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Abstract

We lift important results of the theory of samples of discrete ergodic
information sources to the multidimensional setting. We use the technique
of packings and coverings with multidimensional windows in entropy es-
timation and universal lossless compression. In particular, we construct
sequences of multidimensional array sets which, in the limit, build the
generated samples of any ergodic source of entropy rate below an ho with
probability 1 and whose cardinality grows at most at exponential rate ho.
Thereby we extrapolate mathematical framework relevant for universal
source coding of multi-dimensionally correlated data.
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1 Introduction

The purpose of this paper is to lift results about universally typical sets, typically
sampled sets and empirical entropy estimation from the usual 1-dimensional
(discrete time) setting to a multidimensional setting. We start with a short
description of these concepts and a very brief review of related literature.

An entropy-typical set is defined as a set of nearly full measure consisting
of output sequences the negative log-probability of which is close to the en-
tropy of the source distribution. The scope of this definition is revealed by the
asymptotic equipartition property (AEP), which is present for a large class of
processes [9, 3, 1, 10, 2]. The AEP was introduced by McMillan [9] as the con-
vergence in probability of the sequence f% log pu(z?) to a constant h, namely the
entropy rate of the process as introduced by Shannon [12]. Roughly speaking
it implies that the output sequences of a random process are typically confined
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to a ‘small’ set T,, of events which have all approximately the same probabil-
ity of being realized, in contrast to the much larger set of all possible output
sequences. This means that individual outcomes with much higher or smaller
probability than e™™" will rarely be observed. In particular, for stationary
ergodic processes the AEP is guaranteed by the Shannon-McMillan-Breiman
(SMB) theorem [9, 3]. By the AEP, the entropy-typical sets have total proba-
bility close to one, and their cardinality is fairly minimal among all sets with
the latter property. This way, entropy-typical sets provide an important theo-
retical framework for communication theory. Lossless source coding is a type of
algorithm which performs data compression while ensuring that the exact re-
construction of the original data is possible from the compressed data. Lossless
data compression can be achieved by encoding the typical set of a stochastic
source with fixed length block codes of length nh. By the AEP, this length nh
is also the average length needed, cf. [13]. Hence compression at an asymptotic
rate given by the entropy rate is possible. This is optimal in view of Shannon’s
source coding theorem [12, 4].

The extension of the SMB theorem (and the AEP) from discrete time pro-

cesses 7 to amenable groups including the multidimensional setting Z¢, by Orn-
stein and Weiss [10] represented an important progress. It amounts to the theory
of encoding multidimensional sources. The relation is rather obvious:
In fact, any (asymptotically) optimal universal compression scheme defines se-
quences of universally typical sets: for given e, the set of all n%blocks such
that their comprimate needs at most (h + )n? bits, is universally typical for
all sources with entropy rate h or less. Vice versa, any constructive solution to
the problem of finding universally typical sets yields an universal compression
scheme, since the index in the universally typical set is an optimal code for the
block. As will turn out, our approach is constructive. But one has to admit
that such an ad hoc algorithm is —generally speaking— not very useful in practice
because determining the index should be very time consuming.

In universal source coding, the aim is to find codes which efficiently com-
press down to the theoretical limit, i.e. the entropy rate, for any ergodic source
without a need to be adapted to the specific source. We emphasize here that
codes of that type are optimal data compressors for any stationary source, since
by the ergodic decomposition theorem (see e.g. [14]) any stationary source is
a convex mixture of ergodic sources. Many prominent examples of formats for
lossless data compression, like ZIP, are based on the implementation of the al-
gorithms proposed by Lempel and Ziv (LZ) LZ77 [5] and LZ78 [6], or variants
of them, like the Welch modification [15]. The LZ algorithms constitute a uni-
versal means of constructing libraries. Yet, the LZ algorithms are designed as
text compression schemes, i.e. for 1-dimensional data sources.

