GALOIS GROUPS OF EISENSTEIN POLYNOMIALS WHOSE
RAMIFICATION POLYGON HAS ONE SIDE

CHRISTIAN GREVE AND SEBASTIAN PAULI

ABSTRACT. Let ¢(z) be an Eisenstein polynomial over a local field and « be
a root of ¢(x). We describe the Galois group of ¢(z) in the case where the
Newton polygon of p(az + a)/x has only one side.

1. INTRODUCTION

Let K be a field complete with respect to a non-archimedian exponential valu-
ation v with residue class field K of characteristic p # oo; we call K a local field.
Assume that v is normalized such that v(7) = 1 where 7 is a uniformizing element
in the valuation ring Ok of K.

The Newton polygon of a polynomial p(z) = > 1 p;az’ € Ok[z] is the lower
convex hull of the set of points {(i,(¢;)) |0 < i < n}. The negative of the slopes
of the segments of the Newton polygon of p(z) are the exponential valuations of
the roots of ().

Now let p(x) = z™ + Z?;Ol @z € Ok|[r] be an Eisenstein polynomial, which
means v(pp) = 1 and v(p;) > 1 for 1 <i <n —1, and denote by « a root of p(x)
in an algebraic closure K of K.

If p does not divide the degree of ¢(x) the extension K(a) is tamely ramified
and can be generated by a pure polynomial. In Section 2 we show how this pure
polynomial can be obtained and recall the explicit description of its Galois group.
Furthermore we describe the splitting field of polynomials, whose degree is coprime
to p and whose associated polynomial, obtained by “flattening” its Newton polygon,
is square free over K.

If p divides the degree of ¢(z) the situation becomes more difficult. John Jones
and David Roberts have developed algorithms based on the resolvent method for
the special cases of extensions of degree 22, 23, and 32 over Qs and Q3 respectively
[JRO4, JR06, JRO8]. David Romano has treated the case of Eisenstein polynomi-
als ¢(x) of degree p™ whose ramification polygon, that is the Newton polygon of
the ramification polynomial p(ax + «)/(a"x), consists of one segment with slope
—h/(p™—1), where h is a natural number with ged(h, p™—1) = 1 [Rom00, Rom07].
In this case the Galois group is isomorphic to the group

F={z—az”+b|acFi, bcFym,ocGalfym/Fpm NK)}

of permutations of F,m, therefore the Galois group is uniquely determined by the
exponent m.

In Section 3, we consider a wider class of Eisenstein polynomials. We assume
a one-sided ramification polygon as well, but allow arbitrary slopes. This class of
Eisenstein polynomials leads to various new Galois groups. We show that the asso-
ciated polynomial of the ramification polynomial of these polynomials is squarefree
and find their splitting field using the results from Section 2. This enables us to
compute an explicit description of the Galois group as a subgroup of the affine
group AGL(m,p).
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In Section 4 we give several concrete examples of Eisenstein polynomials with
one-sided ramification polygon and compute their Galois groups using our results
from Section 3.

2. EISENSTEIN POLYNOMIALS OF TAME DEGREE

Proposition 2.1. Let p(x) = 2¢+ 37"} pixi+po € Oklz] of degree e = eqp™ with
ged(eg, p) = 1 be a polynomial whose Newton polygon is a line of slope —h/e, where
ged(e, h) = 1. Let a be a root of o(x). The mazimum tamely ramified subextension
M of L = K(a) of degree eq can be generated by the Eisenstein polynomial x¢0 +
Péme0 where 1y = @o mod (") and a and b are integers such that aeq +bh = 1.

Proof. As the Newton polygon of ¢(z) is a line all roots « of p(x) have the same
valuation, namely v(a) = h/e. Because ged(e,h) = 1, for each root a of ¢(x)
the extension K(a)/K is totally ramified of degree e, which implies that ¢(x) is
irreducible. So the extensions K(«) are isomorphic. We fix a root a of ¢(x) and
set L = K(a).

