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This presentation is based on [dH00, Chapter VIII]. The parabolic Anderson
model is given by the heat equation on the lattice Zd with a random potential,
i.e. we consider the solution u : [0,∞)× Zd → [0,∞) of the Cauchy problem

∂
∂t

u(t, z) = ∆u(t, z) + ξ(z)u(t, z) , (t, z) ∈ (0,∞)× Zd ,
u(0, z) = 1 , z ∈ Zd .

(1)

Here ∆ is the discrete Laplacian

∆u(t, x) =
∑

y∈Zd:y∼x

(u(t, y)− u(t, x)) ,

where y ∼ x means that y is a nearest-neighbour of site x. The potential ξ =
(ξ(z) : z ∈ Zd) is a collection of independent, identically distributed random
variables. We denote by 〈·〉 the expectation with respect to the random potential.

The solution u is influenced by the competition between the Laplacian ∆ which
has a smoothing effect, and the random potential, which makes the solution spa-
tially irregular. In general, it is believed that there is a small number of relevant
island where the potential takes especially large values, which are important for
the large times asymptotics of the solution. This effect is called intermittency.
For our purposes we will say that the model is intermittent if for any integers
p > q ≥ 1

lim
t→∞

log
〈u(t, 0)p〉1/p

〈u(t, 0)q〉1/q
= ∞ .

Our main aim will be to show that, for a special class of potentials, the parabolic
Anderson model is intermittent.

Throughout, we will assume that the logarithmic moment generating function
H(t) is finite for all t, i.e.

H(t) = log
〈
etξ(0)

〉
< ∞ for all t ≥ 0 . (2)

To represent the solution of (1) in a way that makes it accessible to large devia-
tions techniques, we consider a continuous-time simple random walk (Xs)s≥0 on
Zd jumping at rate 2d, i.e. the Markov process with generator ∆.
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Lemma 1. Under assumption (2), the heat equation (1) has a unique non-
negative solution u : [0,∞)× Zd → [0,∞) with Feynman-Kac representation

u(t, z) = Ez

[
exp

{∫ t

0

ξ(Xs)ds
}]

.

For all t ≥ 0, the random field (u(t, z) : z ∈ Zd) is stationary and ergodic under
translations.

Proof. A direct calculation using the Markov property shows that u defined in
this way is a solution. For the uniqueness of the solution see [GM90]. Stationarity
follows since u(0, ·) ≡ 1, ξ is stationary and since the increments of the random
walk are i.i.d. Similarly, (u(t, z) : z ∈ Zd) is ergodic, since ξ is ergodic.

The Feynman-Kac representation tells that u(t, z) can be expressed as some func-
tional of a simple random walk, whose large deviation behaviour we know. We
are now in the continuous-time setting, so let us state the equivalent of Sanov’s
theorem for continous-time Markov chains.

Let X be a finite set and let (Xt)t≥0 be a X -valued continuous-time Markov chain
with an irreducible generator G = (Gij)i,j∈X . Define the empirical measure (or
occupation time measure)

Lt =
1

t

∫ t

0

δXsds .

In order to obtain a nice rate function, we assume additionally that the generator
G is symmetric.

Theorem 2. Under the above assumptions, the empirical measures Lt satisfy a
large deviation principle on M1(X ) with speed t and rate function

IG(ν) = −
∑

x,y∈X

√
ν(x)Gxy

√
ν(y) =

〈√
ν, (−G)

√
ν
〉

.

Intuitively, we expect that the field (u(t, z) : z ∈ Zd) develops peaks where the
potential ξ takes large values. So it is clear that the asymptotic behaviour of
these peaks depends on the right tail of the distribution of ξ. We will consider a
special class of potentials, namely those which satisfy

lim
t→∞

1

t
(H(ct)− cH(t)) = ρc log c for all c ∈ (0, 1) , (3)

for some parameter ρ ∈ (0,∞). The most basic example satisfying this condition
is when ξ(0) has the double exponential distribution

Prob(ξ(0) > s) = exp{−es/ρ} , s ∈ R .
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In this case, the probability that ξ(0) takes values larger than s = ρ drops quickly
to zero, so ρ indicates the degree of disorder in the underlying potential ξ.

In order to show intermittency, we need to evaluate the asymptotics of the integer
moments of u(0, t) for large t.

Theorem 3. Assume (2) and (3). Then, for any p ∈ N,

〈up(0, t)〉 = exp{H(pt)− 2dptχ(ρ) + o(t)} ,

where

χ(ρ) =
1

2d
inf

ν∈M1(Zd)
{I(ν) + ρJ(ν)} ,

with

I(ν) = 〈
√

ν, (−∆)
√

ν〉 = 1
2

∑
x,y∈Zd : x∼y

(√
ν(x)−

√
ν(y)

)2
,

J(ν) = −
∑

x∈Zd ν(x) log ν(x) .