For multidimensional data, Lempel and Ziv showed [7] that universal coding
of images is possible by first transforming the image to a 1-dimensional stream
(scanning the image with a Peano-Hilbert curve, a special type of Hamilton
path), and then applying the 1-dimensional algorithm LZ78. The idea behind
that approach is that the Peano-Hilbert curve scans hierarchically complete
blocks before leaving them, maintaining most of local correlations that way.
In contrast, a simple row-by-row scan only preserves horizontal correlations.



But with the Peano curve approach, while preserving local correlations in any
non-horizontal direction, too, these correlations are much encrypted due to the
inevitably fractal nature of that space-filling curve.

We take the point of view that the techniques of packing and counting can
be better exploited in data compression with priorly unknown distributions if,
instead of transforming the ‘image’ into a dim-1-stream by scanning it with a
curve, the multi-dimensional block structure is left untouched. This will allow
to take more advantage of multidimensional correlations between neighboring
parts of data, speed up the convergence of the counting statistics, and in turn
fasten estimation and data compression tasks. This approach will be carried
out in a forthcoming paper. The idea of the present paper is to extend relevant
theoretical results about typical sets and universally typical sets to a truly multi-
dimensional sampling window setting. The proofs of these extensions are guided
by the discussion of the 1-dimensional situation in Shield’s monograph [13].

2 Settings

We consider the d-dimensional lattice Z¢ and the quadrant Z‘i. Consider a
finite alphabet A, |A] < oo and the set of arrays with that alphabet: X = A
Yy = A% We define the set of n-words as the set of nx- - -xn arrays " := A%n
for the n-box A,, := {(il,...,id) € Zi 0<i;<n—-1,5¢ {1,...,d}}. An ele-
ment " € X" has elements 2" (i) € A for i € A,,.

Let A%" denote the o-algebra of subsets of ¥ generated by cylinder sets, i.e.
sets of the following kind:

[y] = {z e X:z() =y(i),i €A}, yec A" A finite.
If C is a subset of A*, we will use the notation [C] for Uyec[y].

We denote by o, the natural lattice translation by the vector r € Z% acting
on X by opxz(i) := z(i+r). We use the same notation o, to denote the induced
action on the set P of probability measures v over (X, Q[Zd): owv(E) :=v(o;1E).
The set of all stationary (translation-invariant) elements of P is denoted by Pstat,
ie. v € Pyt if oo = v for each r € Z%. Those v € Paar which cannot be de-
composed as a proper convex combination v = Ajvy + Aave, with v # v # vy
and vy, vy € Pyt are called ergodic. The corresponding subset of Pyt is de-
noted by Perg. Throughout this paper p will denote an ergodic A-process on X.
By v™ we denote the restriction of the measure v to the block A,, obtained by
the projection II,, : z € ¥ — 2™ € X" with z"(i) = x(i),i € A,,. We use the
same notation IT;, to denote the projections from X" to 3*, n > k, defined in the
same obvious way. The measurable map II,, transforms the given probability
measure v to the probability measure denoted by v™.

The entropy rate of a stationary probability measure v is defined as limit of



the scaled n-word entropies:

H@") =~ Y v"({z})logv"({z})

rexn

h(v) := lim idH(V").

n—oo N

Here and in the following we write log for the dyadic logarithm log,.

For a shift p € Ay, we consider the following partition of Z¢ into k-blocks:

z'= |J (Ax+r+p),
rck-7Z4

and in general we use the following notation:
The regular k-block partitions of a subset M C Z? are the families of sets
defined by

Eur = {Bui(P) :pP €A}, Rur(P):={(Ax+p+r)N M} )70

Clearly, for any p the elements of Ry 1 (p) are disjoint and their union gives M.

