
GALOIS GROUPS OF EISENSTEIN POLYNOMIALS WHOSE
RAMIFICATION POLYGON HAS ONE SIDE

CHRISTIAN GREVE AND SEBASTIAN PAULI

Abstract. Let ϕ(x) be an Eisenstein polynomial over a local field and α be
a root of ϕ(x). We describe the Galois group of ϕ(x) in the case where the
Newton polygon of ϕ(αx + α)/x has only one side.

1. Introduction

Let K be a field complete with respect to a non-archimedian exponential valu-
ation ν with residue class field K of characteristic p 6= ∞; we call K a local field.
Assume that ν is normalized such that ν(π) = 1 where π is a uniformizing element
in the valuation ring OK of K.

The Newton polygon of a polynomial ϕ(x) =
∑n

i=0 ϕix
i ∈ OK[x] is the lower

convex hull of the set of points
{
(i, ν(ϕi))

∣∣ 0 ≤ i ≤ n
}
. The negative of the slopes

of the segments of the Newton polygon of ϕ(x) are the exponential valuations of
the roots of ϕ(x).

Now let ϕ(x) = xn +
∑n−1

i=0 ϕix
i ∈ OK[x] be an Eisenstein polynomial, which

means ν(ϕ0) = 1 and ν(ϕi) ≥ 1 for 1 ≤ i ≤ n− 1, and denote by α a root of ϕ(x)
in an algebraic closure K of K.

If p does not divide the degree of ϕ(x) the extension K(α) is tamely ramified
and can be generated by a pure polynomial. In Section 2 we show how this pure
polynomial can be obtained and recall the explicit description of its Galois group.
Furthermore we describe the splitting field of polynomials, whose degree is coprime
to p and whose associated polynomial, obtained by “flattening” its Newton polygon,
is square free over K.

If p divides the degree of ϕ(x) the situation becomes more difficult. John Jones
and David Roberts have developed algorithms based on the resolvent method for
the special cases of extensions of degree 22, 23, and 32 over Q2 and Q3 respectively
[JR04, JR06, JR08]. David Romano has treated the case of Eisenstein polynomi-
als ϕ(x) of degree pm whose ramification polygon, that is the Newton polygon of
the ramification polynomial ϕ(αx + α)/(αnx), consists of one segment with slope
−h/(pm−1), where h is a natural number with gcd(h, pm−1) = 1 [Rom00, Rom07].
In this case the Galois group is isomorphic to the group

Γ =
{
x 7→ axσ + b

∣∣ a ∈ F×pm , b ∈ Fpm , σ ∈ Gal(Fpm/Fpm ∩ K)
}

of permutations of Fpm , therefore the Galois group is uniquely determined by the
exponent m.

In Section 3, we consider a wider class of Eisenstein polynomials. We assume
a one-sided ramification polygon as well, but allow arbitrary slopes. This class of
Eisenstein polynomials leads to various new Galois groups. We show that the asso-
ciated polynomial of the ramification polynomial of these polynomials is squarefree
and find their splitting field using the results from Section 2. This enables us to
compute an explicit description of the Galois group as a subgroup of the affine
group AGL(m, p).
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In Section 4 we give several concrete examples of Eisenstein polynomials with
one-sided ramification polygon and compute their Galois groups using our results
from Section 3.

2. Eisenstein polynomials of tame degree

Proposition 2.1. Let ϕ(x) = xe+
∑e−1

i=1 ϕix
i+ϕ0 ∈ OK[x] of degree e = e0p

m with
gcd(e0, p) = 1 be a polynomial whose Newton polygon is a line of slope −h/e, where
gcd(e, h) = 1. Let α be a root of ϕ(x). The maximum tamely ramified subextension
M of L = K(α) of degree e0 can be generated by the Eisenstein polynomial xe0 +
ψb

0π
e0a where ψ0 ≡ ϕ0 mod (πh+1) and a and b are integers such that ae0 + bh = 1.