Remark 4. (a) It can be shown that the infimum in the definition of χ factor-
izes as d times the equivalent expression for the one-dimensional model, so
χ does not depend on the dimension d. Moreover, χ can be linked to the
non-linear difference equation

∆v + 2ρv log v = 0 , v : Z → (0,∞) .

Namely, this equation has a ground state vρ, i.e. a solution with minimal
`2 norm, and

χ = ρ log ‖vρ‖2 .

(b) Note, I(ν) is the (weak) rate function for the local times of the Markov
chain on Zd with generator ∆. The level sets of I are not compact, since
Zd is infinite.

As a direct consequence of Theorem 3 we can shown that the model is intermit-
tent. Indeed, using the scaling assumption (3) on the tails

〈up(0, t)〉
1
p

〈uq(0, t)〉
1
q

= exp
{

1
p
H(pt)− 1

q
H(qt) + o(t)

}
= exp

{
1
p
H(pt)−H(1

p
pt)− (1

q
H(qt)−H(1

q
qt)) + o(t)

}
= exp

{
− ptρ1

p
log 1

p
+ qtρ1

q
log 1

q
+ o(t)

}
= exp

{
tρ log p

q
+ o(t)} .
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The physical interpretation is that each moment is carried by higher and higher
peaks that are localized on random islands, which are far apart and occupy a
vanishing fraction of the lattice. Indeed, if we write Λp(t) = log 〈up(t, 0)〉, then

1

p + 1
Λp+1(t)−

1

p
Λp(t) = log

〈up+1(t, 0)〉1/(p+1)

〈up(t, 0)〉1/p
= ρt log

p + 1

p
+ o(t) .

Therefore, we can choose level functions `p(t) such that

Λp

p
� `p(t) �

Λp+1

p + 1
,

where f(t) � g(t) means that g(t) − f(t) → ∞ as t → ∞. Then consider the
event

Ep(t) = {u(t, 0) > e`p(t)} .

Note that by Chebyshev’s inequality,

Prob(Ep(t)) ≤ exp{Λp(t)− p`p(t)} → 0 as t →∞ ,

so that by ergodicity the sites x ∈ Zd where u(t, x) > e`p(t) occupy a vanishing
fraction of the lattice. But on the other hand,〈
u(t, 0)p+11Ω\Ep(t)

〉
≤ e(p+1)`p(t) = e(p+1)`p(t)−Λp+1(t)

〈
u(t, 0)p+1

〉
= o(

〈
u(t, 0)p+1

〉
) .

Hence, we can deduce that〈
u(t, 0)p+1

〉
∼
〈
u(t, 0)p+11Ep(t)

〉
,

so that the main contribution to the (p + 1)st moment is carried by those sites
where the field (u(t, x)) takes values larger than e`p(t).

Proof of Theorem 3

We start by sketching the proof in the case p = 1, later on we see how to fix the
gaps and also how to extend it to p ≥ 2.

Define the local time of the simple random walk

`t(z) =

∫ t

0

1{Xs=z}ds , z ∈ Zd, t ≥ 0 .

Then, by the Feynman-Kac formula in Lemma 1, we have that

u(t, 0) = E0

[
exp

{∫ t

0

ξ(Xs)ds
}]

= E0

[
exp

{∑
z∈Zd

ξ(z)`t(z)
}]

.
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Hence taking the expectation and using the independence of the ξ(z), we obtain

〈u(t, 0)〉 = E0

[ ∏
z∈Zd

〈
e`t(z)ξ(z)

〉 ]
= E0

[
exp

{∑
z∈Zd

H(`t(z))
}]

.

Recall that Lt(z) = 1
t
`t(z) and use

∑
z∈Zd `t(z) = t to write∑

z∈Zd

H(`t(z)) = H(t) + t
∑
z∈Zd

1

t

[
H(Lt(z)t)− Lt(z)H(t)

]
= H(t) + t

∑
z∈Zd

[ρLt(z) log Lt(z) + o(1)]

= H(t)− tρJ(Lt) + o(t) ,

where the second step is plausible by our assumption (3) on H. Therefore, we
obtain that

〈u(t, 0)〉 = eH(t)+o(t)E0

[
e−tρJ(Lt)

]
,

which is an expression that is of the right form for Varadhan’s lemma. Thus (if
we ignore the problem that Zt is a Markov chain with an infinite state space), it
becomes plausible that

〈u(t, 0)〉 = exp
{

H(t) + t sup
ν∈M1(Zd)

{−ρJ(ν)− I(ν)}
}

= exp
{

H(t)− 2dtχ(ρ) + o(t)
}

.