Since e = eopp™ with ged(ep,p) = 1 its maximum tamely ramified subextension
M over K has degree [M : K] = ;. We first show that M and the extensions
generated by 2 41)y are isomorphic. Because v(¢g) = h and ¥y = g mod (1),
there is a principal unit 1 + me € Ok such that ¥y = (1 + we)pg. Furthermore
a® = —po— S pia’ = —(1+m.8)po for some principal unit 1+ 7.8 € O where
m is a uniformizer of the valuation ring Op of L. The polynomial z¢ + ¢ has a
root over L if and only if (a”mx)e" + 1o has a root over L. Division by a® yields

eo Yo __ ..eo (1+7T5)(p0 _ ..eo0
x —l—;—x —m:m —1 mod m O [z].

Obviously p(x) = 2% — 1 € L[z] is squarefree and p(1) = 0. With Newton lifting
(and by reversing the transformations above) we obtain a root of z + g in L.

Let 3 be this root of 2% + 1)y. Set v = B°7%, then v(y) = v(B3°7®) = bh/eg +
a=1/e and M = K(B) = K(y). As 7% = peobgeot = _ypbg ~ is a root of
x4 Phreo € Oklx]. O

Corollary 2.2. Let p(z) = > i piz" € Ok|z] be an Fisenstein polynomial with
ptn. If P(z) = 2™ + 1o with 1y = @o mod (72), then the extensions generated by
o(xz) and Y (x) are isomorphic.

It follows from Corollary 2.2 that the splitting field of an Eisenstein polynomial
(@) =31 pixt € Oglx] with ptnis N = K ((n, /=¢0), where ¢, is a primitive
n-th root of unity. The extension generated by ¢(z) is normal if and only if K
contains the n-th roots of unity. The Galois group of N/K is well known, we
obtain it from the general description of Galois groups of normal, tamely ramified
extensions (see, for instance, [Has80, chapter 16]):

Theorem 2.3. Let K be a local field and q the number of elements of its residue
class field. Let N/K be a normal, tamely ramified extension N/K with ramification
indez e and inertia degree f. There exists an integer r with r(¢g—1) = 0 mod e such
that N = K(¢, /C"m), where ¢ is a (q¢/ — 1)-st root of unity and ¢/ —1 = 0 mod e.

Let k = @. The generators of the Galois group are the automorphisms

s: ¢ /O WVeErr and b ¢ (9, /T (R /O
The Galois group of N/K as a finitely presented group is

(s,t]s°=1,tf =5, st =s9).



GALOIS GROUPS OF EISENSTEIN POLYNOMIALS 3

So the splitting field of 2™ 4+ ¢y € Ok[z] with p { n and v(pg) = 1is N =
K(¢, ¥/—¢o), where ( is a primitive (¢/ — 1)-st root of unity for f = [K(¢,) : K]. Its

Galois group is
(s,t]s" =1,/ =1,s" =s9) = C, x Cy,
where we denote by C), the cyclic group of order n.

The Associated Polynomial. Let ¢(z) = Y1 ¢z’ € Ok[z] be a not neces-
sarily irreducible monic polynomial whose Newton polygon consists of one segment
with slope —h/e where ged(e, h) = 1. In the following we use the associated poly-
nomial of p(z) to find the splitting field of ().

Let « be a root of p(z), set L = K(«), let 7 be a uniformizing element of L, and
let O be the valuation ring of L. We have v(a) = h/e and thus v(a®/7") = 0. We
consider the polynomial

n ; nje o
p(ar) pid N e we
e = A =———— mod m O [z].
whn/e —~ thn/e — mhn/e
1= Jj=

The congruence holds, because the z-coordinate of points with integer coordinates
on the Newton polygon of ¢(z) is a multiple of e. For v = a¢/7" we have v(y) =
v(a®/m") = 0. Substituting vz for a® yields

nje . .

plaz) _ = pjem" (yz)?

hmje = E JWW mod 7 O [z].
7=0

If we replace yz¢ by y we obtain the associated polynomial of p(x):
nje
Aly) =Y pjen07M Y0 € Okly),
3=0
which was introduced by Ore [Ore28, MN92]. As x = 1 is a root of p(ax)/m"/¢,
one of the roots of A(y) in L is ~.