Proof. As the Newton polygon of ϕ(x) is a line all roots α of ϕ(x) have the same
valuation, namely ν(α) = h/e. Because gcd(e, h) = 1, for each root α of ϕ(x)
the extension K(α)/K is totally ramified of degree e, which implies that ϕ(x) is
irreducible. So the extensions K(α) are isomorphic. We fix a root α of ϕ(x) and
set L = K(α).

Since e = e0p
m with gcd(e0, p) = 1 its maximum tamely ramified subextension

M over K has degree [M : K] = e0. We first show that M and the extensions
generated by xe0 +ψ0 are isomorphic. Because ν(ϕ0) = h and ψ0 ≡ ϕ0 mod (πh+1),
there is a principal unit 1 + πε ∈ OK such that ψ0 = (1 + πε)ϕ0. Furthermore
αe = −ϕ0−

∑e−1
i=1 ϕiα

i = −(1+πLδ)ϕ0 for some principal unit 1+πLδ ∈ OL where
πL is a uniformizer of the valuation ring OL of L. The polynomial xe0 + ψ0 has a
root over L if and only if (αpm

x)e0 + ψ0 has a root over L. Division by αe yields

xe0 +
ψ0

αe
= xe0 − (1 + πε)ϕ0

(1 + πLδ)ϕ0
≡ xe0 − 1 mod πLOL[x].

Obviously ρ(x) = xe0 − 1 ∈ L[x] is squarefree and ρ(1) = 0. With Newton lifting
(and by reversing the transformations above) we obtain a root of xe0 + ψ0 in L.

Let β be this root of xe0 + ψ0. Set γ = βbπa, then ν(γ) = ν(βbπa) = bh/e0 +
a = 1/e and M = K(β) = K(γ). As γe0 = βe0bπe0a = −ψb

0π
e0a, γ is a root of

xe0 + ψb
0π

e0a ∈ OK[x]. �

Corollary 2.2. Let ϕ(x) =
∑n

i=0 ϕix
i ∈ OK[x] be an Eisenstein polynomial with

p - n. If ψ(x) = xn + ψ0 with ψ0 ≡ ϕ0 mod (π2), then the extensions generated by
ϕ(x) and ψ(x) are isomorphic.

It follows from Corollary 2.2 that the splitting field of an Eisenstein polynomial
ϕ(x) =

∑n
i=0 ϕix

i ∈ OK[x] with p - n is N = K(ζn, n
√
−ϕ0), where ζn is a primitive

n-th root of unity. The extension generated by ϕ(x) is normal if and only if K
contains the n-th roots of unity. The Galois group of N/K is well known, we
obtain it from the general description of Galois groups of normal, tamely ramified
extensions (see, for instance, [Has80, chapter 16]):

Theorem 2.3. Let K be a local field and q the number of elements of its residue
class field. Let N/K be a normal, tamely ramified extension N/K with ramification
index e and inertia degree f . There exists an integer r with r(q−1) ≡ 0 mod e such
that N = K(ζ, e

√
ζrπ), where ζ is a (qf − 1)-st root of unity and qf − 1 ≡ 0 mod e.

Let k = r(q−1)
e . The generators of the Galois group are the automorphisms

s : ζ 7→ ζ, e
√
ζrπ 7→ ζ(qf−1)/e e

√
ζrπ and t : ζ 7→ ζq, e

√
ζrπ 7→ ζk e

√
ζrπ.

The Galois group of N/K as a finitely presented group is

〈s, t | se = 1, tf = sr, st = sq〉.
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So the splitting field of xn + ϕ0 ∈ OK[x] with p - n and ν(ϕ0) = 1 is N =
K(ζ, n

√
−ϕ0), where ζ is a primitive (qf − 1)-st root of unity for f = [K(ζn) : K]. Its

Galois group is
〈s, t | sn = 1, tf = 1, st = sq〉 ∼= Cn o Cf ,

where we denote by Cn the cyclic group of order n.

The Associated Polynomial. Let ϕ(x) =
∑n

i=0 ϕix
i ∈ OK[x] be a not neces-

sarily irreducible monic polynomial whose Newton polygon consists of one segment
with slope −h/e where gcd(e, h) = 1. In the following we use the associated poly-
nomial of ϕ(x) to find the splitting field of ϕ(x).