In the case M = A, given a sample z" € X", such a partition yields
a parsing of z" in elements of AMk+r+P)INAY v c k.74  We call those el-
ements the words of the parsing of z™ induced by the partition Ra, x(p).
With exception of those r, for which Ax 4+ r 4+ p crosses the boundary of A,
these are cubic k-words. Forgetting about their r-position, we may identify
a2 ~ A, 4r0—px € AN 22 A,

For k,n € N, k < n, any element x € 3 gives rise to a probability distribu-
tion, defined by the relative frequency of the different k-words in a given parsing
of x,,. Let us introduce the following expression:

224 = ) 1) (Grr ),
rex?d {0,...,|(n—pi)/k]—1}
n € Nk<n,ae A p= (p1,---,Dd) € Ag.
For regular, k-block parsings, the non-overlapping empirical k-block distribu-

tion generated by x € ¥ in the box A, is defined as the probability distribution
on X* given by:

1
por({a}) = ng’k’"(a) for a € AM. (1)
[n/k]
Similarly, for any p = (p1,...,pd) € Ax the shifted regular k-block partition
gives a non-overlapping empirical k-block distribution:

1
~p,k,n k,n
" (fa}) = =5 Zp""a). (2)
[y [(n —pi)/E]
Furthermore, we define the overlapping empirical k-block distribution, in
which all k-words present in = are considered:

~k.n o 1 AL
Hm,ovwl({a}) = 7(71 EyRREIY Z 1 (opxz) for a € A%, (3)

reNn ki1



Remember here the definition of [a]. Observe that all three empirical distri-
butions only depend on the values of x in the positions A, i.e. on 2™ =1,z €

Abe,

3 Results

The main contribution of this paper is the following;:

Theorem 1 (Universally typical sets) For any given hg > 0 there exists a
sequence of subsets {F,(ho) C X"}, such that for all p € Pery with h(p) < ho
the following holds:

n

a) T g (Z5(ho)) =1,

b) lim &lZalholl _p,

n—oo

Furthermore, for any sequence {%, C £"}, with liminf - log|%,| < ho
n—o0
there exists a p € Perg with h(p) < ho such that:

c) 1i711ri>gfu(%n) =0.

The proof of this result is based on other assertions following now. We start
lifting the packing lemma from [13], which will allow us to use the proof’s
strategy of the 1-dimensional statement. The packing lemma states that if a set
of words C' C ¥™ is typical among all m-blocks present in a sample z* € XF,
k > m, i.e., C has large probability with respect to the overlapping empirical
m-block distribution, then, the sample z* can be parsed into non-overlapping
blocks in such a way, that nearly all words belong to C'.

While in the d = 1 setting the statement is rather evident, for d > 2 it
is not inmediatly clear how a parsing can be chosen, such that it yields many
matchings with C', and few ‘holes’. Our lemma asserts that this parsing can
be realized through a regular partition. I.e. C receives large probability in the
non-overlapping empirical distribution of some shift of x.

Lemma 2 (Packing Lemma) Consider for any fized 0 < § < 1 integers k
and m related through k > d-m/d. Let C C X™ and x € ¥ with the property
that ﬁzgfjerl(C) > 1—3. Then, there exists a p € A, such that: a) p2™*(C) >
1— 25, and also b)|ZB™*(C)| > (1 —46)(| £ ] +2).

Recall the definition of the overlapping empirical m-block distribution. The
condition ﬂzf’olf}eTl(C’) >1-6means . cr - Lioj(orz) = (1-0)(k—m+ 1)%,
The result a) 3p € A, : G2™F(C) > 1 — 2§ means that there exists a regular
m-block partition Ra, m(p) € Za,.m that parses ¥ in such a way that at least
a (1 — 2d)-fraction of the m-words are elements of C. The result b) implies
that at least a (1 —40)-fraction of the total number of words (this total number
including non-cubic words at the boundary), are elements of C. This is the case



because the boundary non-cubic elements cover only a small volume. For § = 0
and any k > m the result a) is trivial, since in that case all m-words in * are

in C.