Assume that ged(e,p) = 1 and that A(y) is square free over K. Let M/K be
the minimal unramified extension over which A(y) splits into linear factors, say
Aly) =W —"1) -+ (¥ —Ynye) over M. Let N = M(a, () where a is a root of ¢(x)
and (. an e-the root of unity. The field N is the splitting field of ¢(x), if p(x) or

equivalently ﬁ“f}, splits into linear factors over N. We obtain
g@(ozx) _ - et . Tn/e
yehyle = <x" - 7) e (m" - mod mnO|[z],

where 7y denotes a uniformizer of N and Oy the valuation ring of N. As ged(e,p) =
1 for 1 <4 < n/e the polynomials 2 — 77 are square free over N. Because (., € N,

plax)
(ymyn7e
into linear factors. It follows that ¢(x) splits into linear factors over N, thus N is
the splitting field of ¢(x).

Over M the polynomial ¢(x) splits into irreducible factors ;(z) = >

they split into linear factors over N. Hensel lifting yields a decomposition of

e .

> . gl
7=0"1%J
(1 < i < n/e) where 6, g = ;7" mod (7"*1). By Proposition 2.1 the extensions
generated by the 6;(x) are isomorphic to the extensions generated by the polyno-
mials ¢ + (y;7")°7%¢ = 2° + ;7 with ae + bh = 1. We have proved:

Lemma 2.4. Assume the Newton polygon of o(z) = Y., pix' € Oklz]| consists
of one segment of slope —h/e with ged(h,e) = 1 and ged(e,p) = 1 and the as-
sociated polynomial A(y) = Z?i% jemU=n/)yi of o(x) is square free over K.
Then the splitting field of ¢(x) is a tamely ramified extension of degree e over
the unramified extension of degree f = lem(fo, f1) with fo = [K(¢) : K] and
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fi = lem(degay,...,degas), where ai(y),...,a:(y) are the irreducible factors of
A(y) over K. The ramified part of the extension can be generated by x€+ 7, where
v is a root of A(y).

3. EISENSTEIN POLYNOMIALS OF WILD DEGREE

In order to determine the Galois group of an Eisenstein polynomial ¢(x) of wild
degree we look at its splitting field. We obtain the inertia degree and ramifica-
tion index of the splitting field from the ramification polynomial of ¢(x) and the
associated polynomial of the ramification polynomial.

Splitting Fields. Let p(z) = Y., ¢z’ € Ok|[z] be an Eisenstein polynomial and
let o € K be a root of p(z). The valuation of all roots of p(z) is 1/n = v(a). We
consider

$(2) = ploz+a) szm Z%Z()i mﬂzzwwﬂ

=0 j=0 Jj=01=j
As 0 is a root of ¥(z) = p(ax + «) the polynomial ¢(x) is divisible by z. We set

o=y =T (= 5.

i=2
where o = oM, ..., a(™ are the roots of (). This reduces finding the splitting
field of ¢(x) of degree n over K to finding the splitting field of p(x) of degree n — 1
over K(a). Let p(z) = Z;:Ol pja’ then p,—1 = Land pj_y = 371 . (;.)goio/’” for
1 < j <n—1. The polynomial p(z) is called the ramification polynomial of p(x)
and its Newton polygon the ramification polygon of ¢(x) (also see [Sch03]).

Lemma 3.1. Let p(x) be an Eisenstein polynomial and « a oot of o(x). If(x) =
Mg viat = p(ax + a), then v(i;) > v(thye) for p* <i < pTi.

Proof. For p* < j < p*t! and i > j we have V( ) > 1/( ) The result follows with
wj = Z:‘L:j (;)9010‘2 O

If we want to draw the ramification polygon it suffices by Lemma 3.1 to con-
sider the coefficients p,:_1 for 0 < s < v,(n) and the coefficient p,_1. Hence the
ramification polygon is the lower convex hull of the set

{(ps _ 1,minps§i§n{1/a(pis) + vo(pi) +1i— n}) ’ 0<s< Vp(n)} U {(n — 1,0)}.