Let α be a root of ϕ(x), set L = K(α), let πL be a uniformizing element of L, and
let OL be the valuation ring of L. We have ν(α) = h/e and thus ν(αe/πh) = 0. We
consider the polynomial

ϕ(αx)
πhn/e

=
n∑

i=0

ϕiα
i

πhn/e
xi ≡

n/e∑
j=0

ϕjeα
jexje

πhn/e
mod πLOL[x].

The congruence holds, because the x-coordinate of points with integer coordinates
on the Newton polygon of ϕ(x) is a multiple of e. For γ = αe/πh we have ν(γ) =
ν(αe/πh) = 0. Substituting γπh for αe yields

ϕ(αx)
πhn/e

≡
n/e∑
j=0

ϕjeπ
jh(γxe)j

πhn/e
mod πLOL[x].

If we replace γxe by y we obtain the associated polynomial of ϕ(x):

A(y) =
n/e∑
j=0

ϕjeπ
h(j−n/e)yj ∈ OK[y],

which was introduced by Ore [Ore28, MN92]. As x = 1 is a root of ϕ(αx)/πhn/e,
one of the roots of A(y) in L is γ.

Assume that gcd(e, p) = 1 and that A(y) is square free over K. Let M/K be
the minimal unramified extension over which A(y) splits into linear factors, say
A(y) = (y− γ1) · . . . · (y− γn/e) over M. Let N = M(α, ζe) where α is a root of ϕ(x)
and ζe an e-the root of unity. The field N is the splitting field of ϕ(x), if ϕ(x) or
equivalently ϕ(αx)

πhn/e , splits into linear factors over N. We obtain

ϕ(αx)
(γπh)n/e

≡
(
xe − γ1

γ

)
· . . . ·

(
xe −

γn/e

γ

)
mod πNON[x],

where πN denotes a uniformizer of N and ON the valuation ring of N. As gcd(e, p) =
1 for 1 ≤ i ≤ n/e the polynomials xe − γi

γ are square free over N. Because ζe ∈ N,

they split into linear factors over N. Hensel lifting yields a decomposition of ϕ(αx)
(γπh)n/e

into linear factors. It follows that ϕ(x) splits into linear factors over N, thus N is
the splitting field of ϕ(x).

Over M the polynomial ϕ(x) splits into irreducible factors θi(x) =
∑e

j=0 θi,jx
j

(1 ≤ i ≤ n/e) where θi,0 ≡ γiπ
h mod (πh+1). By Proposition 2.1 the extensions

generated by the θi(x) are isomorphic to the extensions generated by the polyno-
mials xe + (γiπ

h)bπae = xe + γiπ with ae+ bh = 1. We have proved:

Lemma 2.4. Assume the Newton polygon of ϕ(x) =
∑n

i=0 ϕix
i ∈ OK[x] consists

of one segment of slope −h/e with gcd(h, e) = 1 and gcd(e, p) = 1 and the as-
sociated polynomial A(y) =

∑n/e
j=0 ϕjeπ

h(j−n/e)yj of ϕ(x) is square free over K.
Then the splitting field of ϕ(x) is a tamely ramified extension of degree e over
the unramified extension of degree f = lcm(f0, f1) with f0 = [K(ζe) : K] and
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f1 = lcm(deg a1, . . . ,deg at), where a1(y), . . . , at(y) are the irreducible factors of
A(y) over K. The ramified part of the extension can be generated by xe +γπ, where
γ is a root of A(y).

3. Eisenstein polynomials of wild degree

In order to determine the Galois group of an Eisenstein polynomial ϕ(x) of wild
degree we look at its splitting field. We obtain the inertia degree and ramifica-
tion index of the splitting field from the ramification polynomial of ϕ(x) and the
associated polynomial of the ramification polynomial.

