € (0, ).

2. Compute the Cholesky factdRandL of the positive real Gramian, = RR andYpr = LLT
that are the minimal solutions of the projected positive reald_aquations (21) and (22).

3. Compute the singular value decompositibhER = [U,, U, ]diag =, , Z,)[V;, V,]T, where
the matrices[U,,U,] and [V;,V,] have orthonormal columnss; = diaq:fl,...,:f(f) and

5= diag(EMl., oesén)-
4. Compute the reduced-order system

. y T . T . .
E:{I 0}, A:{WlATl 0}, B:{WlB ¢=[cT, G, D=,

00 0 | B,

whereW, = LU, ="/2, T = R, =/?, andB, andC, are chosen such thBt— M, = C,B,.

The projected Lur'e equations (21) and (22) have, in gepemahy symmet-
ric solutionsX andY that can be ordered with respect to the Loewner ordering
in the set of symmetric matrices. The minimal solutiogs andY,, that satisfy
0 < Xpr < X and 0< Yy, <Y for all symmetric solutionX andY of (21) and (22),
respectively, are called theositive real controllabilityandobservability Gramians
of (3). System (3) is callegositive real balanced Xpr = Y, = diag(=,0) with
= =diag¢,,..., &n, ). The values.fj ordered decreasingly are called pasitive real
characteristic valuesf (3). Similarly to Lyapunov-based balanced truncatidme t
reduced-order system (11) can be computed by projectiny tbetsubspaces cor-
responding to the dominant positive real characteristigesaand non-zero Hankel
singular values. Note that if system (3) has the proper teafisnction, then solving
the projected discrete-time Lyapunov equations (16) aii)l ¢an be avoided. The
positive real balanced truncation method for such a systesurnmarized in Algo-
rithm 2. It can be shown that the resulting reduced-ordetesyss passive, and we
have the error bound

16— Gllsy, < 2{|(Mo+ME) [ IGollss, Gollss, (&, 12+ +&n)  (23)

with G, = G +M{ andG, = G +M{, see [48]. Note that this error bound requires
the computation of thEL,-norm of G, that is expensive for large-scale systemé; If

is chosen in Algorithm 2 such thaf¢My+MJ) || ||é0\|Hw(ng+l+. ) <1,
then bound (23) can be simplified to

IG —Gllg,, < 4]|(Mo+Mg) | ||éo”12mw(fé,+1+“'+5”f)’ (24)

where only the evaluation of thE.-norm of the reduced-order systefﬁb is re-
quired.
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If Dy =M+ Mg is nonsingular, then the projected Lur'e equations (21)@ay
can be written as therojected positive real Riccati equations

AXET+EXA'+ (EXCT-PB)D, (EXC'-RB)T =0, X =RXP', (25)
ATYE+ETYA+(B'YE-CR)'D,*(B'"YE-CR)=0, Y=R'YR. (26)

The numerical solution of these equations will be discugsé&skction 4.2. The ma-
jor difficulty in solving these equations is that the speqgtrajectorsh andP, are
required. They can be computed by the matrix chain appraach f41]. In large-
scale setting, however, we would like to have an explicitespntation foR and
R as it has been done in [59] for some other structured DAE&gria computa-
tional fluid dynamics and multibody systems. Such a repitasien in terms of the
incidence matrices is currently under investigation.

3.3 Passivity-preserving model reduction via bounded real
balanced truncation

Another passivity-preserving model reduction approaas@nted first in [48] is
based on the bounded real balanced truncation model reduntthod applied to
the Moebius-transformed syste®= .#(G) = (E,A,B,C,D) as in (10). For the
MNA equations (3), (4), wherg is positive definite and botlh and ¢ are sym-
metric and positive definite, it has been shown in [49] thatfiojected bounded