Assume that the Newton polygon of p(x) is a straight line. It follows from
Lemma 3.1 that this can only be the case if either p t n or n = p™ for some positive
integer m. Since we have treated the case p t n in Section 2, we assume n = p™.
We use Lemma 2.4 to find the splitting field of p(z). If —h/e with ged(h,e) =1 is
the slope of the Newton polygon of p(x), the associated polynomial of p(z) is

(n—1)/e (n—1)/e

S A= Y pralmtm/ey
§=0 §=0

By construction A, # 0. We consider the polynomial B(z) = >, B;z" = zA(z°).
It follows from Lemma 3.1 that if B, # 0 then ¢ = p°® for some s € {0,...,m}.
Therefore B' () = By = A, and ged(B(z), B'(z)) = 1. Thus B(z) is square free,
which implies that A(x) is square free. Lemma 2.4 yields the splitting field of p(z)
over K(a), this field is the splitting field of ¢(z) over K.

We summarize the result in the following Proposition:
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Proposition 3.2. Let p(z) € Oklz] be an Eisenstein polynomial of degree p™. If
the Newton polygon of the ramification polynomial p(x) consists of one segment with
slope —h/e where ged(h,e) = 1 then the splitting field of ¢(x) is a totally ramified
extension of degree p™ over a tamely ramified extension whose inertia degree and
ramification index can be obtained from p(x) with Lemma 2.4.

Remark 3.3. If « is a root of an Eisenstein polynomial ¢(x) whose ramification
polygon is a line, then the discriminant d;x of L = K(a) and the slope of the
ramification polygon of ¢(z) are directly related. Let —% be the slope of the
ramification polygon of ¢(z) and a = o), ... a™) the roots of p(z). We have

v(diyk) = v(dy) = v(Nuk(@'(@)) = va(¢' (@) = va (H(a(i) - a))

=2

:jz;n;(ya(oxi:[ﬂé)—l—l):(pm—l) <Z+1>.

Galois groups. We determine the structure of the Galois group of an Eisenstein
polynomial ¢(z) of degree p™ whose ramification polygon consists of one segment
of arbitrary slope.

Denote by N the splitting field of (), by L the subfield generated by a root of
¢(x), and by K; the maximal tamely ramified subfield of N/K with [K; : K] = ef
(see Lemma 2.4). Set G = Gal(p) = Gal(N/K), H = Gal(N/L), and let G; < G
be the first ramification subgroup of N/K. Then G = G; x H holds, as L and K;
satisfy the conditions LNK; = K and LK; = N. Because H is the Galois group of a
tame extension, its structure is well known (Theorem 2.3). It remains to determine
the group GG; and the action of H on Gj.

We denote by G; the i-th ramification subgroup of G. In the following, we
examine the ramification filtration G > Gy > G1 > ... of GG.

Lemma 3.4. Let o(x) be an Eisenstein polynomial over K of degree p™ whose
ramification polygon consists of one segment of slope —h/e, where ged(h,e) = 1.
The ramification filtration of G = Gal(yp) is

G>Gy>G1=Gy=...=Gp>Gpqy1=1.
The group Gy is isomorphic to the additive group of Fpm.

Proof. The Newton polygon of the polynomial ¢(x) over K consists of one seg-
ment with slope —1/p™. Therefore the Newton polygon over K; consists of one
segment with slope —e/p™ and we get, that ¢(z) is irreducible over K; because
of ged(e,p™) = 1. This yields N = Kj(«), where « is a root of ¢(z). Hence
we have to show the equality vn(a9 — @) = h 4+ 1 for all g € G;. Recall, that
VN(“%"‘) =e¢- 2 =} holds, as “ga_a is a root of the ramification polynomial p(z)

€

of p(x). We obtain

g _
vn(afd — a) = wy (a " a)—f—vN(a):h—i—l

as desired.