Splitting Fields. Let ϕ(x) =
∑n

i=0 ϕix
i ∈ OK[x] be an Eisenstein polynomial and

let α ∈ K be a root of ϕ(x). The valuation of all roots of ϕ(x) is 1/n = ν(α). We
consider

ψ(x) := ϕ(αx+α) =
n∑

i=0

ϕi(αx+α)i =
n∑

i=0

ϕi

i∑
j=0

(
i

j

)
αi−j(αx)j =

n∑
j=0

n∑
i=j

(
i

j

)
ϕiα

ixj .

As 0 is a root of ψ(x) = ϕ(αx+ α) the polynomial ψ(x) is divisible by x. We set

ρ(x) :=
ψ(x)
αnx

=
n∏

i=2

(
x− α(i) − α

α

)
,

where α = α(1), . . . , α(n) are the roots of ϕ(x). This reduces finding the splitting
field of ϕ(x) of degree n over K to finding the splitting field of ρ(x) of degree n− 1
over K(α). Let ρ(x) =

∑n−1
j=0 ρjx

j then ρn−1 = 1 and ρj−1 =
∑n

i=j

(
i
j

)
ϕiα

i−n for
1 ≤ j ≤ n − 1. The polynomial ρ(x) is called the ramification polynomial of ϕ(x)
and its Newton polygon the ramification polygon of ϕ(x) (also see [Sch03]).

Lemma 3.1. Let ϕ(x) be an Eisenstein polynomial and α a root of ϕ(x). If ψ(x) =∑n
i=0 ψix

i = ϕ(αx+ α), then ν(ψi) ≥ ν(ψps) for ps ≤ i < ps+1.

Proof. For ps ≤ j < ps+1 and i ≥ j we have ν
(

i
j

)
≥ ν

(
i

ps

)
. The result follows with

ψj =
∑n

i=j

(
i
j

)
ϕiα

i. �

If we want to draw the ramification polygon it suffices by Lemma 3.1 to con-
sider the coefficients ρps−1 for 0 ≤ s ≤ νp(n) and the coefficient ρn−1. Hence the
ramification polygon is the lower convex hull of the set{(

ps − 1,minps≤i≤n

{
να

(
i

ps

)
+ να(ϕi) + i− n

}) ∣∣∣ 0 ≤ s ≤ νp(n)
}
∪
{

(n− 1, 0)
}
.

Assume that the Newton polygon of ρ(x) is a straight line. It follows from
Lemma 3.1 that this can only be the case if either p - n or n = pm for some positive
integer m. Since we have treated the case p - n in Section 2, we assume n = pm.
We use Lemma 2.4 to find the splitting field of ρ(x). If −h/e with gcd(h, e) = 1 is
the slope of the Newton polygon of ρ(x), the associated polynomial of ρ(x) is

A(y) =
(n−1)/e∑

j=0

Ajy
j =

(n−1)/e∑
j=0

ρjeα
h(j−(n−1)/e)yj .

By construction A0 6= 0. We consider the polynomial B(x) =
∑n

i=0Bix
i = xA(xe).

It follows from Lemma 3.1 that if Bi 6= 0 then i = ps for some s ∈ {0, . . . ,m}.
Therefore B′(x) = B1 = A0 and gcd(B(x), B′(x)) = 1. Thus B(x) is square free,
which implies that A(x) is square free. Lemma 2.4 yields the splitting field of ρ(x)
over K(α), this field is the splitting field of ϕ(x) over K.

We summarize the result in the following Proposition:
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Proposition 3.2. Let ϕ(x) ∈ OK[x] be an Eisenstein polynomial of degree pm. If
the Newton polygon of the ramification polynomial ρ(x) consists of one segment with
slope −h/e where gcd(h, e) = 1 then the splitting field of ϕ(x) is a totally ramified
extension of degree pm over a tamely ramified extension whose inertia degree and
ramification index can be obtained from ρ(x) with Lemma 2.4.