Proof of Lemma 2. Denote by = the set of vectors {r € Ag_mt1:
orx is in [C]}. For any p € A,,, denote by A(p) the number of those r € = satis-
fying r = pmod(m). Clearly, A\(p) = |ZP"™*(C)| is the number of cubic blocks
in the p-shifted regular m-block partition of Ay which belong to C. Then we
have 37 oy Lop(ovx) = X, AP) = (1 —0)(k—m+1)%, by zissumption.
Hence, there is at least one p’ € A, for which \(p’) > w. It is easy
to see that (1 — 6)(167:17;1)(1 > (1 - (S)kdﬂfn$fdf1 > (1 - 6)27’% > (1 - 26):;—(;.
Since the maximal number of m-blocks that can occur in R, (p') is (£)4,
this completes the proof of a). For b) observe that the total number of partition

elements of the regular partition (including the non-cubic at the boundary) is up-
per bounded by (L%J + 2)d < # (k+ 2m)d < # (k:d + (k+ 2m)d_12dm) <
L Z?:o k?=7(2dm)7 < i—i%. Here for the second inequality we used
the estimate 1 — (d — 1)y < 1/(1 + y)?~ 1,y > 0 and for the third one the es-

timate (dgl) < d’. On the other hand, from the first part we have \(p’) =

N . B _(95)d+1
|ZPmk(C)] > (1 - 20) 45 and 1 - 26 > =88 > (1 — 45) =20

pletes the proof. [

which com-

Before we continue formulating the results, we give the definitions of entropy-
typical sets and of typical sampling sets. The latter name is motivated by the
properties guaranteed by Theorem 5 below.

Definition 3 (Entropy-typical sets) Let § < % For some p with entropy

rate h(u) the entropy-typical sets are defined as:
Cin(8) i= {w e o 27 B+ < ym((g}) < 2mm G-I} (g

We will use these sets as basic sets for the typical-sampling-sets defined
below, see Figure 1.
Definition 4 (Typical-sampling sets) Consider some p and 6 < % For
k > m, we define a typical-sampling set T;(5,m) as the set of elements in XF
that have a reqular m-block partition such that the resulting words belonging
to the p-entropy typical-set Cp, = Cp(0) contribute at least a (1 — §)-fraction
to the (slightly modified) number of partition elements in that regular m-block
partition.

d
Ti(6,m) := {ac c k. Z 1ic,.1(Oripr) > (1-10) (%) for some p € Am}.

rem-z%:
(Am+r+p)CAk

We fix some a > 0 and assume § < m. Also, in the following we

will choose m depending on k such that m ﬁ‘—"’—% oo, and limg ;o 72 = 0. As
we will see, a sequence of sets T (0,m),k > 0 with parameters fulfilling these
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Figure 1: Left: This is an example of a regular m-block parsing of an element
in 7% (6, m) for d = 2. The shaded blocks contain elements of Cy,, and fill at least
a (1 — 6)-fraction of the total volume k%. For k >> m the boundary (non-cubic)
blocks comprise a neglectable volume. Right: Here we visualize for d = 2 and
some z" € ¥" the parsing which is used for the empirical k-block distribution g%,
A k-block of 2™ belongs to T (d, m), if it can be parsed by some (possibly shifted)
regular m-block partition in such a way that the resulting (non-overlapping) m-
words belonging to Cy, (6) cover a (1—§)-fraction of all the k2 sites of that k-block.
The non-cubic boundary blocks resulting from the k-block partition do not affect
the empirical k-block distribution ji%™.

conditions constitutes a sequence of typical-sampling sets 7x(a)) (Theorem 5 a)).

The following theorem is a generalization to d > 1 of a result by Ornstein
and Weiss in [11], (Theorem II.3.1 in the monograph of Shields [13]). It en-
sures the existence of ‘small’ libraries from which asymptotically almost surely
the realization of an ergodic process can be constructed, i.e., parsed as words
belonging to that library. The library is given by the typical-sampling sets of
Definition 4. Furthermore, it states that smaller libraries do not suffice.