As the quotients G;/Gy1 for ¢ > 1 embed into the additive Group of the residue
class field of N (see [Ser63, chapter IV]), the second statement follows from G; =
Gy = Gy /Gpy1. O

Remark 3.5. Lemma 3.4 together with the formula for the different of a normal
extension (see [Ser63, chapter IV]) yields the discriminant dy /k of the splitting field
N of p(z):

v(dy) =f-(ep™ —1+h-(p™ —1)),
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where f is the inertia degree of N/K.

The next theorem specifies the action of H on G; and describes the Galois
group G as a subgroup of the affine group AGL(m,p). We denote by p = (nn)
the maximal ideal of the valuation ring Oy. The group G acts naturally on the
quotients p'/p'*1 which are, as additive groups, isomorphic to the additive group
of the residue class field of N. Furthermore,

. . g .
0;:Gi/Giy1 — o' [ g — (:N - 1> mod o'
N

embeds each quotient G;/G; 11 into p°/p't! (see again [Ser63, chapter IV]).

Theorem 3.6. Let p(z) € Ok[z] be an Eisenstein polynomial of degree p"™, whose
ramification polygon consists of one single segment of slope —% where ged(h,e) = 1.
Then Gal(p) = G1 x H, where Gy is the first ramification group and H corresponds
to the mazximal tamely ramified subfield of the splitting field of p(x) (see Proposition
3.2). Moreover, Gal(y) is isomorphic to the group

G = {tan: (F)" — (F,)" :x — za+v | a € H < GL(m,p), v e (F,)"}

of permutations of the vector space (F,)™, where H' describes the action of H on
O4(GL/Ghy1) < @/t (see definition above).

Proof. We have already shown, that Gal(¢) = Gy x H. If Gy = {s, : 2 — z+v | v €
(F,)™} and H = {u, : 2 — xa | a € H'} then G = Gy x H, where the action of H
on G is the multiplication of a vector by a matrix: s% : z — (za~!+v)a = z +va.
First of all, we have G 2G = Gr/Gps1 by Lemma 3.4.

Now, we relate the actions of H on p"/p"*! and on G;. The injective homo-

morphism

g
On: Gr/Ghy1 =G — " /" 1 g (WN - 1) mod ("
TN
is a H-homomorphism, which means, that 0 (g)® = ©,(¢%) for g € G1,b € H.
To see that, let 7§, = mn(1 + &) with § € p". Then ©,(g9)" = 6 mod p"*!. For
b

computing Oy(g%) = (fi - 1) mod "1 set 77&71 = mne with € € O™ and
consider ﬂ'ﬁb = ﬁﬁilgb = (mne)9® = (me?)b. This is modulo "' congruent to
(m3e)? = (7n(1 4 6)e)b = (mne)?(1 + 6)° = mn(1 + 6°) which proves the assertion.

It follows, that H acts on G in the same way as it acts on ©,,(G1) < "/,
where both groups are isomorphic to (Fpm,+). Because the action on Op(G1)
must be faithful, the action on G; is faithful, too. Let H' be the subgroup of
GL(m, p), which describes the action of H on ©,(Gy). Then H & H' = H and
thus Gal(p) = G. d

In order to obtain an explicit description of the group G for a given polynomial,
it remains to determine the matrix group H'. We can read-off the action of H on
o /" T from the generating automorphisms of the tame Galois group H (Theorem
2.3). Hence we have a representation of H of dimension f-f over [Fp,, where fdenotes
the inertia degree of the ground field K. Now, we have to find the submodule ©,(G1)
of dimension m of the corresponding H-module to get the group H’. This can
be realized with the “Meataxe”-algorithm, which is implemented in the computer
algebra systems Magma [BC95] and GAP [Gap05].
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4. EXAMPLES

We give some examples to demonstrate the calculation of Galois groups using
our results. We consider two polynomials of degree 9 over Q3 leading to different
Galois groups and one polynomial of degree 81 over Qs.

In each of the examples we denote by L = K(«) the field generated by a root «
of the respective polynomial. In the first two examples ( is a primitive 8-th root of
unity.