real Lur'e equations

AXET +EXAT +RBBTRT = —K.KI, X=BXP' >0,
AT T 7 2 AT T (27)
EXCT —PBMJ = —KJT, | —MgM§ =33

and
ATYE +ETYA+PTCTCP = —KJK,, Y=RTYR >0,
—ETYB+PR'C™M, = —KJIJ,, 1 —=MIMy=J]J,
are solvable forX € R™M, K, € R™ J. ¢ R™ andY € R™", K, € R™",
Jo € R™M respectively. HereR andP are the spectral projectors onto the right
and left deflating subspacesE — A correspondmg to the finite eigenvalues along
the right and left deflating subspaces corresponding to ienealue at infinity,
andM0 =lims . C(SE — A) 1B+ D. The minimal solutions,, andY,, satisfying
0 <X, <XandO0<Y, <Y forall symmetric solutionX andY of (27) and (28),
respectively, are called thmunded real controllabilitandobservability Gramians
of systemG. This system idbounded real balanceid X, =Y, = diag(l",0) with
r= diag(yl,...,ynf). The valuesyj ordered decreasingly are called theunded

real characteristic valuesf G. Truncating the states & corresponding to smavﬁ
and applying the Moebius transformation to the obtainedrestive reduced-order
model, we get a passive reduced-order sysgerhe resulting passivity-preserving

(28)
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Algorithm 3. Passivity-preserving model reduction based on bounded reaided truncation.

Given passivé&s = (E, A, B, C, 0), compute a reduced-order modk (E,A B,C,0).

1. Compute the Moebius-transformed systén&t (E,A,B,C,D) as in (10).

2. Compute the matrikl, = D+C(sOE A)~1Q,B for somes, € (0, ).

3. Compute the Cholesky factdrandL of the bounded real Gramiaixg, = RR" andY,, = LLT
that are the minimal solutions of the projected bounded real lagieations (27) and (28).

4. Compute the singular value decompositibhER = [U,, U, ]diag(;,1)[V,, V,]T, where
the matrices[U,,U,] and [V,,V,] have orthonormal columnd; = diag(yl,...,y[f) and
r,= diag(y/Zerl,...,ynf).

5. Compute the reduced-order system

[0 o A3l 5de e oL e e[k e
“l0 o] "T2[-v2BCT, 21-BG, | Bz/f G /V2|

whereW, = LU, 7Y/, T, = RV, 7/2, andB, andC, are chosen such that- My = C,B,.

model reduction method for circuit equations is presentedligorithm 3. For this
method, we have the following a priori error bound

||é gl |||+G||]%1m(yéf+1+~~~+ynf)
— <
Heo =1 — |11 +G||Hgm(wf+l+...+ynf)

provided||l +G|\Hm(sz+1+ ...+ ¥n) <1, see [48]. Furthermore, if we choo&e

in Algorithm 3 such that @I +é”Hm(ny+l+"'+ ¥, ) < 1, then we obtain the
a posteriori error bound

I1G —Gllyy,, < 211 +GZ (Vo1 +- -+ o) (29)

that is inexpensive to compute.

It should be noted that for DAE systems with a proper trangfection, Algo-
rithms 2 and 3 are equivalent in the sense that they provaleetiuced-order models
with the same transfer function.

Using the topological structure of circuit equations, thatnx I\7I0 and the pro-
jectorP; can be computed in explicit form

Vi _ ||~ 2ATQcHy "QCA 2AT QcHy QA
0 —2A)QcHy "QEA 1 +2A,QcH, QLA
A Hg(HH,—1)  HHAH, O
P = 0 Hg 0f,
_A\-l;(H4H2_ I) _A\-5H4ALH6 0

where
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Ho = QC(ARG AR+AAT +A/A))Q: + Qkiy_cQriv-c

Hy = PlrivPeriv + QCrVALS Al Qcrivs

Hy = ARG AR+AAT +A,A)+A S AT QerivHy "QErvALS Al

Hy = AcCAL +QCH,Qc, Hy = QcH3 1Q¢,

Hs = QcrivH; "QerVALS AL — 1, He =1 — SAl QerivH1 "QCRIVAL,
Qcryy is @ projector onto k&fA., Ag, AL A/]T).  Pery =1 — Qerivs
Qryv_c isaprojector onto keéfAg, A, A, ]TQc),

see [49] for details. Furthermore, the left projector is;afg1i‘loylf>| = Smlﬁrﬂsm, where
Spe =diag(ln, . —In ,—In,) andR is ash; with G, 5 andc replacedby; ', s " and
', respectively. The projectof3., Qcg;y @andQg,y,_c can easily be computed in
sparse form using graph search algorithms like breadttsf@arch [35]. Although
l\7|0 andR look very complex, their computation is inexpensive if tparsity of the
incidence matrices an@-projectors is exploited. Due to the space limitation, we
omit detailed discussions.