Theorem 5 Given any p € Py and any o € (0, %) we have the following:

a) For all k larger than some ko = ko(a) there is a set Tr.(o)) C SF satisfying

81T ) 4 a,
and such that for p-a.e. x the following holds:
iy (Te(@) > 1 - a,
for all n and k such that % < € for some e = g(a) > 0 and n larger than
some no(x).

b) Let {ﬁ,n(if)}k,n>o be a family of double-sequences of subsets of XF de-
pending measurably on © € X, such that |Tpn(z)] < 2k (h() =) Then

there exists a ki(a) > ko(a) and for p-a.e. x there exists an no(x) such
that

" (Ten (@) < a,

for any indices k,n fulfilling k > k1(«),n > no(z) and 2k (h(k)+a) < pd,



The above result is closely related to the so called typical sequence theorem,
(cf. Theorem I.4.1 in [13]), a consequence of the individual ergodic theorem,
which says that for an ergodic p the following limit exists and satisfies the
equation for almost every x: lim,_, [L?Zverl(ak) = p([ax]) for any k and any

ap € .AAk.

The following theorem states that the entropy of the empirical distribution
of a sample almost surely converges to the true entropy of the process. This
is an important component of the proof of the existence of universally typical
libraries of small cardinality, Theorem 1a), b).

Theorem 6 (Empirical entropy theorem) Let 1 € P.ry. Then for any se-
n—oo

quence {k,} with k, —— co and k2 (h(u) + a) < logn? (for some a > 0) we

have 1
lim k—H(/}g"”) =h(p), p-as.

n—oo d
n

This concludes the section of results. Below we provide the proofs.

Proofs
Proof of Theorem 5a). We show that the claim holds choosing Ty () as
typical sampling sets Ty (d, m) from Definition 4 with ¢ < oz \?4|+1’ m A2

and limg o 7 = 0.

Cardinality. We estimate the cardinality of the sets 75 (0, m). For a given m,

d
there are m¢ possible values of p. There are at most (%) cubic boxes in any
m-block partition of Aj. Therefore, the number of choices for the contents of all

d
blocks which belong to Cy, is at most |Cm|(%) . By the definition of 7% (4, m)
the number of lattice sites not belonging to the regular partition being referred
in this definition, is at most 6k?. There are at most |A|%*" possible choices for
the contents of those array sites. Set K = L%J + 2. The maximal number

of blocks occurring in the partition (including non cubic ones) is K. For 2t

small enough, not more than a 2§ < a < % fraction of all these blocks have

contents not in C),. Taking into account that the binomial coefficients (If) do
not decrease in [ while [ < %K , we get the following bound:

d d k \d

Te(6,m)] < m® > (Ii)w”c |y ()
0<I<25K4d

Kd

[35]

IN

ded( >|A|6kd|0m|(%)d_

We apply Stirling’s formula N! ~ /27N (%)N , taking into account that the
multiplicative error for positive IV is uniformly bounded from below and above.
A coarse bound will suffice. In the following estimate we make use of the relation
|Cn| < 2md(h(“)+5), following immediately from the definition of C,,. For some



positive constants ¢, ¢/, and ¢’ we have

Kd
K Ka d
log |Tr(6,m)] < log emK? (1—d> ﬁ|A|5kd|C’m|(%)
LiKJ bKdJ
< log C/mdngKd/2|A|6kd|Cm|(£)d
< log k430" 9045105l ADE!
2d log k% + log ¢’
< ke (h(u) +d(log |A| + 1)+ por log 3 + T) .

In the last line we used 1/m + 2/k < 2/m, which is fulfilled if k/m is large
enough.
Whenever § < m and m as well as k are large enough (depending on

) this yields log |Tx(a)| < k4 (h(u) + ).

Probability bound. The Ornstein-Weiss extension for amenable groups [10]
of the Shannon-McMillan-Breiman-theorem yields!:

. 1
n}gnoo o log u(IL,,z) = h(p) p-a.s..
Thus, in view of the definition of C,,, (Definition 3), there exists an mg(d) such
that u™ (Cy,) > 1 —62/5 for all m > mg(d). We fix such an m. The individual
ergodic theorem [8] asserts that the following limit exists for p-a.e. z € X:

My o0 77 Dopen, Lo (0rz) = [1ic,)(@)du(z) = p™(Cyn), and therefore

Z e, (0rz) > (1= 62/4)(n —m+1)* > (1 - §2/3)n? (5)

TEAn —m41

holds eventually almost surely, i.e. for p-almost every z, and choosing n large
enough depending on x, n > ng(x).