Example 4.1. We determine the Galois group of p(z) = 2% + 9z + 3 € Qs[z].
The ramification polygon of ¢(x) is a straight line connecting the points (0, 10) and
(8,0) of slope —% = —g. Therefore the polynomial ¢(x) is not covered by Romano’s
results. The associated polynomial of the ramification polynomial p(x) € L[z] is
congruent to z% + 1 in L[z]. Because ¢? is a root of 2% + 1, Lemma 2.4 gives us
N = L(¢, v/¢%«) as the splitting field of p(x) over L, which is also the splitting
field of p(x) over Q3 (see Proposition 3.2). Set my = +/(?a. By Theorem 2.3
(with e = 4,f = 2 and r = 2) the group H = Gal(N/L) is generated by the
automorphisms

s:C— (i Cayand t: ¢ Gy — (nn.

With a basis corresponding to 1,¢ of ©°/p°® = (Fs2, +), we obtain

1 1 0 2
S(l 2) andT(1 0)

which represent the action of s and ¢ on the first ramification group G;. The
matrices S and T generate a representation of the quaternion group Qg of order 8
over F3. In this special case we are already in the right dimension 2 and it is not
necessary to search for a submodule. Hence the Galois group of ¢(x) is isomorphic
to the group

G = {taw:(Fs3)’> = (Fs)’:x—azatv|ac(ST), ve (F3)*}
= Cg X Qg.

Example 4.2. Let ¢(z) = 2% + 322 4+ 6 € Q3[z]. Here, the ramification polygon

connects the points (0,2) and (8,0), therefore has slope —% = —1. The associated
polynomial of the ramification polynomial p(x) € L[] is congruent to z2+2 in L[z].
As %42 splits into linear factors over L = F3, the polynomial p(z) generates totally
and tamely ramified extensions of degree 4 of L. Hence we must add the 4-th roots
of unity to get the splitting field N = L(¢, /) (see Lemma 2.4 and Proposition
3.2). By Theorem 2.3 (with e = 4, f = 2 and r = 0) the group H = Gal(N/L) is
generated by the automorphisms

s:C—(Va—CYaandt: (- 3 Va— Va.
With a basis corresponding to 1,¢ of p/p? = (Fs2,+), we obtain

1 1 1 0
S_<1 2) ade-(1 2)

for the action of s and ¢ on G;. Again, we are already in the right dimension and do
not have to search for a submodule. In this case S and T generate a representation
of the dihedral group Dg of order 8 over F3 and Gal(y) is isomorphic to

G = {taw:(F3)> > (F3)*:z—za+v|ac(ST), ve (F5)°}
032 D! Dg.

1
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Example 4.3. Let o(z) = 28! + 328 + 3270 + 32%0 + ... + 321° 4 3 € Q3[z]. The
ramification polygon of p(z) is a straight line connecting the points (0,10) and
(80,0) of slope —2 = —1 The associated polynomial of the ramification polynomial
p(z) € L[] is congruent to #10 +2 = (z + 1)(x + 2)(2? +...)(z* +...) in L[z]. Let
¢ be a (3* — 1)-th root of unity. Because (° = 1 is a root of #'° + 2, Lemma 2.4
gives us N = L(¢, &/a) as the splitting field of p(x) over L, which is also the splitting
field of ¢(x) over Q3 (see Proposition 3.2). By Theorem 2.3 (with e = 8, f = 4 and
r = 0) the group H = Gal(N/L) is generated by the automorphisms

s:C—CVa—(OYaandt: (- 3, Va— Ja.
With a basis corresponding to 1,¢, (2, (3 of p/p? = (F34,+), we obtain

10 2 2 100 0
21 0 000 1
S=11 92 1 1| @dT=17 1 1 4
11 2 2 02 1 1

which represent the action of s and ¢ on G;. Hence the Galois group of ¢(z) is
isomorphic to the group

G = {tow:(F3)"— (F3)':2—2a+v |ae (S,T), ve (F5)*}
Cgl X (Cg el 04)

IR
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