Remark 3.3. If α is a root of an Eisenstein polynomial ϕ(x) whose ramification
polygon is a line, then the discriminant dL/K of L = K(α) and the slope of the
ramification polygon of ϕ(x) are directly related. Let −h

e be the slope of the
ramification polygon of ϕ(x) and α = α(1), . . . , α(pm) the roots of ϕ(x). We have

ν(dL/K) = ν(dϕ) = ν
(
NL/K(ϕ′(α))

)
= να

(
ϕ′(α)

)
= να

(
pm∏
i=2

(α(i) − α)

)

=
pm∑
i=2

(
να

(
α(i) − α

α

)
+ 1
)

= (pm − 1)
(
h

e
+ 1
)
.

Galois groups. We determine the structure of the Galois group of an Eisenstein
polynomial ϕ(x) of degree pm whose ramification polygon consists of one segment
of arbitrary slope.

Denote by N the splitting field of ϕ(x), by L the subfield generated by a root of
ϕ(x), and by K1 the maximal tamely ramified subfield of N/K with [K1 : K] = ef
(see Lemma 2.4). Set G = Gal(ϕ) = Gal(N/K), H = Gal(N/L), and let G1 � G
be the first ramification subgroup of N/K. Then G = G1 o H holds, as L and K1

satisfy the conditions L∩K1 = K and LK1 = N. Because H is the Galois group of a
tame extension, its structure is well known (Theorem 2.3). It remains to determine
the group G1 and the action of H on G1.

We denote by Gi the i-th ramification subgroup of G. In the following, we
examine the ramification filtration G ≥ G0 ≥ G1 ≥ . . . of G.

Lemma 3.4. Let ϕ(x) be an Eisenstein polynomial over K of degree pm whose
ramification polygon consists of one segment of slope −h/e, where gcd(h, e) = 1.
The ramification filtration of G = Gal(ϕ) is

G ≥ G0 ≥ G1 = G2 = . . . = Gh > Gh+1 = 1.

The group G1 is isomorphic to the additive group of Fpm .

Proof. The Newton polygon of the polynomial ϕ(x) over K consists of one seg-
ment with slope −1/pm. Therefore the Newton polygon over K1 consists of one
segment with slope −e/pm and we get, that ϕ(x) is irreducible over K1 because
of gcd(e, pm) = 1. This yields N = K1(α), where α is a root of ϕ(x). Hence
we have to show the equality νN(αg − α) = h + 1 for all g ∈ G1. Recall, that
νN(αg−α

α ) = e · h
e = h holds, as αg−α

α is a root of the ramification polynomial ρ(x)
of ϕ(x). We obtain

νN(αg − α) = νN

(
αg − α

α

)
+ νN(α) = h+ 1

as desired.
As the quotients Gi/Gi+1 for i ≥ 1 embed into the additive Group of the residue

class field of N (see [Ser63, chapter IV]), the second statement follows from G1 =
Gh = Gh/Gh+1. �

Remark 3.5. Lemma 3.4 together with the formula for the different of a normal
extension (see [Ser63, chapter IV]) yields the discriminant dN/K of the splitting field
N of ϕ(x):

ν(dN/K) = f ·
(
epm − 1 + h · (pm − 1)

)
,
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where f is the inertia degree of N/K.

The next theorem specifies the action of H on G1 and describes the Galois
group G as a subgroup of the affine group AGL(m, p). We denote by ℘ = (πN)
the maximal ideal of the valuation ring ON. The group G acts naturally on the
quotients ℘i/℘i+1 which are, as additive groups, isomorphic to the additive group
of the residue class field of N. Furthermore,

Θi : Gi/Gi+1 → ℘i/℘i+1 : g 7→
(
πg

N

πN
− 1
)

mod ℘i+1

embeds each quotient Gi/Gi+1 into ℘i/℘i+1 (see again [Ser63, chapter IV]).

Theorem 3.6. Let ϕ(x) ∈ OK[x] be an Eisenstein polynomial of degree pm, whose
ramification polygon consists of one single segment of slope −h

e where gcd(h, e) = 1.
Then Gal(ϕ) = G1 oH, where G1 is the first ramification group and H corresponds
to the maximal tamely ramified subfield of the splitting field of ϕ(x) (see Proposition
3.2). Moreover, Gal(ϕ) is isomorphic to the group

G̃ = {ta,v : (Fp)m → (Fp)m : x 7→ xa+ v | a ∈ H ′ ≤ GL(m, p), v ∈ (Fp)m}

of permutations of the vector space (Fp)m, where H ′ describes the action of H on
Θh(Gh/Gh+1) ≤ ℘h/℘h+1 (see definition above).