Take an € ¥ and an n € Z4 for which this is the case. Choose a k with
m < k < n. Consider the unshifted regular k-block partition of the n-block A,,:

A= J (Ax+1)NA,.
rek-Z4

Now, from equation (5) we deduce, that, if k/m and n/k are large enough, at
least a (1 — 20)-fraction of the elements of this regular k-block parsing of IL,,x
which do not cross the boundary of A,, (those which count for the empirical
distribution ji*", i.e. Myopx with r € k- Z% N A,,_r41) satisfy

1
CETEP IR ©)

This is because if more than the specified 2d-fraction of the k-blocks had more
than a ¢/4-fraction of ‘bad’ m-blocks, then the total number of ‘bad’ m-blocks

n fact we only need the convergence in probability, which ensures 1(Ciy) mzeo, .



in IT,,& would be larger than

20 {%Jdg(k’—mﬂ)d > § ((1—%)(1— %))dnd

> —=n,

for % and 7 small enough, in contradiction to equation (5). While n had to
be chosen large enough depending on x, we see that k needs to be chosen such
that % and 7' are both small enough.

By Lemma 2 if k > 4dm/J, the k-blocks which satisfy equation (6) have a
regular m-block partition with at least a (1—4)-fraction of all partition members
in Cy,. Hence, at least a (1 — 2§)-fraction of all k-blocks in A,, counting for the
empirical distribution belong to 7x(d,m). For 2§ < a we get the probability
bound:

" (Te(6,m)) > 1 - a. (7)

This completes the proof of Theorem 5a). ]

Proof of Theorem 5b). The statement is trivial for h(u) = 0. Let
h(u) > 0.
For fixed § < «, consider the sets E,(d) of all z in ¥ with the property

iEn(Th(5)) > 1 — 6 for all k > ko(§), 2K (MG +e) < pd

where kg = ko(0) is chosen large enough corresponding to the first part of the
theorem.
Consider the sets Dy, («,d) of all 2 in ¥ with the property

ﬂ’;”(’ﬁn(x)) >« for some k with k > ko(9), 2k (i) +e) < pd,
Remember the definition of entropy-typical sets:
Cn(0) = {a ey o (W) < nifal) < 2_"d(h(”)_5)}.

Finally, set F,, (0, a) = [Cp(6)] N Dy (cx,d) N Ep(9).

The restriction of any x in Dy (a,d) N E,(d) to Ay, i.e. a := I,z can be
described as follows.

1. First we specify a k with k > ko(4), ok (h(w+a) < pd ag in the definition
of D, («,9).

2. Next, for each of the {EJ  blocks counting for the empirical distribution,

we specify whether this block belongs to Ty (), to Tr(6) \ Trn(z) or to $F \
(Ti(8) U Ty ().

3. Then we specify for each such block its contents, pointing either to a list
containing all elements of T ,(x), or to a list containing 7% (d) \ Tgn(z) or, in
the last case, listing all elements of that block.

4. Finally, we list all elements (at the boundary) not covered by the empirical
distribution.

In order to specify k we need at most logn bits (in fact, much less, due to

the bound on k). We need at most 2 L%Jd bits to say which of the cases under

10



2. is valid for each of the blocks. For 3. we need the two lists for the given k.
This needs at most (2kd(h(“)+5) + 2kd(h(“)’°‘)) k?(log|A| + 1) bits. According

to the definitions of D, (a,d) and E,(d), to specify the contents of all k-blocks,
we need at most