The two problems in the above argument can be fixed by restricting the problem
to a large box TN = (−N, N ]d ∩ Zd and finally letting N →∞.

For the upper bound, we assume that the simple random walk moves on TN with
periodic boundary conditions. Then, if {`N

t (z) : z ∈ TN} denote the local times
of the wrapped random walk, we can write

`N
t (z) =

∑
y∈(2NZ)d

`t(z + y) , z ∈ TN .

Since H(0) = 0 and H is convex, H is super-additive, and thus∑
z∈Zd

H(`t(z)) =
∑
z∈TN

∑
y∈(2NZ)d

H(`t(z + y)) ≤
∑
z∈TN

H(`N
t (z)) .

On the finite set TN , the above calculations become rigorous, so that we get by
Theorem 2 and Varadhan’s lemma

〈u(0, t)〉 ≤ E0

[
exp

{ ∑
z∈TN

H(`N
t (z))

}]
= exp

{
H(t)− 2dtχN(ρ) + o(t)

}
,
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where χN is defined as

χN(ρ) =
1

2d
inf

ν∈M1(TN )
{IN(ν) + ρJN(ν)}

where IN and JN are defined as before, but they are now restricted to the box
TN with periodic boundary conditions. See [GM98] for a proof of the fact that
χN → χ as N →∞.

For the lower bound, we kill the random walk when it hits ∂TN . This means that
we have to include the indicator of the event that `t(z) = 0 for all z /∈ TN \ ∂TN

under the expectation. Thus, we get the lower bound,

〈u(t, 0)〉 ≥ E0

[
exp

{ ∑
z∈TN

H(`N
t (z))

}
1{`N

t (z) = 0 ∀z ∈ ∂TN}
]
.

As before, we can now apply our large deviation results and obtain for the cor-
responding χ

χ̂N(ρ) =
1

2d
inf

ν∈M1(TN )
ν(z)=0 ∀z∈∂TN

{IN(ν) + ρJN(ν)} .

Generalization to p ≥ 2. Consider p independent copies of our simple random
walk {X i

t : t ≥ 0}, i = 1, . . . , p with corresponding local times {`i
t}. Then by

Lemma 1, we find

〈u(t, 0)p〉 =
〈

E⊗p
0

[ p∏
i=1

exp
{∫ t

0

ξ(X i
s)ds

}]〉
= E⊗p

0

[〈
exp

{∑
z∈Zd

ξ(z)

p∑
i=1

`i
t(z)
}〉]

= E⊗p
0

[
exp

{∑
z∈Zd

H
( p∑

i=1

`i
t(z)
)}]

.

Following the same argument as for p = 1 and using that
∑

z∈Zd

∑p
i=1 `i

t(z) = pt,
we obtain

〈up(t, 0)〉 = exp{H(pt)− 2dptχp(ρ) + o(t)} ,

with

χp(ρ) =
1

2d
inf

ν1,...,νp∈M1(Zd)

{1

p

p∑
i=1

I(νi) + ρJ
(1

p

p∑
i=1

νi
)}

.

Here, 1
p

∑p
i=1 I(νi) is the weak rate function in the large deviations principle for

(L1
t , . . . , L

p
t ). Since ν 7→ J(ν) is strictly concave, the infimum reduces to the

diagonal ν1 = . . . = νp, so that χp(ρ) = χ(ρ), which completes the proof of
Theorem 3.
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Appendix: Large deviations for continuous-time Markov
chains

In this section, we will give a very rough sketch of how to obtain Theorem 2 from
the corresponding theorem for discrete-time Markov chains. For more details
see [dH00, Section IV].

Before we move to the continuous-time setting, let us recall the result for discrete-
time Markov chains and reformulate the expression for the rate function. Let X
be a finite set and suppose Z1, Z2, . . . is a Markov chain on X with strictly positive
transition matrix P . Then, we know that the empirical measures are defined as

LZ
n (y) =

1

n

n∑
i=1

1{Zi = y} , for y ∈ X .

Applying the contraction principle to the result about the LDP for the empirical
pair measures, we obtain that the empirical measures LZ

t satisfy a large deviation
principle on M1(X ) with speed n and good rate function given by

IP (ν) = inf
µ∈M1(X×X ): ν1=µ

I2
P (µ) ,

where I2
P is the rate function for the empirical pair measures, i.e.

I2
P (µ) =

{
H(µ‖µ1 ⊗ P ) if µ1 = µ2 ,
∞ otherwise.