Proof. We have already shown, that Gal(ϕ) = G1oH. If G̃1 = {sv : x 7→ x+v | v ∈
(Fp)m} and H̃ = {ua : x 7→ xa | a ∈ H ′} then G̃ = G̃1 o H̃, where the action of H̃
on G̃1 is the multiplication of a vector by a matrix: sua

v : x 7→ (xa−1 +v)a = x+va.
First of all, we have G̃1

∼= G1 = Gh/Gh+1 by Lemma 3.4.
Now, we relate the actions of H on ℘h/℘h+1 and on G1. The injective homo-

morphism

Θh : Gh/Gh+1 = G1 → ℘h/℘h+1 : g 7→
(
πg

N

πN
− 1
)

mod ℘h+1

is a H-homomorphism, which means, that Θh(g)b = Θh(gb) for g ∈ G1, b ∈ H.
To see that, let πg

N = πN(1 + δ) with δ ∈ ℘h. Then Θh(g)b = δb mod ℘h+1. For

computing Θh(gb) =
(

πgb

N

πN
− 1
)

mod ℘h+1, set πb−1

N = πNε with ε ∈ ON
× and

consider πgb

N = πb−1gb
N = (πNε)gb = (πg

Nε
g)b. This is modulo ℘h+1 congruent to

(πg
Nε)

b = (πN(1 + δ)ε)b = (πNε)b(1 + δ)b = πN(1 + δb) which proves the assertion.
It follows, that H acts on G1 in the same way as it acts on Θh(G1) ≤ ℘h/℘h+1,

where both groups are isomorphic to (Fpm ,+). Because the action on Θh(G1)
must be faithful, the action on G1 is faithful, too. Let H ′ be the subgroup of
GL(m, p), which describes the action of H on Θh(G1). Then H ∼= H ′ ∼= H̃ and
thus Gal(ϕ) ∼= G̃. �

In order to obtain an explicit description of the group G̃ for a given polynomial,
it remains to determine the matrix group H ′. We can read-off the action of H on
℘h/℘h+1 from the generating automorphisms of the tame Galois group H (Theorem
2.3). Hence we have a representation ofH of dimension f̃·f over Fp, where f̃ denotes
the inertia degree of the ground field K. Now, we have to find the submodule Θh(G1)
of dimension m of the corresponding H-module to get the group H ′. This can
be realized with the “Meataxe”-algorithm, which is implemented in the computer
algebra systems Magma [BC95] and GAP [Gap05].
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4. Examples

We give some examples to demonstrate the calculation of Galois groups using
our results. We consider two polynomials of degree 9 over Q3 leading to different
Galois groups and one polynomial of degree 81 over Q3.

In each of the examples we denote by L = K(α) the field generated by a root α
of the respective polynomial. In the first two examples ζ is a primitive 8-th root of
unity.

Example 4.1. We determine the Galois group of ϕ(x) = x9 + 9x + 3 ∈ Q3[x].
The ramification polygon of ϕ(x) is a straight line connecting the points (0, 10) and
(8, 0) of slope −h

e = − 5
4 . Therefore the polynomial ϕ(x) is not covered by Romano’s

results. The associated polynomial of the ramification polynomial ρ(x) ∈ L[x] is
congruent to x2 + 1 in L[x]. Because ζ2 is a root of x2 + 1, Lemma 2.4 gives us
N = L(ζ, 4

√
ζ2α) as the splitting field of ρ(x) over L, which is also the splitting

field of ϕ(x) over Q3 (see Proposition 3.2). Set πN = 4
√
ζ2α. By Theorem 2.3

(with e = 4, f = 2 and r = 2) the group H = Gal(N/L) is generated by the
automorphisms

s : ζ 7→ ζ, πN 7→ ζ2πN and t : ζ 7→ ζ3, πN 7→ ζπN.