(% + 1% (a(h(n) — @) + (1 = a)(h(p) + 8) + d(log | A| + 1))

bits. For 4. we need at most (n¢ — L%Jdkd)(log|A| + 1) bits. Hence the
cardinality of 11, F, (4, &) can be estimated by

log [T1,, F, (4, )|
nd

kf(a)

o ( —d(1- sty nfd(lfi;%z%;z)) dlogn o141+ 1)
h(p) +a

( 1/ dlogn )> —o? + 5(log | A| +2))
+n ( 1/ dlogn ) (log| Al +1)

< nd(h(p) - 2/2Jr510g|A|Jr2)

IN

logn +2————

bits, supposed n is large enough and k;(«) is chosen sufficiently large. Now,
due to I, F,(d, ) C Cy(6), we get

,LL(Fn((S,OA)) _ ,Ltn(HnFn((S, a)) < 27nd(a2/276(10g\.,4|+3)).

Making ¢ small enough from the beginning, the exponent here is negative.
Hence, by the Borel-Cantelli lemma, only finitely many of the events x €
F,. (8, @) may occur, almost surely. But we know from the first part of the the-
orem that x € E,(J) eventually a.s. (observe that the condition 2k (h(w+a) <
n? implies % < €(0) as supposed there, for n large enough). And we know
from the Ornstein-Weiss-Theorem that II,x € C,(d) eventually a.s. Hence
xz € (B\ Fo(0,)) N E,(6) N[CL(5)] C £\ Dy(, @) eventually a.s.

This is the assertion b) of the theorem. |

Proof of Theorem 6. The proof follows the ideas of the proof of the
one-dimensional statement Theorem I1.3.5 in [13].

Let v < § and consider the sets 7y (a) given in theorem 5. Define Uy, (z) :=
{a € T(q) : Gk (a) < 27+ (G+20)}  We have |Tj ()| < 2K ((W+) . From
this we deduce %" Uy, (7)) < 2=k for any a.

Consider also the sets Vi ,(z) := {a € Ti(a) : k" (a) > 2=k (h(1)=20)1
Then obviously |Vin(z)| < 2k (h(1)=20) " Now the second part of Th. 5 states
that for p-a.e. = there exists an ng(z), such that @%" (V. (7)) < 2«, supposed
n > no(x), k> ki (2a) and 28 (h(1)+20) < pd
We define My, (z) := Ti(@) \ (Ug,n(x) U Vi n(x)), and conclude that for p-a.e.
x the following holds

iz " (Myn (7)) 2 1 = dav,
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supposed n > no(x), k > ka(20) and 28 (W+20) < pd where ky(a) > k() is
chosen such that 2—F2(0)%a < o

Consider now the definition of the Shannon entropy of the empirical distri-
bution

H(iy™) =~ Y iy (a)log fiy" (a)

aexk

Yoy

SE\Mpg n My n

We write By () := X%\ My, (x). For the first sum an upper bound is given
by?

Sk < A" (Bin (2))k log |A| — fifn (Bin (2)) 1og ik (Bin(z)) -

Hence lim supk%Ek(n)m < 4alog|A| holds p-almost surely under the as-
n—oo "

sumptions of the theorem.

As for the second sum, bear in mind that the elements a in My, (z) have
the property

k(h(p) = 20) < —log fif™ (a) < k(h(p) + 20)

and thus

X2 Y A (@)(h() — 20) 2 (1~ a) (h(s) — 20)
n a€Mip n(x)

k—ld)(k,n < Z ﬂl;’”(a)(h(u) +2a) < h(p) +2a.

a€EMjp, n(x)

Therefore we have

(1 - 4a)(h(n) — 20)

s 1 ~k(n),n
< hnrglngH(uz )
1
< lirgsongH(ﬂﬁ(”)’")
< h(p) + a2 +4log|A|)

holding p-a.s.

Finally, observe that a sequence k,, fulfilling the two assumptions of the the-
orem for some a > 0 in fact fulfils them for any smaller o too. This proves the
result. ]

Proof of Theorem 1. 1. Each z € X gives rise to a family of empirical
distributions {ﬂﬁvn}]&n.