We can express IP in a slightly different form, which will be useful for the
continuous-time setting.

Lemma 5. We can write

IP (ν) = sup
u>0

[
−
∑
x∈X

ν(x) log
((Pu)x

ux

)]
, (4)

where the supremum runs over all u : X → (0,∞) and (Pu)x =
∑

y Pxyuy.

Proof. Fix ν ∈M1(X ). Let

fν(u) = −
∑

x

ν(x) log
((Pu)x

ux

)
.

Assume that ν > 0 (otherwise restrict all the sums to the support of ν). Then,
one can check that the supremum in (4) is attained for u∗ satisfying

0 = −
∑

x

ν(x)
( Pxy

(Pu∗)x

− δxy

u∗y

)
∀y .

7



Rearranging yields that

ν(y) =
∑

x

νxQ
u∗

xy where Qu∗

xy =
Pxyu

∗
y

(Pu∗)x

> 0 ,

so that ν is the stationary distribution of the stochastic matrix Qu∗ . Define,
µ∗ ∈M1(X × X ) by

µ∗(x, y) = ν(x)Qu∗

xy .

Then for µ ∈ M1(X × X ) with µ1 = µ2 = ν, we can calculate using that
µ∗1 = µ∗2 = ν

I2
P (µ) = H(µ‖ν ⊗ P ) = H(µ‖µ∗) +

∑
x,y

log
µ∗(x, y)

ν(x)Pxy

= H(µ‖µ∗) +
∑
x,y

µ(x, y) log
u∗y

(Pu∗)
= H(µ‖µ∗) + fν(u

∗) .

The infimum of the last term over the set {µ ∈ M1(X × X ) : µ1 = ν} is zero,
which completes the proof.

Now, we move to the continuous time setting, so let (Xt : t ≥ 0) be a continuous-
time Markov chain with an irreducible generator G = (Gxy)x,y∈X . First, we will
indicate how the general rate function can be derived and finally we see how it
simplifies when G is symmetric. Again, denote by Lt the empirical measures.

Theorem 6. (a) Under the above assumptions, the empirical measures Lt sat-
isfy a large deviation principle on M1(X ) with speed t and rate function

IG(ν) = sup
u>0

{
−
∑
x∈X

ν(x)
(Gu)x

ux

}
,

where the supremum runs over all u : X → (0,∞).

(b) If, in addition, G is symmetric, then the rate function is given by

IG(ν) = −
∑

x,y∈X

√
ν(x)Gxy

√
ν(y) =

〈√
ν, (−G)

√
ν
〉

.

Proof. (a) We will only sketch the proof, which is based on a discrete approxi-
mation of the Markov chain. Fix δ > 0 and let

Lδ
t = bt/δc−1

bt/δc∑
k=1

δXkδ
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be the empirical measure after bt/δc steps of the X -valued discrete-time Markov
chain with strictly positive transition matrix P δ = eδG. Thus, by Lemma 5 we
find that Lδ

t satisfies a large deviation principle with speed t and rate function

1
δ
IP δ(ν) = 1

δ
sup
u>0

[
−
∑
x∈X

ν(x) log
((P δu)x

ux

)]
.

Then, we have to show that Lδ
t approximates Lt sufficiently well in the limit

δ → 0, and also that
lim

δ

1
δ
IP δ(ν) = IG(ν) .

To get a rough idea we will show that 1
δ
IP δ(ν) ≤ IG(ν). Indeed, using that

d
dδ

P δ = GP δ, we obtain that

1
δ
IP δ = sup

u>0

[
−
∑
x∈X

ν(x)1
δ

∫ δ

0

dε
((GP εu)x

(P εu)x

)]
≤ 1

δ

∫ δ

0

dε sup
u>0

[
−
∑
x∈X

ν(x)
((GP εu)x

(P εu)x

)]
≤ 1

δ

∫ δ

0

dεIG(ν) = IG(ν) .

For more details, see [dH00, Thm. IV.14].

(b) Write the rate function IG as

IG(ν) = −
∑
x,y

√
ν(x)Gxy

√
ν(y)− inf

u>0

∑
x,y

Gxy

(
ν(x)

uy

ux

−
√

ν(x)
√

ν(y)
)

.

If G is symmetric, then the last term can be rewritten as

− inf
u>0

1

2

∑
x 6=y

Gxy

(√
ν(x)uy

ui

−

√
ν(y)ux

uy

)2

,

which is zero, since the generator satisfies Gxy ≥ 0 for x 6= y.

References

[dH00] F. den Hollander. Large deviations, volume 14 of Fields Institute Mono-
graphs. American Mathematical Society, Providence, RI, 2000.
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