If the circuit contains neither CVI-loops except for C-l@opor LVI-cutsets
except for L-cutsets, i.e., if rat®[A, A/]) = n +n, and Qi[A,A,] =0,
where Q.. is a projector onto kéfAg, A.]"), then bothDe = I — MM and
Do=1- MgM0 are nonsingular [49], and the projected Lur'e equationg &2id
(28) can be written as tharojected bounded real Riccati equations

AXET +EXAT+-2RBB'RT +2(EXCT —RBM{J )D; {EXCT —RBMJ)T =0,

X =PXPT, (31)
and
ATYE+ETYA+2RTCTCR +2(BTYE-M{CR)TD; 4(BTYE-M{CR)=0, (32)

Y=PTYR.

The numerical solution of these equations will be considi@reSection 4.2.

3.4 Balanced truncation for reciprocal circuit equations

For reciprocal circuits with symmetric, £ andg, we can further exploit the struc-
ture of the system matrices in (4) in order to reduce the cdatipmal complexity
of Algorithms 2 and 3. In the sequel, we consider AlgorithmnB/oThe other one
can be modified analogously.

Consider the reciprocal system (3), (4), whereL andg are symmetric. Then

=T = AT A 5T A
E' =SuESw A" =S5, ASw B' = SCSnt

with
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Spe = diagln,, —In . ~ln,):  Swa=diagln, —In,)- (33)

Therefore, we have = S, P'S,, and

Ybr = Snt Xbr Snt = Sntéﬁrslr—n =LLT.

SinceLTER=R"S,ER and (I — M,)S.,; are both symmetric, then the characte-
ristic valuesy; and the matrice8, andC, can be determined from the eigenvalue

decompositions oR" S, ER and (I — M,)S.,; instead of a more expensive singular
value decomposition. Let

ﬁTSntéﬁz [Ulv UZ]dianlaAZ)[Ulv UZ}Tv (l - MO)SeXt: UOAOUJv

where the matricef);,U,|, U, have orthonormal columng\, =diag(A,, ... ”\éf )
N, = diag()\éﬁl, oy An ), andAg = diag(f\l, e ,;\m) is nonsingular. Then the pro-
jection matrices in Algorithm 3 take the form

W, = SimRU1|/\l|*l/2, T, = FA{U151|/\1|71/2,

where|A,| = diag(|A,],.. ., |)\1{f |) andS; = diag(sign(A,), ... ,sign(/\gf )). The redu-
ced-order system is given in (30) with

B, = So|/\o|l/2UoTSexta éz = Uo|/\o|l/2,

where|Ay| = diag(|;\1|, ooy |;\m|) and§, = diag(sign(ﬁ\l),...,sign(;\m)). One can
show that this system is reciprocal with the external sigree,,;, see [49].

4 Numerical methods for matrix equations

In this section, we consider numerical algorithms for thgguted Lyapunov equa-
tions (14) and (15) and the projected Riccati equations, (ZB) and (31), (32)

developed in [14, 59]. In practice, the numerical rank ofgbkitions of these equa-
tions is often much smaller than the dimension of the problEmen such solutions
can be well approximated by low-rank matrices. Moreoverséhlow-rank approxi-

mations can be determined directly in factored form. Reptathe Cholesky factors
of the Gramians in Algorithms 1, 2 and 3 by their low-rank €astreduces sig-
nificantly the computational complexity and storage reguients in the balancing
related-model reduction methods and make these methogsuiable for large-

scale DAE systems.
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4.1 ADI method for projected Lyapunov equations