With a basis corresponding to 1, ζ of ℘5/℘6 ∼= (F32 ,+), we obtain

S =
(

1 1
1 2

)
and T =

(
0 2
1 0

)
which represent the action of s and t on the first ramification group G1. The
matrices S and T generate a representation of the quaternion group Q8 of order 8
over F3. In this special case we are already in the right dimension 2 and it is not
necessary to search for a submodule. Hence the Galois group of ϕ(x) is isomorphic
to the group

G =
{
ta,v : (F3)2 → (F3)2 : x 7→ xa+ v

∣∣ a ∈ 〈S, T 〉, v ∈ (F3)2
}

∼= C2
3 oQ8.

Example 4.2. Let ϕ(x) = x9 + 3x2 + 6 ∈ Q3[x]. Here, the ramification polygon
connects the points (0, 2) and (8, 0), therefore has slope −h

e = − 1
4 . The associated

polynomial of the ramification polynomial ρ(x) ∈ L[x] is congruent to x2+2 in L[x].
As x2+2 splits into linear factors over L ∼= F3, the polynomial ρ(x) generates totally
and tamely ramified extensions of degree 4 of L. Hence we must add the 4-th roots
of unity to get the splitting field N = L(ζ, 4

√
α) (see Lemma 2.4 and Proposition

3.2). By Theorem 2.3 (with e = 4, f = 2 and r = 0) the group H = Gal(N/L) is
generated by the automorphisms

s : ζ 7→ ζ, 4
√
α 7→ ζ2 4

√
α and t : ζ 7→ ζ3, 4

√
α 7→ 4

√
α.

With a basis corresponding to 1, ζ of ℘/℘2 ∼= (F32 ,+), we obtain

S =
(

1 1
1 2

)
and T =

(
1 0
1 2

)
for the action of s and t on G1. Again, we are already in the right dimension and do
not have to search for a submodule. In this case S and T generate a representation
of the dihedral group D8 of order 8 over F3 and Gal(ϕ) is isomorphic to

G =
{
ta,v : (F3)2 → (F3)2 : x 7→ xa+ v

∣∣ a ∈ 〈S, T 〉, v ∈ (F3)2
}

∼= C2
3 oD8.
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Example 4.3. Let ϕ(x) = x81 + 3x80 + 3x70 + 3x60 + . . .+ 3x10 + 3 ∈ Q3[x]. The
ramification polygon of ϕ(x) is a straight line connecting the points (0, 10) and
(80, 0) of slope −h

e = − 1
8 .The associated polynomial of the ramification polynomial

ρ(x) ∈ L[x] is congruent to x10 + 2 = (x+ 1)(x+ 2)(x4 + . . .)(x4 + . . .) in L[x]. Let
ζ be a (34 − 1)-th root of unity. Because ζ0 = 1 is a root of x10 + 2, Lemma 2.4
gives us N = L(ζ, 8

√
α) as the splitting field of ρ(x) over L, which is also the splitting

field of ϕ(x) over Q3 (see Proposition 3.2). By Theorem 2.3 (with e = 8, f = 4 and
r = 0) the group H = Gal(N/L) is generated by the automorphisms

s : ζ 7→ ζ, 8
√
α 7→ ζ10 8

√
α and t : ζ 7→ ζ3, 8

√
α 7→ 8

√
α.

With a basis corresponding to 1, ζ, ζ2, ζ3 of ℘/℘2 ∼= (F34 ,+), we obtain

S =


1 0 2 2
2 1 0 1
1 2 1 1
1 1 2 2

 and T =


1 0 0 0
0 0 0 1
1 1 1 1
0 2 1 1


which represent the action of s and t on G1. Hence the Galois group of ϕ(x) is
isomorphic to the group

G =
{
ta,v : (F3)4 → (F3)4 : x 7→ xa+ v

∣∣ a ∈ 〈S, T 〉, v ∈ (F3)4
}

∼= C4
3 o (C8 o C4).
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