*Observe that Y-, p p(a) log p(a) < p(B)log|B| — p(B)log p(B).
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We define for each n the set .7, (ho) as the set of elements in X" having
empirical k-block entropy per symbol not greater than hg:

Tn(ho) =1, {z € ©: H (i¥™) < k%ho}.

Here we have to choose k depending on n, (how exactly will be specified
later).
The number of all (non-overlapping) empirical k-block distributions in X" is

Al
upper bounded by ((%)d) , since {%Jd is the maximum number of occur-

d
rences of any particular k-block in the parsing of an element of X", and |A|k
is the number of elements in 3*.

For the number of elements 2™ € ¥™ which give rise to the same empirical
distribution (f%™) we find an upper bound which depends only on the entropy
of that empirical distribution:

For a given n such that |n/k] = n/k we consider the product measure
P = ()@ /W on 5 P(y") =[] epge 5" (i (0vy)), which yields
Ax+rCA,

n . (n/k)2 k™ (a) IV E (o kb ~kn
Ply) = ] (@)™ 1 = om0yl = il (8)

aexk

and thus [{y € ¥": ﬂ’;n = jikny| < o(n/RH(EE™)
For a general n : [n/k] # n/k, the entries in the positions Ap\Ay. 5 k) of
an y € X" may be occupied arbitrarily, giving the following bound:

eony

~k,n ~k,n n d m nt—(n—k)?
{y € =" : iy = g}y < 2l /BTG gt (nmh)t, (9)

Now we are able to give an upper estimate for the number |, (ho)| of all
configurations in A,, which produce an empirical distribution with entropy not
larger than k%hg:

| T (ho)

IN

k
log| Zu(ho)l < nho+ (1" — (n — k)" log|A| + | A" dlog 7.

d(n\e d d n\ ¢ lA‘kd
2ok (2)") g~ ((—)) |

d
Introducing the restriction k¢ < 1—}r€ log) 4 nd = %, e > 0 arbitrary,

we conclude that |7, (ho)| < gn*ho+o(n?) (uniformly in k under the restriction).

This yields lim supw = hy.

n—oo
2. Next we have to prove that such a sequence of sets, with k = k(n) suit-
ably specified, is asymptotically typical for all y € Peyg with h(p) < hg. Given
any pu with h(p) < hg, Theorem 6 states that for py-a.e. x the k(n)-block em-
pirical entropy of i*™ converges to h(p), provided that k(n) is a sequence with

k(n) — oo and k(n)? < hl(of)ida, where @ > 0 can be chosen arbitrarily. Since

h(p) < log|A|, choosing k%(n) < m—i))giggw’g > 0 arbitrary, we get assertion
a) from the definition of 7, (ho).
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3. For a sequence {%, C X"}, with liminf, % log |%,| = h1 < ho we
find a p with A(u) = ha,h1 < he < hg. We know, that u™ is asymptotically
confined to the entropy typical subsets:

Cud) = {a e 7 127029 < n(fa) < 270050,
Hence, we get the following:

lim infp(%,) = lim inf u(%,NC, (8)) < liminf|02/n|2_"d(h2_5) — lim 2™ (hi—hatd)
Choosing ¢ small enough, this is zero. This proves ¢). Also, combining ¢) with
a), we get liminf,, o0 =7 1og |7, (ho)| > ho. In 1. we proved limsup - log |7, (ho)| =

n—oo

ho, thus b) is verified. |

4 Conclusions

We have formulated and shown multidimensional extensions of important the-
oretical results about samplings of ergodic sources. Since these results give a
mathematical basis for the design of universal source coding schemes, we here-
with provide a truly multidimensional mathematical framework for the optimal
compression of multidimensional data.

We have shown that the set of n x --- X n-arrays which have empirical
k-block distributions of per site entropy not larger than hg is asymptotically
typical for all ergodic A-processes of entropy rate smaller than hg, where k =

L{l/clogw ndJ, 0 < ¢ < 1. In other words, for all A-processes of entropy rate

smaller than hy the probability of the corresponding cylinder set tends to 1 as
n — o0o. These sets have a log cardinality of order nhq.
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