First, we focus on solving the projected Lyapunov equation
EXA" +AXE"=-RBB'R", X=PXF, (34)

using thealternating direction implicit(ADI) method The dual equation can be
treated analogously. The ADI method has been first propaseddndard Lyapunov
equations [8, 39, 45, 62] and then extended in [59] to pregttyapunov equations.
The generalized ADI iteration for the projected Lyapunouatipn (34) is given by

(E+TA)X 4 ,AT +AX 4 (E-TA)T = ~RBB'AT,

(E+T AX AT +A><kT71/2(E -T,A)T = —RBB'AT (35)
with an initial matrix X, = 0 and shift parameters,,..., 7, € C_. If the pencil

AE —Ais c-stable, theiX, converges toward the solution of the projected Lyapunov
equation (34). The rate of convergence depends strongliienhoice of the shift
parameterd;, ..., Tq. The optimal shift parameters providing the superlinear-co
vergence satisfy the generalized ADI minimax problem

1-Tt)-...-(1—Tq4t
{15,...,Tq} = argmin max (1-Tyt) (1-7q )|7
{1, Tg}C_ tESR(EA) |(I+T1yt) ... (1+T1qt)|

where Sp(E,A) denotes the finite spectrum of the penct — A. Similar to [45],
the suboptimal ADI parameters can be obtained from a setrgé$a and smal-
lest in modulus approximate finite eigenvalues\& — A computed by an Arnoldi
procedure. Other parameter selection techniques dekfopstandard Lyapunov
equations [11, 53, 63] can also be used for the projecteduryapequation (34).

A low-rank approximation to the solution of the projectedapyinov equation
(34) can be computed in factored forh~ ZkZ|I using a low-rank version of the
ADI method (LR-ADI) as presented in Algorithm 4.

Algorithm 4. The generalized LR-ADI for the projected Lyapunov equation.
GivenE, Ac R™", Be R™™, projector and shift parameters;, ..., 7q € C_, compute a low-rank
approximatiorX ~ Z,Z/ to the solution of the projected Lyapunov equation (34).

1. zW = /-2Rd1,) (E+1,A) 'RB,  Z,=2WY;
2. FOR k=23,...

R
z¥ = \/ Re(ei:i_()l) (-t EFTA A ZY, 7 =7, ZW];

END FOR
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In order to guarantee for the factafg to be real in case of complex shift pa-
rameters, we take these parameters in complex conjugate{pgir, ,; = T, }. At
each iteration we havg, = [zV,...,.Z®] ¢ R To keep the low-rank structure
in Z, for largemk we can compress the columnsgfusing the rank-revealing QR
factorization [16] as described in [12].

Finally, note that the matrice& + 1, A)~* in Algorithm 4 do not have to be
computed explicitly. Instead, we solve linear systems efftrm (E + 1, A)x=Rb
either by computing (sparse) LU factorizations and fordlaadkward substitutions
or by using iterative Krylov subspace methods [52].

4.2 Newton-Kleinman method for projected Riccati equations

In this section, we consider the numerical solution of thegguted Riccati equation

Z(X) = EXFT+FXET+EXHTHXET +M1,QQ'M =0, X=/1XM', (36)

where

F=A-PBM,+MJ)CR, H=JCR, Q=BXT,

Mo+M] =31 M =R. m=P 7
in the positive real case and

F =A—BC-2RBM{ (I - MMJ)*CR,

H=v2);ich, Q=-v2BJL (38)

‘JJ‘JOZI_MJMW JCJJZI_MOM(;-; n|:|3|a nr:ﬁr

in the bounded real case. The minimal solutip,, of (36) is at leastsemi-
stabilizingin the sense that all the finite eigenvalues\& — F —EX_;,,H"H are
in the closed left half-plane. Such a solution can be contputa the Newton-
Kleinman methodi14].

Algorithm 5. The generalized Newton-Kleinman method for the projected Riecaation.
Given E, Fe R™, H € R™", Q € R"™, projectors[T;, M1, and a stabilizing initial guess X
compute an approximate solution of the projected Riccata¢iqn (36).
FOR j=1,2,...,
1. Compute K= EXjleT and F =F +KjH.
2. Solve the projected Lyapunov equation
EXFI +FXET =-m(QQ" —KKHAT,  X; =X .
END FOR

One can show that if the pendE — F is c-stable, then foX, = 0 all \AE — F;
are also c-stable and li§, = X;,. The convergence is quadratic if the pencil
] —
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AE—F — E)gmnHTH is c-stable. Some difficulties may occur if the pendd — F
has eigenvalues on the imaginary axis. For circuit equsafithrese eigenvalues are
uncontrollable and unobservable [49]. In that case, simld7], one could choose
a special stabilizing initial guess, that ensures the convergence of the Newton-
Kleinman iteration. However, the computation of such a gdeslarge-scale prob-
lems remains an open problem.

A low-rank approximation to the minimal solution of the projed Riccati equa-
tion (36) can be computed in factored fop,, ~ RR" with R€ R, k < nusing
the same approach as in [13]. Starting With= EX,H " andF, = F +K;H, in each
Newton iteration we solve two projected Lyapunov equations

EX; FJ—T +FiXy | ET = —m,QQ" T, X =RX P, (39)
EX Fl+FX BT = —MKKI T, X, =X, 17, (40)

for the low-rank approximationX, ; ~ R, ;R] ; andX, ; ~ R, |R} ;, respectively,
and then comput&;,; = E(R |R[; —Ry;R} j)HT andF;,; = F +K; ,H. If
the convergence is observed aﬂ]e,rax |terat|ons then an apprOX|mate solutlon
Xenin & RR" of the projected Riccati equation (36) can be computed itofad
form by solving the projected Lyapunov equation

EXFT+FXE" = —mQuQiry,,  X=nxmt (41)

with Qy = [Q, E(Xy; =X )HT] providedA E — F is c-stable. For computing
low-rank factors of the solutions of the projected Lyapumopations (39)—(41),
we can use the generalized LR-ADI method. Note that in thihotewe need to
compute the productsE + er)*lw with T € C_ andw € R". For example, in the
bounded real case we haie+ TF; = E + 1(A—BC) — TKJ-H with the low-rank
matricesH € R™" andK; = v2RBMJJ; T —K; € R™. Then one can use the
Sherman-Morrison-Woodbury formula [27, Section 2.1.3gtonpute these prod-
ucts as
(E+TF) 'w=w, +Mg (S HMK_)*lel),

wherew; = (E + 7(A—BC))~ 1wandM~ = 1(E+1(A—BC)) K| can be deter-

mined by solving linear systems with the sparse méfrix T(A— BC) either by
computing sparse LU factorization or by using Krylov sulzspmethods [52].

5 Numerical examples

In this section, we present some results of numerical exyaris to demonstrate the
efficiency of the passivity-preserving balancing-relateddel reduction methods
for circuit equations described in Section 3.
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Example 3The first example is a three-port RC circuit provided by NEGa-a
ratories Europe. The passive reciprocal system of ardeR007 was approximated
by two models of order = 42 computed by the positive real balanced trunca-
tion (PRBT) method and the bounded real balanced truncé@®BT-M) method
applied to the Moebius-transformed system. The minimaltsmis of the pro-
jected Rlccatl equations (25) and (31) were approxmatetlhb)tow rank matrices
R,:Rl, with R, € R"1%5, respectively.

XprNR

Wlth Rpr € R™2Z and X, ~
Figure 3(a) shows the normalized remdug(sx)

where|| - ||z denotes the Frobenius matrix norix,
Qare given in (37) and (38) for (25) and (31), respectlvelguFe 3(b) dlsplays the
number of ADI iterations required for solving the projectg@punov equations at

each Newton iteration.

Normalized residuals

= + - positive real
® 0 bounded real

Newton iteration

@

Number of ADI iterations

12(X) I /||’7|QQTI'IT||F'
=Ry RT —R, ;R ;, M, and

1

2

I bounded real
[ positive real

3 4 5 6 7 8 9
Newton iteration j

(b)

Fig. 3 RC circuit: (a) the convergence history of the low-rank Newtoniitean-ADI method;
(b) the number of ADI iterations required for solving the projectgepunov equations at each

Newton iteration.

The spectral norms of the frequency respon§gg w)|| and||

G(iw)| for a fre-

quency rangew € [1, 10'% are presented in Figure 4(a). In Figure 4(b) we display

the absolute errortG (iw)

— G(iw)|| for both reduced-order systems and also the

error bounds (24) and (29). As expected, due to the propefés, the PRBT and
BRBT-M methods are equivalent and provide the similar tssul

Example 4The second example is a transmission line model [5] thatistnef
20000 RLC ladders. We approximate the DAE system of order 60000 by
a model of order = 32 computed by the BRBT-M method. The bounded real

Gramian X, was approximated by a low-rank matriX, =~

RRT with

R € R"?%9, Figure 5(a) presents the bounded real characteristicesatii the
Moebius-transformed system computed as the absolutesvaluthe eigenvalues
of RTS,,ER. One can see that the characteristic values decay rapiyescan
expect a good approximation by a reduced-order model. Téguéncy responses
of the full-order and the reduced-order models are not ptese since they were
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Frequency responses o Absolute errors and error bound
7 10
Full order
gL |——PRBT | ot mTmTmmmmmmmmm
0 BRBT-M 107
5k
sl 0 10°
3 3 —+—PRBT
= =3 0 BRBT-M
St g 107 —— Error bound (24)
== Error bound (29)
2l
10°
1l
10’5 L L
10° 10° 10° 10° 10 10
Frequency w Frequency w
(@ (b)

Fig. 4 RC circuit: (a) the frequency responses of the original and the eztlader systems;
(b) the absolute errors and error bounds.

Absolute error and error bound

Bounded real characteristic values -
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Fig. 5 Transmission line: (a) the bound real characteristic values; héoabsolute error and the
error bound (29).

impossible to distinguish. Figure 5(b) shows the absoluter /G (iw) — G(iw)||
for w € [1,10°9] and the error bound (29).

6 Conclusions and open problems

In this paper, we have discussed balancing-related modektien methods for
linear DAEs arising in circuit simulation. The importanpperty of these methods is
the existence of computable error bounds that essentialipguishes the balanced
truncation technique from other model reduction approacMoreover, positive
real balanced truncation and bounded real balanced tionagiplied to a Moebius-
transformed system quarantee the preservation of passidtreduced-order model
that makes these methods very suitable for circuit equstion
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Balancing-related model reduction methods for DAEs inea@welving projected
Lyapunov, Lur'e and Riccati matrix equations. We have pnée=e the efficient nu-
merical algorithms for large-scale projected Lyapunov Rimtati equations based
on the LR-ADI iteration and the Newton-Kleinman method pexgively. We have
also shown that exploiting the topological structure of @it equations reduces sub-
stantially the numerical complexity of balances trunaatio

Although considerable progress has recently been achievéelieloping of ba-
lanced truncation methods for large-scale DAEs, some enodlstill remain open.
For example, iftM, + Mg (orl — |\7I0|\7Ig) is singular, then to compute the positive
real (bounded real) Gramians we have to solve the projeai€éd Bquations. Simi-
larly to the standard state space case [64], for small to mnedized DAE systems,
these equations can be transformed to projected Riccadtiegs of smaller dimen-
sion. This approach becomes, however, prohibitive fordargale problems due to
the explicit use of state space transformations. Anothaslpm, already mentioned
in Section 4.2, is the computation of an appropriate stahdiinitial matrix in the
Newton-Kleinman iteration in case when the pencil has poraginary eigenval-
ues. This problem could probably be solved for circuit eunstby exploiting their
special structure.

Finally, in some numerical experiments we observed a very sbnvergence of
the LR-ADI iteration caused by a poor choice of the shift paeters. The combi-
nation of the LR-ADI iteration with the Galerkin projecti@s proposed in [9, 34]
for standard state space systems may improve the perfoentdiice ADI method.
Also, a generalization of an extended Krylov subspace niefthis] to the projected
Lyapunov equations remains for future work.
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